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Abstract. 
The discovery that the number of physically consistent string vacua is on the order of 10500 has prompted several statistical studies of string phenomenology. Focusing on the Weakly Coupled Free Fermionic String formalism, we present systematic extensions of a variation on the NAHE (Nanopoulos, Antoniadis, Hagelin, Ellis) set of basis vectors. This variation is more conducive to the production of “mirrored” models, in which the observable and hidden sector gauge groups (and possibly matter content) are identical. This study is parallel to the extensions of the NAHE set itself and presents statistics related to similar model properties. Statistical coupling between specific gauge groups and spacetime supersymmetry is also examined. Finally, a model with completely mirrored gauge groups is discussed. It is found that the region of the landscape explored generates no physically realistic models due to a lack of three net chiral generations.


1. Introduction
The large number of string vacua [1, 2] has prompted both computational and analytical examinations of the landscape, for example, [3–11]. The Weakly Coupled Free Fermionic Heterotic String (WCFFHS) [12–15] approach to string model construction has produced some of the most phenomenologically realistic string models to date [16–57]. The present study focuses on the systematic extension of an NAHE Variation [50] thereby scanning a region the WCFFHS parameter space yet to be explored. The NAHE Variation is of particular interest because it is conducive to the generation of mirror models. Additionally, it was hoped that this regime would produce models with three net chiral generations which turns out not to be the case. Traditionally, the number of fermion families is linked to the topological structure of the compactification; however, in the language of the WCFFHS this connection is difficult to explore analytically because many such models do not have a well-defined geometric interpretation. This work parallels that presented in [58] regarding NAHE extension.
1.1. The NAHE Variation
 While there have been many quasirealistic models constructed from the NAHE basis, other bases can be used to create different classes of realistic and quasirealistic heterotic string models. Like the NAHE set, the NAHE variation is a collection of five order-2 basis vectors. However, the sets of matching boundary conditions are larger than those of the NAHE set. This allows for a new class of models with “mirrored" groups, that is, with gauge groups that occur in even factors. Some also have mirrored matter representations that do not interact with one another. This means that hidden sector content matches the observable sector, making the dark matter and observable matter gauge charges identical. Several scenarios with mirrored dark matter have been presented as viable phenomenological descriptions of the universe [59–62].
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Table 1: The basis vectors and GSO coefficients of the NAHE variation arranged into sets of matching boundary conditions. The worldsheet fermions 
	
		
			

				𝜓
			

		
	
, 
	
		
			

				𝑥
			

			

				𝑖
			

		
	
, 
	
		
			
				
			
			

				𝜓
			

			

				𝑖
			

		
	
, 
	
		
			
				
			
			

				𝜂
			

			

				𝑖
			

		
	
, and 
	
		
			
				
			
			

				𝜙
			

			

				𝑖
			

		
	
 are expressed in a complex basis, while 
	
		
			

				𝑦
			

			

				𝑖
			

		
	
, 
	
		
			

				𝑤
			

			

				𝑖
			

		
	
, 
	
		
			
				
			
			

				𝑦
			

			

				𝑖
			

		
	
, and 
	
		
			
				
			
			

				𝑤
			

			

				𝑖
			

		
	
 are expressed in a real basis.
	

	Sec 	
	
		
			

				𝑂
			

		
	
	
	
		
			

				𝜓
			

		
	
	
	
		
			

				𝑥
			

			
				1
				2
			

		
	
	
	
		
			

				𝑥
			

			
				3
				4
			

		
	
	
	
		
			

				𝑥
			

			
				5
				6
			

		
	
	
	
		
			
				
			
			

				𝜓
			

			
				1
				,
				…
				,
				5
			

		
	
	
	
		
			
				
			
			

				𝜂
			

			

				1
			

		
	
	
	
		
			
				
			
			

				𝜂
			

			

				2
			

		
	
	
	
		
			
				
			
			

				𝜂
			

			

				3
			

		
	
	
	
		
			
				
			
			

				𝜙
			

			
				1
				,
				…
				,
				8
			

		
	
	
	
		
			

				𝑦
			

			
				1
				2
			

			
				|
				|
			

			
				
			
			

				𝑦
			

			
				1
				2
			

		
	
	
	
		
			

				𝑦
			

			
				3
				4
			

			
				|
				|
			

			
				
			
			

				𝑦
			

			
				3
				4
			

		
	
	
	
		
			

				𝑦
			

			
				5
				6
			

			
				|
				|
			

			
				
