
The equilibrium conditions are

•
E/E = r − ρ, (1)

vjk =
πjk

r + ιoj + ιrj −
( •
vjk/vjk

) , jk ∈ Jn, (2)

πs = ps − wsas (1 − ss) , (3)

πj =
E

λws

(λws − ws) , j ∈ Jn, (4)

vi ≤ wnao (1 − sn) + ps, with equality for ιi > 0, i = or, oo, (5)

vs ≤ ps − wsas (1 − ss)

r
, (6)

∑
i∈Jn

ni = 1, (7)

njk (ιrj + ιoj) = ιjk (nkr + nko) , for j = r, o and k = r, o, (8)

Ls = as
∑

k=r,o,s
ιoknok +

E

λws

, (9)

Ln = an
∑

k=r,o,s
ιrknrk + ao

∑
k=r,o,s

ιoknok, (10)

xj ≡ xjr = xjo = xjs for x = ι, v, π and j = r, o, and (11)

vs = wsas (1 − ss) . (12)

First of all, plugging in the 6 conditions:

First of all, plugging in the following 6 conditions:

1.
•
vi/vi =

•
E/E = r − ρ = 0, i ∈ Jn,



2. xj ≡ xjr = xjo = xjs for x = ι, v, π and j = r, o,

3. πi = E
λws

(λws − ws) = E
(
1 − 1

λ

)
, i ∈ Jn,

4. no ≡ nor + noo + nos,

5. nr ≡ nrr + nro + nrs,

6. ps = (1 + ρ) wsas (1 − ss) ,

into equations (1) to (12) , we get the following equilibrium conditions:

wnan =
Ee

ιo + ιr + ρ
, (13)

wnao (1 − sn) + (1 + ρ) wsas (1 − ss) =
Ee

ιo + ιr + ρ
, (14)

njk (ιr + ιo) = ιknk, j = r, and k = r, o, (15)

Ls = asιono +
E

λws

and (16)

Ln = anιrnr + aoιono. (17)

Equations (13) to (14) give
Ee

wn

= an (ιo + ιr + ρ) ,

ws

wn

=
an − ao (1 − sn)

(1 + ρ) as (1 − ss)
and

Ee

ws

=
(1 + ρ) as (1 − ss) an

an − ao (1 − sn)
(ιo + ιr + ρ) .

Equation (15) give

njk = (ιr + ιo)
−1 ιjnk, j = r, and k = r, o,

which and
∑

i∈Jn

ni = 1, we get

ιonr = ιrno, nr =
ιr

ιr + ιo
and no =

ιo
ιr + ιo

.

Thus, we can solve all measures of firms,

njk =
ιjιj

(ιr + ιo)
2 , j = r, and k = r, o.
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Therefore, the equilibrium conditions reduce to

Ls = asιono +
φ

λe
(ιo + ιr + ρ) , (18)

Ln = anιrnr + aoιono, (19)

nr =
ιr

ιr + ιo
and no =

ιo
ιr + ιo

, (20)

where φ = (1+ρ)as(1−ss)an

an−ao(1−sn)
. Define η as the aggregate rate of innovation,

η ≡ ιono + ιrnr. (21)

Then we get equations

asιono +
φ

λe

(
ιo
no

+ ρ
)
− Ls = 0,

anη + ιono (ao − an) − Ln = 0 and

η − 2ιono + 2ιo − ιo
no

= 0.

Total differentiation of the equations evaluating at sn = ss = 0 yields

A

⎡
⎢⎢⎢⎢⎣

dη

dιo

dno

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

0 asno + φ
λe

1
no

asιo − φ
λe

ιo
no

1
no

an no (ao − an) ιo (ao − an)

1 −2no + 2 − 1
no

−2ιo + ιo
no

1
no

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

dη

dιo

dno

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

−
(
ιono +

φ( ιo
no

+ρ)
asλe

)
das +

φ( ιo
no

+ρ)
λe

dss +
aoφ( ιo

no
+ρ)

λe(an−ao)
dsn + dLs

dLn

0

⎤
⎥⎥⎥⎥⎥⎦

,

and

|A| =
ιo
no

∣∣∣∣∣∣∣∣∣∣

0 asno + φ
λe

1
no

asno − φ
λe

1
no

an no (ao − an) no (ao − an)

