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Programa de Graduados e Investigación en Ingenieŕıa Eléctrica, Universidad Michoacana de San Nicolas de Hidalgo,
Ciudad Universitaria, 58030 Morelia Michoacan, Mexico

Correspondence should be addressed to Julio Barrera, julio.barrera@gmail.com

Received 20 July 2007; Accepted 28 November 2007

Recommended by Jim Kennedy

A dynamic system is represented as a set of equations that specify how variables change over time. The equations in the system
specify how to compute the new values of the state variables as a function of their current values and the values of the control
parameters. If those parameters change beyond certain values, the system exhibits qualitative changes in its behavior. Those qual-
itative changes are called bifurcations, and the values for the parameters where those changes occur are called bifurcation points.
In this contribution, we present an application of particle swarm optimization methods for dynamic environments for plotting
bifurcation diagrams used in the analysis of dynamical systems. The use of particle swarm optimization methods presents various
advantages over traditional methods.
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1. INTRODUCTION

A dynamic system is represented as a set of equations that
specify how variables change over time. The minimum set
of variables that uniquely determines the state of a system
is called state variables. The equations in the system spec-
ify how to compute the new values of the state variables as a
function of their current values and the values of the control
parameters. If we allow the control parameters to change, the
system changes with them. If those parameters change be-
yond certain values, the system exhibits qualitative changes
in its behavior. Those qualitative changes are called bifurca-
tions, and the values for the parameters where those changes
occur are called bifurcation points.

If we allow one parameter to vary and plot the norm of
the vector of state variables for which we find fixed points of
the system, against the changing parameter, we obtain what
we call a bifurcation diagram. In a bifurcation diagram, we
see that fixed points may disappear, appear, or even change
their stability nature as the changing parameter varies. Those
changes may occur even for infinitesimal changes in the con-
trol parameter. Bifurcation diagrams are a tool used in sta-
bility analysis of dynamic systems.

Traditionally, bifurcation diagrams are plotted starting
from a fixed point and using the so-called continuation met-

hods to determine how the fixed point moves with changes
in the control parameter.

In this paper, we propose an alternative by using an in-
telligent optimization method, namely, particle swarm op-
timization (PSO); we can determine all fixed points of the
system for a given value of the control parameter. Iterating
through the allowed range of the control parameter, we can
build the whole bifurcation diagram in one pass, without the
need for continuation methods.

PSO is one of the several bioinspired techniques found in
artificial intelligence. PSO algorithms are inspired in the be-
havior of bird flocking and fish schooling [1]. When a bird
finds a region with food, the others will follow it in its direc-
tion.

To illustrate our ideas and implementation work, we use
a set of examples in this paper. The first examples show how
the system is able to produce bifurcation diagrams for prob-
lems belonging to each one of the classes known as normal
forms. Normal forms typify dynamic systems by the kind of
bifurcations they may exhibit. The results match very accu-
rately those shown in text books and the results produced
with XPPAUT [2]. The last example shows a power system
and its governing differential equations. Even though the sys-
tem may look like a toy problem, it is in fact a benchmark in
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electrical engineering, for the richness of the set of qualitative
features that its behavior exhibits.

The rest of the article is organized as follows. Section 2
provides the necessary background on dynamic systems and
bifurcation diagrams. Section 3 mentions the particular ideas
in the implementation of the PSO optimizer used in this
work. (We assume the reader is already familiar with PSO,
and just mention the fine details. The novice reader may con-
sult [3].) Section 4 proposes a novel approach to the con-
struction of bifurcation diagrams, using a PSO-based op-
timizer to determine all fixed points of a dynamic system.
Section 5 illustrates the validity and applicability of our pro-
posal through several examples. Finally, Section 6 concludes
the work with a comparison between our proposal and tra-
ditional methods, and states several directions of research
found in our agenda.

