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Hydrodynamic or continuum descriptions of electron transport have long been used for modeling and simulating
semiconductor devices. In this paper, we use classical field theory ideas to discuss the physical foundations of such
descriptions as applied specifically to high-field transport regimes. The classical field theory development of these
types of models is of interest because it differs significantly from and may be viewed as complementary to
conventional derivations based on the Boltzmann equation: After outlining the general field theoretic principles
upon which our development of fluid-based high-field transport descriptions is based, we study several specific
models both analytically and using numerical simulation. These models provide an overall framework for
understanding and extending various theories which have appeared in the literature. Most importantly, they
emphasize the importance of including memory or history effects and viscosity in describing high-field transport.
In all of this our aim is a unified and synoptic view unencumbered with microscopic details. Obtaining quantitative
agreement with specific experiments and/or microscopic simulations is only of secondary importance. We share
the view that continuum approaches can provide succinct and computationally-efficient models needed for current
and future semiconductor device analysis and engineering. At the same time, we believe that these models need
not be phenomenological but can be given solid physical foundation in macroscopic principles.

Key Words: High-field transport, velocity overshoot, hydrodynamics, continuum theory, submicron semiconduc-
tor devices, rate effects, viscosity.

1. INTRODUCTION

uch effort has been devoted to developing
theories of various kinds for modeling and

simulating semiconductor devices. And with the de-
vice size reductions required for VLSI integration
such work has become increasingly important for
the further progress of the entire microelectronics
enterprise. Unfortunately, the reduction in device
sizes has also brought "new" physical phenomena
into play which are not described by the traditional
modeling approaches, e.g., "high-field" transport ef-
fects such as velocity overshoot or quantum trans-
port effects such as tunneling. As a result, there has
been a need for engineering-oriented modeling
methods which are capable of describing some or all
of this "new" submicron device physics. In attempt-
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ing to fill this need, the initial and primary response
(about 15 years ago)was that it had become neces-
sary to abandon the macroscopic or continuum
basis of the traditional approaches and that a micro-
scopic approach was now required. This was most
prominently manifested in the intense development
of ensemble Monte Carlo methods for solving the
Boltzmann transport equation [1]. Subsequently,
however, it became increasingly apparent that the
computational demands of the microscopic ap-
proaches render them largely inappropriate for de-
vice design. Thus, macroscopic descriptions have
remained of great value from an engineering point-
of-view. The purpose of this paper is to provide an

In this paper we use the words "macroscopic", "continuum",
"hydrodynamic" and "fluid-based" more or less interchangeably.
Thus our meaning for "hydrodynamic" is the usual one in other
fields but differs from the very specific definition--energy-trans-
port modelsmoften given it in electron device modeling. In our
terms, even the diffusion-drift description is "hydrodynamic".
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overview and general development of the macro-
scopic approaches to semiconductor electron trans-
port theory as applied specifically to high field
transport regimes.

Because of their computational advantages, fluid-
based models of high-field transport have received
considerable attention in the literature [2-7]. Now
in all of this literature the view is maintained that
the correct way of obtaining and generalizing such
models is via microscopic derivation (phase-space
averages) from the Boltzmann equation [8-10].
While this reductionist idea does have physical ap-
peal and is obviously not without value, it does have
a very significant drawback: Microscopic derivations
can provide only sufficient conditions for the validity
of macroscopic equations. That is, a microscopic
derivation merely shows that a particular macro-
scopic description is a good approximation if a spe-
cific set of microscopic assumptionswhich, be-
cause of the difficulties of the derivations, are often
rather restrictive and of uncertain meritis satis-
fied. It should be clear that the microscopic deriva-
tion says little about the necessary conditions for the
validity of the macroscopic description and thus says
little about its actual range of applicability. That the
microscopically-derived theories are often applied in
a phenomenological way, i.e., clearly beyond their
supposed range of applicability, merely shows up the
weakness of their method of derivation. This central
defect of microscopic derivations has long been rec-
ognized in other disciplines (originally by Cauchy
and others) and has given rise to an alternative
approach for formulating macroscopic descriptions
known as classical field theory [11]. The most impor-
tant feature of the classical field theory approach is
that it focuses directly on the consequences of broad
physical principles of conservation and invariance.
In this way, it develops general equations which are
largely independent of microscopic assumptions and
which must therefore hold over a wide range of
circumstances. This approach may be viewed as
complementary to the conventional one and, from a
device engineering standpoint, we believe it to be
more useful. Whatever the case, because the classi-
cal field theory approach is not widely appreciated
in the electron transport modeling community (see
Ref. 12 for some exceptions), it is deserving of
attention. Presenting this approach and using it as a
framework to organize and understand several
fluid-based high field transport theories are the pri-
mary goals of this paper.
The foundational assumption of a fluid theory is

the continuum assumption which says that a macro-
scopic theory is reasonable only when the discrete-

ness of the real physical system can be locally
averaged out (in space and/or time) to produce
meaningful density vaables. Thus there must exist a
hierarchy of space/time scales:

microscopic scale

<< scale on which densities can be defined

<< scale on which densities vary.

