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In this work we discuss relativistic corrections for the description of charge carriers in a
quantum mechanical framework. The fundamental equation is the Dirac equation
which takes into account also the electron’s spin. However, this equation intrinsically
also incorporates positrons which play no role in applications in solid state physics. We
give a rigorous derivation of the Pauli equation describing electrons in a first order
approximation of the Dirac equation in the limit of infinite velocity of light. We deal
with time-dependent electromagnetic potentials where no rigorous results have been
given before. Our approach is based on the use of appropriate projection operators for
the electron and the positron component of the spinor which are better suited than the
widely used simple splitting into ’upper (large)’ and ’lower (small) component’. We also
systematically derive corrections at second order in 1/c where we essentially recover the
results of the Foldy-Wouthuysen approach. However, due to the non-static problem,
differences occur in the term which couples the electric field with the spin.

Keywords." Relativistic quantum transport, Dirac equation, Pauli equation, relativistic corrections,
nonrelativistic limit, Foldy-Wouthuysen transformation

1. INTRODUCTION

Quantum effects play an important role in some
technologically important semiconductor devices
such as the resonant tunneling diode. The basic
description of charge carriers is hence given by
Schr6dinger equations or their kinetic counterpart,
Wigner equations. Under certain conditions also
relativistic effects cannot be neglected [2, 4] like

e.g., for heavy hydrogenic elements. The funda-
mental quantum mechanical and relativistic equa-
tion is the Dirac-Maxwell system, i.e., the Dirac
equation [5] for the electron as a spinor coupled to
the Maxwell equations for the electromagnetic
field. However, this system is very tedious to deal
with both analytically and numerically for
example global existence with arbitrary initial data
is still an open problem. In this work we deal with
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the linear case, i.e., the case where the electro-
magnetic potential is given, e.g., the situation of a
single electron in an external electromagnetic field.
This is consistent with our assumption of bounded
potentials which would not hold for the case of the
selfconsistent Coulomb interaction among an en-
semble of electrons. However, we are able, for the
first time, to deal with the general case of time
dependent potentials.
The Pauli equation is an approximation of the

Dirac equation in two respects: on the one hand it
is basically a first order approximation (in l/c), on
the other hand it is an equation for the 2 spinor of
the electron component of the 4 spinor of the
Dirac equation that contains also a positron com-
ponent which can be neglected in most problems
of solid state physics.
The Dirac equation for a relativistic particle with

spin in a given electromagnetic field is given by

me2

io,o -ic7 + --UTO
qak707k -aoThe unknown is the 4-vector of the ’Spinorfield’

(t,x)c C, x0 ctcR, x (Xl, X2, X3 )3. 0#
stands for (O/Oxu), i.e. (0o O/Oxo), Ok (O/Oxk),
where the greek letter # stands for 0, 1, 2, 3 and k
denotes the 3 spatial dimension indices 1, 2, 3. The
summation convention for indices that appear as
’a pair co- and contravariant indices’ is consequent-
ly used, e.g., 7A stands for u=0 7UAu
The Dirac matrices 7u C44, # 0,..., 3, and

the Pauli matrices crk (2x2, k 1,2, 3 are given by

’-)/0 -1
-1

0.3_

7k--( 0
--or 0

0.2__ (Oi
0-1)

(1.2)

(1.3)

In the sequel also the following related matrices
occur frequently

707k__ (0 ok), sm (o-m 0 )ak 0 i7k7l 0 crm
(1.4)

where (k, 1,m) are cyclic permutations of (1, 2, 3).
Note that the matrices S represent the ’spin-
operator’ [11].
Au (t, x) 3, # 0,..., 3, are the components of

the time-dependent electromagnetic potential, in
particular Ao(t,x) is the electric potential and
X(t,x)- (A,A2,A3)

q-
is the magnetic potential

vector. Hence the electric field and the magnetic
field are given by

(t,x) Ao O, (t,x) curl. (1.5)

The physical constants are M moc/h, g e/h,
where m0 is the electron’s rest mass, c is the veloc-
ity of light, h is the Planck constant and e is the
unit charge.

