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This paper presents the application of an improved Yasutomi correlation for lubricant viscosity at high pressure in a Newtonian
elastohydrodynamic line contact simulation. According to recent experimental studies using high pressure viscometers, the Yasu-
tomi pressure-viscosity relationship derived from the free-volumemodel closely represents the real lubricant piezoviscous behavior
for the high pressure typically encountered in elastohydrodynamic applications. However, the original Yasutomi correlation suffers
from the appearance of a zero in the function describing the pressure dependence of the relative free volume thermal expansivity.
In order to overcome this drawback, a new formulation of the Yasutomi relation was recently developed by Bair et al. This new
function removes these concerns and provides improved precision without the need for an equation of state. Numerical simulations
have been performed using the improved Yasutomi model to predict the lubricant pressure-viscosity, the pressure distribution, and
the film thickness behavior in a Newtonian EHL simulation of a squalane-lubricated line contact. This work also shows that this
model yields a higher viscosity at the low-pressure area, which results in a larger central film thickness compared with the previous
piezoviscous relations.

1. Introduction

Elastohydrodynamic lubrication (EHL) is the lubrication of
contacts betweennonconformal surfaces, that is, surfaces that
do not fit each other well. EHL is found in most common
machine elements such as rolling element bearings, gears, and
cam mechanisms. It is characterized by concentrated forces,
high contact pressures (1–3GPa), thin lubricant films (1–
2000 nm), and short durations. Due to the high pressure and
the limited contact area, elastic deformation of the surfaces
will occur and it is not negligible, and the pressure depend-
ence of viscosity plays a crucial role in EHL simulation
because the viscosity at the inlet has crucial influence on film
formation [1–4].

An understanding of these films, in turn, makes it possi-
ble to predict the risk for fatigue and failure due to adhesive
wear, which inevitably results in unwelcome disruptions due
to machine breakdown and costly repairs. Viscosity and the
viscosity-pressure-temperature relationship greatly influence
film formation in EHL contacts and in the light of the

above facts, when conducting an EHL simulation, the real
pressure-viscosity behaviour of the lubricants should not
be overlooked. However, it is very difficult to measure the
viscosity of lubricants under EHL conditions (i.e., under high
pressure and high shear strain), and it is thus also difficult to
find accurate rheological models for use in EHL analyses.The
exponential [5] and Roelands [6] equations are widely used
to describe this relationship in EHL simulations. As pointed
out frequently by Roelands [6], his model always understates
the pressure dependence at sufficiently high pressures. This
effect is more pronounced for fragile liquids than for strong
liquids. The Roelands model underestimates the viscosity
at both low and high pressures [4]. For this reason the
most significant step in EHL simulations is to include the
realistic pressure-viscosity response of the lubricant used in
corresponding experiments. Furthermore, the real pressure-
viscosity responses of most lubricants are often nonlinear
[7] and it is usually difficult to predict the nonlinearity
accurately by the exponential equation, and the value is
likely to be underestimated by the Roelands equation [8].
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In the light of the above facts, Doolittle [9] developed the
first free-volume model based on a physical meaning, that
the resistance to flow in a liquid depends upon the relative
volume of molecules present per unit of free-volume. The
advantage of the free volume approach is that all of the
known pressure-viscosity and temperature-viscosity trends
are reproduced. A new approach for the correlation of the
free-volume viscosity model with temperature and pressure
has recently been advanced [10]. The Williams-Landel-Ferry
(WLF) equation [11] can be derived from the Doolittle free-
volume equation using the glass transition temperature,𝑇𝑔, at
which the thermal expansion coefficient undergoes a change
of value as a reference state andYasutomi et al. [12] introduced
pressure as an additional independent variable; in this way,
the correlation between pressure and viscosity started to
closely match with the measured viscosity values [13–15].
The Yasutomi pressure-viscosity correlation is attractive for
elastohydrodynamic lubrication analysis because it does not
require an equation of state for the liquid. Accordingly, in this
work the effects of this new recently developed relationship
[16] that provides improved precision and a better represen-
tation of the viscosity influence on the typical EHL output
results such as the pressure distribution and film thickness
behavior have been investigated.

2. Theoretical Model

The EHL lubrication theory is based mainly on three equa-
tions: the Reynolds equation [17], the film thickness equa-
tion, and the load balance equation. The Reynolds equation
describes the relation between the pressure in the lubricant
film as a function of the geometry of the gap and the velocities
of the running surfaces. The film thickness equation presents
the elastic deformation of the surfaces caused by the pressure
and it describes the deformed geometry of the gap. At last, the
force balance equation states that the integral of the pressure
in the film should balance the applied load.