			
			

				𝑦
			

			
				5
				6
			

		
	
	
	
		
			

				𝑤
			

			
				1
				,
				…
				,
				6
			

			
				|
				|
			

			
				
			
			

				𝑤
			

			
				1
				,
				…
				,
				6
			

		
	

	

	
	
		
			
				⃗
				𝟙
			

		
	
	2	1	1	1	1	
	
		
			
				1
				,
				…
				,
				1
			

		
	
	1	1	1	
	
		
			
				1
				,
				…
				,
				1
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				1
				,
				…
				,
				1
				|
				|
				1
				,
				…
				,
				1
			

		
	

	
	
		
			
				⃗
				𝑆
			

		
	
	2	1	1	1	1	
	
		
			
				0
				,
				…
				,
				0
			

		
	
	0	0	0	
	
		
			
				0
				,
				…
				,
				0
			

		
	
	
	
		
			
				0
				|
				|
				0
			

		
	
	
	
		
			
				0
				|
				|
				0
			

		
	
	
	
		
			
				0
				|
				|
				0
			

		
	
	
	
		
			
				0
				,
				…
				,
				0
				|
				|
				0
				,
				…
				,
				0
			

		
	

	
	
		
			
				⃗
				𝑏
			

			

				1
			

		
	
	2	1	1	0	0	
	
		
			
				1
				,
				…
				,
				1
			

		
	
	1	0	0	
	
		
			
				0
				,
				…
				,
				0
			

		
	
	
	
		
			
				0
				|
				|
				0
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				0
				,
				…
				,
				0
				|
				|
				0
				,
				…
				,
				0
			

		
	

	
	
		
			
				⃗
				𝑏
			

			

				2
			

		
	
	2	1	0	1	0	
	
		
			
				1
				,
				…
				,
				1
			

		
	
	0	1	0	
	
		
			
				0
				,
				…
				,
				0
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				0
				|
				|
				0
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				0
				,
				…
				,
				0
				|
				|
				0
				,
				…
				,
				0
			

		
	

	
	
		
			
				⃗
				𝑏
			

			

				3
			

		
	
	2	1	0	0	1	
	
		
			
				1
				,
				…
				,
				1
			

		
	
	0	0	1	
	
		
			
				0
				,
				…
				,
				0
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				1
				|
				|
				1
			

		
	
	
	
		
			
				0
				|
				|
				0
			

		
	
	
	
		
			
				0
				,
				…
				,
				0
				|
				|
				0
				,
				…
				,
				0
			

		
	

	

	
	
		
			

				𝑘
			

			
				𝑖
				𝑗
			

			
				=
				⎛
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎜
				⎝
			

			
				
			
			
				⃗
				𝟙
				⃗
				𝑆
				⃗
				𝑏
			

			

				1
			

			
				⃗
				𝑏
			

			

				2
			

			
				⃗
				𝑏
			

			

				3
			

			
				
			
			
				⃗
				𝟙
			

			
				
			
			
				⃗
				𝑆
				1
				0
				1
				1
				1
			

			
				
			
			
				⃗
				𝑏
				0
				0
				0
				0
				0
			

			

				1
			

			
				
			
			
				⃗
				𝑏
				1
				1
				1
				1
				1
			

			

				2
			

			
				
			
			
				⃗
				𝑏
				1
				1
				1
				1
				1
			

			

				3
			

			
				
			
			
				⎞
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎟
				⎠
				1
				1
				1
				1
				1
			

		
	

	



Table 2: The particle content for the NAHE variation model. The model also has five 
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The observable sector is generally regarded as being the 
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(a) Number of gauge group factors


	


	



	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
		
	


	
	
	
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	




	
		
			
		
		
			
			
		
		
			
		
	
	
		
			
		
		
			
			
		
		
			
		
	

(b) Number of spacetime SUSYs
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Figure 1: Statistics for the full NAHE variation extension data set.


Regarding the matter content, the number of ST SUSYs is plotted in Figure 1(b), and the number of non-Abelian singlets is plotted in Figure 1(d). It is clear from the latter that the number of non-Abelian singlets can get quite high. While most models have between 
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3. Layer 1, Order 3 Extensions
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The number of non-Abelian singlets is plotted in Figure 1(e). The distribution of non-Abelian singlets indicates that a large number of models do not have any non-Abelian singlets. It is possible that this is related to the number of models with no 
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4. Models with GUT Groups
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(e) Remaining GUTs-gauge group factors
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Figure 2: Gauge and 
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 statistics for various GUT models in the NAHE variation extensions data set.