There are two physically important limits of the
Dirac equation. The ’classical limit’ h 0 with c

fixed, which was rigorously performed e.g., in [8]
using Wigner transform techniques. Similar tech-
niques were used in [1] for the classical limit of a
Pauli equation. The ’nonrelativistic limit’ c is
the limit where the velocity of light tends to infinity
and ’instaneous interactions’ are considered.
The following graph shows the relation between

the linear Dirac equation and it’s approximations
in these limits.

In this work we focus on the limit c , in
particular on a mathematically rigorous study of
the relation between the Dirac and the Pauli equa-
tion. First we rescale Eq. (1.1) properly ([3]) and
introduce the dimensionless parameter e as the in-
verse of the speed of light c:

e 1/c (1.6)

The resulting scaled Dirac equation for (t, x)
reads

iOte i707kOk @

A707 A0
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Dirac equation n-+-- relativistic Vlasov equation]

Pauli equation[

h-+O
SchrSdinger equation[ Vlasov equation]

For the nonlinear Dirac-Maxwell system we have the fbllowing relations

]Dirac- Maxwell] r-+___ [relativistic Vlasov- Maxwell

SchrSdinger Poisson Vlasov- Poisson system

(t- 0, x) (1.8)

By ’semi-nonrelativistic approximations’ we de-
note approximations which retain terms at least at

O(e) and we reserve the name ’Pauli equation’ for
equations ’at first order in e’, containing in any
case the spin-magnetic field coupling term with the
famous factor 1/2 as in (2.8). The ’total’ non-
relativistic limit e + 0 yields ’Schr6dinger equa-
tions’ where the spin only rests as a divergence
free term in the current density and, in our scaling,
the magnetic field has vanished (in contrast to the
scaling e.g., in (the works based on) [9]) where the
relativistic dynamics of the electron are some-
what decoupled of the relativistic nature of the
magnetic field.

Foldy and Wouthuysen (F-W) [7] have given the
first systematic approach to (semi)-nonrelativistic

approximations which still rests more or less
heuristic. A mathematically rigorous theory of the
problem has been developed based on a pseudor-
esolvent convergence approach using the spectral
theorem, e.g. [9, 14]. For a general survey with
an exhausting list of references see [13]. All
these results, however, treat the mere static case,
i.e., time-independent electromagnetic potentials.

In contrast, we use very direct functional
analytic methods for rigorously deriving the Pauli
equation for time-dependent potentials and
studying also the O(e2) approximation. Our rigor-
ous approach is somewhat related to the F-W ap-
proach which is essentially the search for a

unitary transformation which diagonalizes the
Dirac Hamiltonian with respect to the orthogonal
decomposition based on H, The decomposition
based on the PDO projectors II(D) is better
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suited which is reflected e.g., by the fact the
resulting ’positron-small component’ is O(e2) in
contrast to the O (e) ’lower-small component’ (2.6)
obtained via the II decomposition.

In our scaling the position density nC(t,x) is
given by

(t,x) (t,x) (t,x) (t,x). (1.9)

and the components J of the 3-vector J of the
current density by

J (t,x) 1-y’yk (t, x). (t,x). (1.10)

Rigorous results for nonrelativistic approxima-
tions of the current density which are seldom
studied in the mathematical literature in this field
are given in [3].
We denote by D (D1,Dz, D3) the spatial

derivative corresponding to the Fourier multiplier
and by Dk =--iOk the partial derivative asso-

ciated to k.
We define the "free Dirac operator" QC and the

"electromagnetic operator" A A (t, x)

Qe (D) := S’)’O")/kDk -+-"Tld, (1.11)

4 := Ak (t, x)’y’/k / Ao t, x) Id, (1.12)

and rewrite (1.1) as

(1.13)

The spectral problem for the self-adjoint operator
Q on Fourier space, i.e., for Q () e-y -),kk +
"Id, shows that for each there are 2 eigen-
values +,V of Q () with geometric multiplicity 2
given by

Ae ()"-- 41 + e2ll2. (1.14)

The associated projectors IV, (e) are easily calcu-
lated and correspond to the pseudo differential
operators II:(D) on L2 (3)4

1( Qe(D) )II (D) 5 Id 4-
A (D)

(1.15)

By means of these projectors we can decompose
L2([3x)4 in two subspaces corresponding to free
electrons and positrons ([5]), since the positive and
negative eigenvalues +A correspond to positive
and negative energies of a free Dirac particle [5].

