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The boundary mixture model is derived to predict the performance of the microbubble drag reduction technique for a flat plate.
The flat plate with a porous material microbubble injecting system and resistance-measuring system are set up to measure the
frictional resistance of the flat plate without and with injected microbubbles. The tests are conducted in a water tunnel and a
towing tank. The test results show that the boundary mixture model predicts the drag reduction well for the flat plate when testing
with injected microbubbles in the water tunnel. However, the boundary mixture model overestimates the drag reduction effect for
the flat plate tested in the towing tank. The possible mechanism for the overestimation of drag reduction effect in the towing tank
may be due to the different behaviors of microbubbles in the velocity gradient of boundary layer.

1. Introduction

The microbubble drag reduction technique has been one of
the major research topics both in fluid mechanics and in ship
hydrodynamics over the last two decades [1]. Since Madavan
et al. [2] achieved an impressive 80% drag reduction in
a water tunnel test, many researchers devoted themselves
to the study of the microbubble drag reduction technique.
The major research directions of the microbubble drag
reduction technique include (1) developing the microbubble
injection methods and to validate the drag reduction effect
in a water tunnel, such as by using the electrolysis method
[1], the porous method [2, 3], or the WAIP (winged air
induction pipe) method [4], (2) experimentally studying the
mechanisms and the key parameters of the microbubble drag
reduction technique, such as the bubble size effect [5], the
bubble concentration effect [6], the gas type effect [7], or
the effect of microbubbles on the structure of turbulence
[8], (3) modeling the mechanism of the microbubble drag
reduction technique by numerical methods [9] or by DNS
simulation [10], and (4) applying the microbubble drag
reduction technique to the ship model and conducting the

ship model resistance test to study the drag reduction effect
in a towing tank [11–13].

Some important research results have emerged for the
microbubble drag reduction technique over the last two
decades. First, the drag reduction effect of the microbubble
in the flat plate was confirmed and an 80% maximum drag
reduction effect was also validated in water tunnel tests [2, 3,
14, 15]. Second, it was confirmed that the effect of bubble size
(ranging from 0.05 mm to 5 mm) on drag reduction could
be neglected [5, 16]. Third, the most important parameter
for microbubble drag reduction is the volume fraction of the
injected air in the water boundary layer. Skudarnov and Lin
[17] also validated the density effect on the drag reduction
effect of microbubble drag reduction by using a 2D RANS
simulation. But the prediction model for the microbubble
drag reduction technique is still not well developed.

In this study, a simple boundary layer mixture model
is derived to predict the drag reduction effect of the
microbubble drag reduction technique for a flat plate. The
flat plate resistance measuring system with a porous material
microbubble injecting system is set up to measure the
total resistances of the plate without and with injecting
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Figure 1: Schematic drawing of a microbubble injecting system
(plate on top).

the microbubbles. The tests are conducted in a water tunnel
and a towing tank to verify the drag reduction effect
predicted by the boundary layer mixture model.

2. Boundary Mixture Model

Figure 1 is a schematic drawing of a microbubble injecting
system for a plate on the top. The injected microbubbles are
assumed to be distributed uniformly across the boundary
layer. The air volume fraction Cv is defined as the ratio of
the injected air flow rate divided by the summation of the air
flow rate and the water flow rate within the boundary layer,

Cv = Qa

Qa + Qw
, (1)

where Qa is the injected air flow rate, and Qw is the water
flow rate within the boundary layer of the plate. Based on the
turbulent boundary theory [18], the water flow rate within
the boundary layer of the plate can be calculated by

Qw = U0(δ − δ∗)b, (2)

where b is the width of the plate, U0 is the inflow velocity,
and δ is the boundary layer thickness, which is defined as the
distance from the wall where the velocity is 0.99U0. A seventh
power velocity distribution [18] is assumed for the velocity
distribution across the boundary layer

U

U0
=
(
y

δ

)1/7

. (3)

And the displacement thickness δ∗ is defined as

δ∗ =
∫ δ

0

(
1− U

U0

)
dy. (4)

The Schlichting boundary thickness formula [18] is used to
estimate the thickness of the boundary layer

δ = 0.37x
R0.2
ex

, (5)

where Rex = U0x/ν and x is the distance from the origin of
the plate.