The .first inequality is the continuum assumption
needed to formulate the macroscopic description
while the second defines the regime where this
description is useful. Note that no explicitly micro-
scopic requirement, e.g., an assumption of a
Maxwellian distribution, enters this hierarchy. The
limits set by these inequalities are not sharply de-
fined but it is well-known that they tend to be more
flexible than one might reasonably expect. (More-
over, in the case of low-energy electron gases the
uncertainty principle tends to smooth out discrete-
ness making continuum treatments (of probability
densities) applicable at even smaller scales.) In any
event, classical field theory assumes that this vague
basis is solid, asserts that such densities may be
defined and then develops the consequences of this
assertion. It is viewed as the task of experiment
and/or of microscopic theory to assess the sound-
ness of this foundation. This basis in a set of primi-
tive quantities (the densities) is both the chief draw-
back and the prime advantage of a classical field
theory. On the one hand, it is a drawback because
the primitives are "primitive": They are assumed to
be well-defined but this can never be verified from
within the theory. On the other hand, it provides a
simplest possible framework for developing a consis-
tent theory in which no explicitly microscopic as-
sumptions need be made.
Given the .existence of the densities, e.g., of

charge, momentum or energy, classical field theory
develops various general conservation equations
constraining the values of these densities. We say
that they constrain the values of the densities be-
cause these equations (which must be satisfied), are
not, in themselves, sufficient to fully determine the
densities since there are more unknown densities
than there are conservation equations. To close
the system and allow problems to be solved, an
additional set of equations known as constitutive
equations or material response functions must be sup-
plied. These equations describe "material" behavior,
e.g., the equation of state of the electron gas, and
typically have some range of applicability, e.g., the
range over which the gas can be characterized as
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ideal. Beyond this range a new constitutive equation
must be devised which better describes the (non-
ideal) material behavior. It is important to note that
the applicability of macroscopic methods is not tied
to the validity of a certain set of constitutive equa-
tions. That is, the balance laws remain valid no
matter what the material response. With respect to
this paper, should further work reveal our specific
descriptions to be inadequate, it is the constitutive
equations we devise which are most likely in need of
adjustment and not the entire macroscopic frame-
work.

It should not be surprising that there are signifi-
cant similarities between the hydrodynamic descrip-
tions we develop in this paper and various fluid-
based models appearing in the literature. The main
route of development of the latter was set by the
work of Shur [2] who showed that by simultaneously
solving momentum and energy balance equations
with appropriate relaxation terms one could de-
scribe velocity overshoot. Much work along these
lines followed [3-7] mostly based on the derivation
of B1Otekjaer [9] and these types of models have
come to be referred to as "energy transport models"
or simply as "the hydrodynamic model." In Sec. 2,
we use classical field theory methods to develop a
fluid description which is quite similar to these
models. In fact, when particular constitutive choices
are made, the two descriptions become identical.
Because of this our discussion of this class of models
is brief. More interestingly, in Sec. 3 we discuss
models which are possible when heat conduction in
the electron gas is insignificant. These models, while
bearing some similarity to the phenomenological
approach of Thornber [13], are new to the literature
and are therefore deserving of more detailed discus-
sion and simulation examples. Finally, a third class
of fluid descriptions, multi-fluid models such as that
introduced by Wilson [14], are also of interest but
will not be discussed here because of space limita-
tions. The best-known example of a multi-fluid
model in an electron transport context is the stan-
dard diffusion-drift description when both electrons
and holes are considered. Multiple-fluid models for
high-field transport have the same underlying ratio-
nale: To describe situations in which there are sev-
eral distinct (although interacting) populations of
electrons with markedly different transport proper-
ties. Such models are often necessary for describing
electron transport in III-V semiconductors because
of their easily accessible satellite valleys. Because we
do not discuss multi-fluid models in this paper, in
our simulation examples in Sec. 3 we focus on
high-field electron transport phenomena in silicon

and especially on describing velocity overshoot in
this material.2

As a final introductory point, we wish to again
emphasize that the primary goal of this work is to
exhibit the unity and clarity provided by the classical
field theory viewpoint. These attributes stem en-
tirely from the simplicity of the approach, its focus
on general principles and its clear separation of
these principles from the specifics of a given
"material’s" response. Not only does this simplicity
aid theoretical understanding but it can also lead to
new descriptions of important device phenomena.
Such descriptions are generally well-suited to engi-
neering applications of design and optimization be-
cause of their reduced computational burden. Over-
all, we expect that fluid-based descriptions like those
developed here will remain of value for a large
majority of current and future device technologies.
Only when the discreteness of the electron begins to
play a central role, e.g., as in Coulomb blockade
devices, will macroscopic descriptions become en-
tirely inappropriate.

2. HIGH-FIELD TRANSPORT
DESCRIPTION WITH ENERGY BALANCE

We consider describing the flow of the population of
conduction band electrons through a semiconductor
as the flow of a single fluid through a solid (lattice).
The primitives of the single-fluid theory are therefore
the quantities which define this electron fluid and its
interaction with itself, with the lattice and with the
electrostatic field at every point. We assume an elec-
tron fluid with mass density, mn (where rn is the
free electron mass and n is the number density),
and momentum density, mnu (where u is the elec-
tron fluid velocity), which interacts with itself through
a surface force density, Fn, with the lattice through a
body force density, Fl, and with the electrostatic field
through a body force density, Fe. In addition, we
assume the usual electrostatic field variables E and
D and that the lattice has a fixed ionized impurity
density of qND, where q is the charge on an elec-
tron. Considering an arbitrary fixed volume of semi-

2We do not discuss impact ionization or hot-carrier emission
into a gate oxide although for silicon devices these high-field
transport phenomena are generally more important than over-
shoot effects. Impact ionization can, under most circumstances,
be included in a hydrodynamic theory (independently of whethe;
energy balance is solved), however, hot-carrier emission can prob-
ably only be treated phenomenologically since only electrons in
the extreme tail of the energy distribution are emitted.
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conductor V with surface S and outwardly directed
unit normal n, the equation of mass balance for the
electron gas can be written as

3

frnn dV mnu(2.1a) -f?" as.