In the formal limit e 40 of II (D) we obtain the
operators

(I -+- 7),

oH+- 0

0

0

ii0_
0

(1.16)

The projectors II: (D) are uniformly (in ) bound-
ed operators from H (3)4____ H (3)4 and by
calculation in Fourier space we verify the follow-
ing series expansion of II:(D) (w.r.t. e):

e e ,)/0,yk e2 ,.)/0/ d- e4R4 (1.17)H+ D II, :V - Ok -+- -where R4 stands for a uniformly (in e) bounded
operator H (3)4 __+ Hm-4 (3)4.

In this paper we present different methods to
derive the Pauli equation (2.8) as well as higher
order approximations. We first present a textbook
derivation of the Pauli equation for the 2-spinor of
the electron component. Then we show how to
obtain an implicitly equivalent equation for 4-
spinors by a simple formal Hilbert expansion in e
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based on our special definition of the electron-large
and position-small component. Tis development in
e yields also higher order corrections in a more
direct way than the Foldy-Wouthousen approach.
After justifying rigorously our derivation of the
Pauli equation and connecting it to the usual one we
discuss in particular the second order terms more
closely.

2. THE "LARGE VS. SMALL
COMPONENT" APPROACH
AND FORMAL DERIVATIONS

we immediately obtain the equations

/ge’ -i k k-or OkaYs Akcr Ps Aog)7 (2.4)

2
iOtPs -i 1- oXOkp AkOXp Aop -p(2.5)By formal consideration of orders of magnitude, in

particular assuming that 0t is of O(1), we obtain
from (2.5) that the lower-small component is O(e)

c ecrkOkp + 0(2) (2.6)

The above ’algebraic’ projection operators (1.16)
are employed for the standard derivation of the
Pauli equation via the "large and small compo-
nent" approach, i.e., the splitting of the "Dirac 4-
spinor" into two "Pauli 2-spinors" as follows (e.g.
[6,10,11]):

Defining the "upper" and "lower component"
as

x) 0n+ (t, x), x)
(2.1)

we have, of course,

0

(2.2)

Introducing and as the vectors with two
components skipping the zeros in , the Dirac
equation can be split two equations for 2-vectors
involving the Pauli matrices. Defining the "upper-
large" and the "lower-small component" as the 2-
vectors

g)el (t, x) eit/ell (t, x),

(tgs(t,x)" it/s’e X)-e s(t,
(2.3)

and for the upper-large component we obtain by
using (2.6) in (2.4)

iOt99e - crlOkOlp Aog)

oXcrOA99 + iAkO + O(e2)
(2.7)

Using the properties of the Pauli matrices crj and
adding the O(e2) term e2[ 2, where "-(a l,

A2,A3) is the magnetic potential, this formal
procedure finally yields the "Pauli equation"
[10, 11] for 5c as the "O(e) approximation" of
the upper-large component .

_e oXB@ (2.8)iOtCp (iV + e)zq? -A0pt e
Here and in the sequel the tilde denotes the solu-
tion of an approximative equation i.e., is the
solution of the approximation (2.8) obtained by
neglecting O(e2) terms in the exact Eq. (2.7).

In contrast to the above approach of "upper-
large and lower-small component" by applying the
"algebraic projects" H, to (1.7), our mathemati-
cally rigorous theory is based on the use of the
"pseudo differential operator projectors" W. (D).
This implies that the "small component" IV_ is of
O(e2) in L ((0, T ); H (3)4) and not of O(e)
as in (2.6) and the magnetic field appears in the
small component at leading order. In addition, the
"Pauli equation" becomes an equation for a 4-
vector with an additional term at O(e). However,
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we can reformulate this Pauli equation by an
equation for a 2-vector in the usual form (2.8).
We define the "electron-large component" qS_

and the "positron-small component" q5e_ as fol-
lows: The "electron" b_ and "positron compo-
nent" b are introduced via the PDO-projectors

II= (D) (1.15) and like in (2.3) we "factor out" the
rest energy mo c2 i.e., 1/ea in our scaling:

c t, x) eit/c2 t, x)

