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The second-order nonrandom ordinary differential equation (ODE) system derived as
the noise-source-aware model for expectations of solutions of It6’s stochastic
differential equation (ISDE) system is discussed in connection with large-scale
integrated circuits (ICs). The work explains the reason why the new model consistently
allows for the noise-induced phenomena in the expectations, namely, stochastic
resonance, stochastic linearization, stochastic self-oscillations and stochastic chaos. The
case of stochastic resonance is considered as an example. In spite of the fact that the
above second-order model is more complex than the nonrandom first-order IC ODE
system for the expectations commonly used in engineering, an efficient practical
technique for its implementation is proposed. The corresponding predicted computing
time is only in 2.5 times greater than in the case of the first-order model which does not
include any noise-source influence upon the expectations of the modelled IC responses.
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1. INTRODUCTION

The common integrated-circuit (IC) equation
system is ordinary differential equation (ODE)
system

dx/dt g(t, x) (1.1)

with initial condition

xlt:to eo (1.2)

where tE is the time, -(-,), xEd
(d> 1) is the vector of the circuit variables
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(voltages, currents), g is a sufficiently smooth real
d-vector-function defined for all (t,x)ENd+l,
to E N is the initial time point and eo Rd is the
value of vector x at moment to. Solution x =e(t)
of the initial-value problem (1.1), (1.2) at _> to
describes the circuit behavior. System (1) is, as a
rule, large-scale (or high-dimensional) in the sense
that

deterministic problem (1.1), (1.2) so, in the
stochastic case, function e can be interpreted as
follows

e(t) E[Z(., t)], for all t_> to. (1.7)

In so doing, initial value eo for expectation (1.7) is
determined from (1.5), i.e.,

number d is much greater than a few units.

(1.)
 (to) /  Xo o(Xo) Xo.

In many cases, number d is on the order of a few
tens or hundreds (or greater).

Noise in ICs is usually (e.g. [1-6]) described by
means of It6’s stochastic differential equation
(ISDE) system (e.g. [7, 8])

dx g(t, x)dt + h(t, x)dW(, t), (1.4)

with initial condition

xlt=to Xo(), (1.5)

where h(t,x) is a sufficiently smooth real d x d-
matrix-function defined for all (t, x) R"+ l,
W(,t) is a d-dimensional Wiener stochastic
process, is elementary event and function Xo is
the initial random variable with probability
density Po. The initial-value problem (1.4), (1.5)
presents the stochastic generaliztion of determi-
nistic problem (1.1), (1.2). Solution x X(, t) of
problem (1.4), (1.5) at >_ to is a stochastic process
which is also a diffusion process (e.g. [8, (9.3.1)]). It
describes the stochastic behavior of the modelled
IC. In so doing, vector g(t,x) and matrix

/-/(, x) h(t, x)[h(t, x)]T, for all (t, x)
(1.6)

are called the drift vector and the diffusion matrix
of solutions of ISDE (1.4).
The key deterministic (i.e., nonrandom) char-

acteristic of process is its expectation E[X(., t)].
It is analogous to the above solution e(t) of

where Xo denotes values of initial random variable

o.
Modelling noise in ICs (both analogue and

digital) based on the stochastic initial-value
problem (1.4), (1.5) is a branch of electronic-
circuit theory. The details of the formulation of
functions g and h in (1.4) coming from the circuit
configuration and semiconductor-device para-
meters can be found, for example, in [1-6] and
the references therein. These papers do not
constitute a comprehensive list of the literature
on the topic. They do however include most of the
key points of the corresponding treatment. The
works [1-6] also discuss the physical interpreta-
tion of ISDE system (1.4). In so doing, the first
term on the right-hand side of (1.4) is regarded as
the noiseless version of the circuit model (cf. (1.1))
whereas the second one presents the stochastic
noise source. The derivation of function h related
to this source from the basic physical parameters is
developed in [1,4, 5]. The time-derivative dW(, t)/
dt is meaningful only as a generalized stochastic
process and, in this sense, is white noise widely
used in engineering. Examples of the results of
various techniques for numerical solving initial-
value problem (1.4), (1.5) are reported in [2, 3, 6].
The present work does not discuss the above well-
documented theory of stochastic-noise-aware IC
model (1.4), (1.5). The work deals with a problem
which concerns ISDE system (1.4) and is described
below.