2. BACKGROUND

Electric power systems are the large physical systems inter-
connecting various devices to perform generation, delivery,
and consumption of electricity. From an engineering point
of view, the task in the power system operation is to maintain
proper frequency and voltage magnitude within appropriate
tolerance so that the system may operate at a stable equi-
librium point in the steady state. Power system equilibrium
equations which determine the system’s operation state typ-
ically depend on a very large number of parameters. Hence,
numerous parameters such as generation, load, network con-
ditions, and so forth, that can change with time and circum-
stances, affect the system behavior. Under normal variations
of those parameters, the operating point varies smoothly so
the variation can be tracked by local linear analysis. However,
this behavior changes qualitatively at certain critical param-
eter values such that the equilibrium point becomes unsta-
ble causing operational problems. One such operation prob-
lem occurs in the area of system magnitude voltages, which
gradually decrease as the system load increases. This volt-
age decrement could be spread uncontrollably throughout
the power system causing a total (blackout) or partial dis-
ruption on the power system operation. The phenomenon
of this catastrophic event is referred to as a voltage collapse.
Nowadays, voltage collapse problems are considered to be the
principal threat to power system stability, security, and relia-
bility in many utilities around the world [4, 5].

Several methods have been proposed to find the critical
parameters that make an equilibrium point become unsta-
ble or disappear, producing a voltage collapse [5]. However,
in the last decade, bifurcation theory received considerable
attention from researches to increase the understanding of
the complex behavior associated to the voltage collapse phe-
nomenon [6–13]. Bifurcation theory refers to characterizing
sudden changes in the qualitative response of the system as
its parameters are varied smoothly and continuously over a
specified range [13, 14]. When these changes relate to quali-
tative changes occurring in the neighborhood of an equilib-
rium point or limit cycle such that an equilibrium point or
limit cycle appears, disappears, or losses stability, they are re-
ferred to as local bifurcations. In bifurcation problems, it is

very useful to consider a space formed by system state vari-
ables and parameters, called state-control space. In this space,
locations at which bifurcations occur are called bifurcation
points.

The numerical analysis to locate these points is based
on the principle of continuation [14, 15]. A continua-
tion method generates a chain of solutions from an es-
tablished solution of the equations representing the system
under analysis. The solution branch thus established can
then be examined for bifurcation points, at which a quali-
tative change of the preceding solution type can be observed.
The representation of this branch of solutions in the state-
control space is referred to as bifurcation diagram. The con-
tinuation methods applied to obtain bifurcation diagrams
are based on prediction-correction schemes [15]. Generally,
most prediction-correction schemes have similar prediction
steps, prediction along the tangent direction, but different
correction steps [15].

Opposite to the continuation methods commonly used
to compute bifurcation diagrams, this paper proposes a
heuristic-based method to assess these diagrams. The pro-
posed approach solves the set of nonlinear equations repre-
senting the system under analysis by applying particle swarm
optimization.

This new method is first tested to obtain bifurcation dia-
grams of normal forms related to generic bifurcations. In or-
der to validate the new proposal, it is applied to a benchmark
power system proposed in [8] to analyze the bifurcation di-
agram involved in a voltage collapse process. The model de-
veloped in [8] has been thoroughly tested by several authors
[9–11, 13] in order to show that several kinds of bifurcations
coexist in the voltage collapse phenomenon at different levels
of system loadings. The results obtained compared well with
those obtained with the popular continuation package.

3. PARTICLE SWARM OPTIMIZATION METHODS
FOR DYNAMIC ENVIRONMENTS

The problem of plotting a bifurcation diagram can be stated
as the problem to find all solutions of a nonlinear equa-
tion system in a given region and trace the solutions when
a change in one or more parameters is introduced. This is
the case of environments which present changes in the po-
sition or number of the optima of the given fitness function
in the presence of one or more parameters that change. The
particle swarm optimization method, developed by Li et al.
[16], presents good results in this type of environments.