Using (4) and (5) to solve (2), the water flow rate can be
calculated by

Qw = 0.3238U0bxR
−0.2
ex . (6)

Then the air volume fraction Cv in (1) can subsequently be
calculated with measured injected air flow rate and the water
flow rate which was estimated by using (6).

For a flat plate without injected bubbles, the frictional
resistance Df of a flat plate with length l and width b can
be derived as [18]

Df = 0.036ρwU2
0 l

2bR−0.2
el , (7)

where Rel = U0l/ν and l is the total length of the plate, and
ρw is the density of the water.

The resistance coefficient Cf is defined as

Cf =
Df

0.5ρwU2
0 lb

= 0.074lR−0.2
el . (8)

For the water-bubble mixture of the boundary layer with
injected bubbles, the mixture density ρb can be calculated by
the linear combination of the density of air and the density
of water according to the air volume fraction Cv, and is given
by

ρb = ρaQa + ρwQw

Qa + Qw
= ρaCv + ρw(1− Cv), (9)

where ρa is the density of the injected air.
The dynamic viscosity of the water-bubble mixture can

also be calculated by using the same approach as

μb = μaQa + μwQw

Qa + Qw
= μaCv + μw(1− Cv). (10)

The kinematical viscosity of the water-bubble mixture νb is
then defined as

νb = μb
ρb

. (11)

The frictional resistance of a flat plate with a water-bubble
mixture boundary layer Dfb can be calculated by using the
same approach [18] as

Dfb = 0.036ρbU2
0 l

2bR−0.2
ebl , (12)

where the Reynolds number of the water-bubble mixture Rebl

is defined as

Rebl = U0l

νb
. (13)

The ratio of the frictional resistance of water-bubble mixture
to the frictional resistance of the water is then expressed as

Dfb

Df
= ρbR

−0.2
ebl

ρwR
−0.2
el

. (14)

Equation (14) predicts the frictional resistance of water-
bubble mixture of the plate from the frictional resistance of
flat plate in pure water.

If the frictional resistances Dfb and Df are normalized by
the dynamic pressure of the inflow (1/2)ρwU2

0 and the surface
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Table 1: Density and Reynolds number effect on the microbubble
drag reduction.

Cv ρb/ρw R−0.2
ebl /R−0.2

el Cfb/C f DR

0.000 1.000 1.000 1.000 0.000

0.100 0.900 1.000 0.900 0.100

0.200 0.800 1.001 0.801 0.199

0.300 0.700 1.001 0.701 0.299

0.400 0.600 1.002 0.602 0.398

0.500 0.501 1.003 0.502 0.498

0.600 0.401 1.004 0.402 0.598

0.700 0.301 1.006 0.303 0.797

0.800 0.201 1.011 0.203 0.897

0.900 0.101 1.024 0.103 0.997

0.990 0.011 1.174 0.013 0.987

area of the flat plate b∗ l, then the same result will be had for
the nondimensional resistance coefficients as will be

Cfb

Cf
= ρbR

−0.2
ebl

ρwR
−0.2
el

, (15)

where Cf = Df /(1/2)ρwU2
0 lb and Cfb = Dfb/(1/2)ρwU2

0 lb.
Equation (15) predicts the nondimensional frictional

resistance of water-bubble mixture of the plate from the
nondimensional frictional resistance of flat plate in water.
The drag reduction ratio DR predicted by the boundary layer
mixture model can be calculated by

DR = 1− Cfb

Cf
. (16)

Figure 2 shows the ratio of nondimensional resistance
coefficients of the bubble-water mixture to the pure water
with the parameter of the air volume fraction and the
drag reduction ratio. The effect of the density of the
mixture and Reynolds number on the microbubble drag
reduction technique is shown in Table 1. The effect of the
Reynolds number is very small when compared with the
effect of density of the mixture. The density of the bubble
mixture becomes the key parameter for the microbubble drag
reduction technique. The ratio of the frictional resistance
of the water-bubble mixture boundary layer to the water
boundary layer is almost directly proportional to the density
ratio.