In words this says that the time rate of increase of
mass in V is balanced by the net inflow of mass
through S. Since rn and q are fixed, (2.1a) is also an
expression of charge balance. Similarly, the equation
for momentum balance is

(2.1b)
0

Ot frnn dV

-fsn" (mnuu) dS

+ fsFn dS + fv(F + Ft) dV,

-fsn" (mnuu) dS

ndS- f,qn(E + En) dV,

where in the second equality we have used the usual
expression for the electrostatic force (Fe= -qnE),
written the force of interaction of the fluid with
itself in terms of a stress tensor, r, (F= n. rn)
and expressed F in terms of a new quantity, the
lattice force per unit charge, En, (Ft= -qnEn). In
words (2.1b) says that the time rate of increase in
momentum in V equals the net inflow of momentum
through S plus the supply of momentum through
surface and body forces. In order to satisfy conser-
vation of angular momentum it is readily shown that
the stress tensor, r, must be symmetric. Finally, the
electrostatic equations are familiar with the charge
equation taking the form

(2.1c) fsn" D dS fvq(No -n)dV,

and Faraday’s law reducing to a statement that E is
conservative so that E -Vq, where q is the elec-
trostatic potential.

In addition to the above equations we have ther-
modynamic equations. For these, we define the fol-
lowing additional primitives: The specific internal
energy densities of the lattice and the electron gas,
et and e", two heat flux densities, ql and qn, twO
specific external energy sources, s and s", an en-

tropy density, r/, and an entropy flux, . The energy
balance equation in the electron gas is then

(2.1d) -- rune" + -mnu. u dV

( 1 )-fsn" u mne" + -mnu. u dS

+ fsn’(rn’u-qn) dS

fvqnu E dV+ fv( rnnsn qnu Enr ) dV,

where we have assumed En can be split into a sum
of a recoverable or non-dissipative part (Ern) and a
dissipative (E,) part. Note that the former is sub-
tracted from the Sn term since it does no work.
Equation (2.1d) says that the time rate of change of
the total energy (internal + kinetic)in V is equal to
the rate of energy and heat inflow through S plus
the rates of working of the various forces and the
contribution from external energy sources. The simi-
lar energy balance equation for the lattice is

0
(2.1e) --- fvpe,’ dV= fsn" qt dS

OP
+ fE. dVot

+ fv,( pst + qnu E’) dV,

where p (>> mn) is the mass density of the lattice
and P (= D 4rE) is its polarization.
From the foregoing equations we can derive both

the differential equations and boundary conditions
of the field theory. The former follow when the
necessary derivatives exist while the latter arise when
the differentiability assumptions fail (at boundaries
and interfaces) and are readily derived via "pillbox"
arguments [11, 15]. For this paper, we omit further
discussion of boundary conditions because we wish
to focus solely on bulk transport issues. When the
differentiability assumptions hold, applying the di-
vergence theorem leads directly to the following
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differential equations

(2.2a) n,t + 7. ( nu) 0,
du(2.2b) mn d--- Vpn + V.’- qn(E + En),

(2.2c) V.D =q(Nn n),
d,n pn dn

(2.2d) mn d---- " qn + 7"’d + n dt

(2.2e)

+qnE. u + mnsn,

-V. ql + qnE’] uP Ot

OP
+ E’ + psl,

ot

where d/dt O/Ot + u. V, d is the rate-of-
deformation tensor defined by d 1/2[Vu + (Vu)r]
and we assume that z (like En) splits into a recov-
erable pressure (--pnI) and a dissipative viscous
stress (zf). Adding (2.2d) and (2.2e) we then have
the energy balance equation for the combined sys-
tem

(2.2f)
1 drn OP

+ mn E.
ot - ot

pn dn

n dt
qnE’ u

’an" d V’q + qnE.u + mnsn + psl,

where q qn-b ql. Finally, following Ref. 16, we
can write the rate of entropy production inequality
as

dq mnsn ps
(2.2g) p- + V. I,

Tn TI > O,

where T and Tn are the temperatures of the elec-
tron gas and lattice, respectively.
As indicated in the Introduction, the differential

equations (2.2) and their associated boundary condi-
tions may be viewed as a set of physical constraints
on the possible solution functions. That is, the possi-
ble solution functions which satisfy these equations
are physically plausible in that they satisfy the fun-
damental principles of charge, mass, momentum
and energy balance and do not violate the second
law of thermodynamics. However, as noted previ-
ously, these constraint equations are not sufficient
to determine the solution functions because there

are fewer equations than variables. To complete the
system, additional equations called constitutive equa-
tions or material response functions must be supplied.
These express the particular material behavior un-
der a given set of circumstances. By counting equa-
tions (10) and variables (34), one sees that 24 consti-
tutive relations are required for the system (2.2).
The form of the thermodynamic equations (2.2d-g)
suggests (non-uniquely) that we should have consti-
tutive equations for

(2.3a) p, pn, ,rdn, En, on, 1 qn qt r/

In general, these quantities will be determined by
the histories of the electron fluid motion, of its
temperature, of the lattice temperature and of the
electrostatic field. Thus, in the general case these
constitutive equations are functionals of the histo-
ries of

(2.3b) E, n, u, Tn Tl,

and possibly of their space derivatives. The forms of
these functionals are restricted by the need not to
violate the laws of balance and of thermodynamics.
Developing the particular consequences of the latter
(which is modified in the general case when split-
tings into recoverable and dissipative parts are not
possible [11]) is the main focus of the subject of
continuum thermodynamics [11, 5, 16]. For this pa-
per, we omit all of this further development and
note only that if T is assumed to be uniform and
constant and we select

pn kT"n, O,

En =E,=
u Tn

tJbLF T

3Tn 3
(2.4) ’ q -DIFnkVTn

2m* 2

mnsn --psl-" --Zw ---u u+ -(T" Tt)

where Id,LF and DLF are the low-field mobility and
diffusivity, respectively, and zw is an "energy relax-
ation time" which depends on T", then (2.2) be-
comes identical to a usual form of the energy trans-
port model [9, 17]. (Note that in (2.4) m* is an
effective mass which did not appear in the earlier
equations; see Sec. 3 for further discussion). As
these equations have been widely studied we make
no attempt here at an evaluation. We note only that
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these equations, while often yielding reasonable re-
sults, are known to produce spurious overshoots
under certain circumstances [18]. The likely cause is
the usual onea failure of the constitutive equa-
tions (2.4)and some work has appeared which
attempts to eliminate the problem by constitutive
modifications [19].

