
Textures and Microstructures, 1991, Vols 14-18, pp. 1147-1152
Reprints available from the publisher
Photocopying permitted by license only

(C) 1991 Gordon and Breach Science Publishers SA
Printed in the United Kingdom

ELASTIC AND PLASTIC ANISOTROPY EFFECTS ON SECOND
ORDER INTERNAL STRESSES IN TEXTURED POLYCRYSTALLINE
MATERIALS

J. KRIER*, H. RUPPERSBERG*, M. BERVEILLER**, P.LIPINSKI**
* Werkstoffwissenschaften, Universitt D6600 Saarbrticken, W-Germany
** L.P.M.M.-I.S.G.M.P., F-57045 Metz, France

INTRODUCTION

The evaluation by X-rays of the residual stress in polycrystalline specimens is
based on the determination of the lattice constant a as a function of 1]. is the
angle between the normal to the specimen surface and the normal Nh to the reflecting
lattice planes (hkl). For unstrained samples a ao will be independent of.
Stickforth [2] studied the elastic behaviour of statistically, i.e. macroscopically, homo-
geneous and isotropic media starting from linear relations between all combinations of
local and average stress- and strain-tensor components. Neglecting surface anisotropy
and 0.3i terms, he obtained for the normal strain in - direction, i.e. eOW, the well
known linear sin?v-law

2:, (h) (aw (h)/ao) 1/2 S2(h 13 sin V + S1CII) (11 + G22) (1)

(h) stands for (hkl). S 1 (h) and 1/2 S2(h) are the X-ray elastic constants. is the angle
between the 1-direction (which is parallel to the surface) and the projection of Nh onto
the surface. 0. 0.11 cos2 + 0"22 sin2 + 0.12 sin 2 corresponds to the normal
stress pointing in this direction. Strictly speaking, the 0.-values are volume-averages
which are weighted with respect to the absorption of the X-rays of the corresponding
local values inside the investigated phase, egW (h) is the corresponding volume-average
of the grains which reflect in the- direction.
Equation (1) fails if the above mentioned conditions are not fulfilled. Much work was
done to take into account the influence of crystallographic texture. According to Brak-
man [3] and to Barral and Sprauel [4] this is possible on the basis of either the Voigt or
the Reuss model starting _from the Orientation Distribution Function. Depending on
the special case, the e(sin2xlt) curves may become wavy, just changed in slope or not
affected at all. An influence of grain-shape has not yet been studied. Ruppersberg et al.
[5] tentatively attributed part of the non-regular behaviour of e(sin2al0-curves obtained
for different lattice planes of a cold-rolled nickel plate to the gliding on selected crystal-
lographic slip systems. Qualitatively, such phenomena were discussed as early as 1923
by Masing and Heyn [6]. However we are not aware of any other theoretical or experi-
mental investigations conducted during the last decades.
In the present paper we study theoretically the elastoplastic behaviour of single-phase
polycrystalline specimens by solving the corresponding integral-equations for several
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thousand grains, and by taking the corresponding elastoplastic constitutive-equations
into account. We obtain quantitative informations about the average stresses ( inside
the individual grains which is subdivided into the macroscopic first order stress o"I and a
corresponding deviation (yII, the second order internal stress. We study the dependence
of these quantifies on crystallographic and morphologic texture as well as their varia-
tion with plastic deformation.
The calculations are performed either for elastically anisotropic cubic crystals (Nickel)
or for elastically isotropic but plastically anisotropic FCC crystals.

FORMALISM

We follow a formalism which was proposed by Berveiller and Zaoui [7] and by Li-
pinski and Berveiller [8] for studying the elastoplastic behaviour of micro inhomoge-
neous media. In this paper, only the static part of the theory, i.e. the relation between
total strain and plastic strain is presented. In the dynamic part of the theory, the plastic
strain field is calculated as a function of the loading path.
Starting from the equilibrium and compatibility conditions for the local stress (r) and
the total strain et(r), from the linear relation (r) c(r) ee(r) between the stress and the
elastic strain ee(r), and by introducing a homogeneous reference medium with elastic
constants C, the total strain field et(r) is given by

(r-r’) (r’) El(r’) (r’) dV’ (2)Elmt (r) E- rlmij 5Cijkl Cijkl
V’

where
E is the externally applied strain,
5C(r) c(r) -C,
eP(r) et(r) ee(r) is the plastic or inelastic strain and
1-’lmij is the modified Green tensor [9] related to the Green tensor G by
Flmij 1/2 (Glj,m + Gmj,li).

The specimen consists of N grains J with crystallographic orientations fJ and volume
VJ. They are supposed to be homogeneous with respect to the stress cr and the strains
eeJ, ePJ. The interaction between two grains J and K is described by

For J ,: K, the self consistent approximation of J imbedded in the effective homoge-
neous matrix with C Ceff is used and one obtains

eJ pJ IJ (IC jfkf
pJ J tJ1lm-- Elm- 81m- Tlmij Ekl-’Cijkl Ek
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which allows to calculate eel and oJ in every grain J for a given external load and plas-
tic strain field PJ. ee’J depends of the shape and the orientation of the grain J and of the
microstructure (crystallographic and morphological texture) of the medium. These pa-
rameters have some influence on the Celf which is also calculated according to the self
consistent approximation.
We call Nhi (cos q sin , sin q sin V, cos t) the components of Nh defined in the in
troduction for the grain J. The normal elastic strain ll_.em pointing in the direction Nh

is given by eeJij Nla Nhj. I is explained below.
Neglecting absorption effects, coy(h) is obtained from

N N
)

where the sums have to be taken over all grains which satisfy Bragg’s law. One degree
of freedom is left for the orientation of these grains, namely the angle by which they
are rotafed about Nh. In general, oJ varies considerably with I giving rise to line broa
dening and to effects of texture on the e(sin2alt) law (Eq. 1).

