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One of the features of the photoionization process which is
most sensitive to the details of interaction, and on which we
therefore focus in the present paper, is the plasma screening
effect on the so-called Copper minimum. Quite a number
of such minima have been found, both theoretically and
experimentally [1–14] in ground states of atoms with Z > 10.
Despite this wealth of data, there has been no systematic
study of their behavior in the plasma environment. Over
the past few decades, considerable interest has been grown
in the study of atomic processes in plasma environments
[15–26]. The plasma environments can be expected to
significantly influence atomic processes primarily through
the screening of the long range electrostatic interactions of
charged particles. In the investigation of plasma consisting
of atomic ions and electrons, a good understanding of the
interaction potential among these species is essential.

In the non-relativistic dipole approximation, which
is excellent for photoionization cross section below
�ν ∼ 10 keV, the cross section is proportional to a weighted
sum of the absolute squares of the l → l + 1 and l → l − 1
dipole matrix elements (only a single l → l + 1 in the case
of s-electron photoionization). An extremely interesting
feature of the l → l+ 1 dipole matrix element is the existence
of zeros in large number of cases. The existence of zeros
in dipole matrix elements and the associated minimum
(called Cooper minimum) in photoionization cross sections

has been known for ground states of alkali atoms for long
time. This was first discovered experimentally by Dichtburn
et al. [1]. The basic explanation of this phenomenon in
alkali-metal atoms was given by Bates [2] and later by Seaton
[3] and Cooper [4, 5]. These Cooper minima occur in the
photoionization of outer (and near outer) nl electrons,
provided that the discrete nl wave function has at least
one node. To account for this behavior, it is observed that
the photoionization cross sections from atomic sub-shells
whose radial wave functions are node-less have, in general,
a different spectral shape than those from sub-shells whose
radial wave functions have nodes. Typically, a zero-energy
continuum wave function will contain as many antinodes in
the inner region as there are occupied sub-shells of the atom
corresponding to the value of l. With increasing energy,
nodes of the continuum wave function will move to smaller
value of r. For the initial and final state wave functions
which have nodes inside the atom, the values of the matrix
elements, and hence the cross sections, will depend on the
relative positions of these nodes at a particular energy.

Before presenting the plasma screening effect, however,
it is useful to discuss the general characteristics of Cooper
minima. Generally both discrete and continuum states have
wave functions which are oscillatory. Thus the profile of
the spectral distribution of the photoionization cross section
hinges then on the dependence of the matrix element of
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the initial and final states. Increasing the principal quantum
number, the number of nodes in the discrete state increases
in accordance with its orbital quantum number. In addition,
the continuum wave function becomes more compact with
increasing energy, that is, its nodes move in towards the
nucleus. In the complicated overlap of positive and negative
amplitudes which go into the dipole matrix element, it may
be that at some energy the positive and negative components
just cancel giving a zero in the dipole matrix element [11].
This is the reason behind the appearance of a Cooper
minimum in photoionization cross section curves. It was
found from the earlier study [11] that these Cooper minima
are extensively pervasive and at least one sub-shell is found to
have one minimum for all Z > 0, and some high Z elements
may have many [12, 13]. The data for all the alkali metal
vapors, with the exception of lithium, show such minima
in the cross-section curves close to ionization threshold. For
lithium, photoionization cross section for ns states has a
maximum near threshold and then drop off monotonically
[27]. To this end plasma screening effect has been studied.
In particular, we chose the 2 seconds state of lithium to
illustrate the result that a Cooper minimum can occur in
the photoionization of the ground state of Li in a plasma
environments, as well as to point out some implications of
the plasma screening on this minimum.

Calculations have been performed by complex coor-
dinate rotation method which employs square-integrable
basis functions for computation of photoionization cross
sections. Details regarding the basic theory and compu-
tational procedure have been discussed elsewhere [24–26,
28]. However, the theoretical studies of photoionization of
multi-electron systems face some major difficulties because
the photoionization calculations require estimates of the
wave functions of the atomic system which are accurate
in the regions of electron configuration space relevant to
the calculations. In practice, assumptions have to make in
order to obtain the necessary wave function. In the present
calculation we employ a simple model potential of the form

Vm(r) = −1
r

[
(Z −Nc) +Nc

(
e−2αr + βre−γr

)]
, (1)

to represent the interaction between the valence electron and
the ion core. Where α, β, and γ are the model parameters,
Z is the nuclear charge and Nc is the number of electrons in
the core shell. In this approximation, which has been shown
to give quite reasonable results for ground state atoms, the
photoionization cross section is given by

σ(ω) = 4πωc−1θ3N Im
∑

i

[
ψi(r)

∣
∣μ(rθ)

∣
∣ψ0(rθ)

]2

Ei − E0 − ω
, (2)

where N is the number of electrons in the system, ω is
the photon frequency, and μ is the dipole operator in the
direction of the electric field. The basis function referring
to ψ0 contains complex coordinates while ψi are linear
combination of the un-rotated basis. The numerical accuracy
of our work can be gauged by a comparison of cross sections
computed for hydrogen, helium, lithium and sodium. The
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Figure 1: Photoionization cross section (σ) curve for Li ground
statefor different Debye screening (λD in a.u.) versus ejected
photoelectronenergy.
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Figure 2: Photoionization cross section of the sodium ground
state for different Debye screening as a function of the ejected
photoelectron energy. λD is the Debye screening length in a.u.).

results of our calculation [24–26] agree reasonably well
with other theoretical and experimental results. The plasma
screening effect has been investigated in Debye-Hückel
model. In our previous work [26], we have examined the
effects of plasma screening on photoionization of Li and Na
from the ground state and have shown that photoionization
is very sensitive to the plasma screening near the ionization
threshold.