1 −2no + 2 − 1
no

−2no + 1
no

∣∣∣∣∣∣∣∣∣∣
=

−2ιo
no

∣∣∣∣∣∣∣∣∣∣

0 asno + φ
λe

1
no

φ
λe

1
no

an no (ao − an) 0

1 −2no + 2 − 1
no

1 − 1
no

∣∣∣∣∣∣∣∣∣∣

=
2anιo
no

∣∣∣∣∣∣∣
asno + φ

λe
1
no

φ
λe

1
no

−2no + 2 − 1
no

1 − 1
no

∣∣∣∣∣∣∣
+

−2ιo
no

∣∣∣∣∣∣∣
asno + φ

λe
1
no

φ
λe

1
no

no (ao − an) 0

∣∣∣∣∣∣∣

=
2anιo
no

[
as (no − 1) +

(
1 − 1

no

+
ao

an

)
φ

λe

]
.
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Let X ≡ no − 1 +
(
1 − 1

no
+ ao

an

)
φ

λeas
. If no = 1 we get X = (1+ρ)ao

(λ−1)(an−ao)
> 0. Thus,

for some n∗
o < 1 we have X > 0. If no → 0 we get X → −∞. Thus, for some n∗

o > 1 we

have X < 0. Because that

dX

dno

= 1 +
1

n2
o

(1 + ρ) an

(λ − 1) (an − ao)
> 0,

there is a 0 < n∗
o < 1 such that if no = n∗

o we get X = 0. Thus, if no > n∗
o then |A| > 0

and if no < n∗
o then |A| < 0.

Given X = 0 or

n2
o +

[
(1 + ρ) (an + ao)

(λ − 1) (an − ao)
− 1

]
no − (1 + ρ) an

(λ − 1) (an − ao)
= 0, (22)

if we assume that (1+ρ)(an+ao)
(λ−1)(an−ao)

> 1 then there are one positive root and one negative root

for no, and in terms of absolute values the positive root is smaller than the negative one.

Thus, we have

n∗
o ≡

−
[

(1+ρ)(an+ao)
(λ−1)(an−ao)

− 1
]
+

√[
(1+ρ)(an+ao)
(λ−1)(an−ao)

− 1
]2

+ 4 (1+ρ)an

(λ−1)(an−ao)

2
> 0;

if we assume that (1+ρ)(an+ao)
(λ−1)(an−ao)

< 1 then there are one positive root and one negative root

for no, and in terms of absolute values the positive root is larger than the negative root.

Thus, we have

n∗
o ≡

−
[

(1+ρ)(an+ao)
(λ−1)(an−ao)

− 1
]
+

√[
(1+ρ)(an+ao)
(λ−1)(an−ao)

− 1
]2

+ 4 (1+ρ)an

(λ−1)(an−ao)

2
> 0.

If n∗
o = 0, the LHS of (22) is less than zero; if n∗

o = 1, the LHS of (22) is equal to ao.

Thus, we get n∗
o ∈ (0, 1) .

We derive some comparative statics as follows:

∂η

∂Ls

=
1

|A|

∣∣∣∣∣∣∣∣∣∣

1 asno + φ
λe

1
no

asιo − φ
λe

ιo
no

1
no

0 no (ao − an) ιo (ao − an)

0 −2no + 2 − 1
no

−2ιo + ιo
no

1
no

∣∣∣∣∣∣∣∣∣∣
= − 2

|A|
ιo
no

[(
1 − 1

no

)
no (ao − an)

]
,

∂η

∂Ln

=
1

|A|

∣∣∣∣∣∣∣∣∣∣

0 asno + φ
λe

1
no

asιo − φ
λe

ιo
no

1
no

1 no (ao − an) ιo (ao − an)

0 −2no + 2 − 1
no

−2ιo + ιo
no

1
no

∣∣∣∣∣∣∣∣∣∣
= − 2

|A|
ιo
no

[
as (1 − no) +

φ

λe

(
1

no

− 2
)]

,
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∂ιo
∂Ls

=
1

|A|

∣∣∣∣∣∣∣∣∣∣

0 1 asιo − φ
λe

ιo
no

1
no

an 0 ιo (ao − an)

1 0 −2ιo + ιo
no

1
no

∣∣∣∣∣∣∣∣∣∣
=

−1

|A|
ιo
no

[
an

no

− (an + ao) no

]
,

∂ιo
∂Ln

=
1

|A|

∣∣∣∣∣∣∣∣∣∣

0 0 asιo − φ
λe

ιo
no

1
no

an 1 ιo (ao − an)

1 0 −2ιo + ιo
no

1
no

∣∣∣∣∣∣∣∣∣∣
=

1

|A|
ιo
no

(
φ

λe

1

no

− asno

)
,

∂no

∂Ls

=
1

|A|

∣∣∣∣∣∣∣∣∣∣

0 asno + φ
λe

1
no

1

an no (ao − an) 0

1 −2no + 2 − 1
no

0

∣∣∣∣∣∣∣∣∣∣
=

1

|A|
[
−no (an + ao) + an

(
2 − 1

no

)]
and

∂no

∂Ln

=
1

|A|

∣∣∣∣∣∣∣∣∣∣

0 asno + φ
λe

1
no

0

an no (ao − an) 1

1 −2no + 2 − 1
no

0

∣∣∣∣∣∣∣∣∣∣
=

1

|A|
(
asno +

φ

λe

1

no

)
.
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