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We generalize the Multiband Quantum Transmitting Boundary Method (MQTBM) for
computing transmission coefficients in heterostructure to tight-binding-like band
structure models with non-orthogonal basis and multiple neighbor interactions. We
implement this method based on the newly developed planar-basis pseudopotential
method which uses the generalized planar Wannier function basis. We demonstrate the
method by computing transmission coefficients for a GaAs/A1As double barrier
structure.
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1. INTRODUCTION

Since Chang, Esaki and Tsu first observed resonant
tunneling effect in heterostructures in 1974 [1],
many theoretical methods have been developed to
model the physics of resonant tunneling phenom-
enon in semiconductor heterostructures. The most
commonly used formalism for computing tunnel-
ing probabilities in these structures is the transfer-
matrix method. Unfortunately, this method is
numerically unstable, and especially so for multi-
band models. One solution which circumvents the
instability problem is the Multiband Quantum
Transmitting Boundary Method (MQTBM) [2].

The MQTBM is a multiband realization of the
Quantum Transmitting Boundary Method origin-
ally developed by Lent and Kirkner [3] for treating
quantum transport in nanostructures. Thus far,
MQTBM has been implemented for several
realistic, empirical, multiband models, including
the tight-binding model, the effective bond orbital
model and the k-p method [4].

Recently, Chang has developed the planar-basis
pseudopotential band structure model for treating
electronic properties of surfaces and heterostruc-
tures [5, 6]. For treating structures with layer-like
local geometry, this model is considerably more
efficient than plane-wave based pseudopotential
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methods, and leads to better analysis of surface
and interface properties. Furthermore, it can be
constructed directly from first principles and thus
offers the possibility for more physically accurate
descriptions than could be obtained with empirical
band structure models. The method has been
successfully applied to the studies of electronic and
optical properties of surface and interfaces. We
implement MQTBM for this new band structure
model so that it can be used to treat quantum
transport problems as well. The present work
differs from MQTBM implementations in the past
in that the basis functions used are non-orthogo-
nal, and thus introduces some new complications.

2. METHOD

A. Planar-Basis Pseudopotential Method
and Planar Wannier Functions

We briefly introduce the planar-basis pseudopo-
tential method and planar Wannier functions, and
refer the readers to the work by Chang [5, 6] for
more details. In the planar-basis pseudopotential
method, planar-basis functions consisting of 2D
plane waves in the x-y plane and 1D gaussian
functions in the z direction are used in hetero-
structure electronic calculations [5, 6]. The method
can be made formally equivalent to either empiri-
cal or self-consistent first principles pseudopoten-
tial methods. Using these basis functions, we can
find Bloch states associated with band n and wave
vector k, bn,k(r) and use them in turn to construct
the planar Wannier functions. Assuming the
heterostructure growth direction is along the z
axis, a planar Wannier function is a translationally
invariant function in the x-y plane characterized
by an in-plane wavevector kll, and centered along
the growth direction at Rz

(Rz)> fdkze-ikzRzCn,k(t"). (1)

For a fixed value of kll, the set of Wannier
functions with same band index n and centered at

different Rz may be thought of as a 1-band tight-
binding basis which can be used to calculated the
bulk band structure for the nth band. However,
the interaction among those functions will in
principle extend to large distances, which makes
computations inefficient. The Generalized Planar
Wannier Functions (GPWF)can be used to solve
this problem. The generalized planar Wannier
functions are proper linear combinations of

Wn,kll(Rz) for the interested bands such that they
are more localized along the z direction. In this
new sub-basis, the interaction parameters can be
cut off at shorter distances, but at the cost of
leaving the Hamiltonian in the GPWF sub-basis
non-diagonal in band index. In addition, depend-
ing on the number of neighboring interactions
kept, the GPWF sub-basis could be either
orthogonal or non-orthogonal.
For the generalized planar Wannier functions,

the elements of the Hamiltonian matrix are given
by,

Hm,m,(k) Z ei:zRz(W’ (0)[HIWm (Rz)) (2)m,kl ,kll
Rz

where Wm,,kll is a generalized planar Wannier
function. By storing the interaction terms

(Wm,kll (0)[HlWm,,kll (Rz)) up to the desired num-
ber of neighbors (two for non-orthogonal, and
four for orthogonal basis) for each fixed value of

kll, we can converted the problem into a 1D
multiband tight-binding model.

