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The nonresonant cross-section, Fano-shape parameter q and coefficient parameter ρ2 have been calculated for the photoionization
of helium and heliumlike under the n = 2 threshold of the residual ions. Dipole matrix elements which correspond to the
transitions from 1s2(1Se) to 2(0, 1)+

2
1P◦ state and from 2(0, 1)+

2 state to continuum state 1sεp (1P◦) were determined by choosing,
for the ground state, the six-parameter Hylleraas wave function including electron correlation effects and a completely screened
Coulomb wave function for the continuum. Energies and widths have been determined in the diagonalization method. The results
are compared with available results obtained by other theoretical approaches.

1. Introduction

Doubly excited states of helium were first studied experi-
mentally in the pioneering work of Madden and Codling
[1] with the availability of synchrotron radiation. Madden
and Codling [1] observed the two 1P◦ series of transitions
converging to the He+ (n = 2) ionization limit, using a
photoabsorption technique. Thereafter, many experimental
studies [2–8] were carried out on the doubly excited states of
helium, and much effort has been done in photoionization
that leaves the He+ ion in an excited state. Single-photon
double-excitation experiments of Domke et al. [9–11]
using synchrotron radiation combined with high-resolution
monochromators, and even further improved monochro-
mators in the experiment of Schulz et al. [12] made it
possible to reveal for the first time several additional Rydberg
series. Domke et al. [9] resolved for the first time the third
Rydberg series, 2pnd, below the n = 2 ionization threshold.
Theoretically, various methods were developed to deal with
doubly excited states of helium, including configuration-
interaction (CI) methods [13–15], hyperspherical coor-
dinate methods [16–23], close-coupling approximations
[24–26], R-matrix methods [27–32], complex coordinate
method [33–36], Feshbach projection formalism [37–40],

and the diagonalization method [41–47]. A detailed review
was recently performed by Tanner et al. [48].

Since the identification of doubly excited states of He
by Madden and Codling [1], it has been well established
that these states cannot be adequately described in the
conventional independent-particle model. According to the
conventional model, the two electrons are described by
using quantum numbers ni, li L, S, π, ML, and MS, within
the LS coupling, with ni, the principal quantum number
of electron i. Because of the strong configuration, these
quantum numbers are not sufficient to identify the states.
A different classification scheme for doubly excited states
of He is used depending on authors. In the classification
introduced by Moccia and Spizzo [13] and Lin [18], states are
denoted by n(K ,T)AN

2S+1L
π

where L, S, and π have their usual
meaning, N and n are the principal quantum numbers of the
inner and outer electrons, respectively, and K , T, and A are
correlation quantum numbers. K ranges from N–1–T,N–3–
T · · · –(N–1–T), and T = 0 or 1 for 1P◦ states. Both K and
T describe the angular correlation between the two electrons,
while A = +1,−1, 0 or denoted by “+”, “−”, “0” measures
the radial correlation [18]. The doubly excited states-basis
(DESB) functions proposed by Moccia and Spizzo [13]
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represent the first-order approximation of these states.
Through the analysis of electron correlations, a new set of
quantum numbers were introduced to replace the quantum
numbers used in the independent particle model. There
is also an abbreviated classification N , Kn as introduced
by Zubek et al. [6]. There are three 1P◦ series converging
to the n = 2 threshold: 2, 0n with T = 1 and A =
+1, 2, 1n with T = 0 and A = −1, and 2,−1n with
T = 0 and A = 0. These sates correspond respectively to
(sp, 2n+), (sp, 2n−), and (2p, nd) in the old classification
scheme.

