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General normal distributions of orientations (proper rotations) with respect to different parameterizations are mathematically rigorously and notationally concisely represented. This includes their explicit
formulations as well as their characterizations in terms of maximum entropy and their explict one-one

correspondence.
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1. INTRODUCTION

In quantitative texture analysis (QTA) an orientation g of a crystal grain has
conventionally been defined as a proper rotation in terms of Eulerian angles
(o, fl, ),). Adapting matrix notation the space G of orientations g is identified
with the orthogonal group (SO3) / of (3 x3) orthogonal matrices R with
determinant equal to + 1.
2. RODRIGUES PARAMETERS

However, besides the Eulerian angles there are other different parameterizations
of rotations and hence orientations (Becket and Panchanadeeswaran, 1989;
Morawiec and Pospiech, 1989). The Rodrigues parameters (rl, r2, r3, r4) of a

-

rotation provide the most convenient representation of an orientation for
statistical purposes (Altmann, 1986; Moran, 1975). They may be thought of as
of a quaternion,
components of a unit vector eS 4 as
components4
4
2
i=1 ri 1. Since e S and e define the same rotation (orientation), an
orientation g is uniquely determined by a point of the upper (lower) fourdimensional unit hemisphere $4+, or equivalently by a
of the projective
e S+.
hyperplane H4 constituted by identifying and

rsaS4

-,
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3. BINGHAM DISTRIBUTION OF ORIENTATIONS

Thus, statistics of orientation data require probability distributions on $4+. A
mathematical model is provided by the Bingham distribution (Bingham, 1964;
51
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1974). Let e $4+;
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is said to be distributed as

B4(L, A) if has the Bingham

distribution

(ca(L)) -1 exp {tr(LAF’At)}[ds]

(1)
where [ds] represents the Lebesgue invariant area element on S+, A is a (4 x 4)
orthogonal matrix, L is a (4 x 4) diagonal matrix with entries l,..., 14, and
ca(L) is a normalizing constant depending on L only. Different sets of values of L
in Eq. (1) give the uniform distribution, a girdle or a bipolar distribution. It
should be noted that B(L + od, A) and B4(L, A) are indistinguishable for any
t e 1, i.e. the shape parameters li,
1,..., 4, are determined only up to an
additive constant. Uniqueness can be imposed by some convention, e.g. la 0.
3.1. Characterization of the Bingham Distribution
There are several useful characterizations of the p-variate Bingham distribution,
two of which will be repeated here. Obviously, it is closely related to the
p-variate normal distribution. Actually, Ba(L, A) is the conditional distribution
given I111--1 when e 4 has a four-variate normal distribution N(0, Z) with
zero mean and covariance matrix Z -1/2 (ALAt) (Bingham, 1974).
Another characterization is given in terms of maximum entropy. For given
"moment of inertia" E(Ft) the Bingham distribution is the distribution on S+
with maximum entropy (Mardia, 1974).
Here, the maximum entropy principle provided a constructive criterion for
determining a probability distribution on the base of partial knowledge in the
form of summary statistics or equivalently constraints related to population
parameters such as E(Ft) (Mardia, 1975).

-

4. VON MISES-FISHER DISTRIBUTION OF ORIENTATIONS

,

Due to the one-one correspondence between (SO3) + and S+, respectively H a
probability distribution of unit vectors e S+ determines another probability
distribution of (3 x 3) orthogonal matrices R e (SO3) /, and vice versa.
A mathematical model of a probability distribution of orientations represented
by (3 x 3) orthogonal matrices R e (SO3) + is provided by the von Mises-Fisher
matrix distribution (Khatri and Mardia, 1977). Let R e (SO3)/; then R is said to
be distributed as Ma(F) if R has the von Mises-Fisher matrix density

(CM(F)) -1 exp {tr (FRt))[dR]

(2)

where [dR] represents the uniform distribution on (S03) +, F is a (3x3)
parameter matrix, and cM(F) is a normalizing constant depending on F. F may be
represented as

F KM

(3)
where K is the elliptical, and M the polar component of F, with M e (SO3)
(Khatri and Mardia, 1977).
/
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4.1. Characterization of the yon Mises-Fisher Distribution

A characterization of M3(F) in terms of trivariate normal distributions may be
given as follows. If the three rows of R e (SO3) + are independent observations
from a trivariate normal distribution with covariance matrix K -1 and mean
vectors the corresponding rows of M, where MM 13 since M e (SO3)+, then the
distribution of R given RR 13 is M3(F) with F KM.
Also, M3(F) is the probability distribution on (SO3) + with maximum entropy
for given expectation E(R) (Mardia, 1974).
5. CORRESPONDENCE OF BINGHAM AND VON MISES-FISHER

DISTRIBUTION
Employing the one-one correspondence between (S03) / and S+ the following
theorem has been deduced.
R (SOa) / has a von Mises-Fisher matrix distribution M3(F) if and only if
e S+ has a Bingham distribution B(L, A) where their parameters are related as
tr (FR’)

ALAt

(4)

where R e (SO3) and e $4+ are equivalent representations of the same
orientation g (Prentice, 1986).
/

6. APPLICATIONS IN QUANTIATIVE TEXTURE ANALYSIS

,

and adapting the notation g I3R where g may be
Choosing F x13, x
interpreted as the distance of the rotation R from the identical rotation I, we
readily recognize
0 <- -< r
(5)
NI(X) exp {x tr ()} N(x) exp (x cos 60,
which has been labeled standard Gaussian distribution by Matthies (1980), and
recently discussed in some length (Matthies et al., 1988), as the special case of the
von Mises-Fisher orientation distribution when it is central. In fact, the fight
hand side of Eq. (5) is nothing else but the classic von Mises-Fisher distribution
of directions (Mardia, 1974).
The general von Mises-Fisher orientation distribution explicitly given in Eqs.
(2, 3) may be used to generate mathematical model orientation density functions
(odf) which are not central. Non-central model odfs may prove useful in studies
of preferred orientation in non-metals.
Also, the explicit formulation of the general Bingham and the von MisesFisher orientation distribution respectively is the essential prerequisite of proper
statistical inference.

7. CONCLUSION
The rigorous treatise of normal distributions of orientations with respect to
different parameterizations should aid in a better understanding of the mathematical background of quantitative texture analysis and its practical problems.
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The inversion problem of QTA and its ambiguity will be discussed in terms of
multivariate statistics (as opposed to functional analysis) elsewhere.
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