Expectation (1.7) can be regarded as the
deterministic response of the circuit and plays a
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crucial role in engineering analysis and design. If
ISDE system (1.4) is linear in x, then, as is well-
known (e.g. [8, Section 8.2]), expectation e(t) is
independent of h and hence of the stochastic noise
source. This fact sometimes leads to the simplistic
idea (e.g. [3]) that, even if ISDE system (1.4) is
nonlinear in x, then function e still remains
independent of the noise source and, thus, can be
determined from familiar deterministic initial-
value problem (1.1), (1.2).

However, this is not true in general as shown by
many results in natural sciences and engineering
(e.g. [9-13]) (in particular, in semiconductor
systems [14-19]) associated with the noise-in-
duced phenomena in expectation e(t): stochastic
resonance, stochastic linearization, stochastic self-
oscillations, stochastic phase transistions, stochas-
tic chaos. These effects represent the influence of
noise upon function e. This naturally poses the
questions: is it possible to derive an ODE system
(similar to (1.1)) for e in the stochastic case (1.4),
(1.5) and, if yes, to develop an efficient practical
technique for the derived system? This is the
problem which the present works is devoted to.
The work applies the previous results of the
authors and focuses on the corresponding prac-
tical issues.

2. THE SECOND-ORDER ODE
SYSTEM FOR THE EXPECTATION

The above mentioned drawback of the model
(1.1), (1.2) for expectation e, i.e., e is independent
of function h in (1.4), is removed if e is determin-
ed as the solution of the second-order ODE
system

where

for all (t, x) E d+l, (2.3)

k(t, x) (1/2)tr[H(t, x)OZgk(t, x)/Ox2],
k 1,2,..., d, for all (t, x) E d+l,

(2.4)

gk is the kth entry of vector g, tr(.) is the trace of
matrix (i.e., the sum of the entries of its principal
diagonal) and eo is described with (1.8). Condition
(2.2) follows from (1.1) and (1.2). The description
(2.1), (1.2), (2.2) for expectation e was rigorously
derived under rather mild assumptions in [20,
Theorem 4 and Section 4.2] (see also [21, Theorem
2.4 and Section 2.3.2]).
The initial-value problems (1.1), (1.2) and (2.1),

(1.2), (2.2) are equivalent if and only if h(t, x) O.
If this relation does not hold, then the latter
problem can not be obtained from the former
one. Thus, vector h(t, x) (see (2.3), (2.4)) in (2.1) is
the new term provided by the second-order ODE
(2.1).
The system (2.1) is of the second order, but it is

also possible to derive analogous ODE systems of
the higher orders. This topic was developed in [20,
Section 4.2] (see also [21, Section 2.3.3]). Note, the
higher the order of the system is, the more accurate
the description of the expectation is and the more
refined the way the noise is allowed for becomes.
Complexity of the higher order models, however,
rapidly increases with increase in the order. In
spite of that, these models can be required in
applied problems.

d2x/dt2 Og(t,x)/Ot q-[Og(t,x)/Ox]g(t,x) + t(t,x)
(2.1)

with initial conditions (1.2) and

dx/dtit:to g(to, eo) (2.2)

3. MODEL FOR NOISE-INDUCED
PHENOMENA IN THE EXPECTATION:
CASE OF STOCHASTIC RESONANCE

The advances of the last decade demonstrate the
keen interest of many researchers and engineers in
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various noise-induced phenomena in expectations
of stochastic processes: stochastic resonance,
stochastic linearization, stochastic self-oscillations,
stochastic phase transitions, stochastic chaos. The
first part of these terms, the word "stochastic",
points out that the listed effects are due to the
influence of noise upon the expectations. There is a
vast literature on the topic (e.g. [9-13] and the
references therein).