Until recently, doubly excited states lying the n =
2 received great attention. In their work, Yuan et al.
[49] reported Fano profile parameters q of doubly excited
states n(1, 0)+

2
1S

e
,n(1, 0)+

2
1D

e
, and n(0, 1)+

2
1P
◦
as functions

of the momentum transfer squared K2. Fan and Leung
[50], presented a detailed characterization of the absolute
generalized oscillator strength (GOS) profile of the He 1s2 →
2s2p transition by using electron energy loss spectroscopy
(EELS) at 2.5 keV impact energy, and they illustrated the
intricate changes in the Fano parameters as functions of
the momentum transfer. Prince et al. [51] measured the
photoabsorption cross-section and ion-yield spectra of He
in the region of the double-excitation resonances below the
n = 2 threshold. Very recently, more than thirty years after
the experimental work of Carroll and Kennedy [52], Scully
et al. [53] measured the absolute cross-section for resonant
double photoexcitation of Li+ followed by autoionization in
the photon energy range from 148 eV, just below the 2(1, 0)+

2
resonance to 198 eV.

In this present work, we focused on the determination
of Fano-Shape parameter or profile index q, correlation
coefficient ρ2, and nonresonant cross-section σb in the
photoionization of helium and heliumlike with charge Z =
3, 6, 8, and 10 from the ground state to the 2(0, 1)+

2
1P
◦

state.
Until now, only few theories have calculated q and ρ2 for
helium and heliumlike Li+ and C4+, and in addition, exper-
iments on the photoionization of heliumlike positive ions
are very scarce. Here we extend calculations to heliumlike
N5+, O6+, and Ne8+. We also present energies and widths,
calculated in the diagonalization method, which we have
already used in our previous works [43–47].

2. Theory and Calculations

In Fano’s theory [58], describing photoabsorption in the
vicinity of an autoionizing resonance, which coincides in
energy with a continuum, Fano profile consists of a construc-
tive and a destructive interaction of the direct photoioniza-
tion with the indirect photoionization via doubly excited or
autoionizing states. So, according to Fano, the total Cross-
Section for the case of an isolated resonance interacting
with one or more continuum states can be parameterized as
follows:

σ(E) = σa

(
q + ε

)2

(1 + ε2)
+ σb, with ε = 2

E − Er
Γ

, (1)

where Er is the resonance energy, Γ the width, ε indicates
the deviation of the incident photon energy E from the

resonance energy Er , σa and σb represent the Cross-Section
corresponding, respectively, to transitions to states of the
continuum that do and do not interact with the discrete
autoionizing state and finally q which characterizes the line
profile representing the ratio of the dipole matrix element
of a transition to a discrete state to that of a transition to
the continuum, which interacts with the discrete state. In the
present case, the Rydberg series converging to the n = 2
threshold interact with the continuum above the n = 1
ionization threshold. In this theory [58], the profile index
q can vary from |q| → ∞, when the transition probability
into the discrete state is dominant (Lorentzian profile), to
q → 0, when the transition probability into the discrete
state is much smaller than that into the continuum, leading
to a symmetric decrease of the Cross-Section to a minimum
value (“window” resonance). Fano and Cooper [59] express
the total Cross-Section in terms of the nonresonant Cross-
Section σo and the profile index q and correlation coefficient
ρ2 as follows:

σ(E) = σo

[

ρ2 (q + ε)2

(1 + ε2)
+ 1− ρ2

]

, (2)

where ρ2 is a measure of the strength of the resonance.
In the diagonalization approximation, the final state of

the ion + photoelectron system is expanded in the subspaces
of closed and open channels as follows:

ΨEj(r1, r2) = Â
∑

Ψk(r1)Ukj(E, r2) +
∑

Λμ(E)Φμ(r1, r2),
(3)

where Â is the operator of antisymmetrisation, k represents
a set of quantum numbers that characterize the ion +
photoelectron system in the subspace of open channels;
Ukj(E, r2) is an unknown function describing the motion
of the photoelectron and Ψk(r1) is the eigenfunction of the
residual ion.