3.1. Particle swarm optimization

Particle swarm optimization is a nature inspired algorithm
that has been developed for function optimization; particle
swarm algorithms are inspired in the behavior of bird flock-
ing and fish schooling [1]. When a bird finds a region with
food, other birds in the flock will follow it in its direction. In
the particle swarm algorithm, a point in the search space is
viewed as a particle; the fitness value of a particle is equiva-
lent to the fitness value in genetic algorithms.
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In a first state, all particles have no velocity, and the par-
ticle with optimal value of fitness is selected and all the other
particles are directed towards it. A velocity is computed for
each of the other particles and the position of each particle
is updated. This procedure is repeated for a given number of
times until an optimum or a limit is reached. Variations of
those algorithms have been developed for multimodal prob-
lems [3, 16].

3.2. Genetic algorithms and species

The particle swarm optimization method, developed by Xi-
aodong Li, takes two concepts from genetic algorithms for
multimodal optimization: species and clearing. Dividing a
population in species is a method used in genetic algorithms
to preserve diversity; it consists of selecting the best available
individual; all individuals with a distance less than a parame-
ter value, called radius, with respect to the selected individual
are considered to be in the same species. The selected indi-
vidual and the individuals in the species are marked as used
and the procedure is repeated until all individuals belong to
a species. A good example is the species conservation algo-
rithm of J.-P. Li [17]. In this method, the best individual in a
species is preserved to be reinserted in the next generation of
the population.

The fitness value of the individuals that are in the same
species can be modified by a function to improve the prob-
ability of the best individual in the species being selected in
the matting process. In some cases, only a given number of
individuals are maintained with their fitness value without
change, and the value of fitness of all other individuals is set
to zero or they are placed in a random position within the
search space; this procedure is called clearing. An example of
this method is examined in the work of Pétrowski [18] where
the fitness value of all individuals in a species, except for the
best individual, is set to zero. A complete review of some of
the methods of genetic algorithms can be found in [19].

3.3. Hybrid particle swarm optimization method

In addition to the basic particle swarm optimization method,
two steps are added; after the initial swarm is created, the
particle with the best fitness value is selected and all particles
with distance less than the value of a parameter r are selected
as individuals of a species; the global optimum of the parti-
cles in the species is set to the particle initially selected. The
particles in the species are marked as used, and the next par-
ticle with the best fitness value available is selected to form
a new species. The procedure is repeated until all particles
belong to a species (the fitness value of all particles is pre-
served). After all species are formed, only a given number
of particles are permitted in the species. Only the n particles
closest to the particle with the best fitness value are preserved;
the remaining particles are reinitialized at random positions.

Once the previous steps have been made, the velocity and
position of all the particles are updated according to the rules
given as follows:

vnew = χ
[
v + C1R1

(
Pbest − P

)
+ C2R2

(
Pglobal − P

)]
,

Pnew = P +Vnew,
(1)

where v, P are the current velocity and position, respectively,
R1 and R2 are random numbers generated in the range of
[0, 1], C1 and C2 are the learning factors, Pbest is the posi-
tion of the best fitness of the particle at the current iteration,
Pglobal is the position of the particle with the best fitness in the
swarm (in this case, in the species), and vnew, Pnew represent
the new position and velocity of the particle. The constant χ
is calculated according to

φ = C1 + C2,

χ = 2
∣
∣
∣∣2− φ −

√
φ2 − 4φ

∣
∣
∣∣

. (2)

The constant χ is called constriction coefficient [3, 16, 20],
and it prevents that the particles explore too far away from
the search space. Thus, we do not need a vmax limit for the
velocity of the particles.

4. GENERATING BIFURCATION DIAGRAMS

Given the set of differential equations (see (3)) that models a
dynamic system with one parameter:

ẋ = f (x,α), x ∈ Rn, α ∈ R1, (3)

the generation of the bifurcation diagram consists of finding
one stable fixed point and then using a continuation method
to find the next fixed point based on the condition

f (x,α) = 0 (4)

which defines a smooth one-dimensional curve in Rn+1. Our
approach to this problem is to determine all points x ∈ X ,
for a given region X ⊂ Rn, that satisfy (4) for a given value of
the parameter α.