The results of the plasma screening effect on the pho-
toionization cross-sections of Li and Na ground state are
depicted in Figures 1 and 2, respectively. The strong screening
remarkably changes the photoionization cross sections near
the threshold. It is observed that the threshold cross section
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Table 1: Ground state energy (Eg in a.u.) and photoelectron energy (ε in a.u.) at Cooper minimum of Li and Na for different Debye screening
length λD (a.u.).

Li Na

λD ε Eg λD ε Eg

2.0 — No bound state 2.0 — No bound state

3.0 0.101097 −0.013282 3.0 0.295830 −0.006226

4.0 0.079121 −0.036019 4.0 0.235561 −0.025245

5.0 0.059276 −0.056043 5.0 0.204692 −0. 043900

6.0 0.042996 −0.072380 6.0 0.183378 −0.059747

7.0 0.029767 −0.085633 7.0 0.167208 −0.072873

8.0 0.018962 −0.096491 8.0 0.154713 −0.083763

9.0 0.009959 −0.105505 9.0 0.144056 −0.092881

10.0 0.002425 −0.113089 10.0 0.135604 −0.100596

11.0 No Min. −0.119547 20.0 0.093342 −0.140253

20.0 No Min. −0.178471 50.0 0.064678 −0.168256

100.0 No Min. −0.188122 100.0 0.054388 −0.178355

200.0 No Min. −0.193084 200.0 0.049244 −0.183555

α No Min. −0.198141 α 0.044099 −0.188857

for Li is gradually reduced due to the plasma screening.
The outstanding feature of this curve is the rich structure
in evidence as a function of Debye screening length (λD).
Interestingly, a Cooper minimum starts to appear in the
photoionization cross-section curve of Li when λD < λ0

D,
λ0
D is the Debye screening length at which threshold cross-

section becomes zero. This is a completely new phenomenon,
which is not observed so far. Over the past few decades
our understanding of the atomic photoionization process
has increased very much. It is known for some time that
these minima can occur for all outer and near-outer sub-
shell whose wave functions have nodes, except for 2 seconds
[11]. The existence of Cooper minimum in photoionization
cross section of the ground state of atom (Na) has been
tested experimentally [29]. Furthermore, we observe that the
location of Cooper minimum in the photoionization cross
section curve shifts toward the higher photon energy as the
plasma screening increases (see Figures 1 and 2). In Table 1,
we list the approximate positions of the Cooper minimum
at different Debye screening length. The spectral shape of
the cross sections away from threshold can be understood
by considering the energy dependence of the dipole matrix
element. To account for the appearance of Cooper minimum,
as discussed in previous studies, the deviations of the
wave functions from hydrogenic are required to produce
zeros (since hydrogen never shows zero in any case of
photoionization) and the relative phase difference charac-
terized by the continuum wave-functions and the discrete
states becomes deterministic. Qualitatively, the effect can be
described this way. An ion exerts electric field on any atom
or ion it passes. This electric field polarizes the latter, and
spoils its spherical symmetric free space environment. Thus
plasma environment effectively introduces a phase shift,
which characterizes and provides a very sensitive measure of
the non-Coulombic part of the eigenenergy, now becomes
important to account for the zeros in photoionization cross
section curve. This point can be understood in simple terms

that the continuum phase shift is a function of electron
energy, depending on its l-value. Accordingly, p-wave phase
shifts decrease monotonically from threshold for all ε [30].
Furthermore, the plasma environment introduces instability
to the bound states, as it is evident from the fact that the
energy of the ground state increases as Debye screening
increases. The increased energy results in the electron being
on the average pulled further away from the attractive force
of the nucleus. As a result, nodes appear in the probability
distribution of the electron. The number of nodes increases
with increasing the plasma screening.

