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Functions are derived, which are orthonormal on the range 0, 1, with weight function
corresponding to the distribution of in a typical experimental procedure for meas-
urement of the two-point orientation-coherence (or orientation-correlation) function.
These are obtained by making an appropriate change of variable in spherical Bessel
functions, orthonormal on the range r=0, 1, with unit weight function. The effects of
weight function and change of variable on the functions are considered.
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INTRODUCTION

The two-point orientation-coherence (or orientation-correlation)
function (OCF), f(g, r, g’), describes the probability that g and g’ are
orientations associated with the end points of a vector r, randomly
located within a polycrystal. This function is similar to the two-point
probability density described by Kr6ner (1986). Morris et al. (1988)
and Wang (1988) have suggested series representations for the OCF.
Following Bunge (1965) and Roe (1965), generalized spherical har-
monics are used to describe g and g’. Spherical surface harmonics
seem appropriate for representing the angular dependence of r. The
choice of functions for representation of r Irl is less obvious. Wang
(1988) suggested r;. These functions are not orthogonal, nor well-
behaved for increasing r. Morris et al. (1988) suggested combinations
of e-r sin(jr). These functions require quadruple-precision computer
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calculations, and may not be complete. It has been previously noted
that, in any finite-volume experiment, small r occur with greatest fre-
quency. A typical experiment (Wang, 1988, p. 35) involves Electron-
Backscattering Diffraction (EBD) from a series of circular sections
taken through successive longitude meridians.

WEIGHT FUNCTION

If we denote the longitude of the vector r by 7, and the colatitude by
X, r/is determined by the angle of x’ from the x toward the y sam-
ple direction of the particular section, whose surface is determined by
x and z. X is determined by the angle from the common z axis to
the vector r. x, y and z are presumed uniquely defined by sample
symmetry, rolling, transverse and normal directions, e.g., Figure 1
illustrates the relation of 7, x, X and r to the x, y and z sample
coordinates.
For given 7, X, we seek to characterize g and g as a function of r.

To do this, we inscribe a square grid, within a circular section of
longitude 7, with lines perpendicular and parallel to the direction of r

specified by r/ and X. We may consider circular sections of unit
diameter, without loss of generality. The results may subsequently be
scaled to conform to actual dimension. We consider a vector of length
r, where 0 < r < 1. We consider one-fourth of the circle, bounded by
radii perpendicular and parallel to r. Initially the head of the vector r is
placed at Xi, Yg, where r is parallel to the Y axis, and Yi r/2. (We
consider only vectors of length corresponding to an integral multiple
of the distance between successive grid points.) X and Y are local
coordinates corresponding to a particular choice of r/ and X and
should not be confused with x and y sample coordinates. For given r,
we wish to determine the number of grid points which the head of
the vector r may occupy within the quarter circle. In this process,
we restrict Yg to grid points > r/2. (Yg < r/2 can be considered by
equivalent movement of the tail of the vector r in the lower quarter
circle.) Figure 2 illustrates a square grid with X and Y perpendicular
and parallel to r inscribed in a circular section of unit diameter and
one possible position of a vector r of length 0.6. If we introduce
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FIGURE Illustration of longitude, r/, measured from x sample direction toward y
sample direction and colatitude, X, measured from z sample direction, r/and X determine
the orientation of r.
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FIGURE 2 Square grid’with X and Y perpendicular and parallel to r, inscribed
in circular section of unit diameter, showing one possible position of a vector r of
length 0.6.

successively finer grids, in the limit, where the separation between grid
points becomes infinitesimal, the positions which the head of the
vector r may occupy within the quarter circle describe the area A
defined by r/2 < Y < 1/2, i.e.,

/2
A (1/4 y2)1/2dy

Jr/2

r2)1/2[r/2- r(1 sin-1 (r)]. (1)

The probability of finding a vector of length r is thus proportional to
the quantity in rectangular parenthesis. We seek to normalize this
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probability so that the integral over all possible r is unity. To this end,

r2 /[rr/2 r(1 sin-1 (r)]dr

[rrr/2 + (1 r2)3/2/3 rsin-1 (r) (1 r2)1/2] 2/3. (2)

Dividing the integrand by this result gives the probability, P(r)dr of
finding a vector of length between r and r/ dr as

P(r)dr [3/2][rr/2 r(1 r2) 1/2 sin-1 (r)]dr. (3)

We desire functions, orthonormal on the range r=0, 1, with weight
function, P(r), given by Eq. (3).

SEARCH FOR FUNCTIONS

Unable to find existing functions orthonormal with weight function,
P(r), given by Eq. (3), I have tried to directly construct such functions.
Without exception, functions constructed in this manner tend to be ill-
behaved (become large) as r approaches unity. It is also possible to
employ a change of variable in functions orthonormal on the range
r=0, with unit weight function, to produce functions orthonormal
on the range r 0, 1 with weight function P(r), given by Eq. (3). If we
set

dw [3/2][rr/2 r(1 r2) 1/2 sin-l(r)ldr, then (4)

w [3/2] ft /2 r(1 r2) 1/2 sin-l(r)]dr + C

37rr/4 + (1 r2)3/2/2 3(1 r2)1/2/2 3rsin-l(r)/2 + C.