APPLICATIONS

We first studied the purely elastic behaviour (i.e. the variation of IJ due to an ap-
plied external stress oI which does not yield any additional plastic deformation) of a
specimen consisting of 1000 equal-size grains. Each grain behaves in an elastically ani-
sotropic manner corresponding to single crystals of nickel. In all figures, the eq va-
lues of all reflecting grains are given as a function of sin2xlt. A spread of the points for
a given sin2 value is due to the different 13 angles of the corresponding grains.
For an external load oi11=100 MPa, Fig. 1 shows the results obtained for spherical
grains with isotropic and anisotropic orientation-distributions. The latter corresponds to
a texture resulting from 100% plastic deformation by rolling. For the (422) plane, the
external load leads to a cloud of eP0wpoints which scatter about the solid line obtai-
ned by integra_ting over I and which therefore corresponds to the experimentally obtai-
ned e0V (sn2) curve. The mean squared deviation of the points from the line increa-
ses with oI and the same will happen with the width of the diffraction peaks. In the
t x ur material the 13 onte ed e 0wP s are seen to be no longer uniformly distributed over. The solid line becomes wavy and the o’I-induced linebroadening decreases. The re-
suits shown for the (200) and the (111) planes confirm the observation by DOlle 10]
that the normal etpV strains which are perpendicular to the (h00) and (hhh) planes do
not depend on I- Therefore, the individual points lie on straight lines. There is no oI-
induced line broadening and texture affects only the slope of the linear e(sin2) curves.
Fig. 2 demonstrates the influence of grain shape anisotropy. The specimen has no crys-
tallographic texture, but all grains have the same shape of prolate sp,hero’fds with al in
the 1-direction being ten times larger than a2 and a3. The resulting elSov points clearly
deviate from the Ix2sitions in Fig. 1 obtained with spherical grains. The deviation from
the mean etp(sin2v) curves of spherical grains, which are plotted as solid lines in
Fig. 2, is largest for the (200) reflection. This is related to the fact that the difference
between the limiting Reuss and Voigt cases is strongest for this orientation 1 ]. The ef-



1150 J. KRIER ETAL

between the limiting Reuss and Voigt cases is strongest for this orientation 1]. The ef-
fect of grain shape and crystallographic anisotropy may therefore clearly be

Fig. 1 e’0m (sin2) values of the retiec- Fig. 2 e’0W (sin2) values of the reflec-
ring sph_erical grains (points)and mean ting elongated grains (points) and for

e0 (sin2) curves for isotropic (i) spherical grain.s (solid lines). (Ni single
and textured (t) specimens. The single crystals and Oal 1=100 MPa ).
crystal properties correspond to Ni,

ffI11 100 MPa.

(100)

10 3

qq m
"o 0% QI

2
lO-5 oO (I,,,TI1

8
Olio

0,,o* "
O

0 sin2(+ 1 0 sin2(qj)

Fig. 3 el0W (sin2) values of the reflecting elastically isotropic grains after 20%
plastic deformation of the specimen.
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For studying "Hcyn stresses", i.e. oII related to the incompatibilit) of plastic deforma-
tion, we investigated 5000 elastically isotropic (v 0.3, t 3.10"* MPa) grains which
initially had spherical shape and random orientations. Gliding was allowed to take place
on the usual 24 <111> (100) slip systems according to Schmid’s law with an initial
critical yield strength of x 140 MPa. The strain hardening was taken into account by
a 24 x 24 hardening matrix [11] consisting of a first term equal to la50 which caracte-
rizes the usual interactions and a second one which is 50% larger and corresponds to the
strong interactions between dislocations.

[%]

t::- C

R

Plastic strain %

Fig. 4 Fraction of the stored energy as a function of uniaxial plastic deformation.

Oll

Fig. 5 Inverse pole figure in 1-direction of the amplitude a of o-tll after 30% unia-
xial deformation in 1-direction. The stress component is given by: 5(a-1)<r<5a for a>0
and 5(a+1)>o’>5a for a<0. MPa
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Rolling was simulated by applying a load Ol 0"33, whereas the other components
remain zero, until a plastic deformation of 20% was reached. After unloading
0), trII stresses remained in the individual grains which .are due to the incompati-

bility of the ePij(r) field. The plots of el0V vs. sin2gt for the (111) and (100) planes
are shown in Fig. 3.
The widths of the diffraction peaks will be increased and strong modulations of the ave-
ragee vs. sin2alt curves occur. As seen in Fig. 3, these effects strongly depend on
the reflecting planes as postulated by Greenough [12]. Additionally these figures indica-
ted the formation of crystallographic texture. To check whether these high 0"11 values
make sense, we calculated the corresponding fraction of the stored energy 11] which is
given in Fig. 4 and which compares well with experimental observations [13] [14].
Finally we give in Fig. 5, the inverse pole figure of the tensile direction 1 of a speci-
men after a 30% plastic deformation. In this figure the amplitude of the 0"1111 residual
stresses are indicated which again aggree well with experimental observations on single
crystal behaviour The crystals with <111> orientation harden more strongly than
those with <100> parallel to tensile axis. As a consequence the residual stresses in
<111> crystals are positive.
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