To find all points x using particle swarm optimization,
we first transform the problem of finding all solutions for (4)
into a problem of finding maxima using the transformation

g(x) = 1
1 +

∣
∣ f (x)

∣
∣ . (5)

This nontrivial transformation sends all points x such
that f (x) = 0 to 1, and maps the domain of the function
f (x) to (0, 1], thus zeroes of f map to maxima of function g.

Starting with a value α = α0, the hybrid particle swarm
optimization method is applied to a given number of itera-
tions to find all maxima of function g with the fixed value α0.
Once all the points x for a given region and fixed parame-
ter value α0 are found, they are recorded; then the parameter
α is changed to α1 = α0 + Δα and a new set of fixed points
x is determined. The search is based on the information ac-
cumulated in the previous swarm. A bifurcation diagram is
generated by changing the parameter α and recording all so-
lutions found for each value αk of the parameter.

5. RESULTS

We present two examples. The normal forms for systems with
one parameter that exhibit bifurcations are examined; the
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Figure 1: Bifurcation diagrams generated with the PSO for the normal forms: (a) saddle-node bifurcation (see (6)), (b) transcritical bifur-
cation (see (7)), (c) pitchfork supercritical bifurcation (see (8)), and (d) pitchfork subcritical bifurcation (see (9)).

bifurcation types that the systems exhibit are saddle-node,
transcritical, pitchfork supercritical, and pitchfork subcriti-
cal [21, 22] (see Figure 1), and a comparative of bifurcation
diagrams generated with the XPPAUT software and the par-
ticle swarm optimization method for an electrical network
that illustrates the voltage collapse phenomenon arising from
the load variation is presented.

5.1. Normal forms for systems with one parameter

A fixed point associated to a dynamic system where the Jaco-
bian matrix presents all eigenvalues with nonzero real parts
is called hyperbolic fixed point. If we examine the behavior
of this fixed point under the variation of the parameter, the
eigenvalues of the Jacobian matrix condition can only be vi-
olated in two ways: the real part of an eigenvalue approaches
zero, or two eigenvalues reach the imaginary axis. When the
condition is violated, the bifurcations that the dynamic sys-

tem presents can be one of the bifurcations arising in the sys-
tems represented by

ẋ = μ− x2, (6)

ẋ = (μ− x)x, (7)

ẋ = (μ− x2)x, (8)

ẋ = (μ + x2)x. (9)

These equations are called normal forms or topological
normal forms, and they are employed to reduce a given non-
linear system to the simplest possible form preserving the
dynamics in a neighborhood of the fixed point where the
condition is violated. In this context, by means of a variable
change, a dynamic system with one parameter, close to the
hyperbolic fixed point, can be rewritten as one of the nor-
mal forms, having the same bifurcation diagram. The vari-
able change is often nontrivial.
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Figure 2: Diagram for the power system analyzed.

For the normal forms, the particle swarm optimization
algorithm was set up with a swarm of 500 particles, a max-
imum of 10 particles per species, and r = 0.15. The search
space for all normal forms was the interval [−2, 2]. The ini-
tial value μ = −2 was incremented in Δμ = 0.05 until μ = 2.
For each μk, the PSO was run for 100 cycles. The bifurcation
diagrams that were found for each one of the normal forms
are shown in Figure 1; these results match those in the bibli-
ography (see [14, 21, 22]).

5.2. Bifurcation diagram for
an electrical power system

The electrical network shown in Figure 2 has been used in
[8, 23] and other papers to illustrate the voltage collapse phe-
nomenon arising from the load variation. The three-node
equivalent circuit is to be viewed as an equivalent circuit of
a local area of interest connected to a large network. The
network is modeled as an infinite bus represented by a volt-
age source providing constant voltage magnitude and phase,
E0θ0, regardless of power flow. The generator terminal bus
is Emδm. The complex admittance of the transmission lines
connected to the generator and infinite bus, a load, and a ca-
pacitor are also shown in Figure 2. The measured voltage at
the load terminal is Vδ.