In order to calculate the net number of chiral fermion generations, we utilize the following expressions:
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				i
				-
				S
				a
				l
				a
				m
				|
				𝑁
			

			
				(
				4
				,
				2
				,
				1
				)
			

			
				−
				𝑁
			

			

				(
			

			
				
			
			
				4
				,
				2
				,
				1
				)
			

			
				|
				L
				e
				f
				t
				-
				R
				i
				g
				h
				t
				S
				y
				m
				m
				e
				t
				r
				i
				c
				|
				𝑁
			

			
				(
				3
				,
				2
				,
				1
				)
			

			
				−
				𝑁
			

			

				(
			

			
				
			
			
				3
				,
				2
				,
				1
				)
			

			
				|
				M
				S
				S
				M
				|
				𝑁
			

			
				(
				3
				,
				2
				)
			

			
				−
				𝑁
			

			

				(
			

			
				
			
			
				3
				,
				2
				)
			

			
				|
				,
				|
				𝑁
			

			
				(
				3
				,
				1
				)
			

			
				−
				𝑁
			

			

				(
			

			
				
			
			
				3
				,
				1
				)
			

			
				|
				.
			

		
	


				Upon analysis, it is found that the 
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
 extensions yield 
	
		
			

				𝐸
			

			

				6
			

		
	
 and 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
 observable sectors with net chiral generations while no models with 
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
, 
	
		
			
				𝑆
				𝑂
				(
				6
				)
				⊗
				𝑆
				𝑂
				(
				4
				)
			

		
	
, 
	
		
			
				𝑆
				𝑈
				(
				3
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
			

		
	
, nor 
	
		
			
				𝑆
				𝑈
				(
				3
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
 have this property. This is a consequence of the fact that the latter groups only arise from 
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 extensions which are not conducive to production of net chiral generations. The distribution of net chiral generations, as well as charged exotic matter, by gauge group is provided in Figures 6 and 7. The distributions of number of non-Abelian singlets, by gauge group, can be found in Figures 8 and 9.
In addition to matter content, the hidden sector gauge content is tabulated for each of the aforementioned gauge groups: Tables 6, 7, and 8. We can see from Table 4 that the NAHE variation extensions favor 
	
		
			

				𝐸
			

			

				6
			

		
	
 and 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
 over the other groups. This is easily understood as 
	
		
			

				𝐸
			

			

				6
			

		
	
 is already present and the breaking 
	
		
			

				𝐸
			

			

				6
			

		
	
 to 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
 is rather straight forward. However, in order to produce the low-rank 
	
		
			
				𝑆
				𝑈
				(
				𝑛
				+
				1
				)
			

		
	
 groups, either the 
	
		
			
				𝑈
				(
				1
				)
			

		
	
s must be enhanced or there must be significant breaking of either the 
	
		
			

				𝐸
			

			

				6
			

		
	
 or 
	
		
			
				𝑆
				𝑂
				(
				2
				2
				)
			

		
	
. However, neither of these readily occur with a single layer or at low order.
4.1. ST SUSYs
The distributions of ST SUSYs for the entire data set can be found in Figure 1(b) with a breakdown by gauge group in Figure 3.
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(b) 
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-number of ST SUSYs


	


	



	
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
	
	
	
	
	
	
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
	


	
		
		
		
		
	






	
		
			
		
		
			
		
		
			
			
			
		
		
			
		
		
			
		
		
			
			
			
		
	

(c) Number of ST SUSYs
Figure 3: ST SUSY statistics for various GUT models. Note that only the 
	
		
			

				𝐸
			

			

				6
			

		
	
 and 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
 occur from 
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
 extensions.


The 
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
 models all have the same distributions regardless of which GUT is chosen. In these models, the gauge content does not statistically couple with the ST SUSY. For the 
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 models, however, some of the GUT groups do appear to have such a coupling. In particular, the occurrence of 
	
		
			

				𝐸
			

			

				6
			

		
	
 models 
	
		
			
				𝑁
				=
				2
			

		
	
 ST SUSY is disproportionately high while 
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
, Left-Right Symmetric, and MSSM models with 
	
		
			
				𝑁
				=
				1
			

		
	
 ST SUSY have a reduced occurrence. As all of the models containing these GUTs have at least a single 
	
		
			
				𝑈
				(
				1
				)
			

		
	
, there could be a correlation between the number of 
	
		
			
				𝑈
				(
				1
				)
			

		
	
s and the number of ST SUSYs. Further investigations of these findings show several statistical couplings for higher ST SUSY models containing certain gauge group factors. The methodology used to analyze these couplings was detailed in [58]. The observed significances are plotted in Figures 4 and 5 for the 
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
 and 
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 NAHE variation extensions, respectively.