3. Experimental Apparatus and Test Procedures

Figure 3 shows a flat plate resistance measuring system. The
length of the flat plate is 700 mm and the width is 190 mm.
The flat plate is suspended by four steel strips at the four
corners. The force gage is located at the center of the plate to
measure the resistance of the suspended flat plate. Figure 4
shows a porous plate microbubble injecting system, which
is designed to inject the microbubbles through the porous
plate. The length of the porous plate is 120 mm and the
width is 190 mm. The pore sizes of porous plate used in the
water tunnel test are 10 μm and 100 μm. The microbubble

injecting system is placed in front of the flat plate resistance
measuring system, and they are combined together as a
whole unit. Figure 5 shows the whole system installed in the
water tunnel. The water tunnel is the K23 cavitation tunnel
from K&R Germany.

The resistances of the flat plate without injecting
microbubbles are first measured for different velocities
varying from 2.45 m/s to 4.2 m/s. The resistances of the flat
plate while injecting microbubbles are then measured for
different air flow rates for each velocity. The air flow rates
range from 12 L/min to 75 L/min.

The same system is also installed at the towing carriage
to conduct the resistance test in the towing tank. The
dimensions of the towing tank are 130 m in length, 8 m in
width, and 4 m in depth. The maximum speed of the towing
carriage is 5 m/s. Figure 6 shows the flat plate resistance
measuring system with the towing carriage in the towing
tank. The test procedure and conditions in the towing tank
are the same as in the water tunnel.

4. Test Results and Validation of
the Boundary Layer Mixture Model

Figure 7 shows the measured resistance coefficients of the
flat plate without injecting microbubbles tested in the water
tunnel and in the towing tank. The measured resistance
coefficients are about the same, both in the water tunnel
and in the towing tank. The resistance coefficient calculated
by the formula (8) is also shown in Figure 7. The measured
resistance coefficients of the flat plate both from the water
tunnel and the towing tank are a little higher than the
resistance coefficients predicted by the formula (8). It is
reasonably common to achieve a higher resistance in the
test environment than when using the formula because of
the imperfection of the flat plate test setup and the three-
dimensional effects.

Figure 8 shows the resistance coefficient ratio of the flat
plate with the injected microbubbles by a 10 μm porous
plate and without the injected microbubbles tested in the
water tunnel. The measured resistance coefficient ratio is in
good agreement with the drag reduction line predicted by
the boundary mixture model. Figure 9 shows the resistance
coefficient ratio of the flat plate with the injected microbub-
bles by a 100 μm porous plate and without the injected
microbubbles tested in the water tunnel. The measured
resistance coefficient ratio of the 100 μm porous plate is
also in good agreement with the frictional resistance line
predicted by the boundary mixture model.

Figure 10 shows the resistance coefficient ratio of the
flat plate with the injected microbubbles by a 10 μm porous
plate and without the injected microbubbles tested in
the towing tank. The drag reduction effect of the 10 μm
porous plate in towing tank is much smaller then that
predicted by the boundary mixture model. Figure 11 shows
the resistance coefficient ratio of the flat plate with the
injected microbubbles by a 100 μm porous plate and without
the injected microbubbles tested in the towing tank. The drag
reduction effect of the 100 μm porous plate in towing tank
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Figure 2: The drag reduction effect predicted by the boundary layer mixture model.

Figure 3: The flat plate resistance measuring system.

Figure 4: Air chamber and porous plate (the yellow one).

is also much smaller then that predicted by the boundary
mixture model. In addition, the drag reduction effect is
decreased at a higher air flow rate for velocities 2.45 m/s and
2.9 m/s. For example, at a velocity 2.45 m/s, the resistance
ratio is 0.77 when the air volume fraction is 0.65, but the
resistance ratio is 0.85 when the air volume fraction is 0.71.
The drag reduction effect is decreased from 23% to 15%
when the air volume fraction is increased from 0.65 to
0.71. This implies that there exits an optimal air flow rate

Figure 5: The whole microbubble resistance measuring system in
water tunnel.