3. HIGH-FIELD TRANSPORT
DESCRIPTION WITHOUT ENERGY
BALANCE

In the field theory of Sec. 2, the energy balance
equations. (2.2d) and (2.2e) allow one to solve for the
heat conduction in both the electron gas and the
lattice. That is, when the heat fluxes, q and q, are
significant, the temperatures of the lattice (Tl) and
of the electron gas (Tn) are dependent variables to
be determined by solving the energy balance equa-
tions (2.2d) and (2.2e) as part of the boundary value
problem for the electron transport. Now it is impor-
tant to recognize that when the heat conduction terms
are negligible, (2.2d) and (2.2e) need not be solved
explicitly. The reason is perhaps most simply under-
stood by noting that the above transport equations
may be viewed as a hierarchy of moment equations.
In this hierarchy it is the heat conduction terms
which couple the energy equation to the next higher
(third-order) moment. In order to truncate the hier-
archy at the level of the energy equation one sup-
plies an explicit constitutive equation for the heat
conduction in terms of lower order variables and
temperature, e.g., (2.4) Implicit in this truncation
is the assumption that the heat conduction can, in
fact, be expressed in terms of lower-order variables,
something that is true only if the coupling between
the third and fourth-order moment equations is
negligible. In a similar way, if heat conduction is
negligible then one can truncate the system at the
momentum level (first-order moment) simply by pro-
viding a constitutive equation for the stress tensor,
the quantity which couples it to the second-order
moment. Under this circumstance the energy bal-
ance equation contains no additional physical infor-
mation and need not be solved. In this section, we
examine in detail the case when heat conduction in
the electron gas is unimportant so that (2.2d) need
not be solved explicitly.

It should to be emphasized that "hot" electron
transport phenomena are not necessarily accompa-
nied by significant electronic heat conduction. For
example, in Fig. 1 we show the heat flux (in silicon)
that accompanies a homogeneous electrical current

x 0.1
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0
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103 104 10
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FIGURE 1 Homogeneous Monte Carlo simulation of the heat
fit& and total energy flux as a function of the applied electric
field in silicon. Also shown is the ratio of these two fluxes. The
heat flux is seen to be quite small over the entire range of
homogeneous fields thus suggesting that a fluid theory without
energy balance is often appropriate for silicon.

as computed from the Boltzmann equation using
Monte Carlo simulation. The heat flux is seen to be
a relatively small (under 10%) proportion of the
total energy flux over almost the entire range of
electric fields and is actually smaller (and positive
[7]) under high-field conditions. (We remark that the
proportionality between heat flux and energy flux
suggested by Ref. 7 does not hold for our simula-
tion). Thus we conclude that, at least in some high-
field situations, heat flux is insignificant. And, as
argued above, in such cases there is no need to solve
the energy equation in order to describe the trans-
port even though that transport may exhibit "hot"-
carrier phenomena such as overshoot. This conclu-
sion is contrary to the assertion of the conventional
energy transport theory that in order to describe
overshoot phenomena it is necessary to explicitly
include differing momentum and energy relaxation
times [2].
The question of whether heat conduction in the

electron gas is significant or not is obviously situa-
tion-dependent and also partially depends on the
meaning of "significant." Under homogeneous field
conditions, from Fig. 1 it appears that heat conduc-
tion is never very important in silicon. However, as
emphasized in Ref. 7, conclusions based on homoge-
neous simulation need not carry over to the inhomo-
geneous case. For example, in an inhomogeneous
situation where the electron distribution is "hot"but
the average velocity is small, one might expect heat
conduction effects to be larger and an energy bal-
ance solution therefore more necessary. Given these
questions, perhaps the best basis for the work of this
section is that we wish to investigate how well one
can do in some important device situations without
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explicitly solving the energy balance equation. From
the point-of-view of device modeling this possibility
is especially worthy of study insofar as it can reduce
computational requirements.

ol- E P- r/T, we can convert to a more conve-
nient set of variables with n= e.n(n,T,u2) and
q q(E, T). Then, using the chain rule, (3.1) takes
the form

A. Specification of the Material Response Functions

As in Sec. 2, the differential equations (2.2a-g) and
their associated boundary conditions are physical
constraints on the possible solution functions but
are insufficient to actually determine the solution
because there are fewer equations than variables.
To complete the system, the "material" response
must be quantified by supplying a set of constitutive
equations, For the system without energy balance,
we have 8 differential equations with 20 variables
and hence 12 constitutive equations must be speci-
fied. These are equations for P, En, pn and Zd in
terms of’the histories of n, u, E and T and their
space derivatives.
The constitutive equations for P, En, pn and Zd

n

are not arbitrary but rather are subject to the re-
striction that they violate neither the balance laws
nor the thermodynamic equations. Concerning the
latter, because the heat conduction in the electron
gas is negligible, we can regard the system as having
a single thermodynamic temperature, T Tl-- Tn.
Again, this does not mean that we cannot describe
"hot" electron behavior. In this case, that the energy
balance equation for the combined system (2.2f) is
separated into purely recoverable terms on the left
side and purely dissipative terms on the right side
implies that the second law of thermodynamics may
be written immediately as [11, 15]

(3.3) (mn

dn 1 ) du
2

mn --u2 + qnx -- O

OT

Since all of the material time derivatives in (3.3) are
independent and (3.3) holds for arbitrary dn/dt,
dT/dt, E/t and du2/dt their coefficients must
vanish yielding the following recoverable constitutive
equations

(3.4) P pn mn2
3E n

tglt n 2m ], n

l 3T
mn X q 3u2

In addition to these recoverable constitutive equa-
tions there are also dissipative constitutive equations
for En

d, q and Zd. Thermodynamic information about
these equations can be had from (3.2). In particular,
(3.2) must hold for all possible values of En

d, q and

zf and it therefore follows that

(3.1) Oet den pn dn
p--- + mn d-- n at

8 P d,1
qnEnr u pT-57.

Ot

Then combining (3.1)with (2.2g)yields the rate of
entropy production inequality [11]

(3.2) l[q- -- VT + qnEl U + zf" d >_0.