	
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
		
		
		
		
		
		
		
			
				
					
					
						
					
					
						
					
					
						
					
					
						
					
					
						
				
			
		
	


	
		
			
		
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
	
	
		
			
			
			
			
		
	
	
		
			
		
	
	
		
			
		
	
	
		
			
		
	


	
		
			
		
		
			
			
		
		
			
		
	

Figure 4: The significance values for models in the NAHE variation 
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
 extensions with regard to ST SUSY. Any (absolute) significance values greater than three indicate a strong statistical significance.




	
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
			
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
		
	


	
		
	
	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	








	
		
	


	
		
	


	
		
	


	
		
			
		
		
			
			
		
		
			
		
	

Figure 5: The significance values for models in the NAHE variation 
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 extensions. Any (absolute) significance values greater than three indicate a strong statistical significance.
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(b) 
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-chiral matter generations






	


	



	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
	
	
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
			
		
		
			
			
		
		
			
		
	
	
		
			
		
		
			
			
		
		
			
		
	

(c) 
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-charged exotics


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	


	



	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
	
	
	






	
		
			
		
		
			
			
		
		
			
		
	
	
		
			
		
		
			
			
		
		
			
		
	

(d) 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
-charged exotics
Figure 6: The number of chiral matter generations and charged exotics for 
	
		
			

				𝐸
			

			

				6
			

		
	
 and 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
 models in the NAHE variation extensions.




	


	



	


	
	


	
	


	
	


	


	
	


	
	


	
	


	
	


	
	


	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

(a) 
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	



	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	


	



	


	
	


	
	


	
	


	
	


	
	
	


	
	
	


	
	
	


	


	
	


	
	


	
	


	
	

(b) Pati-Salam


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	


	



	


	
	


	
	


	
	


	


	
	


	
	


	
	


	
	

(c) Left-Right Symmetric


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	


	



	


	
	


	
	


	
	


	


	


	
	


	
	


	
	


	
	


	
	

(d) MSSM
Figure 7: The number of charged exotics for 
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
, Pati-Salam, Left-Right Symmetric, and MSSM-like models in the NAHE variation extensions.




	


	



	


	
	


	
	
	


	
	
	


	


	


	
	


	
	


	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

(a) 
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-number of NA singlets (
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(b) 
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-number of NA singlets (
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				3
			

		
	
)


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	


	



	


	
	


	
	
	


	
	
	


	
	
	


	
	
	


	


	


	
	


	
	


	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

(c) 
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				(
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-number of NA singlets (
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(d) 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
-number of NA singlets (
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
)
Figure 8: NA singlet statistics for the 
	
		
			

				𝐸
			

			

				6
			

		
	
 and 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
 models in the NAHE variation extenstions data set.
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(b) Pati-Salam


	
		
		
		
		
		
		
		
		
		
		
	


	


	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
	


	
		
		
	


	
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


(c) Left-Right Symmetric


	


	


	
	


	
		
		
		
		
		
		
		
		
		
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
	


	
		
		
	


	
		
		
	


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


(d) MSSM
Figure 9: NA singlet statistics for the 
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
, Pati-Salam, Left-Right Symmetric, and MSSM-like models. Note that these only arise as 
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 extensions.


While there are no significant gauge groups in the 
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
 extensions, several groups are significant with regard to enhanced ST SUSYs in the NAHE 
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 extensions. In particular, the three exceptional groups, as well as 
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
, 
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
, 
	
		
			
				𝑆
				𝑈
				(
				1
				3
				)
			

		
	
, 
	
		
			
				𝑆
				𝑈
				(
				1
				4
				)
			

		
	
, and 
	
		
			
				𝑆
				𝑂
				(
				3
				6
				)
			

		
	
, all have a significant statistical correlation with the average number of ST SUSYs. This is likely due to the additional basis vector adding a gravitino generating sector, which is common with odd-order extensions, and additional roots for the gauge groups. Further analysis will be needed to confirm the cause of this significance. It is also worth noting that one group, 
	
		
			
				𝑆
				𝑈
				(
				5
				)
			

		
	