The determination of the function ΨE j(r1, r2) is equiv-
alent to the calculation of the coefficients Λμ(E) and
Ukj(E, r2). Detailed calculations of these coefficients have
been reported by [41, 42]. The functions Φμ(r1, r2) are
obtained by unitary transformation of the Hamiltonian in
the subspace of closed channels which are the autoionizing
states:

Φμ(r1, r2) = Â
∑

kl

αμ(k, l)Φk(r1)Φl(r2). (4)

With the diagonalization condition:
〈
Φμ(r1, r2)|H|Φν(r1, r2)

〉
= Eμδμν, (5)

H is the Hamiltonian operator; the coefficients αμ(k, l) which
are the statistical weight of the autoionizing states are found
by solving the system of linear algebraic equations:

∑

ν

[(
Eμ − E0

)
δμν −

〈
χμ|V |χν

〉]
αν = 0, (6)

where Eμ is the energy of the autoionizing level μ; V is
the operator of electrostatic interaction between electrons;
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Table 1: Results on energy E (eV), width (eV), nonresonant cross-section σ0(10−18 cm2), correlation coefficient ρ2, and profile index q for
the photoionization of He from 1s2(1Se) to 2(0, 1)+

2
1P
◦

state. Present results are compared with experimental works.

Present work Madden and Codling [1] Domke et al. [11] Morgan and Ederer [3] Schulz et al. [12] Kossmann et al. [5]

E 60.350 60.123 ± 0.015 60.147 60.151 ± 0.010 60.1503 60.133 ± 0.015

Γ 0.0375 0.038 ± 0.004 0.037 0.038 ± 0.002 0.0376 0.038 ± 0.001

σ0 1.491 — — 1.354 ± 0.030 — 1.376 ± 0.027

ρ2 0.999 1.0 — 1.0 — 1.0

q −2.86 −2.80 ± 0.25 −2.75 ± 0.01 −2.55 ± 0.16 −2.73 −2.75 ± 0.05

Table 2: Results on energy E (eV), width (eV), nonresonant Cross-Section σ0(10−18 cm2), correlation coefficient ρ2, and profile index q for
the photoionization of He from 1s2(1Se) to 2(0, 1)+

2
1P
◦

state. Present results are compared with theoretical works.

Present work
Altick and

Moore [54]
Burke and

McVicar [55]
Zhou [26]

Bhatia and
Temkin [38]

Sanchez and
Martin [56]

Wintgen and
Delande [36]

E 60.350 60.340 60.269 60.154 60.1901 60.156 60.1466

Γ 0.0375 0.0365 0.0438 0.0378 0.0363 0.0383 0.03736

σ0 1.491 — 1.415 1.4011 1.3865 1.374 —

ρ2 0.999 — — 0.9984 — — —

q −2.86 −2.97 -2.59 −2.73 2.8521 −2.83 −2.77

E0 is the energy eigenvalue of the zero-order Hamiltonian
corresponding to the eigenfunctions defined by:

χv = Â[Φk(r1)Φl(r2)]. (7)

The partial amplitude that describes the formation of the
residual ion and photoelectron in a definite state has been
defined by the following expression:

Tj(E) =
〈
ϕj(E)|D|Ψi(r1, r2)

〉
+
q + i

ε − i

〈
Φμ(r1, r2)|V |ϕj(E)

〉

×
∑

k

〈
Φμ(r1, r2)|V |ϕk(E)

〉〈
ϕk(E)|D|Ψi(r1, r2)

〉

∑
k

∣
∣
∣
〈
Φμ(r1, r2)μ|V |ϕk(E)

〉∣∣
∣

2 .

(8)

In (8), Ψi(r1, r2) is the initial state and ϕj(E) is the wave
function of the continuous spectrum in the channel j,
without resonance interference; D is the dipole momentum
operator; q is the profile index of the resonance and ε, the
relative deviation from the resonance, are defined by the
equations:

ε =
(
E − Eμ

)

(1/2)Γtot
μ

(9)

q =
〈
Φμ(r1, r2)|D|Ψi(r1, r2)

〉

π
∑

k

∣
∣
∣
〈
Φμ(r1, r2)|V |ϕk(E)

〉∣∣
∣
〈
ϕk(E)|D|Ψi(r1, r2)

〉 .

