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A lower-bound model for the deformation of work-hardening polycrystals is proposed. All grains are
assumed to be loaded under the same stress and the stress-strain behavior is found by averaging the
strains in all grains. The shapes of the yield loci have been calculated for textured metals which
deform by {111}(110) slip (fcc) and by (lll>-pencil glide (bcc). As with the corresponding
upper-bound models, the yield loci are best described by an anisotropic yield criterion with an
exponent of 6 to 10 (instead of 2 as in the Hill theory). Also it is shown that a model of polycrystal
deformation in which the grains are loaded to the same stress ratio (but not the same level of stresses)
violates normality and is not a lower bound.
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INTRODUCTION

Upper- and lower-bound analyses are based on well established principles
(Drucker et al. 1951, Hill 1951). For a valid upper bound, a geometrically
self-consistent internal deformation field must be assumed and the external
stresses are calculated from the internal work necessary to produce such
deformation. The Taylor/Bishop and Hill model (Taylor 1938, Bishop and Hill
1951) is an upper-bound model in which the geometrically self-consistent
deformation field is assured by assuming that every grain undergoes the same
shape change. The stress is averaged over all grains. However this model is not
exact because it implies different stresses in neighboring grains and hence
unbalanced forces acting across grain boundaries. This type of upper-bound
model has been used to calculate yield loci for textured polycrystals of fee metals
which deform by {111}(110) slip (Hosford 1979, Piehler 1967, Piehler and
Backofen 1969) and bcc metals which deform by (111) pencil glide (Piehler 1967,
Piehler and Backofen 1969, Semiatin et al, 1979, Logan and Hosford 1980).
Lower-bound analyses are quite different. Here one must assume a selfconsistent internal stress field (one that is statically admissible), but no regard
need be taken of strain compatibility. The simplest way to assure self-consistent
stresses is to assume that every grain is loaded under exactly the same stress state
and that the mean (overall) strain is the average of the strains in the individual
grains. Figure 1 illustrates the difference between a lower-bound average and an
upper-bound average for a polycrystal containing three grains. The workhardening of each grain is described by a power law, o Ke It is assumed that
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1 Upper- and lower-bound average stress-strain curves for a polycrystal composed of three
are
grains with k 2, 2.4 and 3. For the upper bound (A), the same strain is assumed in each grain and
the stresses are averaged at the strain. For the lower bound (B), the same stress is assumed in each
grain and the strains are averaged at that stress.

n 0.25 for each grain but the value of k varies from grain to grain depending on
orientation.
The lower-bound model is reasonable only if work hardening is assumed.
Otherwise (if there is no work-hardening) the stress cannot rise above the level
that is required for slip in the most favorably oriented (softest) grain, so the
calculated strength of the polycrystal is identical to the strength of the softest
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lilare :Z Upper- and lower bound averages with no workhardening. Without workhardening the
lower bound model becomes unreasonable, predicting that only the softest grain deforms so the
average strength equals the strength of the weakest grain. The upperbound remains reasonable
because it averages the stresses.

grain as illustrated for uniaxial tension in Figure 2. Clearly this is unreasonable;
the softest grain may deform more than the others, but not infinitely more.
Strain hardening can be incorporated into upper-bound Taylor/Bishop & Hill
type calculations (Hosford 1980) but it does not have a large effect on the results
because the averaging is done at the same level of strain in each grain so the
average stress depends equally on all grains.

CALCULATION METHOD

In the present calculations power-law work hardening is assumed in each grain
with

,= ky’,

(1)

where i is the shear stress necessary to cause slip on the active slip system in that
grain and yi is the shear strain on the slip system. With this assumption all grains
make some contribution to the overall strain and therefore have some effect on
the calculated yielding behavior.
Yielding is defined to occur when the plastic work/volume of the polycrystal
reaches a critical level, w. This is equivalent to defining yielding in terms of an
effective strain, since O and are constant everywhere on the yield surface and
w
8d. This definition of yielding avoids the complication which would arise if
yielding were defined as occurring when a critical level of effective strain is
reached. The difficulty with that approach is that the appropriate effective stress
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and strain functions are not known until after the yield locus shape has been
determined.
The basic assumptions are:
1. A plane-strain stress state, ax and cry crcrx with crz 0, Zyz Zzx =Zxy 0.
The coordinate system is shown in Figure 3.
2. No restriction on the resulting shape change, so that slip in each grain occurs
only on the system with the highest resolved shear stress.
3. Power-law hardening (Eq. (1))
4. Textures with rotational symmetry about z.

In an individual grain, i, the plastic work/volume,

f .,ay,

w,

wi,

is

ky’/+l/(n + 1) k-1/"rf"+)/"/(n_,

+ 1),

(2)

z and y are the shear stress and shear strain on the most heavily stress slip
system in each grain. For a polycrystal consisting of g grains of equal size, the
overall plastic work per volume, w, is simply

where

w

(l/g)

wi

(q/g)

.,

.,,+1)/,

(3)

where

q 1/[(n + 1)kl/n].
For a given stress ratio, c, the shear stress, ri is given by

"

mxiO,.