, has a negative impact on ST SUSYs. If this trend occurs for more odd-ordered extensions of the NAHE variation, it may affect the viability of realistic flipped-
	
		
			
				𝑆
				𝑈
				(
				5
				)
			

		
	
 models derived from this variation.
5. Models with Mirroring
 The larger sets of matching boundary conditions, seen in Table 1, are expected to lead to models with mirrored gauge groups and matter states. Only one model, generated by Table 9(a), in those discussed thus far exhibits full-gauge mirroring. However, the matter states are not mirrored. The particle content of that model is presented in Table 9(b).
The gauge groups are completely mirrored, and the matter representations are almost mirrored between one another. There is a state charged as a 16 under both 
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
 groups and one charged as a 128 under one of the 
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
 groups, but not the other. Thus, the matter is not mirrored. The potential for mirroring is clear from the basis vectors: 
	
		
			
				
			
			

				𝜓
			

			
				1
				,
				…
				,
				5
			

		
	
 and 
	
		
			
				
			
			

				𝜂
			

			
				1
				,
				2
				,
				3
			

		
	
 are mirrored with 
	
		
			
				
			
			

				𝜙
			

			
				1
				,
				…
				,
				8
			

		
	
. There are also many models in which the observable and some of the hidden matter are mirrored, but include a shadow sector gauge group for which matter representations are not coupled.
These have been presented and discussed in [50].
6. Conclusions
 Though there were many models containing GUTs in the data sets explored in this study, a vast majority of them do not contain any net chiral fermion generations. No three-generation models were found. These conclusions are summarized in Table 3.
Table 3: A summary of the GUT group study with regard to the number of chiral fermion generations in the NAHE variation investigation.
	

	   GUT 	 Net chiral generations	 Three generations
	

	
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
  
	
		
			

				𝐸
			

			

				6
			

		
	
	 Yes 	 No 
	
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
  
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	 Yes 	 No 
	
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
  
	
		
			

				𝐸
			

			

				6
			

		
	
	 No 	 No 
	
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
  
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	 No 	 No 
	
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
  
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
	 No 	 No 
	
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 Pati-Salam 	 No 	 No 
	
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 L-R symmetric 	 No 	 No 
	
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 MSSM 	 No 	 No 
	



Table 4: The GUT group content of the NAHE variation extensions data set.
	

	GUT group 	
	
		
			
				𝐿
				1
				𝑂
				2
			

		
	
	
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	

	 Number  of unique models 	 Percentage of unique models 	 Number  of unique models 	 Percentage of unique models 
	

	
	
		
			

				𝐸
			

			

				6
			

		
	
	 101 	 32.69% 	 68 	 5.832% 
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	 125 	 40.45% 	 271 	 23.24% 
	
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
	 0 	 0% 	 165 	 14.15% 
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
			

		
	
	 0 	 0% 	 125 	 10.72% 
	
	
		
			
				𝑆
				𝑈
				(
				3
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
			

		
	
	 0 	 0% 	 61 	 5.232% 
	
	
		
			
				𝑆
				𝑈
				(
				3
				)
				⊗
				𝑆
				𝑈
				(
				2
				)
				⊗
				𝑈
				(
				1
				)
			

		
	
	 0 	 0% 	 63 	 5.403% 
	



Table 5: The gauge group content of the NAHE variation data set.
	(a) Layer 1, order 2
	

	   Gauge group 	 Number of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	131	42.39%
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

			
				(
				2
				)
			

		
	
	18	5.825%
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	33	10.68%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	99	32.04%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	1	0.3236%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	1	0.3236%
	
	
		
			
				𝑆
				𝑂
				(
				5
				)
			

		
	
	18	5.825%
	
	
		
			
				𝑆
				𝑂
				(
				7
				)
			

		
	
	12	3.883%
	
	
		
			
				𝑆
				𝑂
				(
				9
				)
			

		
	
	18	5.825%
	
	
		
			
				𝑆
				𝑂
				(
				1
				1
				)
			

		
	
	14	4.531%
	
	
		
			
				𝑆
				𝑂
				(
				1
				3
				)
			

		
	
	18	5.825%
	
	
		
			
				𝑆
				𝑂
				(
				1
				5
				)
			

		
	
	12	3.883%
	
	
		
			
				𝑆
				𝑂
				(
				1
				7
				)
			

		
	
	18	5.825%
	
	
		
			
				𝑆
				𝑂
				(
				1
				9
				)
			

		
	