(10)

With Γtot
μ the total width:

Γtot
μ = 2π

∑

j

∣
∣
∣
〈
Φμ(r1, r2)|V |ϕj(E)

〉∣∣
∣

2
. (11)

In the diagonalization approximation, the total Cross-
Section defined by Fano [58] can be expressed with the total
amplitude by

σ(E) = σa

(
q + ε

)2

(1 + ε2)
+ σb =

∑

j

∣
∣
∣T

j
D

∣
∣
∣

2
. (12)

With σa and σb representing the Cross-Section correspond-
ing, respectively, to transitions to states of the continuum
that do and do not interact with the discrete autoionizing
state and defined as follows:

σa =
∣
∣
∣
〈
Φμ(r1, r2)|V |ϕk(E)

〉〈
ϕk(E)|D|Ψi(r1, r2)

〉∣∣
∣

2

∣
∣
∣
〈
Φμ(r1, r2)|V |ϕk(E)

〉∣∣
∣

2 ,

σb =
∣
∣〈ϕk(E)|D|Ψi(r1, r2)

〉∣∣2 − σa.

(13)

The nonresonant Cross-Section is thus defined by:

σo =
∣
∣〈ϕk(E)|D|Ψi(r1, r2)

〉∣∣2
. (14)

The coefficient correlation can be expressed by:

ρ2 = σa
σa + σb

. (15)

In the present work, we consider for the ground state,
the six-parameter Hylleraas wave function including electron
correlation effects, and as the emitted electron is in the field
of the residual hydrogenic ion, the continuum is represented
by a completely screened Coulomb wave function. Energies
of resonant states are determined in the framework of
diagonalization approximation which has been detailed
and discussed earlier [41–47]. Particular interest of the
diagonalization method is to take into account the coupling
between closed and open channels in terms of perturbation
theory and to neglect the indirect coupling of resonant states
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Table 3: Results on energy E (eV), width (eV), nonresonant Cross-Section σ0(10−18 cm2), correlation coefficient ρ2, and profile index q for
the photoionization of Li+ from 1s2 (1Se) to 2(0, 1)+

2
1P
◦

state. Present results are compared with theoretical and experimental works.

Present Work
Carroll Kennedy

[52] Exp
Scully et al.

[53] Exp
Diehl et al.
[57] Exp

Zhou [26]
Bhatia and

Temkin [38]
Sanchez and
Martin [56]

E 150.642 150.29 ± 0.05 150.31 ± 0.03 150.31 ± 0.02 150.260 150.247 150.295

Γ 0.0621 0.075 ± 0.25 0.057 ± 0.03 0.066 ± 0.09 0.0648 0.0593 0.0622

σ0 0.8910 — — — 0.5759 — 0.573

ρ2 1.000 — — — 1.009 — —

q −1.53 −1.5 (±0.3, 0.5) −2.17 ± 0.04 −1.96 −2.199 −2.20

Table 4: Results on energy E (eV), width (eV), nonresonant Cross-
Section σ0(10−18 cm2), correlation coefficient ρ2, and profile index
q for the photoionization of C4+ from 1s2 (1Se) to 2(0, 1)+

2
1P
◦

state.
Present results are compared with theoretical works.

Present work Zhou [26]

E 666.960 666.287

Γ 0.1046 0.0914

σ0 0.1491 0.1298

ρ2 1.000 —

q −1.20 −1.74

Table 5: Present results on energy E (eV), width (eV), nonresonant
Cross-Section σ0(10−18 cm2), correlation coefficient ρ2, and profile
index q for the photoionization of N5+, O6+, and Ne8+ from 1s2(1Se)
to 2(0, 1)+

2
1P
◦

state.

N5+ O6+ Ne8+

E 919.943 1214.293 1925.433

Γ 0.1125 0.1188 0.1282

σ0 0.0595 0.0584 0.0270

ρ2 0.999 1.000 0.999

q −1.22 −1.25 −1.38

through the open channels. The determination of Cross-
Section, q, and coefficient parameter ρ2 is carried out by
calculating the dipole matrix elements which correspond to
the transitions from 1s2 (1Se) to 2(0, 1)+

2
1P
◦

state and from
2(0, 1)+

2
1P
◦

state to continuum state 1sεp(1P
◦
).