+ (t, x) +

_
(t, x) with

(2.9)

d/)+e (t, x) lie+ e(t, x) cAit/ez’qa+(t,x),"c
(/Se__ t, x) lie_e t, x) eit)e_ t, x)

(2.10)

Note that the use of the same sign in the exponen-
tial means that we subtract the positive rest energy
of the electron component and add the negative
rest energy of the positron component (as appar-
ent e.g., in (2.12)). This is the basis of any "large"
vs. "small" component approach.
Applying the projectors II: to (1.13) and using

(2.10) yields a splitting of the Dirac equation

,V
(Aq5c)-O andio,++ + + n+

A+I
4_ + n (A+) -0

(2.11)

Since we have used the same sign for the phase
factors in the transformation (2.10) we have broken
the symmetry between electrons and positrons. This
asymmetric becomes transparent in a development
of the "kinetic energy PDO" in (2.11)

(D)- =-A+e2R and
e2 2

,V(D) 4- 2
e2 e2

Id + - A +
(2.12)

where R stands for an unspecified uniformly (w.r.t.
e) bounded operator gm(3)4-- Hm-4 ([3)4. The
difference between the two operators is precisely
twice the positron’s rest energy.
Ofcourse, in the expansion ofPDOs like in (2.12)

we "lose regularity for every power of e" which

makes the reminder terms more and more singular.
However, assuming sufficient regularity ofthe initial
data and the electromagnetic potential we can
always counterbalance in order to avoid distribu-
tional spaces. This is based on the following "con-
servation of regularity" of the Dirac equation with
time-dependent electromagnetic potential A which
holds also for q5 since it differs from b be a mere
phase factor in time. It is proved by straightforward
multiplication and integration of (1.7).

LEMMA 2.1 Conservation of Regularity

(i) Let A (Ao, A1, A2, A3) L ((0, T); Wm’

([3)4) and O(1) Hm(3)4.
Then the solution (t,x) of the Dirac

equation (1.7) and its transformed O(t, x) as

defined in (2.9) satisfy

1{ IL((O,T);Hm(3)4) (2.13)

where c is independent of .
(ii) Let A (A0, A1, A2, A3) W’ ((0, T); Wm’

(3)4, 0e(t__ 0) O(1) Hm+l(3)4.
Then the solution 0 (t, x) O (t, x)+
(t, x) (cp. (2.9)) of the "split Dirac equation"

(2.11) satisfies

Ot L((O,T);Hm(3)4) (2.14)

where Cr is an e-independent constant depend-
ing on the time intervall (0, T).

The "matrix PDO projects" H(D) do not com-
mute with the (x-dependent) "matrix electromag-
netic operator" A(t, x) occurring in (2.11). A
development of the commutators up to second
order in e is obtained by direct calculation:

He (akTOTkoe)
ig(AOO + TT(OA)Oe)

g {(A+)+A= }

n(A)
(2.5)
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W, (AoO) Aor[o -e7Tk(OAo)ch

=t=- {A(A0 )-AoAO)
q- e3R3(A0c)

(2.16)

where R3 stands for an unspecified, uniformly (in
e) bounded operator H (3)4__+ Hm-4 (13)4.
We can obtain approximation of the split Dirac

equation (2.11) at any order in c a formal way by
defining the Hilbert expansions for qS_, qS_

O+- Or- O

_
c +’ Z (2.17)

k=0 k=0

Note that ck+,k_ are 4-spinors for all k. By
plugging (2.17) into (2.11) combined with expan-
sions like (2.15), (2.16), (2.12) we can proceed by
formally comparing orders of e.

We immediately see that the positron-small
component starts at O(e2), i.e., 0_ 0,1 0
and we can easily calculate the terms of each order
in

o():

/k
0 0iOtO+ 2

q+ Aoq+ (2.18)

o():

of the third term on the r.h.s, of (2.20) gives
2(OkAk)@ and the off diagonal in this term

yields 1/2Smcurlm@ 1/2SmBm@, where the
"block-diagonal" matrix S is given by (1.4).
Adding the O(e)2 term  21 12, where "-(A1,

A2,A3) is the magnetic potential, we see that the
following equation holds for @:
DEFINITION 2.1 The "Pauli equation for 4-spi-
nors" is given by

(2.21)
707k (OkAo) c)