If, as is reasonable, we assume that e" is indepen-
dent of P, that e is independent of n and u, and
that Ef -X du/dt [see discussion in connection
with (3.8) below] then the form of (3.1) shows that
en en(n r/, U2) and et :/(p, r/). Alternatively,
by defining the thermodynamic state function q

n
(3.5) E=--, q= -VT, zan =rod,

where the mobility, /z, thermal conductivity, K, and
viscosity coefficient, ro, must all be positive. In gen-
eral, these coefficients can depend on the histories
of n, u, E and T and their space derivatives [11].
The constraints on the constitutive equations rep-

resented by (3.4) and (3.5) are the requirements
imposed by the laws of thermodynamics on the
behavior of any material (including an electron gas)
which may be described .by our assumed set of
primitive quantities. Beyond this, it is presumed that
any behavior is possible and it is up to experiment
or perhaps microscopic calculation to say exactly
which of the infinite number of possibilities is actu-
ally realized by the electron gas in a semiconductor.
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Now, to introduce some of the issues which arise in
further specifying the constitutive equations we first
discuss a familiar example, the constitutive equation
for the polarization P in (3.4)1, or, equivalently, the
electric displacement D. From (3.4) and the defini-
tion of D we have that D D(E, T). In most cases it
is sufficient to assume that this relationship is linear
in E (a linear dielectric), i.e.,

(3.6a) D dE,

where ed is the permittivity, a temperature-depen-
dent material coefficient which characterizes the po-
larizability of the medium. But, of course, there are
situations, e.g., at high frequencies, when (3.6a) is
not a good model of the material response. In this
case one might consider a "rate theory" such as

E
(3.6b) D dE + ot’

or, more generally, a linear functional (convolution
integral)

(3.6c) D z, ( t ’)E( z ) dz,

where J and are material constants and (t) is
a time-dependent material response function. (We
note that in the case of (3.6c), the thermodynamic
equations are somewhat modified because the
breakup into recoverable and dissipative parts be-
comes impossible [11]). Each of these possible con-
stitutive equations is distinguished by the extent to
which D depends on the history of E: (3.6a) has no
history dependence, (3.6b) contains the most recent
history (in a Taylor sense) and (3.6c) assumes de-
pendence on the full history. For this paper, (3.6a) is
obviously adequate, however, the example is instruc-
tive. First, a prime characteristic of the high field
transport situations studied in this paper is history
dependence (in other constitutive equations) and in
describing this we will be led to consider constitutive
equations analogous to (3.6b) and (3.6c). Secondly,
there is the general point of classical field theory
[11] that the constitutive theory is independent of
the general balance equations: (2.2c) (or its electro-
magnetic version, Ampere’s law) holds no matter
whether (3.6a), (3.6b) or (3.6c) is used. The latter
are far less sure and are chosen simply on the basis
that, for a certain material in a certain regime, they
give an accurate representation of the material re-
sponse. And if experiment or microscopic theory
should show them inadequate, then some other bet-
ter choice should be found. But as noted in the
Introduction, such failure is not (usually) reason to

reject the entire macroscopic approach. With this in
mind, we again wish to emphasize that in this paper
when we suggest some specific constitutive choices
which seem to have some range of utility, they
should be viewed, at best, as the equivalent of
(3.6a-c) and, in this sense, provisional.
We next consider the constitutive equation for the

stress tensor in the electron gas. The recoverable
part of the stress, pn, is the equation of state of the
gas and, from (3.4)2 it should depend primarily on
n. In the simplest case, at "low" densities (relative to
the effective density of states) the equation for the
pressure is that descriptive of an ideal gas

(3,7a) pn kTn,

where T is the lattice temperature assumed constant
and uniform. At higher densities, a Fermi-Dirac
equation of state becomes more appropriate [20].
Since in this paper we treat only "low" density
situations we shall use (3.7a) exclusively. We again
note that the use of this equation should not be
taken as an assertion that the electron temperature
is the same as that of the lattice and that therefore
description of "hot" electron phenomena is ex-
cluded; (3.7a) is merely an approximation for the
equation of state of the electron gas which, if neces-
sary, could be modified. Concerning the dissipative
part of the stress tensor we use the general linear
expression of fluid mechanics (Newtonian fluid)

(3.7b) rf holY. u + 2/zod,

where /*v and hv are the shear and bulk viscosities,
respectively. As in fluid mechanics we assume the

2Stokes condition, h + 3/x 0, and, in this case,
positive entropy production demands simply that /xo
be positive.3 Now, in kinetic theory viscosity de-
pends linearly on mean-free-path according to the
formula (for’a gas like the electron gas with no
internal degrees of freedom) [21]

ncmA
(3.7c) /*o: 2

where c is the microscopic (thermal) velocity of the
electrons and A is the mean free path. In using this
microscopic formula in (3.7b) it is important to be
aware of a difference between the physics of an

3The Stokes condition is assumed for convenience only. For
the one-dimensional problems we treat in this paper this condi-
tion is never actually required so whether or not it is valid for the
electron gas (in the high-field regimes of interest) is not an issue
here.
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FIGURE 2 Electron mean free path as a function of electric
field as obtained in Ref. 22. Also shown are the values of the
kinematic viscosities which correspond to the mean free paths via
(3.7c). These viscosities were used in the simulations of this
paper.