Figure 6: The whole microbubble resistance measuring system in
towing tank.
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Figure 7: Resistance of flat plate without injected microbubbles.
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Figure 8: The drag reduction ratio of the flat plate with a 10 μm
porous plate injecting microbubbles in the water tunnel.

when using the microbubble drag reduction technique in the
towing tank for each velocity. This trend is different from
the air flow rate increasing monotonically with increasing the
drag reduction effect in the water tunnel.
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Figure 9: Drag reduction ratio of the flat plate with a 100 μm
porous plate injecting microbubbles in the water tunnel.
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Figure 11: Drag reduction ratio of the flat plate with a 100 μm
porous plate injecting microbubbles in the towing tank.

Figure 12: Microbubble distribution across the flat plate in the
water tunnel.

5. Discussions

The test results show some differences for the microbubble
drag reduction technique tested in the water tunnel and
in the towing tank. The first is that the maximum drag
reduction effect of the microbubbles in the water tunnel
is about 80%, and the drag reduction effect is in good
agreement with the value predicted by the boundary mixture
model. However, in this study, the maximum drag reduction
effect of microbubble in the towing tank is only about 30%.
Takahashi et al. [19] only achieved a 22% drag reduction for
a 50-meter flat plate ship in the towing tank. The second
is that the drag reduction effect increases monotonically
with an increasing the air flow rate in the water tunnel.

Figure 13: Microbubble distribution across the flat plate in the
towing tank.

However, an optimal air flow rate exists in the towing tank.
The drag reduction effect will be decreased when the air flow
rate is above a critical air flow rate. The third is that the
drag reduction effect is only a function of the air volume
fraction Cv and is independent of velocity in the water
tunnel. Madavan et al. [2] showed the same trend in which
the drag reduction is only a function of nondimensional air
flow rate Cq = Qa/(U0A) in water tunnel. However, in the
towing tank, the drag reduction effect is slightly dependent
on velocity as shown in Figures 10 and 11.

The mechanism that creates the difference in the drag
reduction effect of the flat plate when it is tested between
the water tunnel and the towing tank plays a crucial role
for the application of microbubble drag reduction technique
in ships. The most likely mechanism may be the different
behaviors of microbubbles between in the water tunnel
and in the towing tank. A transparent acrylic plate is used
instead of the steel plate of the resistance measuring system
to observe the microbubble behaviors in the water tunnel
and in the towing tank. Figure 12 shows the distribution
of microbubbles in the water tunnel. The microbubbles
are distributed uniformly across the whole plate, and the
individual bubbles can be seen clearly. Figure 13 shows the
bubble distribution across the flat plate in the towing tank.
The bubbles are deformed irregularly, and many bubbles are
attached to the plate. The irregular black holes in Figure 13
are large deformed bubbles attached to the plate. There are
more like an air packets for the white bubbles as shown in
Figure 13.

The different behaviors of bubbles in the water tunnel
and in the towing tank may be due to the different velocity
gradient in the boundary layer. The bubble will suffer a lift
force when it remains in the velocity gradient. Figure 14
shows a schematic diagram for a bubble of radius R being
lifted by a velocity gradient. The lift force can be calculated
by

FL = ρwVCL �U × �0 , (17)

where V is the volume of the bubble, �0 = ∇ × �U is
calculated at the bubble center, and CL is the lift coefficient.
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Figure 14: Bubble’s lift force produced by a velocity gradient.
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Figure 15: Forces of a bubble suffered in the boundary layer of the
water tunnel and the towing tank.

For an inviscid fluid satisfying the nondimensional shear rate
Sr = 2Rα/Um �1, Auton et al. [20] obtained the lift force as

FL = 2
3
πρwR

3αUm , (18)

where α is the linear slope of the velocity gradient across
the bubble and Um is the minimum velocity of the bubble
encountered.

The direction of the lift force is from the low velocity to
the high velocity.

Besides the lift force, the bubble also has a buoyancy
force in the upward direction. Figure 15 shows the velocity
gradients of the boundary layer both in the water tunnel and
in the towing tank. For the water tunnel, the flat plate is fixed
at the top of the water tunnel wall, the velocity of the flat plate
is zero, and the velocity outside the boundary of the flat plate
is U0. Because the microbubble is injected into the boundary
layer, it will suffer a velocity gradient and produce a lift force
with a downward direction and an upward buoyancy force.
The two forces could be balanced in some situations, so the
bubble could stay in the buffer layer [21] and will not attach
to the surface of the flat plate as shown in Figure 15(a).