The third term in (2.21) contains the "block-anti-
diagonal" matrices 7

o
7
k (cf. (1.4)). This term plays

a special role as we shall see in the follow. Note that

OkAo Ek-OtAk and only in the case of a static
magnetic field this term involves the mere electric
field. This is a difference to the analogous term
found in [5, 11, 12]. We note that i7 7

k (OkAo) is
anti-selfadjoint since 7

o
7
k are self-adjoint and 0k A0

is real.
This way we find the "O(e) approximation" of

the electron-large component

_
by the 4-spinor

@ as the solution of the Pauli equation (2.21) with
proper initial data @(t 0,x) (pz(X).

iOtdpl+
m o
2 + Ao+ + -OA77q5+

oiAkOkO+ - 77 OkAo+
(2.19)

Defining @ 0+ + eO+ we immediately see that

@ fulfills Eq. (2.19) by adding up the Eq. (2.18)
and (2.19) and using 0+ @ + O(e)"

A
e OkAl7k71dpp

70@iAOG - c%Ao, + 0()
(2.20)

We can rewrite (2.20) using the algebra of the
Dirac matrices 7J: the diagonal in the double sum

3. THE PAULI EQUATION AS THE
"SEMI-NONRELATIVISTIC LIMIT"

The formal Hilbert expansion that led to Eq. (2.21)
can be justified rigorously. The approximation
keeping terms at first order, i.e., at O() O(1/c),
yields the Pauli equation as the "semi-nonrelati-
vistic limit" of the Dirac equation (1.7).
The equations for the electon-large and positron-

small component

_
and

_
as defined in (2.10) are

readily obtained from (2.11) using (2.12) and (2.15),
(2.16):

iOt+ + - 0+ + Ao+ + Ak7@ (3.1)
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(3.2)

with q5

_
+ . Here G follows from (2.15),

(2.16)

G --iAk6k +
o

-7 "7 (OAo)
(3.3)

and is a uniformly bounded operator H (3)4___+
Hm-l(3)4 for A E L ((0, T); mm’ (3)4. R is
the sum of the remainder terms due to (2.12) and
(2.15), (2.16), hence it is a uniformly (w.r.t.
bounded operator Hm(3)4--- Hm-4(3)4 for A
Z ((0, T ); wm-2’x([3)4.
The use of the "Pauli equation for 4-spinors"

(2.21) is made rigorous in

THEOREM 3.1 Let A
((0, T), W2’ (3)4) and take O(1) H4([3)4

and Ile_b O(e2) H2([3)4.
Then the semi-nonrelativistic approximation (i.e.,

up to terms of O(e2 )) of the Dirac equation is given
by the above Pauli equation (2.21)for the 4-vector

e+ in the following way:
Let b (t, x) be the solution of the Dirac equation

(1.7) with initial datum (x) and let e.(t,x) eit/e2

(t, x) and +(t, x) II (t, x). Let + be the solu-
tion of the Pauli equation (2.21) with initial datum

+I such that --i11L2([3) O(e2)
Then

(i)

I_(t)ll//4 + I1(- +)(t)llL2(3)4 _< Cre:z

(3.4)

where CT is an e-independent constant depending
on the time interval (0, T).

(ii) For the positron-small component with ini-
tial datum l(X) IIe__)(x) we have

where Ce+ is the solution of the Pauli equation
(2.21) and, r, 1/2A7@_ and OtO are uni-

formly (w.r.t. e) boundedfunctions in L((O, T);
L2 (3)4).

Proof Several estimates, in particular on the
small component, are fundamental:
For the time derivative first note that OtO

_
(t 0) L2(3)4 which follows immediately from
the assumptions on b and A via Eq. (2.11). We then
have OtO (t, x) L((O, T); L2([3)4 with the bound

II0(t) l[g2()4 CTIIAIIw,,oo((O,T);L(3)4)IIIIH=(3)4
/ IlOt (t 0) 1L2([3)4

(3.6)

where CT is an e-independent constant depending
on the time interval (0, T).