electron gas in a solid and that of fluid mechanics.
In the latter, the scattering is entirely between fluid
particles so that A is inversely proportional to n and
/xo is therefore essentially constant. By contrast, in
the electron gas A is generally determined by scat-
tering other than electron-electron scattering and is
therefore largely independent of density (except at
high densities). As a res.ult, for the electron gas in a
semiconductor, /xo is essentially proportional to n.
And consequently, in electron transport applications
the kinematic viscosity, uo txo/n, is closer to being
a constant and hence is a better viscosity parameter
to work with. Nonetheless, even the kinematic vis-
cosity is not generally constant. In high-field trans-
port the mean free path is known to vary signifi-
cantly with electric field [22] as shown in Fig. 2 and
this causes the kinematic viscosity to vary also via
(3.7c) (Fig. 2). For this paper we assume the kine-
matic viscosity to be that given in Fig. 2. Our expec-
tation is that this gives the correct viscosity to within,
say, a factor of two. Finally, we note that viscosity
terms are often [9, 17] (but not always [6]) neglected
in conventional fluid-based high-field transport de-
scriptions. On the basis of numerical evidence given
below, we find that this neglect is unjustified and
that the expectation of Ref. 6 that such effects "are
likely to be more pronounced at the shorter device
lengths" (p. 64) is in fact true (see also, Ref. 23).
The final constitutive equation requiring specifi-

cation is that for the interaction force, En, between
the.electron fluid and the lattice. In the simplest
case of diffusion-drift theory this force is purely
dissipative and is given by (3.5) However, for the
high field transport situations of interest here this is
inadequate. Specifically, history dependence be-

comes important because the electron-lattice inter-
action or "scattering" (including Bragg reflection)
does not take place instantaneously. Thus, one gen-
eral form for En would be as a linear functional as
in (3.6c). Alternatively, we might consider a "rate
theory" like (3.6b) with

u du
(3.8) En

/x X-
The sign of the rate term (X > 0) is set by the fact
that En should depend on the velocity at previous
rather than future times (causality). As indicated
previously the velocity-dependent term is dissipative
while the first rate term is recoverable and of the
form asserted earlier. Inserting (3.8) into (2.2b) re-
sults in

du
(3.9) (m qx) n d---[ --Vpn + V" z

-qnE+
from which we see that the first rate term is indeed
purely recoverable, acting as an inertia and modify-
ing the mass of the electron. Thus the electron-lattice
interaction acts to produce an effective mass in the
continuum description just as it does in semi-classi-
cal electron dynamics. We are therefore led to de-
fine the effective mass as m* rn q X. Note that
m* is smaller than rn because of causality (X > 0).
The rest of E" originates in collisions and is purely
dissipative from (3.5). Finally, we remark that non-
parabolicity effects are expressed in the theory when
X is not constant, a topic not discussed further in
this paper.
The form chosen for the dissipative part of En--in

effect, a functional form for the mobility /zis an
essential ingredient of the high-field description.
Rather than attempt to devise a complicated form
which effectively "curve-fits" various Monte Carlo
simulations we instead have chosen to use a mobility
model taken from the literature (for silicon) in order
to see what is possible with simple assumptions. The
model we use is [24]

(3.10a) /z

Id’LFE
-4(/ZLFE)

2

1 / 1 -. V-Usat Usat

where Usa is the saturation velocity (1.1 107

cm/sec) and E is the magnitude of E. The electric
field dependences in this formula serve to provide
velocity saturation [25]. For the high field regimes of
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interest in this paper we are interested in situations
with rapid variations and as usual this means that /x
must become history dependent to reflect the non-
instantaneous nature of scattering. For this history
dependence we again use a rate theory like (3.6b),
simply replacing the E dependence of /z by a de-
pendence on

(3.10b)

The connection between the theory of this section
and existing fluid-based models for high-field trans-
port regimes is more tenuous. Of these models, we
focus here on the relationship to the phenomenolog-
ical approach proposed by Thornber [13]. Thornber’s
idea was that one could describe high field transport
simply by adding additional terms to the diffusion-
drift equation (3.11). With his specific additions one
has the so-called augmented diffusion-drift equation
[26]

where ’r is an adjustment time which measures
(roughly) how far into the past the electric field
history has influence on the mobility. We find that a
"good"value for the adjustment time of the flow, ’r,
is about 0.12 psec in silicon at room temperature.
Lastly, we note that if one is interested only in
steady-state, dE/dt may be replaced in (3.10b) by
its steady-state value u. VE.
As a final remark for this subsection, we reiterate

that the constitutive equations (3.7)-(3.10) needed
for the theory are less reliable than the remainder of
the field theory and may not be robust when applied
in other situations, e.g., under transient conditions.
This is especially true of (3.10a) which is of interest
only because of its simplicity and its connection to
previous work. We again emphasize that in this
paper our main purpose is exposition of general
principles and not devising optimal material re-
sponse functions. In future work, we hope to make
detailed comparisons with many Monte Carlo simu-
lations and either confirm or correct the constitutive
theory as specified above. For now, with he specifi-
cation of (3.6a), (3.7), (3.8) and (3.10a)with (3.10b),
boundary conditions)of the single-fluid theory of
electron transport in semiconductors at high fields.

B. Connections With Other Theories

The theory developed above reduces directly to
standard diffusion-drift theory under certain condi-
tions. In particular, if the electron gas is ideal [(3.6a)],
the history dependence of the electron-lattice inter-
action is negligible [(3.10a)without (3.10b)] and in-
ertia and viscosity are unimportant, then (3.9) takes
the form of the diffusion-drift equation

(3.11) nu nl.E DVn,

with D kTl/q. Thus, when these conditions are
met in a transport simulation, e.g., in a large-device,
our single-fluid theory reduces to the traditional
modeling approach which is known to be accurate in
these regimes. This is, of course, as it should be.