Let d be monolayer separation along the growth
direction. We can then write Rz crd, where cr is a
integer layer label. We can denote the generalized
Wannier planar functions with the following tight-
binding-like simplified notation:

let, kll) -I W’ (Rz crd)) (3)m,kll

where m 1, 2,..., M labels the basis functions
within a monolayer (M 16 in our case). We then
appeal to MQTBM for transmission coefficient
calculations.
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B. Transmission Coefficient Calculations
in Non-Orthogonal Basis

The multiband quantum transmitting boundary
method is a numerically stable and efficient
formulation for calculating heterostructure trans-
mission coefficients using realistic multiband tight-
binding band structure model. As seen in the
previous section, the Generalized Planar Wannier
Functions (GPWF) may be viewed as a non-
orthogonal tight-binding basis with second-neigh-
bor interactions. Previously, MQTBM has been
implemented for several nearest-neighbor tight-
binding models with orthogonal bases. The gen-
eralization to orthogonal basis with multiple
neighbor interactions is straight-forward. How-
ever, a somewhat different formulation is required
for non-orthogonal bases. In this work, we will
introduce a more general version of MQTBM
capable of handling multiple-neighbor interactions
in a non-orthogonal basis. We consider a hetero-
structure as consisting of an active region sand-
wiched between two semi-infinite fiat-band
electrode regions. The computational domain con-
sists of a sequence of N monolayers parallel to
heterointerfaces. It includes all of the active region,
and extends out from both sides ofthe active region
to include 2NI layers of each of the fiat-band
electrodes; NI is the number of neighboring inter-
actions for the particular tight-binding model used.
As will be been, these inclusions are sufficient to
allow us to fully incorporate the scattering bound-
ary conditions within the finite computational
domain.
We label the layers in the computational domain

by a 1, 2,..., N. For a second-neighbor model,
for example, a 1, 2, 3, 4 will be in the left
electrode, a N-3, N-2, N-l, N the right and
the rest are the active layer. From this point on we
will specifically examine the case of a second-
neighbor model for simplicity. However, all
derivations generalize trivially to models with
larger interaction range.
A wave function in the tight-binding basis may

be written as

[) Gm Iom, kll ), (4)
om

where, again, kll is the planar orbital in-plane wave
vector, a the layer label and rn the orbital label.
The Schr6dinger equation (H-E)I -0 in

this basis may be written as

/-’]ra,-2Ca-2 q-/-}a,-I Ca-1 -+-
+/-]rGa+lCer+l +/’o-,+2Co-+2 O,

where C is a vector of length M,

Crl
C2

Ca (6)

and H,, are M x M matrices,

(7)

The elements of the Hamiltonian matrix H and
overlap matrix S are given, respectively, by

(Ha,a,)m,m,= (am, klllH[a’ m’, kll), (8)

and

(S,,) {am, Io" m’,m,m,= k[i (9)

For convenience, we do not explicitly show the
dependence on kll and E in our notation.
The boundary conditions in scattering problems

are usually described in terms of Bloch states, i.e.,
as amplitudes of incoming and outgoing plane
waves. To translate them into the tight-binding
basis, we make use of the transfer matrix and
Bloch’s theorem. Together, they provide a connec-
tion between the plane-wave and the local-orbital
descriptions through the concept of complex band
structures [7].
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We can write Eq. 5 in the transfer-matrix form,

-1 -1 -1-/’/,r,,r_2H,r,a+-Ha,,r_2Ha/r-1
I 0 0

0 I 0

0 0 I

-H.a_2Ha.a+2 Ca-1
o c.
0 Co.+l
0 C+2 C.+

(o)