According to isothermal EHL theory, the dimensionless
Reynolds equation (more details in [18, 19]) for the case of
smooth surfaces and 1D contact is as follows:
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where 𝑢𝑚 = (𝑢1 + 𝑢2)/2 and 𝑢1 and 𝑢2 are the surface veloc-
ities. In this analysis no slip condition has been supposed
so that the surface velocities are identical to the lubricant
velocities. The boundary conditions are 𝑃(𝑋𝑎) = 𝑃(𝑋𝑏) = 0,
for all𝑋where𝑋𝑎,𝑋𝑏, denote the boundaries of the domain.
Furthermore, the cavitation condition 𝑃(𝑋) ≥ 0, for all 𝑋,
must be satisfied throughout the domain.

The Reynolds equation can be used to solve the pressure
in the gap when its geometry is known. In order to determine
the shape of the film gap, a relation describing the elastic
deformation of the surface by the pressure is required. The
film thickness equation, describing the distance between the
two contacting surfaces, consists of two components, the gap
between the undeformed surfaces and the elastic deformation
of the surfaces. The dimensionless film thickness is given by:
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An equation is also needed tomake sure that the load and the
pressure in the contact are in equilibrium. This equation is
usually called the force balance equation. Hence, the integral
over the pressure in the film will give the applied load. In the
dimensionless form and for 1D problem, it reads

∫

𝑋𝑏

𝑋𝑎

𝑃 (𝑋) 𝑑𝑋 =
𝜋

2
. (4)

The use of effective pressure-viscosity behavior to yield an
accurate Newtonian prediction of film thickness will, of
course, understate the piezoviscous effect. The risk of using
effective Newtonian pressure-viscosity behavior is that, when
extrapolating to obtain shear-thinned film thickness under
differing conditions, the effects of velocity and scale will be
incorrectly assessed. Further, when attempting to calculate
friction using understated piezoviscosity, the shear depen-
dence or temperature dependence of viscositymust be adjust-
ed to compensate for incorrect values of the low-shear viscos-
ity.

The majority of available studies on EHL contacts often
use one of the two well-known pressure-viscosity equations,
that is, the Barus equation [5] and Roelands relation [6]. The
exponential or Barus model is widely used in the literature
as it is a simple equation and thus easy to apply in analytical
derivations. However, this equation is valid only for rather
low pressures since for high pressures the predicted viscosi-
ties are far too high. For this reason, in EHL scientific works,
the Roelands relation (5) is often used also for high pressures:

𝜇 = exp ⌊(ln 𝜇0 + 9.67) (−1 + (1 + 5.1 ⋅ 10
−9
𝑝ℎ𝑃)
𝑧

)⌋ . (5)

But neither of these two relations successfully models the
piezoviscous behavior of the lubricant at typical EHL pres-
sures. For these reasons the free-volume model has been
introduced. Doolittle [9] developed the first free-volume
model based on a physicalmeaning, that the resistance to flow
in a liquid depends upon the relative volume of molecules
present per unit of free volume.

At the same time, while an equation of state is required
for a compressible solution to the EHL problem, this is not
always available even when viscosities are. A correlation
which does not require the equation of state was derived from
the Doolittle free-volume theory by Yasutomi and coworkers
[12] and it is a pressure modified version of the Williams-
Landel-Ferry equation. For a complete derivation see Bair
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[20, 21].The pressure effects on viscosity are given in terms of
the pressure dependence of the glass transition temperature,
𝑇𝑔, and of thermal expansivity of free volume, 𝛼𝑓. In this way
the viscosity-pressure relationship is represented by

𝜇 = 𝜇𝑔 exp(
−2.303𝐶1 (𝑇 − 𝑇𝑔) 𝐹

𝐶2 + (𝑇 − 𝑇𝑔) 𝐹

) ; (6)

𝑇𝑔(𝑝) is the glass transition temperature which varies with
pressure as follows:

𝑇𝑔 = 𝑇𝑔0 + 𝐴1 ln [1 + 𝐴2𝑝 (𝑥)] . (7)

The dimensionless relative thermal expansivity of the free
volume,𝐹(𝑝), is given by an empirical expression fromBreuer
and Rehage [22] for the total thermal expansivity of the
liquid, assuming that the temperature dependences of the free
volume and total volume change with pressure in the same
way:

𝐹 = 1 − 𝐵1 ln [1 + 𝐵2𝑝 (𝑥)] . (8)

At the same time, the original Yasutomi correlation suffers
from the appearance of a zero in the function describing
the pressure dependence of the relative free volume ther-
mal expansivity. For this reason in this work an improved
Yasutomi correlation for viscosity at high pressure showed
in Bair et al. [16] was used in order to model the pressure-
viscosity lubricant relation. The obvious requirements for
𝐹