Let C 1. Then w 0 when r 0, and w when r 1. Thus, if we
have a series of functions orthonormal on the range r 0, with unit
weight function, replacing r by w and dr by dw yields a series of
functions orthonormal on the range r= 0, with the desired weight
function. The spherical Bessel functions (Landau and Lifshitz, 1977)
were chosen for this purpose. These can be expressed in terms of Bessel
functions of half-integral order. We multiply the resultant functions by
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r to produce functions orthogonal with unit weight function on the
range r 0, 1. The first few functions are:

R_l(r) -sin(r) cos(r)/r (Trr/2)l/2J_3/2(r), (6)

Ro(r) cos(r) (Trr/2)l/2J_l/2(r), (7)

R1 (r) sin(r) (Trr/2)l/9J1/2(r), (8)

and

R2(r) sin(r)/r- cos(r) (Trr/2)l/2j3/2(r). (9)

Subsequent functions may be obtained from the recurrence relation

Ri+l(r) (2i- 1)Ri(r)/r Ri-l(r), (10)

(McLachlan, 1955), or the generating function

Ri(r) [_l]i-lri[ d ]i-l [si%(r) 1 (11)

(Landau and Lifshitz, 1977). The integrals of products of these
functions are given by McLachlan (1955).

Ri(kr)Ri(lr)dr O, (12)

if k and are different zeros of Ri, and

2R2i (kr)dr - gi_ (k). (13)

If we set

Ri(r) 2/2Ri(k:)/lRi_l (k) l, (14)

where kj is the jth zero of Ri(r), we obtain a series of functions,
orthonormal on the range r=0, with unit weight function. If, in
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these, we replace r by w from Eq. (5), we obtain a series of functions
orthonormal on the range r 0, 1, with weight function P(r), Eq. (3).

EFFECTS OF WEIGHT FUNCTION
AND CHANGE OF VARIABLE

Consider the expansion of a Dirac delta function, 6(r-r0), in terms of
the Ro(r) defined by Eqs. (6) to (14).

6(r ro) Z bijRij(ajw), (15)
J

where aj is the jth zero of Ri (r). Multipling both sides of Eq. (15) by
Rik(akw)dw, Eq. (4), gives

6(r- ro)Rik(akw)[3/2][Tr/2- r(1 r2) 1/2 sin-l(r)]dr
Rik(akW)Z bijRij(ajw)dw,

J

(16)

where dw and w may be expressed in terms of r from Eqs. (4) and (5).
Integrating Eq. (16) with respect to r from r 0 to r yields

Rik(akWO)[3/2][Tr/2- r0(1 r) 1/2 sin-1 (r0)] 6jkbij bik, (17)

where 6k is the Kronecker delta, and w0 is obtained by replacing r in
Eq. (5) by ro. For functions orthogonal on the range 0, with unit
weight function, equations equivalent to (15) and (17) are:

6(r to) bijRiy(ajr), (18)
J

and

Rik(aro) bi. (19)

Comparison of results obtained from Eqs. (15) and (17) with those
obtained from Eqs. (18) and (19) serves to illustrate the effects of
weight function, Eq. (4), and change of variable, Eq. (5).

In Table I, peak heights are fairly consistent from r0=0.2 to

ro=0.8. Half-widths are fairly consistent from r0=0.2 to r0=0.9.
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TABLE jbojRoj(ajr),j= 1,2 17 (Eqs. (18), (19))

Peak-height Half-width ph. x h.w.

0.1 15.5 .080 1.23
0.2 17.5 .069 1.21
0.3 17.4 .069 1.20
0.4 16.5 .073 1.20
0.5 17.0 .071 1.20
0.6 17.5 .069 1.21
0.7 16.6 .072 1.21
0.8 16.5 .073 1.20
0.9 18.5 .069 1.28

TABLE II _dbejRoj(ajw),j= 1,2 17 (Eqs. (15), (17))

ro Wo P(r) p.h. h.w. p.h. x h.w. p.h./P(r) h.w. (w)

0.1 .221 2.06 33.4 .036 1.20 18.9 .074
0.2 .411 1.76 29.9 .042 1.26 17.0 .075
0.3 .573 1.47 24.2 .050 1.20 16.5 .073
0.4 .706 1.19 20.2 .060 1.21 17.0 .071
0.5 .811 .921 14.9 .082 1.22 16.1 .075
0.6 .891 .671 12.2 .103 1.25 18.1 .067
0.7 .946 .443 8.46 .176 1.49 19.1 .067
0.8 .980 .245 3.47 .161 .560 14.1 .055

(peaks are displaced for ro 0.7, 0.8).

The product of peak height x half-width (a rough measure of peak
area) is fairly consistent from r0 0.2 to r0 0.9. In Table II, the prod-
uct of peak height x half-width is fairly consistent from r0 =0.1 to

r0=0.6. Peak height divided by P(r) is reasonably consistent with
peak height in Table I from r0=0.2 to to=0.7, h.w. (w) was calcu-
lated by calculating w coordinates corresponding to r coordinates of
half-height positions, and taking the difference between the result-
ing w coordinates. The results are reasonably consistent with half-
width values in Table I.

CONCLUSIONS

A series of functions, orthonormal on the range r =0, 1, with weight
function corresponding to the probability, P(r), of finding a vector
of length r= Irl in a circle of unit diameter has been developed,
by introducing a change of variable in spherical Bessel functions,
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orthogonal on the range r 0, 1, with unit weight function. Principal
effects of change of variable are reduction of peak half-width for small
r, increase of peak half-width for large r, and increase of the argument
of the functions, restricting their use to the approximate range r 0.1
to 0.6. (See Tabs. I and II and related discussion.)
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