Stochastic resonance, linearization, self-oscilla-
tions, phase transitions, chaos are related to
different aspects of stochastic systems. However,
they all have something in common. Namely, they
are associated with the noise and the nonlinearities
of the system. These are the features which are
taken into account with expression (2.4) for vector
(2.3) in ODE (2.1). Indeed, the nonlinearities in
(2.4) are presented by the second derivatives of the
entries of drift function g, whereas the noise is
accounted with diffusion function H (see (1.6)). As
an example, we consider the connection of ODE
(2.1) with only stochastic resonance.

Stochastic resonance is usually associated with
the following features.

The stochastic system under consideration is
nonlinear. (No stochastic resonance in linear
stochastic systems has been found so far.)
The system is driven by a deterministic periodic
input signal.
The nonlinearities and the periodic input cause
stochastic resonance in the periodic output
signal.
Stochastic resonance in the output results in
(e.g. [12, Section 4.1]) an increase in the
expectation of the periodic output signal or
even the stronger phenomenon that the signal-
to-noise ratio (SNR) of the periodic output
signal achieves a local maximum at a nonzero
standard deviation (or root-mean-square value)
of the signal.

According to the above features, we shall
consider the case when

g(t, x) g(v, x), H(t, x) H(v,
v-- +v(t), (3.1)

where (C) is a vector independent of (t, x) and v(t) is
a small periodic signal. In so doing, we analyze the
periodic solution of system (2.1) under condition
(3.1), i.e.

d2x
dt2

Og((C) + v(t), x) dr(t)
Ov dt

Og((C) + v(t), x)+ Ox g((C) + v(t), x)

+ + ,,(t), x). (3.2)

The periodic solutions can be studied by means of
the well-known techniques. The corresponding
theory can be found, for example, in [22-26]. More
practice-oriented analytical treatments are also
available (like the finite-equation method by the
authors [27, 28]). However, the general theory does
not always explain the resonance in a compact
form. To fill this gap, we simplify the ODE (3.2).
We assume that:

signal v(t) is small enough to enable one to
replace ODE (3.2) with its small-signal repre-
sentation

dZx/dt2 log((C), x)/Ov]dv(t)/dt
+ [Og((C),x)/Ox]g((C),x) + ((C), x); (3.3)

the autonomous version

dZx/dt2 [Og((C),x)/Ox]g((C),x) + ((C),x) (3.4)

of the system (3.3) has the unique equilibrium
point x 2 such that det [Og(Yc)/Ox] O,
number II[Og(Sc)/Ox]-N(sc)]l is much less than
the typical values of IIg’(x)II for all x 2 and

The improvement in the output-signal ampli-
tude or in the SNR is the most important practical
advantage of stochastic resonance.

det{A2I [Og((C),2)/Ox]A-[O[t((C),Yc)/Ox])=0= Re A < 0

where I is the d d identity matrix.
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Then the ODE system (3.4) can be approxi-
mated with the system

d  )ldt
+ [oh( ,,yc)lOx](x- y),

for all x 2,

that it by means of (2.3) and (2.4) includes
dependence of the solutions on diffusion function
H. The disadvantage is that (2.1) is a more
complex ODE than (1.1). Section 4 considers
this problem in detail and suggests the way to
eliminate it.

so the corresponding version of (3.3) is the
asymptotically stable linear ODE

d2(x-
dt2

Og((C), 2) dr(t)
Ov dt
Og((C), yc) d(x yc)+ Ox dt

/ o(x-)’ for allx2.