In order to proof (3.6) we derive (2.11) with
respect to t, multiply by OtO_, take imaginary parts
and integrate with respect to x. Straightforward
calculations based on the selfadjointness and in-
dempotency ofII allow for estimating the resulting
equation term by term. Finally integration over time
and Lemma 2.1 allow to conclude (3.6).
The next important estimate is

11
< CTIIAIIw,,((O,T>;W=,(I411 IHa(3)
/ OtO(t 0)[Im(/4

(3.7)

where Cv is an e-independent constant depending
on the time interval (0, T ).
The same estimate holds for the components_,, of course. We first note that the analogon

of (3.7) holds as an estimate in L2([3)4 since we
have (3.6) and the analogous estimate for OtO+
follows by exactly the same proof using the self-
adjointness of 1-/\(D)/e2.
We take (2.11), derive with respect to and

apply D2, multiply by 0 D2-ae take imaginary parts,/,+

and integrate with respect to x. In the resulting
equation we carefully estimate all terms, using
again that At(D)+ 1/e2 is self-adjoint and the
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idempotency of II:. Straightforward calculations
and an intergration in time yield

where C is a constant. Applying a Gronwall
Lemma to this inequality gives

Again we can conclude Ot_(t-O) H2([3)4

from the assumption on and A directly from
Eq. (2.11). Since II(t)]l =

H2()4- ]]/(t) 11=(3)4/
I1% (t)12/_/2(3)4 we can conclude (3.7).
The third estimate is the rigorous justifications of

the name "small" component for b and can be
interpreted that "very few" positrons stay "very
few" in the finite time evolution governed by the
Dirac equation (1.1). Note that the our definition
(2.10) of the "small" component gives O(2)
whereas the usual definition (2.3) gives only O(e).

+(t)lln2()4 O()2, Vt (0, T)

We obtain (3.8) by starting with (2.11)

(Ae / 1)e__ -_e2(iOt4)e + IIe__(4be)).

We use (2.11) also for A6

_
use A(D)+ _> 2Id.

This finally yields an estimation both for

I1% (t) 112(/4 and for IIA
_

(t) 1]L2(3)4 which allows
to conclude (3.8).
The Pauli equation for the electron-large compo-

nent and assertion (ii) of Theorem 3.1 are now

immediately obtained by using the estimates (3.6),
(3.8) in order to estimate the terms in (3.1), (3.2).
With our assumptions the functions Gq5 and Rq5
are uniformly bounded in L ((0, T); L2 ([)3)4) and
we can conclude by keeping the leading order terms
and adding the O(e2) term 22.

In order to prove (ii) we regard the equation for

6+ defined as the difference of qS_ and qS_. We
multiply this equation by 6+ integrate, take
imaginary parts and obtain

d
dt 116+ 1L2(3) _< c(ll5+ll(3)4-+-2)

116/11L2(3) < II +i" c, (eCCt[[L2(N3)4U + e 1)

which proves (ii).

It rests to connect (2.21) with the usual Pauli
equation (2.8), in particular to clarify the relation
between the 4-vector qS_ and the 2-vector @ as in
(2.8) and the nature of the last term in (2.21) which
looks like a coupling of spin and electric field at

o().
Defining the "upper electron-large" and the

"lower electron-large" component as

+ H+6+ H+II+(D)
0 c __H0 c qcb+s II_0+ _II+ (D)

(3.9)

(cp. (2.1)) and analogously for the approximations
qS_ and qS_ we can split the Pauli equation (2.21).
From Theorem 3.1, (ii) we have h_l _z + O(2)
in L ((0, T); L2 ()3)4 and (2.21) becomes

(3.10)

iOtq+s (iV + Ez)20C+s --AoqSC+s
2- esk(OkAo)/!e- s B++ i-

(3.11)

The last terms on the r.h.s, which couple the
system result from the 3

, 7k-term in (2.21)
Using (1.17) and the orthogonality of II+ and

H

_
we have 0+ II+0c

7"@OkII+ 6p +
O(e2) O(1) and d+s- +ie/2",/@on++
O(e2) O(e) in L((0, T); L: (R3)4).