(3.12) nu -ntxE Dn.x + BnE, + WnE, x,

alaere the subscripts indicate partial differentiation
and/z, D, B and W are supposed to be functions of
the electric field E and are to be determined from
Monte Carlo simulation. Obviously this equation is
appropriate only for one-dimensional problems al-
though, if it worked well, the generalization to three
dimensions would probably be straightforward [27].
There are both important similarities and differ-

ences between our single-fluid theory and (3.12).
The first and most fundamental similarity is that use
of (3.12) represents an assertion that one need not
solve the energy equation in order to describe "hot"
electron effects. A second important similarity is
that the terms added by Thornber serve to introduce
rate effects into the diffusion-drift description and,
as we have emphasized, such history dependence is
a key feature of high-field transport. Other than
this, however, Thornber’s approach would seem to
be quite limited and indeed this has been found in
numerical simulation [28]. From a theoretical point-
of-view the most serious flaw in Thornber’s ap-
proach is that it is purely ad hoc (although attempts
at justification from the Boltzmann equation have
appeared [29]). That is, it stems from the widely-held
but misleading notion that the diffusion-drift equa-
tion is a constitutive equation for the current so that
one can add to it whatever terms seem appropriate
to fit the physics. But as the derivation of (3.11)
from (2.2b) shows, the current equation is in fact an
approximate expression of momentum balance in
the electron gas and, if this is not taken into ac-
count, one mixes physical principles (balance laws)
and material response (constitutive equations). The
"material" coefficients of the theory, e.g., B and W,
are then at best composite quantities mixing proper-
ties of the fluid such as inertia with properties of the
electron-lattice interaction such as mobility. And, in
a worst case, these coefficients need not even be
solely dependent on the materials but can depend
on extraneous factors such as geometry. As we have
stressed, one of the key advantages of the classical
field theory approach is the clear separation that is
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made between general physical principles and spe-
cific material response.
A second flaw in (3.12) is that, even if regarded as

a constitutive equation, it does not obey fundamen-
tal macroscopic principles. In particular, if one
wishes to introduce time/space derivatives into such
an expression, rotational invariance demands that
these be in the form dE/dt E "Jr" uE x and not as
in (3.12). The further flaws ot the hornber ap-
proach in actual usage have been previously ana-
lyzed [28] and we therefore do not discuss this
further. Nevertheless, it should again be said that
the Thornber approach does recognize that solving
energy balance explicitly may not be necessary and it
tries to capture the essential history-dependent
character of high-field transport. In this sense, our
work in this section may be viewed as providing a
physically well-founded version of Thornber’s ad hoc
description.

C. Simulation Examples

The single fluid model is best suited to the descrip-
tion of transport in a semiconductor like silicon
where the transport is usually confined to one (six-
fold degenerate)valley. When transport in other
valleys with markedly different transport properties
becomes significant the single fluid model (with any
constitutive theory)will become increasingly inaccu-
rate. For this reason, as noted in the Introduction
we focus on modeling high-field transport in silicon.
The particular device we examine is the standard
one for such studies, a one-dimensional n / n n /

diode. We treat equilibrium and steady-state prob-
lems only; transient and ac problems will be investi-
gated in future work.
The boundary value problem appropriate for the

n/- n n / diode is as follows. Combining (2.2a-c)
with (3.6a), (3.7a, b), (3.8) and (3.10a, b)we have the
differential equations to be solved inside the device

(3.13a) n,t + (nU),x O,

du
(3.13b) m*n d-- -kTn’x + qnq,x

4 qnu
+   ou,xl,x

q
(3.13c) q,xx --[n No(x)],

d

where m* is 0.26m, ’o is the kinematic viscosity

which depends on E as shown in Fig. 2 and the
function No(x) is the prescribed donor profile
through the device. The boundary conditions for this
problem are applied at the metal contacts to the n /

regions and are that q is prescribed at both con-
tacts, U,x is taken to be zero at both contacts, n is
assumed known at the cathode and n,x is zero at
the anode. We note that because viscosity is in-
cluded, these conditions do not over-determine the
problem as was the case in the work of Gardner
[30].
The problem is now fully specified and its solution

obviously requires numerical methods. For this pur-
pose, we have used the flux-corrected transport al-
gorithm [31], a powerful technique for solving sys-
tems of conservation equations in the presence of
steep gradients, e.g., shocks. This monotone method
has been widely used in fluid dynamics but, to our
knowledge, has not been applied to semiconductor
transport problems heretofore (although a related
approach has been used in Ref. 32). Discussion of
the details of this method and its application to
semiconductor transport is outside the scope of the
present work and will be left for future publication.
For this paper we have performed a number of

simulations for n /- n n / diodes with three dif-
ferent base widths of 2/zm, 0.4/zm and 0.1/zm. In
each diode the n / cathodes and anode regions were
doped at 5 1017 cm-3 while the n-type base re-
gions were doped at 5 1015 cm -3. The large diode
was simulated just to confirm that at these geome-
tries the theory does indeed give the expected diffu-
sion-drift behavior and no results for this diode will
be shown. For the smaller diodes comparisons were
also made with diffusion-drift simulations which used
precisely the same mobility model (3.10a) but, of
course, without rate effects (3.10b). In addition, we
compared the fluid simulations with self-consistent
Boltzmann/Monte Carlo simulation results re-
ported in Refs. 33 and 34.
We discuss first the 0.4/zm diode whose donor

concentration and self-consistent electric field pro-
files are shown in Fig. 3. In this Figure, the peaks in
the electric field associated with the carrier spillover
at the cathode and anode are evident. The velocity
profile for this diode under a bias of 1.5V and
computed by solving (3.13) in steady-state is plotted
in Fig. 4 [labeled "rate" to indicate that the rate
model (3.10b) has been used]. For comparison, ve-
locity profiles computed using diffusion-drift theory
(labeled DD) and by Monte Carlo (labeled MC) are
also shown. Comparing the latter two profiles we
see that diffusion-drift theory is entirely inadequate.
The reason is that diffusion-drift theory does not
include the essential history dependence of the scat-
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FIGURE 3 Donor concentration and electric field profile in the
0.4/zm n+- n n / diode in equilibrium.
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FIGURE 4 Velocity profiles as computed using the rate theory
of Sec. 3 (labeled "Rate’), using diffusion-drift theory with the
mobility model in (3.10a) (labeled DD) and a Monte Carlo result
taken from Ref. 34 (labeled MC). The bias was 1.5V. The rate
theory is seen to give good agreement with the Monte Carlo
simulation while the diffusion-drift result is completely in error.