+ myio, o,(mxi + omri).
cos xi COS C#x where ,i and CPxi

(4)

are the angles
Here the resolving factor mxi
between the x direction and, respectively, the slip direction and slip-plane normal
of the most heavily stressed slip system. The resolving factor mri is defined

O’y

oy

0x

0

a=-Ox,z:

0//

z.

Figure 3 Loading paths and coordinate system.
Rotational symmetry about z and plane-stress
(or =0) loading are assumed. The four loading
paths analyzed are: (1) Uniaxial tension, (ay
Y 0); (2) Plane strain (ey =0); (3) biaxial tension
(ay e.,,, ey ex); and (4) plane strain (ez =0,
ay =-crx). For uniaxial tension, the resulting
ratio of strains, r ey/e.,, was also found.
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similarly. Substitution of Eq. (4) into Eq. (3) gives
w

(q/g)

[tTx(mxi + t’ryi)] (n+l)/n.

(5)

Because t7 is assumed to be the same in all grains, it can be removed from the
summation. Taking w/q wkl/n(n + 1) as unity, and solving for
tYx

[g/ 2 (mxi + omyi)(n+l)/n] n/(n+l),

The ratio of the resulting strains, ey/e, can
each grain e mxi)’i and ey myi where ’i
Substituting,
TM
and ’yi
’xi mxi[tTx(mxi + t7yi)/k]
Therefore the ratio of the external strains, e

EY/-’x-- 2 EYi/ 2 Exi

and ty

tt.

(6)

be found in a similar manner. In
(/k) TM and
(m + a’myi)a.

myi[tYx(mxi + t’Tryi)/k] 1In.
(7)
(l/g) e and ey (l/g) eye, is
2 [myi(mxi + trryi)l/n] / 2 [mxi(mxi + t’lyi) TM] (8)

Lower-bound calculations were made for both {111}(110) slip characteristic of
fcc metals and (lll)-pencil glide characteristics of bcc metals. Both sets of
calculations were made assuming strain-hardening exponents of n 0.1, 0.25 and
0.5. One hundred different textures were analyzed. Each texture consisted of five
randomly chosen sheet normals, each sheet normal having 15 different orientations differing from each other by 12 rotations about the sheet normal. Instead of
exploring the entire yield loci for each texture, calculations were made of the
yielding behavior along four characteristic loading paths illustrated in Figure 3"
(1) uniaxial tension (% 0), (2) plane strain (ey 0), (3) biaxial tension
and tTy ax) and (4) plane strain (ez 0, ty -ox). For uniaxial tension (path 1)
the strain ratio, R ey/ez, was determined as R r I(1- r) where r is the value
of-(ey/ex) in Eq. (8) with t=0. For the plane-strain (ey =0), path (2), the
corresponding stress ratio, a*, was to be found by iteration. Various values of
were assumed until Eq. (8) resulted in ey/ex 0. Three ratios of the yield stresses
along the several loading paths, namely
O’x (path 2) / 2 ax (path 4),

’

X

Ox(path 2)/(Ix(path 1),

(Ix(path 3)/(Ix(path 1).

were calculated together with the R-value in uniaxial tension for each of the
assumed textures.
The results for the fcc model are given in figures 4 through 6. Figures 4a-c
show the calculated ratio, fl, of the yield strengths in plane strain (ey --0) to plane
strain (e, 0) as a function of the calculated R-value. Each point represents one
of the randomly chosen textures. The predictions of the two yield criteria are
shown for comparison. The 1948 Hill criterion (Hill 1948, Hill 1950) expressed for
planar isotropy and plane-stress loading,
(9)
tl2x + + R(trx fly)2= (R + 1)Y2

t12

predicts

fl (R + 1)/(2R + 1) u2.

(10)
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Figare 4 Values of fl and r for calculated with lower-bound fcc assumptions for various assumed
textures, with n =0.1 (A), 0.25 (B), and 0.5 (C). The solid lines are the predictions of Eqs. (10) and

(12).
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Figure $ Values of Z and r for calculated with lower-bound fcc assumptions for various assumed
textures, with n 0.25. The solid lines arc the predictions of Eqs. (13) and (14).

A more recent criterion (Hosford 1979, Logan and Hosford 1980) has the form
(11)
o + ty + R(o oy) (R + 1)Y"
where a is a positive integer (a 6 and 8 were suggested for bcc and fcc crystals
respectively). With this criterion,

fl {(2 + 2=R)/[1 + (a*) + R(1 a*)=]} l/a,
0)

where a* is the stress ratio for plane strain (ey
The ratio,

,

R/(a-1)/[1 + RX/(a-D].

(:V*

of the strength in plane strain (ey
3. (R + 1)/V’(ZR

(12)
(12a)

0) to uniaxial tension is
+ 1)

(13)
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Figure 6 Values of Z and r for calculated with lower-bound fee assumptions for various assumed
textures, with n 0.25. The solid lines are the predictions of Eqs. (15) and (16).
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according to the Hill criterion and

{(g + l)/[a * + 1 + (1- og*)a]} TM

(14)

according to the new criterion. The biaxial-to-uniaxial strength ratio, ;t, is

,’--[(R + 1)/2] 1/2

(15)

[(R + 1)/2] TM

(16)

for the Hill criterion and
;t

for Eq.