(𝑝) are that it should approximate𝐹(𝑝) at lowpressures and

remain greater than zero for all reasonable positive pressures.
A function with these properties is as follows:

𝐹

= [1 + 𝑏1𝑝 (𝑥)]

𝑏
2

. (9)

The parameters in the above relations have been presented in
Bair et al. [16] for a squalane, a liquid with a large inflection
pressure. Squalane has been often used as a reference liquid
for investigation in quantitative EHL [21, 23]. Finally, in order
to take into account the compressibility of the oil, the Tait
equation of state [20] was used:
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TheTait parameters at 75∘C regressed from themeasured data
presented in the literature [14, 23] are as follows: 𝐾

0
= 12.83,

𝐾0 = 1.4252GPa. Figure 1 illustrates the comparison between
the values predicted from the Yasutomi free-volume model
and measured from viscometer showing a good agreement.
Furthermore, a better agreement with the measured data
of the Yasutomi results compared to the Roelands law is
observed [4, 24]. Since the Roelands model was not intended
to be accurate at high pressures [10], comparisons at EHL
pressures are not really sensible. However, because Roelands
is the most used model in EHL, some comparison of the
Yasutomi free volume prediction and the Roelands extrapo-
lation is in order. Bair [25] applied the free-volume approach
to the same liquid used by Roelands to parameterize his
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Figure 1: Comparison between the improved Yasutomi free-volume
model and experimental data for a squalane at 𝑇 = 25∘C.

model. The two models predict the same viscosities up to
0.15 GPa, as expected, while Roelands underestimates the
viscosity at high pressures. For most lubricants, however,
the new scaling function should provide a very accurate
prediction of the temperature and pressure dependence of the
low-shear viscosity while requiring no more parameters than
free volume. Based on the high pressure viscometer results,
the use of free-volume viscosity model for EHL is confirmed
and recommended [26].

3. Numerical Results

In this section the numerical results of the EHL 1D sim-
ulations are presented. Dimensionless pressure profiles and
film shapes variations in function of dimensionless load and
sliding speed parameters are depicted in a domain −1.5 <

𝑋 < 1.5. The maximum Hertzian contact pressure, for
the simulated operating conditions, 𝑝ℎ, is 1.25GPa. The
model, using the Yasutomi pressure-viscosity relationship,
predicts that a sharp pressure spike occurs on the outlet
side of the contact accompanied by a constriction in oil-film
thickness. In Figures 2 and 3 the pressure distribution and
film thickness profile obtained from different static load and
different relative surfaces speed, using the above presented
improved Yasutomi correlation, are shown. Increasing speed
(Figures 2(a) and 2(b)) the pressure peak due to the elastic
deformation becomes higher and moves toward the inlet
zone, while increasing the applied load (Figures 3(a) and
3(b)) the pressure peak becomes sharper and moves toward
the outlet zone [27]. The spike is narrower for high loads,
because the contact width increases. On the other side, for the
film thickness behavior, increasing the dimensionless sliding
speed, the height of the wedge increases, while for an increase
in applied load a reduction of the film thickness is observed
(Figures 2 and 3).

Comparing the obtained results, in terms of pressure dis-
tribution and film thickness, using the Yasutomi correlation
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Figure 2: (a) Film thickness profile and pressure distribution comparison and (b) zoom of the outlet zone obtained using the improved
Yasutomi correlation with different values for the dimensionless speed parameter: 𝑈 = 2.5 × 10

−12 (solid line); 𝑈 = 1.0 × 10
−11 (dot line),

𝑈 = 4 × 10
−11 (dashed line).
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Figure 3: (a) Film thickness profile and pressure distribution comparison and (b) zoom of the outlet zone obtained using the improved
Yasutomi correlation with different values for the dimensionless load parameter: 𝑊 = 6.0 × 10

−5 (solid line); 𝑊 = 8.0 × 10
−5 (dot line),

𝑊 = 1.0 × 10
−4 (dashed line).

models and thewell-knownRoelandsmodel for the viscosity-
pressure relationship (Figure 4(a)), it could be observed that
the pressure spike amplitude is significantly higher, about
20%, using the model based on the free-volume theory than
those obtained with the Roelands relationship in the same
operating conditions (see Figure 4(b)).

It is also found that the real pressure-viscosity behavior
predicted by the Yasutomi model yields a different viscosity
not only at high pressure area (over 1.0GPa), but also at

the low-pressure area (Figures 4(c) and 4(d)), which results
in a larger central film thickness about 45% compared with
those obtained with the Roelands piezoviscous model. The
remarkable difference as regards the pressure magnitude
inside the contact area could also influence the subsurface
stresses; for this reason, the risk of failure for surface fatigue
can be estimated more accurately.