tering through (3.10b) and the effects of viscosity
through (3.7b). (It also does not include inertia but
the effect of this omission is unimportant as it
effects only the rise and fall distances and then only
slightly). When these effects are taken into account
by solving (3.13), agreement with the Monte Carlo
simulation is greatly improved although it is not
perfect. To see the particular effect of viscosity in
Fig. 5 we again show the full rate theory result
(including the viscosity of Fig. 2) and the Monte
Carlo result together with the result of a rate theory
simulation in which viscous term has been set to
zero. The viscosity is seen to have a significant effect
especially in the low field region where the mean-
free-path is longest and the viscosity largest.
The 0.1/xm diode represents a more extreme test

of the rate theory and especially of the simple
electron-lattice interaction model represented by
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FIGURE 5 Velocity profile in the 0.4/xm diode under a bias of
1.5V showing the rate theory result (labeled "Rate’), the Monte
Carlo result of Ref. 34 (labeled MC) and the rate theory result
when viscosity is neglected (labeled "Zero viscosity’). The latter
differs considerably from the result with viscosity included (espe-
cially in the low field region) showing the importance of this term
in the theory.
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FIGURE 6 Same plot as Fig. 4 except for the 0.1/m diode
(biased at 1V)with the Monte Carlo result taken from Ref. 33.
The rate theory continues to do quite well in comparison with the
microscopic simulation whereas the diffusion-drift result is even
further off.

(3.10a) and (3.10b). Nonetheless, we find remarkably
good agreement with Monte Carlo simulation. In
Fig. 6 we show the velocity profioles through the
diode (the cathode edge is at 1000A and the anode
edge is at 2000.) as computed with the rate theory,
by Monte Carlo simulation and in the diffusion-drift
approximation using (3.10a). The diffusion-drift re-
sult is even further off than in the longer device
while the rate theory again does quite well. The
largest errors seen in the rate theory result are in
getting the exact locations of the rise of the velocity
at the cathode and its fall at the anode. As a final
plot we show the important influence of the history
or rate dependence (3.10b)on these results. In



HYDRODYNAMIC MODELS 113

1.6

1.4

0.8

0.6

0.4.

O.Z

FIGURE 7

Rate MC

0 500 1000 1500 2000 ZS00 3000

POSITION (A)
Similar plot to Fig. 6 showing the importance of

history dependence in the mobility model. When this dependence
is neglected ("no rate" curve) the disagreement with the Monte
Carlo result is considerable.

Fig. 7, we have plotted the same rate theory and
Monte Crlo simulation results along with the result
when the adjustment time r is set to zero. The
latter is seen to be in sharp disagreement, actually
being fairly close to the diffusion-drift result.

Overall, in these simulations we see that the sim-
plest possible constitutive theory based on (3.7) and
(3.10) gives quite good agreement with Monte Carlo
simulation for velocity overshoot even in an ultra-
small 0.1/xm diode. The most important additions
needed in the theory are seen to be the inclusion of
rate effects in the mobility model [(3.10b)] and the
inclusion of viscous effects [(3.7b)]. Although the
agreement is not perfect (especially in the rise and
fall of the velocity) these results suggest that with
minor modification to the constitutive theory [espe-
cially (3.10)] agreement could be further improved.
Efforts to develop a better mobility model for this
purpose are currently underway. In any event, we
conclude that a transport theory in which energy
balance is not solved has promise as an approach for
high-field transport simulation.

4. CONCLUSIONS

from specific material response. This permits the
transport theory to be understood in its simplest
form without any discussion of explicit microscopic
assumptions. The latter which are a central part of
Boltzmann derivations can provide only sufficient
conditions for the validity of the macroscopic de-
scription and therefore give little indication of range
of applicability. To illustrate the classical field the-
ory approach we presented two basic descriptions
which are distinguished by whether or not the heat
flux accompanying the electron flow is appreciable
or not. When it is, a coupled energy balance equa-
tion must be solved for the associated temperature
fields and the description is akin (if not identical) to
the conventional energy transport description. In
the more interesting case when the heat flux is
negligible (a circumstance which frequently holds)
the energy equation is no longer independent of the
mechanical equations and need no longer be solved
explicitly. In this case, we exhibited using numerical
simulation how this simpler theory can describe
velocity overshoot in a physically well-founded way
and without needing to define an electron tempera-
ture. Our approach here may be viewed as providing
a physical foundation for methods like Thornber’s
augmented diffusion-drift theory. And finally we
believe the rational basis provided by this work can
further the effort to develop succinct and computa-
tionally-efficien transport models needed for cur-
rent and future semiconductor device analysis and
engineering.
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In this paper we have examined the foundations of
macroscopic approaches to high-field electron trans-
port description from the standpoint of classical
field theory. This point-of-view is complementary to
existing developments of such descriptions from the
Boltzmann equation and we believe it provides in-
sight into modeling methods for high-field transport
problems. As we have stressed, the key simplifica-
tion of the classical field theory formulation is its
clear separation of underlying physical principles
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