Now, consider, plane-wave state in either of the
flat-band electrode regions,

I0,(& Ibi(&ll, &+/-) Bamlo’m, kll >.
o-m

(11)

Since Ii(k) is a Bloch state, by Bloch’s theorem,
the tight-binding coefficients must obey the rela-
tion

B eik-aB,_l (12)

where d is the distance between monolayers, and
k+/-is the component of the crystal momentum
along the growth direction. Then, together with
Eq. (10), we can formulate the following eigenva-
lue problem:

-1 -1 --1H,r,,r_2H,,,+-Hr,a_2Ha/r-1
0 0

0 0
0 0

binding basis and Bloch (plane-wave) states [4].
We sort the eigenvectors such that the first 2M
vectors represent state which propagate or decay
to the right, and the remainder 2M to the left. The
sorted eigenvectors are then grouped in a 4x4M
matrix D.
Assume that we have a known coefficient set of

incoming plane wave, , and unknown coefficient
sets of reflected and transmitted parts, f and i,
where , and i are the column vectors of the
length 2M. Then we can find the relations:

1 ,] (14)

-Hr.a_2Ha.a+2 Ba-1
o .
0 B,r+l
0 B,r+2

eik_l_d Ba
B+ (13)

B,+

Recall the implicit dependence of H,, on E.
Solving the above yields a set of eigenvalues
{eik+/-a}, from which a corresponding set of com-
plex {k+/-} values are readily calculated. E(k+/-) is the
bulk complex band structure [7]. As an example,
the complex band structure for bulk GaAs
calculated using the planar-basis pseudopotential
band structure model is shown in Figure 1.
Each of the 4M eigenvectors contain the

coefficients of tight-binding orbitals on the one
hand, and is associated with a particular complex
wave vector (kll,k-t-) on the other. In this way,
they provide a connection between the local tight-

and

(15)

where Dz and D are 4M x 4M matrices formed
by the eigenvectors obtained by solving Eq. (13),
for the bulk materials making up the left and right
electrodes, respectively, and the j is a vector of
length 2M constructed by joining two consecutive
C vectors C1 contain C1 and C2, C2 contain C3
and C4, (m/2)-i contain CN-3 and CN-2 and N/2
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contain CN_ and CN instead. Note that we have
divided each Dij matrix into 2M 2M sub-matrices
for convenience.

Eliminating f and i from Eqs. (14) and (15), we
obtain

and

(17)

Combining the above equations and Eq. (5), we
obtain MN linear equations written in the matrix
form as

6.0

4.0

2.0

0.0

-4.0

-6.0

GaAs Complex Band Structure
Planar-basis Pseudopotential Method,,  /il
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FIGURE Complex bands of GaAs calculated using the
planar-basis pseudopotential method.
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0

’ C1 N

C3

CN-
\CN/

(8)

where It is an M M identity matrix and the
bracketed terms are 2Mx 2M sub-matrices.
Solving the matrix equation yields a set of
coefficient, {C1,C2,...,CN}. By Eq. (15), the
coefficients of the transmitted plane-wave states
can be computed by

i D1-1CN/2 (19)
We can use i to compute the transmission
coefficient :where vI(E, kll;L) and v(E, kll;R) are

the velocities of the incident and the transmitted
bulk plane-waves, respectively.

3. RESULTS AND DISCUSSION

We have successfully applied the multiband
quantum transmitting boundary method to tight-
binding band structure models with nonorthogo-
nal basis and multiple-neighbor interactions.
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Figure 2 shows transmission spectra of two
different GaAs/A1As double barrier structures
calculated for using the Generalized Planar Wan-
nier Functions (GPWF) band-structure model
with second-neighbor interactions. Both I’- point
and the X-point resonant tunneling are seen in
Figure 2. The I’- and X-point resonances are
associated with quasibound states localized in the
GaAs and the AlAs layers respectively. The two
structures used have the same GaAs layer widths

(16 monolayers) but different AlAs layer widths (4
and 8 monolayers). Consequently, the positions of
the I’-point resonances remain the same for the
two structures, while the X-point resonances
showed a definite position shift.
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