For the flat plate installed in the towing tank, the flat plate
moves with the speed U0 of the towing carriage. The speed of
the water outside the boundary layer of the plate is zero. The
velocity gradient of the boundary layer in the towing tank
is reversed when compared with the velocity gradient in the
water tunnel. The direction of the bubble’s lift force produced
by the velocity gradient as well as the direction of the bubble’s
buoyancy is upward in the towing tank. The two forces will
push the bubble toward the surface of the flat plate, and the
bubbles will attach to the surface of the flat plate as shown in
Figure 15(b). The bubbles will be accumulated at the surface
of the plate. In addition, the coalescence of bubbles occurs at
the surface of the plate and forms several large flat bubbles
attached to the surface of the moving flat plate, which can be
seen in Figure 13. The resistance of the flat plate is increased
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when a large deformed bubble is attached to its surface.
Also, the drag reduction effect is decreased. Future study
is required to examine the detailed process of the injected
bubble to forming an irregular large bubble and attaching to
the flat plate surface in the towing tank.

6. Conclusions

A boundary layer mixture model was derived to predict
the drag reduction effect of microbubble drag reduction
technique in the flat plate. Also, a flat plate total drag mea-
surement with microbubble injecting system was designed to
conduct the resistance test in the water tunnel as well as in the
towing tank. From the prediction of the boundary mixture
model, the test results, and the discussions, the following
conclusions can be drawn.

(1) The drag reduction effect predicted by the boundary
mixture model is almost directly proportional to the
density ratio of mixture and water.

(2) The maximum drag reduction effect of the
microbubbles in water tunnel is about 80%,
and the frictional resistance coefficient is in good
agreement with the value predicted by the boundary
mixture model. The maximum drag reduction effect
of the microbubbles in the towing tank is only about
30% and drag reduction is much smaller than that
predicted by the boundary mixture model.

(3) The drag reduction effect increases monotonically
with increasing the air flow rate in the water tunnel.
However, an optimal air flow rate exists for each
velocity in the towing tank.

(4) The different drag reduction effect in the water tunnel
and in the towing tank may be due to the different
bubble behaviors produced by the different velocity
gradient. Future study is required to examine the
details of the developing process of the injected
bubble in the towing tank.

Nomenclatures

A: Area of the porous plate
b: Breadth of the flat plate
Cf : Frictional resistance coefficient of the flat

plate in water
Cfb: Frictional resistance coefficient of the flat

plate in bubble-water mixture
CL: Lift coefficient of bubble in velocity gradient
Cq: Nondimensional air flow rate
Cv: Air volume fraction
Df : Frictional resistance of the flat plate in water
Dfb: Frictional resistance of the flat plate in

bubble-water mixture

DR: Drag reduction ratio
FL: Lift of a bubble in velocity gradient
l: Length of the flat plate
R: Radius of a bubble
Rel: Reynolds number of flat plate with length l in water
Rebl: Reynolds number of flat plate with length l in

bubble-water mixture
Rex: Reynolds number at any x coordinate of flat plate in

water
Sr : Nondimensional shear rate of a bubble
U : Velocity component in x axes within the boundary

layer of the flat plate
U0: Uniform inflow velocity outside boundary layer of

the flat plate
Um: Minimum velocity of a bubble experienced within

the diameter of the bubble
V : Volume of a bubble
x: Coordinate of horizon axes along the flat plate
y: Coordinate of vertical axes perpendicular to the flat

plate
α: Slope of velocity within the range of bubble’s

diameter
ρa: Density of air
ρb: Density of bubble-water mixture
ρw: Density of water
μa: Dynamic viscosity of air
μb: Dynamic viscosity of bubble-water mixture
μw: Dynamic viscosity of water
νa: Kinematical viscosity of air
νb: Kinematical viscosity of bubble-water mixture
νw: Kinematical viscosity of water
δ: Boundary layer thickness
δ∗: Boundary layer displacement thickness
�0: Vorticity of a bubble within a velocity gradient.
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