This yields finally --ie/2sk(OAo)+,- O(e) in
Lc((0, T); L2 (R3)4) and we can neglect this term in
the O(e) approximation. A more heuristic approach
to this issue is given e.g., in [5, 12]. Note again that
for the non-static case this ’"spinelectric field
coupling" term actually involves both the electric
and the magnetic field since VAo -E + OtA.
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With proper initial data we can therefore define

+t as the 2-vector skipping the zero components
of _t (cp. (2.2)) and approximate the electron-
large component

_
by the solution of the Pauli

equation (2.8) for the 2-vector V3c+l
COROLLARY 3.1 The 2-vector of the upper compo-
nents of the O(e2) approximation CZ of the Dirac

equation according to (2.21), (3.4) can be approxi-
mated up to terms ofO(e2) in L((O, T); L2 (3)4) by
the solution of the "usual Pauli equation" (2.8)

Ao@e+! e - crkBk+l(3.12)

4. HIGHER ORDER APPROXIMATIONS

We can continue the Hilbert expansion (2.17) to
higher orders in e. This procedure can be justified
by assuming more regularity on the electromag-
netic potential and the initial data as a result of the
following

PROPOSITION 4.1 Let A (A0, A1, A2, A3) E W1’

((0, T ), mm’ (3)4 and take initial data such that

b b(t- O) qS(t- O) 0(1) E Hm+l ([3)4
and rrb

_
(t O) O(e2) C nm(3)4. Then

(i)

IlOt(t,X) llnm_2(3)4- O(1), Vt (0, T) (4.1)

with a bound analogous to (3.6), and
(ii)

I1 (t) llnm(3)4 O(2), Vt (0, T) (4.2)

Proof The crucial estimates (3.6), (3.7) and (3.8)
in the proof of Theorem 3.1 can easily be gen-
eralized to om-2()3)4 and om()3)4 estimates.
The essential idea is the use of "finite induction",
i.e., by assuming the estimate to hold for m and
show that it then holds for m by e.g., multiplying
the equation by m-th derivatives, integrating and

so on. Since we have "conservation of regularity of
degree m" due to Lemma 2.1 the respective assump-
tions on the initial data ofthe corollary are sufficient
to justify these manipulations.

In next order we have
O(2)"

(4.3)

We define "-0+ + eel+ + 22+ and obtain its
equation by adding (2.18), (2.19) to the above equa-
tion for 2+. Taking into account that e0+ + e2+
e + O(e3) and e2+ e2+ O(e3) we obtain the
O(e3) approximation"

(4.4)

The O(e2) terms correspond to the terms that
occur in the Foldy-Wouthousen approach and can
be interpreted as follows:
The term (Dx)4/8 q5 is the "mass term" [4, 10, 11],

i.e., the next correction of the relativistic kinetic
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energy which follows immediately from the explicit
O(c2) term in (2.12).
The diagonal of the next term is C2112qe-

precisely the term that has to be added for the
"Pauli-operator" as in (2.8) or (2.21). The off-
diagonal vanishes since the Dirac matrices antic-
ommute, i.e., 77 + 77 0.
The last term can be rewritten as 7/4 {AA0

5- VAo. V 5} and corresponds to the "Darwin
term" related to the "zitterbewegung" [10].
By separating again the upper component

6] II+6 and the lower component 4 II_ 4
in complete analogy to (3.9) we can again see that
the terms containing the "anti blockdiagonal"
matrices 7 are implicitly one order smaller.
Hence the term e27z:/4{/k(Az: qe)_+_ AA q5c} oc-

curs at order O(e3) in the equation for qS and can be
neglected in the second order approximation.
The term ei/277OAo6 occurring also in (3.10)

which we already have shown to be actually of order
O(e2) has to be taken into account now. This term
can be reformulated like in [10] but for the time
dependent case we intrinsically have the difference
to the static case that this "spin-electric field
coupling" or "spin-orbit coupling" always involves
also the magnetic field since VA0 -(t, x) + Ot.
In the case of extremely rapidly varying magnetic
fields this O(e2) term can lead to a significant
difference with the relativistic corrections of the
Foldy-Wouthousen approach where time deriva-
tives of the electromagnetic potential do not occur.
The procedure of the Hilbert expansion can be

continued to third and higher orders. With each
order, of course, more derivatives of the spinor
and the potential occur. In order to justify the
formal development we have to ask for more and
more regularity of the initial data and the potential
as stated in Proposition 4.1 Thus we can avoid
distributional spaces and stay in the framework of
L2 ([]3)4.
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