Moreover, an important parameter of comparison with
regard to the EHL lubrication is the central and theminimum
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Figure 4: (a) Film thickness profile and pressure distribution comparison, (b) zoom of the pressure spike, (c) zoom of the outlet zone and
(d) zoom of the inlet zone for the different piezoviscous analyzed models. New Yasutomi correlation (solid line), the previous Yasutomi
correlation (dot line), andRoelandsmodel (dashed line).Theused dimensionless parameters for the comparison are as follows:𝑊 = 5.0×10

−5,
𝑈 = 1.0 × 10

−11.

value of the film thickness [28, 29]. The minimum height of
the film decreases increasing the dimensionless load, while
increases increasing the dimensionless speed, for both the
piezoviscous models. By comparing the numerical results
obtained using the proposed viscosity models in this work,
it could be observed that the use of Roelands model tends to
underestimate the height of the minimum and central film
thickness in each considered operating conditions [29].

4. Conclusion

In this paper the pressure and film thickness variations in
an EHL line contact problem using a more realistic and

improved Yasutomi pressure-viscosity relationship for the
lubricant have been studied. The Tait EOS is used to model
the lubricant compressibility.

The results highlight some remarkable features as follows.
(i) Good agreement is observed in the comparison

between the values predicted by the Yasutomi free-
volume model and those measured from viscometer
reported in the literature.

(ii) The improved function gives amore faithful represen-
tation of viscosity at even low pressures.

(iii) The Roelands model always underestimates the low-
pressure viscosity and results in a smaller film
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thickness.The fact that film thickness is formedmain-
ly by the entraining action at the inlet area signif-
icantly weighs the importance of viscosity variation
from different models in this area.

(iv) The resultant film thickness, obtained in the simula-
tions performed with the Yasutomi correlation, was
found to be in good agreement with the experimental
measurements taken using the colorimetric interfer-
ometry technique in previous scientific works. This
comparison validates the EHL computational model,
experimental approaches, and, especially the realistic
values of the free-volume pressure-viscosity model.

(v) The inlet area is a low-pressure area and accordingly
the real viscosity of the lubricant predicted by Yasu-
tomi model undergoes a rapid increase in a convex
function, apparently being larger than the Roelands
model. This finding can help to explain the inconsis-
tency between experiment data and simulation results
encountered in the past, where the computed film
thickness was always smaller than the corresponding
experimental value.

Nomenclature

𝑏: Half width of hertzian contact zone
𝑏 = 4𝑅√𝑊/2𝜋 (m)

𝐸
: Modulus of elasticity (Pa)

𝐸
: Reduced modulus of elasticity (Pa)

ℎ: Film thickness (m)
𝐻: Dimensionless film thickness𝐻 = ℎ/𝑅𝑥

𝑝: Pressure (Pa)
𝑝ℎ: Maximum hertzian pressure 𝑝ℎ = 𝐸


𝑏/4𝑅

(Pa)
𝑃: Dimensionless pressure 𝑃 = 𝑝/𝑝ℎ

𝑅: Reduced radius of curvature (m)
𝑢𝑚: Mean velocity 𝑢𝑚 = (𝑢1+𝑢2)/2 (m/s)
𝑤: Applied load per unit length (N/m)
𝑥: Coordinate in the 𝑥 direction (m)
𝑋: Dimensionless coordinate in the 𝑥

direction𝑋 = 𝑥/𝑏

𝜇0: Inlet viscosity of the lubricant (Pa⋅s)
𝜇: Lubricant viscosity at the local pressure

(Pa⋅s)
𝜇𝑔: Viscosity at the glass transition (Pa⋅s)
𝜌0: Inlet mass density of the lubricant (kg/m3)
𝜌: Lubricant mass density at the local

pressure (kg/m3)
𝑋: Dimensionless coordinate in 𝑥 direction

𝑋 = 𝑥/𝑏

𝑍: Roelands parameter
𝜇: Dimensionless viscosity 𝜇 = 𝜇/𝜇0

𝜌: Dimensionless mass density 𝜌 = 𝜌/𝜌0

𝑈: Dimensionless speed parameter
𝑈 = (𝜇0𝑢𝑚)/(𝐸


𝑅)

𝑊: Dimensionless load parameter
𝑊 = 𝑤/𝐸


𝑅

𝐹: Relative thermal expansivity of the free
volume [—]

𝑇: Temperature [K]
𝑇𝑔: Glass temperature [K]
𝑉occ: Occupied volume
𝑉: Volume
𝑉𝑜: Volume for 𝑝 = 0

𝐾0: Isotherm bulk modulus at 𝑝 = 0 (Pa)
𝐾


0
: Pressure rate of change of isothermal bulk

modulus at 𝑝 = 0.
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