3. Results and Discussion

In Table 1, present results on helium are compared with the
experimental works of Madden and Codling [1], Schulz et al.
[12], Kossmann et al. [5], and Domke et al. [11]. Present
results are in good agreement with these experiments. Our
profile index is close to the experimental result of Madden
and Codling [1] and is in good agreement with the other
experimental values. Energies and widths presented are also
in good agreement. For the nonresonant Cross-Section, our
result is close to the only available one, the value of Kossmann
et al. [5].

Concerning the coefficient correlation, the value ρ2 =
0.999 (close to unit) we have found is in very good
agreement with the experimental ones and agrees with

the fact that when there is only one open channel, the
part of the Cross-Section σb corresponding to transitions
to states of the continuum that do not interact with the
discrete autoionizing state is negligible compared to σa.
This value agreed with the value ρ2 = 1 assumed by
the work of Fano and Cooper [59] for a Rydberg series
interacting with one continuum. In Table 2, comparison
is made with theoretical results of Altick and Moore [54]
using configuration interaction method, Burke and McVicar
[55] using the close coupling method, Sanchez and Martin
[56] using variational method with L2 basis set, Bhatia
and Temkin using Feshbach formalism [38] and a 84-
term Hylleraas for the resonant wave functions, Zhou et al.
[26] using hyperspherical close-coupling calculations, and
Wintgen and Delande [36] using a complex rotation method.
Present results are in agreement with all these theoretical
works using highly accurate calculations.

In Table 3, present results on Li+ are given along with the
theoretical works of Zhou et al. [26], Sanchez and Martin
[56], Bhatia and Temkin [38], Diehl et al. [57], and with the
experimental works of Carroll and Kennedy [52] and Scully
et al. [53]. For index profile, our result is in good agreement
with the experimental ones but is greater than the other
theoretical works. Discrepancies observed could be explained
by the fact that the nonresonant Cross-Section we calculated
is greater than those of other theoretical results. The present
correlation coefficient is in good agreement with the only
available one. Moreover, for better comparison, it would be
necessary to get more experimental results.

In Table 4, the comparison of our results on C4+ is made
with the only available theoretical work of Zhou et al. [26].
Any experimental work has been reported in the literature.
We noticed also the greater values of our profile index
and nonresonant Cross-Section. In Table 5, we present our
results concerning the N5+, O6+, and Ne8+ Ions without
any comparison because of lack of other experimental and
theoretical results.

The analysis of the different parameters show that the
nonresonant Cross-Section decreases with increasing Z as
found by Zhou et al. [26]. This decreasing is due to the fact
that the matrix elements which contain the wave function
of the ground state decrease with the electron-electron
interaction with increasing Z. For all considered ions, the
correlation coefficient ρ2 is equal or very close to unity, which
is expected from (15) when there is one open channel. For
profile index, the behaviour is difficult to explain. It increases
with Z, from −2.86 for He, to −1.5 for Li+, and −1.20 for
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C4+, thereafter it decreases from −1.22 for N5+ to −1.38 for
Ne8+. This disagrees with the analysis of Sanchez and Martin
[56] who found a limit of −1.7 by increasing Z. However,
the unique remark is the negative sign of q for all ions
which agree with the Fano and Cooper [59] analysis. Thus, as
already noticed by Morgan and Ederer [3], the profile index
q is the most parameter to measure and to calculate, larger
variation in calculations and experiments is observed.

4. Conclusion

In this work, nonresonant Cross-Section, correlation coef-
ficient and profile index of the photoionization of helium
and heliumlike Li+, C4+, N5+, O6+, and Ne8+ under the
n = 2 threshold have been calculated. For helium, a good
agreement has been found between our q values and the
experimental and theoretical values. For Li+, our result for
q is close to the experimental work, but greater than the
other theoretical values as for C4+. The analysis shows that
it will be necessary to determine these parameters for all the
Rydberg series under the n = 2 threshold and also for states
lying under the upper thresholds when several channels are
open for a better understanding of their behaviour. More
experimental values are requested for a better understanding
of these discrepancies. For the nonresonant Cross-Sections
and correlation parameter, quite good agreement was found
between present results and those previously obtained with
the use of highly accurate calculations.
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