	18	5.825%
	
	
		
			
				𝑆
				𝑂
				(
				2
				1
				)
			

		
	
	18	5.825%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	30	9.709%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	125	40.45%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	38	12.3%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	33	10.68%
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	33	10.68%
	
	
		
			
				𝑆
				𝑂
				(
				1
				8
				)
			

		
	
	38	12.3%
	
	
		
			
				𝑆
				𝑂
				(
				2
				0
				)
			

		
	
	36	11.65%
	
	
		
			
				𝑆
				𝑂
				(
				2
				2
				)
			

		
	
	31	10.03%
	
	
		
			
				𝑆
				𝑂
				(
				2
				4
				)
			

		
	
	2	0.6472%
	
	
		
			
				𝑆
				𝑂
				(
				3
				2
				)
			

		
	
	1	0.3236%
	
	
		
			

				𝐸
			

			

				6
			

		
	
	101	32.69%
	
	
		
			

				𝐸
			

			

				7
			

		
	
	3	0.9709%
	
	
		
			

				𝐸
			

			

				8
			

		
	
	1	0.3236%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	304	98.38%
	


	(b) Layer 1, order 3 
	

	  Gauge group 	 Number of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	731	62.69%
	
	
		
			
				𝑆
				𝑈
				(
				3
				)
			

		
	
	128	10.98%
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	355	30.45%
	
	
		
			
				𝑆
				𝑈
				(
				5
				)
			

		
	
	165	14.15%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	167	14.32%
	
	
		
			
				𝑆
				𝑈
				(
				7
				)
			

		
	
	75	6.432%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	143	12.26%
	
	
		
			
				𝑆
				𝑈
				(
				9
				)
			

		
	
	164	14.07%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	169	14.49%
	
	
		
			
				𝑆
				𝑈
				(
				1
				1
				)
			

		
	
	137	11.75%
	
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
	56	4.803%
	
	
		
			
				𝑆
				𝑈
				(
				1
				3
				)
			

		
	
	4	0.3431%
	
	
		
			
				𝑆
				𝑈
				(
				1
				4
				)
			

		
	
	1	0.08576%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	376	32.25%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	271	23.24%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	151	12.95%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	81	6.947%
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	106	9.091%
	
	
		
			
				𝑆
				𝑂
				(
				1
				8
				)
			

		
	
	28	2.401%
	
	
		
			
				𝑆
				𝑂
				(
				2
				0
				)
			

		
	
	69	5.918%
	
	
		
			
				𝑆
				𝑂
				(
				2
				2
				)
			

		
	
	5	0.4288%
	
	
		
			
				𝑆
				𝑂
				(
				2
				4
				)
			

		
	
	11	0.9434%
	
	
		
			
				𝑆
				𝑂
				(
				2
				8
				)
			

		
	
	13	1.115%
	
	
		
			
				𝑆
				𝑂
				(
				3
				0
				)
			

		
	
	1	0.08576%
	
	
		
			
				𝑆
				𝑂
				(
				3
				2
				)
			

		
	
	2	0.1715%
	
	
		
			
				𝑆
				𝑂
				(
				3
				6
				)
			

		
	
	1	0.08576%
	
	
		
			

				𝐸
			

			

				6
			

		
	
	68	5.832%
	
	
		
			

				𝐸
			

			

				7
			

		
	
	24	2.058%
	
	
		
			

				𝐸
			

			

				8
			

		
	
	9	0.7719%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	1002	85.93%
	



Table 6: The hidden sector gauge group content for the NAHE variation extension models with 
	
		
			

				𝐸
			

			

				6
			

		
	
 observable.
	(a) Layer 1, order 2
	

	  Gauge group 	 Number  of unique models 	 Percentage  of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	14	13.86%
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

			
				(
				2
				)
			

		
	
	8	7.921%
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	10	9.901%
	
	
		
			
				𝑆
				𝑂
				(
				5
				)
			

		
	
	6	5.941%
	
	
		
			
				𝑆
				𝑂
				(
				7
				)
			

		
	
	2	1.98%
	
	
		
			
				𝑆
				𝑂
				(
				9
				)
			

		
	
	6	5.941%
	
	
		
			
				𝑆
				𝑂
				(
				1
				1
				)
			

		
	
	6	5.941%
	
	
		
			
				𝑆
				𝑂
				(
				1
				3
				)
			

		
	
	6	5.941%
	
	
		
			
				𝑆
				𝑂
				(
				1
				5
				)
			