For isolated Na, the relative phase difference between the
bound 3 seconds state and the threshold function is just
about π/2. Thus a zero is expected in the 3 seconds → εp
matrix element near threshold. But for Li (2 seconds), which
has no Cooper minimum for the free atom (no plasmas
effect), the relative phase difference is only about 0.3π, which
is too small to cause a zero [30]. This effect, however, comes
as a surprise in plasma environment. It appears that the
contribution of the inner core is probably quite significant
in this case. The presence of plasma around the atom
introduces the outer screening effect on the electron. The
outer screening effect represented by the outer screening
potential depends on the number and radial distribution of
the outer electrons (ions) around the atom and this presence
makes itself felt when plasma screening is sufficiently large.
As expected this modification results in lowering of the
binding energy, corresponding to increase the instability
of the atom which is embedded in Debye plasma. The
introduction of the outer screening potential induced by
the plasma environment implies that the threshold for
photoionization of electrons of a given shell is lowered by the
corresponding value of the screening potential. The plasma
screening effect is substantially decreased with an increase of
Debye screening length. When the Debye screening length
is sufficiently large, the outer screening has no appreciable
effect on the photoionization spectrum. Thereby the outer
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screening effect influences the spectrum of photoionization
cross sections only to the extent that it allows contributions
to occur in spectral ranges. As a first step in understanding
the reason for the appearance of Cooper minimum in
photoionization of Li ground state in plasma environment
note that, the dipole matrix elements can be divided into two
parts—the first is the contribution of the outer region where
the potential has gone asymptotic and is purely Coulomb
and the second is the contribution of the inner region where
the potential is completely non-Coulombic. Although the
contribution from both of this region to the matrix element
is important for the appearance for the Cooper minimum,
we consider only the effect of the outer region as a useful
zeroth approximation. For a large Debye screening length at
least, the contributions to the dipole matrix elements come
almost entirely from the large-r region where the potential
is Coulombic. Thus the wave functions, both discrete and
continuum are hydrogenic in this region, except for a phase
shift generated by the small non-Coulomb region near the
nucleus. It is evident from the Figures 3(a) and 4(a) that
the ionization threshold decreases monotonically when the
Debye screening (λ−1

D ) increases. The representation of the
effect of the outer screening by the parameter λ−1

D influences
the energy eigenvalue and the wavelength of the discrete or
continuum wave-functions in the range of r that contributes
primarily to the dipole matrix element. More specifically,
it affords control over the position of the nodes and the
maxima of discrete and continuum wave-functions in this
range, a factor that has great influence on the appearance
of the Cooper minimum in the spectrum of photoionization
cross sections. Mechanistically, one may think of resolving
the process of photoionization into two stages, namely the
photoionization which takes place in the region of space
occupied by the initial orbital and the subsequent escape of
the excited electron from this region. The process of escape
through the outer plasma environment can modify the
probability of photoionization. As the knowledge gathered
from the quantum defect theory, for the electrons in the
valence shell and in excited states in the presence of outer
electrons, the inner screening of the nucleus adjusts itself
to yield realistic energy eigen-values and thus make a wave
function more realistic by adjusting its phase of oscillation.
So, the phase shift [31] of the bound state introduced by
the plasma decreases with the Debye screening length and
thereby, the relative phase difference between zero energy
continuum phase shift and the phase shift of the ground
state induced by the non Coulombic inner core is gradually
increased by plasma environment. This will cause a decrease
in threshold cross sections as the positive and negative
amplitudes of the bound and continuum states in dipole
matrix elements overlap according to their phase difference,
and they almost completely cancel each other when a relative
phase shift of about π/2 is introduced by sufficient plasma
screening. As a result, a zero occurs near the threshold
when λD is reduced to λ0

D. It must be emphasized, further
that as plasma screening increases, the interaction of the
inner core gradually becomes important. As a result, discrete
wave function becomes quite diffuse and its nodes move
toward the nucleus. Thus the situation arises that exact nodal
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Figure 3: Location of Cooper minimum in photoionization cross
section curve for Li ground state (in photoelectron energy in a.u.)
and ground state energy (a.u.) versus Debye screening parameter
(λ−1

D in a.u.−1).
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Figure 4: Location of Cooper minimum in the photoionization
cross section curve for Na ground state in photoelectron energy
in a.u. and ground state energy (a.u.) versus Debye screening
parameter (λ−1

D in a.u.−1).

shift of 2seconds at λ0
D is just above what is needed for

complete cancellation of the dipole matrix element with εp
at threshold. The same analysis applies to the shift of Cooper
minimum toward the higher energy region (Figures 3(b) and
4(b)) as the plasma screening increases. Decreasing λD below
λ0
D, the quantum defect for the bound state decreases the

phase shift more than εp threshold phase shift. Consequently
the relative phase difference increases so that the zero occurs
at higher energy where εp has the right value for correct
overlap.

Several important points have emerged from this study.
The photoionization is very sensitive to the plasma screening
near the ionization threshold. The location of Cooper
minima in ground states of atom (Li and Na) in Debye
plasma has been calculated over the entire range of λD (Debye
screening length), and their behavior as a function of λD,
has been explained primarily in terms of the instability of
the bound states and the phase shifts of the discrete and the
continuum states of the atom in the plasma environments.
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It is seen that a zero appears in the photoionization cross
sections of Li in plasma environments when sufficient plasma
screening effect modifies the core interaction in such a
way that dipole matrix elements interfere destructively. It
is also seen that with increasing plasma screening, the
Cooper minima move further from thresholds owing to the
increasing diffuseness of the ground states of the atoms. Since
the screening effect, in one form or the other, is a common
phenomenon in weakly coupled plasmas, the present results
based strictly on the validity of the Debye model, exhibit
some general and qualitative features.
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