As is well-known, if signal v(t) is a harmonic, then
the linear ODE (3.5) has the unique periodic
solution which is also a harmonic with the
frequency identical to that of signal v(t). A fairly
common derivation which is mainly of a technical
nature shows that the last term on the right-hand
side of (3.5), i.e., the term related to function ,
generally causes the resonance in the periodic
solution x- 2 even in the one-dimensional case.
The expressions (2.3), (2.4) for h stress that this
resonance is due to both the nonlinearity of drift
function g and the randomness-related diffusion
function H (see (1.6), (1.4)). Such resonance is
known as stochastic as is mentioned at the
beginning of this section.

Stochastic linearization, self-oscillations, phase
transitions and chaos can also be analyzed on
the basis of the corresponding treatments of the
second-order ODE system (2.1). In so doing, the
effects associated with vector h(t,x) are of a key
importance.
The initial-value problem (2.1), (1.2), (2.2) pre-

sents a more accurate description of expectation
function e than the initial-value problem (1.1),
(1.2). The advantage of (2.1) compared to (1.1) is

4. PRACTICALLY EFFICIENT
IMPLEMENTATION
OF THE SECOND-ORDER
ODE SYSTEM

The initial-value problem (2.1), (1.2), (2.2) can
numerically be solved by means of the same
techniques as those developed for the initial-value
problem (1.1), (1.2), for instance, the semi-explicit
Euler method (e.g. [29]). The overall efficiency is
proportional to the computing expense required to
evaluate the right-hand side of the ODE system
once. In case of system (2.1), the expense is mainly
due to calculation of matrix Og(t, x)/Ox and vector

(2.3) in (2.1). This procedure involves not only d
nonlinear scalar functions gl, g2,..., gd but also all
their x-derivatives of the first and second orders
and all entries of symmetric matrix H(t,x). The
total number N of the nonlinear scalar functions of
d scalar variables is d(d2+4d+ 1)/2 or

N,. d3/2, for high d(see(1.3)), (4.1)

which is an unacceptable amount of computations.
This problem can be eliminated if one applies the
technique below to simultaneously evaluate matrix
Og(t,x)/Ox and vector (2.3) in (2.1).

Since diffusion matrix H(t,x) is non-negative
definite symmetric (see (1.6)), then there exists
square matrix A(t,x) such that

H(t,x) (t,x)[(t,x)]T, for all (t, x)
(4.2)

We denote the th column of matrix (t,x) with
t(t, x), i.e., (t, x) (ha(t, x), hz(t, x),... ,h(t, x))



262 M. WILLANDER et al.

for all (t,x)Ed+l. Note that matrix f(t,x)
satisfying Eq. (4.2) need not to have the same
properties as those of solution h(t, x) of (1.6) (e.g.
[30], [31, Section in Chapter 6] for the details on
the required properties of h(t,x)). In particular,
matrix h(t,x) need not to be square. This means
that solving (4.2) for (t, x) is a much simpler task
than solving (1.6) for h(t,x). As shown below,
matrix A(t, x) serves solely to improve the compu-
tational efficiency.
One can readily check with the help of (4.2) that

the trace in (2.4) can be described with equation

tr{H(t, x)[02gk (t, x)/Ox2]}
d

Z[hl(t, x)]r[O2gk(t, x)/OxZ]gtl(t, x),
/=1

k-l,2,...,d, for all(t,x)Ra+. (4.3)

The terms summed over in (4.3) are coupled with
the values of the functions gk as follows

[(t, x)]T [Oglc(t,x)/Ox]T

gl(t,x + ftl (t,x)) gl(t,x) fill (t,x))
g(t,x+ffiz(t,x)) gk(t,x)-gfiz(t,x))

29

glc(t,x + ftd(t,x)) gl(t,x) fgtd(t,x))

k,1- 1,2,...,d, forall (t,x)ENd+l,
(4.6)

and the error of each of these approximations is
0(2).