		
	
	2	1.98%
	
	
		
			
				𝑆
				𝑂
				(
				1
				7
				)
			

		
	
	6	5.941%
	
	
		
			
				𝑆
				𝑂
				(
				1
				9
				)
			

		
	
	8	7.921%
	
	
		
			
				𝑆
				𝑂
				(
				2
				1
				)
			

		
	
	6	5.941%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	8	7.921%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	14	13.86%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	14	13.86%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	9	8.911%
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	9	8.911%
	
	
		
			
				𝑆
				𝑂
				(
				1
				8
				)
			

		
	
	14	13.86%
	
	
		
			
				𝑆
				𝑂
				(
				2
				0
				)
			

		
	
	12	11.88%
	
	
		
			
				𝑆
				𝑂
				(
				2
				2
				)
			

		
	
	8	7.921%
	
	
		
			

				𝐸
			

			

				8
			

		
	
	1	0.9901%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	101	100%
	


	(b) Layer 1, order 3
	

	   Gauge group 	 Number  of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	31	45.59%
	
	
		
			
				𝑆
				𝑈
				(
				3
				)
			

		
	
	1	1.471%
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	12	17.65%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	4	5.882%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	6	8.824%
	
	
		
			
				𝑆
				𝑈
				(
				9
				)
			

		
	
	10	14.71%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	8	11.76%
	
	
		
			
				𝑆
				𝑈
				(
				1
				1
				)
			

		
	
	5	7.353%
	
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
	4	5.882%
	
	
		
			
				𝑆
				𝑈
				(
				1
				3
				)
			

		
	
	1	1.471%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	9	13.24%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	15	22.06%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	12	17.65%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	5	7.353%
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	3	4.412%
	
	
		
			
				𝑆
				𝑂
				(
				1
				8
				)
			

		
	
	4	5.882%
	
	
		
			
				𝑆
				𝑂
				(
				2
				0
				)
			

		
	
	2	2.941%
	
	
		
			
				𝑆
				𝑂
				(
				2
				2
				)
			

		
	
	2	2.941%
	
	
		
			

				𝐸
			

			

				8
			

		
	
	2	2.941%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	68	100%
	



Table 7: The hidden sector gauge group content for the NAHE variation extension models with 
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
 observable.
	(a) Layer 1, order 2
	

	  Gauge group 	Number  of unique models 	 Percentage  of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	23	18.4%
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

			
				(
				2
				)
			

		
	
	8	6.4%
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	10	8%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	10	8%
	
	
		
			
				𝑆
				𝑂
				(
				5
				)
			

		
	
	6	4.8%
	
	
		
			
				𝑆
				𝑂
				(
				7
				)
			

		
	
	2	1.6%
	
	
		
			
				𝑆
				𝑂
				(
				9
				)
			

		
	
	6	4.8%
	
	
		
			
				𝑆
				𝑂
				(
				1
				1
				)
			

		
	
	6	4.8%
	
	
		
			
				𝑆
				𝑂
				(
				1
				3
				)
			

		
	
	6	4.8%
	
	
		
			
				𝑆
				𝑂
				(
				1
				5
				)
			

		
	
	2	1.6%
	
	
		
			
				𝑆
				𝑂
				(
				1
				7
				)
			

		
	
	6	4.8%
	
	
		
			
				𝑆
				𝑂
				(
				1
				9
				)
			

		
	
	8	6.4%
	
	
		
			
				𝑆
				𝑂
				(
				2
				1
				)
			

		
	
	6	4.8%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	8	6.4%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	35	28%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	10	8%
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	10	8%
	
	
		
			
				𝑆
				𝑂
				(
				1
				8
				)
			

		
	
	14	11.2%
	
	
		
			
				𝑆
				𝑂
				(
				2
				0
				)
			

		
	
	12	9.6%
	
	
		
			
				𝑆
				𝑂
				(
				2
				2
				)
			

		
	
	9	7.2%
	
	
		
			

				𝐸
			

			

				6
			

		
	
	14	11.2%
	
	
		
			

				𝐸
			

			

				7
			

		
	
	1	0.8%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	125	100%
	


	(b) Layer 1, order 3
	

	   Gauge group 	Number  of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	155	57.2%
	
	
		
			
				𝑆
				𝑈
				(
				3
				)
			

		
	
	27	9.963%
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	59	21.77%
	
	
		
			
				𝑆
				𝑈
				(
				5
				)
			

		
	