The system’s dynamics are governed by the following four
ordinary differential equations:

δ̇m= ω,

ω̇= 1
M

(
Pm−Dmω+VEmYm sin

(
δ−δm−θm

)
+E2

mYm sin θm
)
,

δ̇= 1
Kqw

(− Kqv2V
2 − KqvV +Q −Q0 −Q1

)
,

V̇= 1
TKqwKpv

[−Kqw
(
P0+P1−P

)
+
(
KpwKqv−KqwKpv

)
V

+ Kpw
(
Q0 +Q1 +Q

)
+ KpwKqv2V

2].
(10)

In these equations, the state variables are defined as fol-
lows. δm is the generator voltage angle phase, ω is the rotor
speed, δ is the load voltage phase angle, and V is the load
voltage magnitude. The functions P andQ appearing in these

equations represent, respectively, the active and reactive pow-
ers supplied to the load by the network. They are given by

P = −VE′0Y ′0 sin
(
δ + θ′0

)−VEmYm sin
(
δ − δm + θm

)

+V 2(Y ′0 sin θ′0 + Ym sin θm
)
,

Q = VE′0Y
′
0 cos

(
δ + θ′0

)
+VEmYm cos

(
δ − δm + θm

)

−V 2(Y ′0 cos θ′0 + Ym cos θm
)
.

(11)

In the above equations, instead of including the capacitor
in the circuit, a Thevenin equivalent circuit with the capaci-
tor has been derived with values given by

E′0 =
E0√

1 + C2Y−2
0 − 2CY−1

0 cos θ0

,

Y ′0 = Y0

√
1 + C2Y−2

0 − 2CY−1
0 cos θ0,

θ′0 = −
π

2
+ tan−1C − Y0 cos θ0

−Y0 sin θ0
.

(12)

Other quantities appearing in (10)–(12) are constant pa-
rameters, relating to either the load or the network and gen-
erator. All of these parameters are fixed during the analysis,
except for Q1, the reactive power demand of the load. The
load, network, and generator parameters are given in Table 1.

The bifurcation diagram for the system, relating the volt-
age magnitude V to the bifurcation parameter Q1 (reactive
power load), is obtained by the proposed approach. In order
to show the validity of this result, the same analysis is carried
out employing the continuation/bifurcation software pack-
age XPPAUT [24].

For the electrical network, the particle swarm optimiza-
tion algorithm was set up with a swarm of 500 particles, 20-
particle admittance for species, and r = 0.1. The intervals
for the four variables for the electrical network are shown
in Table 2. The initial value Q1 = 10 was incremented in
ΔQ1 = 0.01 until a Q1 value of 11.5 is reached. For each Q1k,
the PSO was run for 100 cycles. The fixed points that were
found for electrical network with the PSO and the bifurca-
tion diagram generated by the XPPAUT software package are
shown in Figure 3.

6. CONCLUSIONS AND FUTURE WORK

In this paper, we report our research work on the application
of intelligent optimization methods, namely, particle swarm
optimization, to the production of bifurcation diagrams. Bi-
furcation diagrams are a tool for stability analysis of dynamic
systems, with applications to electrical power systems, biol-
ogy, chemistry, economics, and so forth.

The obtained results correspond to those produced by
XPPAUT [24], which is the standard tool for producing bi-
furcation diagrams. This fact validates our results in the sense
that the bifurcation diagrams produced with our method are
as good approximations to the ideal ones as those produced
by XPPAUT.
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Table 1: Constant values for the symbols in the differential equation system.

Symbol Value Symbol Value Symbol Value

Kpw 0.4 Kpv 0.3 Kqw −0.03

Kqv2 2.1 T 8.5 Kqv −2.8

P0 0.6 P1 0 Q0 1.3

E′0 2.5 Pm 1 Em 1

M 0.3 Ym 5 Y ′0 8

θ′0 −0.2094 Q1 10 θm −0.08726

Dm 0.05 — — — —

Table 2: Values of the ranges of search for variables.

Variable Range Variable Range Variable Range Variable Range

δm [0, 1] ω [−1, 1] δ [0, 1] V [0, 2]

Comparing our results with those produced by XPPAUT,
the proposed method presents several advantages.