Relation (4.6) presents d systems of linear
algebraic equations for d row vectors Og(t,x)/
Ox,..., Og(t, x)/Ox with the same matrix [](t, x)]w.
Clearly, these systems can be solved uniquely if the
matrix is nonsingular. To assure this property, we
assume that

det[H(t, x)] =/= 0, for all (t, x) Nd+l, (4.7)

g(t,x + f{tl(t,x))
g(t,x) -+- f{Ogk(t,x)/Oxlhl(t,x)
+ (2/2)[a(t, x)]T[OZg(t, x)/OxZ]gtl(t, X)
-+- f k.l t, x -k-

k,l=l,2,...,d, for all(t,x)
(4.4)

where f is a parameter dependent on t, x, gk, and. Quantity C.z(t,x) depends on functions g and
l and is independent of f. The two last terms on
the right-hand side of (4.4) show that parameter 9
determines how accurate the three first terms on
the right-hand side describe the left-hand side.
So f should be chosen sufficiently small. It follows
from (4.3) that

[hi(t, x)]r [02g (t, x)/OxZ]hl(t, x)
f-Z[g(t,x + fgtl(t,x)) 2g(t,x)

+ gk(t,x fht(t, x))],
k, 1,2,..., d, for all (t, x) +1,

(4.5)

i.e., non-negative definite symmetric matrix H(t, x)
is positive definite. Then Eq. (4.2) can always be
solved for nonsingular matrix (t, x) at any fixed
(t,x) +. If this procedure is carried out by
means of the Choleski method (e.g. [32, 4.6]),
then matrix (t, x) is lower triangular. In this case,
solving systems (4.6) with upper triangular matrix
[](t, x)]T for any k 1,2,..., d is very simple. For
improved efficiency, these d systems can be solved
in parallel. Note that, at every fixed (t,x) Rd+ l,
the Choleski triangular factorization (e.g. [32,
(4.2.19), (4.2.20)]) for Eq. (4.2) is carried out only
once.
The above considerations show that evaluation

of matrix Og(t,x)/Ox and vector (2.3) in (2.1) re-
quires the calculation of only N= (5d2+ d)/2 non-
linear scalar functions of d scalar variables, i.e.,

N 5d2/2, for high d (see (1.3)), (4.8)

that is acceptable under condition (1.3). Number
N given by (4.8) is in d/5 times less than in case of
(4.1). This and feature (1.3) mean that the
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proposed method is efficient and thereby opens a
way to practical application of the second-order
ODE (2.1). In so doing, entries (2.4) of vector (2.3)
are determined with (4.3) and approximate rela-
tions (4.5) whereas rows Ogk(t,x)/Ox of matrix
Og(t,x)/Ox are uniquely evaluated from d systems
(4.6) of linear algebraic equations under condition
(4.7). Note that value (4.8) of number N is only in
2.5 times greater than that in the case of the first-
order ODE system (1.1).

5. CONCLUDING REMARKS

The work briefly discusses the second-order ODE
system (2.1) as a model for expectations of the
solutions of an IC ISDE system. The ODE system
was rigorously derived in the previous works by
the authors. The possibility to apply analogous
models of the higher orders is also noted.
The key advantage of the second-order ODE

system (2.1) compared to the common, first-order
ODE system (1.1) (heuristically applied to model
the expectations) is that it includes the term h(t, x)
which takes into account (see (2.3), (2.4)) the
influence of the stochastic-noise-source character-
istics upon the expectations. This makes the new
model suitable to describe various noise-induced
phenomena in the expectations, namely, stochastic
resonance, linearization, self-oscillations and
chaos. As an example, the connection of the mod-
el to stochastic resonance is explained in more
detail.

In spite of the advanced second-order ODE
system (2.1) is more complex than the commonly
used first-order one (1.1), the corresponding
efficient practical implementation is proposed.
The number N of the nonlinear scalar functions
of many variables required to be calculated is in
the large-scale case (1.3) proportional to the
squared number of the equations (or the variables)
(see (4.8)) of the system and is only in 2.5 greater
than that for the first-order ODE (1.1).
The new model opens a way to consistent

and efficient simulation of the noise-induced

phenomena in the expectations of solutions of
large-scale IC ISDE systems. This modelling and
simulation were not available in microelectronics
engineering and industry before.
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