(11). The lower-bound fcc calculations (with n 0.25) of and ;t are
compared to the two predictions of the two criteria in Figures 5 and 6.
For the (111) pencil-glide model the plane, slip occurs is the most highly
stressed plane containing the active (111) slip direction. Therefore cos q,
sin Z,i and m, cos Z,i sin Z,i. Similarly cos qy sin ,y so myi cos Zy sin Aye. In
each grain the active slip system is the one for which (m, + amy,) is the highest.
The results of calculations for (111) pencil glide were very similar to those for the
fcc model.

DISCUSSION OF RESULTS

In every case the scatter of the calculated results is much better approximated by
the new yield criterion (Eq. (11)) with a high exponent than by the Hill criterion
(Eq. (9) or Eq. (11) with a 2). To determine the exponent that gives the best
fit, the square of the correlation coeficient, R E, between the ratios (fl,
from the lower-bound calculations and the predictions of Eq. (11) for the same
values of r were found for various exponents, a. R E was calculated as:
R 2= 1

] [/ryst-

X(a)]/E (/tryst- ’cryst)

(17)
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Figare 7 Correlation of the values of/3 calculated using the lower-bound fcc model from values of fl
predicted by Eq. (12) for the same r, plotted as a function of the exponent, a, in the equation. Curves
are shown for the three assumed strain-hardening exponents.
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Figure $ Correlation of the values of calculated using the lower-bound fcc model from values of ;t
predicted by Eq. (14) for the same r, plotted as a function of the exponent, a, in the equation.
Curves are shown for the three assumed strain-hardening exponents.
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where Xcryst is the value of fl,
crystallographic model, X(a) is the corresponding value of fl, or X predicted by
Eq. (12), (14) or (16) using_the value of R predicted by the crystallographic model
for the same texture and Xcryst is the average of the calculated values of Xcryst.
(Note that R in Eq. (17) is different from R in Eq. (9-16)).
The squares of the correlation coefficients are plotted against a in Figures 7
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Figure 9 Correlation of the values of X calculated using the lower-bound fcc model from values of X
predicted by Eq. (15) for the same r, plotted as a function of the exponent, a, in the equation.
Curves are shown for the three assumed strain-hardening exponents.
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values of fl predicted by Eq. (12) for the same r, plotted as a function of the exponent, a, in the
equation. Curves are shown for the three assumed strain-hardening exponents.
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ligure 12 Correlation of the values of Z calculated using the lower-bound pencil-glide model from
values of Z predicted by Eq. (15) for the same r, plotted as a function of the exponent, a, in the
equation. Curves are shown for the three assumed strain-hardening exponents.

stress field (Piehler 1967, Semiatin et al. 1979, Hosford 1974, Da Viana et al.
1979, Alhoff and Wincierz 1972). Sachs (1928) related the tensile yield strength,
o, of a randomly oriented polycrystal to the shear stress for slip, :, by averaging
the reciprocal Schmid factors, 1/m, and found o/z:= (l/m),., 2.24. Although
this calculation implies different stresses in each grain, it is a valid lower bound
for the special case of a uniaxial tension in a polycrystal having all its grain
boundaries parallel to the tensile axis. In this case the stress field is statically
admissable. However, when Sachs’ model is extended to polycrystals in which the
grain boundaries aren’t so aligned or to multiaxial loading, it predicts an
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Figure 13 Illustration of how normality may be violated with a model that averages the stresses in grains
loaded to yielding under the same ratio of stresses,
(but not the same level of stress). Here, for simplicity
only two orientations (A and B) are assumed. The
curve found by averaging along lines of equal tr is
outwardly concave.
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imbalance of forces across grain boundaries and therefore violates the static
admissibility requirement of the lower bound theorem.
One way the Sach’s model has been extended is to calculate the yield locus by
averaging the stresses in grains that are loaded under the same stress ratio,
(but not to the same stress level) (Hill 1948, Piehler and Backofen 1969, Semiatin
et al. 1979, Hosford 1974, Da Viana et al. 1979). This is not a lower bound and
does not assure normality. An example of how this approach can violate
normality follows. Consider the yielding of a polycry_stal consisting of two grains:
grain A oriented so that x_-- [001], y [110], z [110] and grain B oriented with
x [110], y [00f], z [110]. Figure 13 shows the trz =0 yield loci for both
orientations, as well as the "locus" produced by averaging the two along paths of
constant stress ratio. It should be noted that such an averaging scheme results in a
locus that is outwardly concave and thus in violation of the normality principle.

CONCLUSIONS

1) The lower-bound fcc and pencil glide models satisfy normality.
2) The general shape of the yield loci predicted by both lower-bound models
are similar and can be fit with yield criterion (Eq. (11)) with a high exponent
(6 to 10).
3) The exponent, a, giving the best fit increases with the strain hardening
exponent, n.
4) The extension of the Sach’s analysis by assuming that each grain is loaded
under the same stress ratio (but not same stress level) violates normality and is
not a valid lower bound.
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