(1) XPPAUT requires 14 parameters to produce a bi-
furcation diagram, while ours depends only on four
(r,Δr,Np,n).

(2) The sensitivity of XPPAUT to those parameters is very
high, while our method is sensitive only to r, the ra-
dius. This dependence, though, affects only the accu-
racy of the results. If those parameters are not set right,
XPPAUT may not produce any diagram at all.

(3) Besides those parameters, XPPAUT needs a stable
fixed point to start a bifurcation diagram. If the engi-
neer/scientist does not count with one, the system can-
not produce any results. Our approach does not need
initial conditions at all.

(4) In terms of time, XPPAUT is faster than our method.
For a given dynamic system, XPPAUT may produce re-
sults in, let us say, 15 seconds, while ours may take 15
minutes. Nevertheless, taking into account the setting
of all parameters that XPPAUT needs for operation, it
may take a student/engineer about 3 days to complete
an experiment. Using our system, the total time to pro-
duce results is still 15 minutes.

(5) XPPAUT uses a continuation method (that is why it
needs initial conditions to start with) and produces
only a segment of the total bifurcation diagram, stop-
ping where it finds a bifurcation. Our approach pro-
duces the whole bifurcation diagram for the specified
region.

(6) An additional effect of using our approach is to fur-
ther the automation of the production of bifurcation
diagrams, since they can be produced without any hu-
man intervention, other than the specification of the
system (through a set of differential equations). Using
XPPAUT, on the other hand, the user needs to spec-
ify new initial conditions to produce more segments of
the diagram, or to select bifurcation points to continue
plotting a given segment.

(7) Finally, XPPAUT produces only bifurcation diagrams
of systems with one parameter (two-dimensional di-
agrams). Using our approach, we have already pro-
duced bifurcation diagrams for systems with more
than one parameter, being able to plot them for 2 pa-
rameters varying at the same time (three-dimensional
diagrams).

There are several directions to work on. You may have
noticed from Figure 3 that the parabole in the bifurcation
diagram presents a discontinuity; this is caused by the ra-
dius value needed to determine to which species a particle
belongs. Since the method is based on the radius of species,
it can only detect one solution per species, and since there
is one species per region of radius r, their representative in-
dividuals must be at least at a distance r from each other.
So, the method cannot detect solutions appearing closer than
the radius r, even though regions may intersect. Therefore,
we are missing solutions in areas where they become very
close together. From a practical viewpoint, the closeness of
the points does not have a practical implication given that the
bifurcation region has been determined, as well as solution
trajectories emanating from the bifurcation point. Hence,
further calculations, such as stability analysis and computa-
tion of doubling period branches, can be done from those
fixed points composing the solution trajectories. The men-
tioned problem can be fixed by using a variable-radius strat-
egy, similar to the variable-step integration methods [25].
Another approach to solve this problem is to use the convex
hull method presented by Barrera and Flores in [26].

One feature found in XPPAUT and not in our implemen-
tation is the determination of period-doubling fixed points.
Those points correspond to complex roots of the characteris-
tic equation of the differential equation. Those solutions rep-
resent limit cyclic or strange attractor solutions. The exten-
sion to determine those is, in principle, straightforward. By
extending the search space to include imaginary components
in the roots, the same search procedure will be able to find
real and imaginary roots. We do expect to find detail that
will need refinement, once this extension is implemented.
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Figure 3: Bifurcation diagrams obtained (a) with the XPPAUT software package, and (b) hybrid particle swarm optimization.

Another feature not included in our implementation is
discerning between stable and unstable fixed points. The de-
termination of the nature of the fixed points has been in the
literature (see [22]) for a while; so it will not present an ob-
stacle.

In summary, we will continue this area of research, with
the goals of producing alternative solutions to mathematical
and engineering problems in the area of dynamical systems,
and furthering the automation of the overall process, leaving
more work to the computer and less to the scientist. As in all
applications of computer science, the idea is not to replace
the human being behind this process, but to free him/her
from tedious work providing more time to do more produc-
tive work.
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