	14	5.166%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	59	21.77%
	
	
		
			
				𝑆
				𝑈
				(
				7
				)
			

		
	
	22	8.118%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	24	8.856%
	
	
		
			
				𝑆
				𝑈
				(
				9
				)
			

		
	
	36	13.28%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	26	9.594%
	
	
		
			
				𝑆
				𝑈
				(
				1
				1
				)
			

		
	
	19	7.011%
	
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
	11	4.059%
	
	
		
			
				𝑆
				𝑈
				(
				1
				3
				)
			

		
	
	1	0.369%
	
	
		
			
				𝑆
				𝑈
				(
				1
				4
				)
			

		
	
	1	0.369%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	48	17.71%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	35	12.92%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	22	8.118%
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	10	3.69%
	
	
		
			
				𝑆
				𝑂
				(
				1
				8
				)
			

		
	
	7	2.583%
	
	
		
			
				𝑆
				𝑂
				(
				2
				0
				)
			

		
	
	2	0.738%
	
	
		
			
				𝑆
				𝑂
				(
				2
				2
				)
			

		
	
	3	1.107%
	
	
		
			

				𝐸
			

			

				6
			

		
	
	15	5.535%
	
	
		
			

				𝐸
			

			

				7
			

		
	
	4	1.476%
	
	
		
			

				𝐸
			

			

				8
			

		
	
	2	0.738%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	271	100%
	



Table 8: The hidden sector gauge group content for the NAHE variation extension 
	
		
			
				𝐿
				1
				𝑂
				3
			

		
	
 models with GUT observable.
	(a) Left-Right Symmetric
	

	  Gauge group 	Number of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	12	19.67%
	
	
		
			
				𝑆
				𝑈
				(
				7
				)
			

		
	
	14	22.95%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	7	11.48%
	
	
		
			
				𝑆
				𝑈
				(
				9
				)
			

		
	
	9	14.75%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	12	19.67%
	
	
		
			
				𝑆
				𝑈
				(
				1
				1
				)
			

		
	
	17	27.87%
	
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
	2	3.279%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	8	13.11%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	6	9.836%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	61	100%
	


	(b) MSSM
	

	   Gauge group 	Number of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	13	20.63%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	1	1.587%
	
	
		
			
				𝑆
				𝑈
				(
				7
				)
			

		
	
	14	22.22%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	7	11.11%
	
	
		
			
				𝑆
				𝑈
				(
				9
				)
			

		
	
	9	14.29%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	12	19.05%
	
	
		
			
				𝑆
				𝑈
				(
				1
				1
				)
			

		
	
	18	28.57%
	
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
	3	4.762%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	8	12.7%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	6	9.524%
	


	(c) 
	
		
			
				𝑆
				𝑈
				(
				5
				)
				⊗
				𝑈
				(
				1
				)
			

		
	

	

	Gauge group 	Number of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	87	52.73%
	
	
		
			
				𝑆
				𝑈
				(
				3
				)
			

		
	
	19	11.52%
	
	
		
			
				𝑆
				𝑈
				(
				4
				)
			

		
	
	28	16.97%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	8	4.848%
	
	
		
			
				𝑆
				𝑈
				(
				7
				)
			

		
	
	20	12.12%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	23	13.94%
	
	
		
			
				𝑆
				𝑈
				(
				9
				)
			

		
	
	34	20.61%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	35	21.21%
	
	
		
			
				𝑆
				𝑈
				(
				1
				1
				)
			

		
	
	32	19.39%
	
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
	1	0.6061%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	22	13.33%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	14	8.485%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	7	4.242%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	5	3.03%
	


	(d) Pati-Salam  
	

	  Gauge group 	 Number  of unique models 	 Percentage of unique models 
	

	
	
		
			
				𝑆
				𝑈
				(
				3
				)
			

		
	
	12	9.6%
	
	
		
			
				𝑆
				𝑈
				(
				5
				)
			

		
	
	8	6.4%
	
	
		
			
				𝑆
				𝑈
				(
				6
				)
			

		
	
	25	20%
	
	
		
			
				𝑆
				𝑈
				(
				8
				)
			

		
	
	29	23.2%
	
	
		
			
				𝑆
				𝑈
				(
				9
				)
			

		
	
	24	19.2%
	
	
		
			
				𝑆
				𝑈
				(
				1
				0
				)
			

		
	
	15	12%
	
	
		
			
				𝑆
				𝑈
				(
				1
				1
				)
			

		
	
	3	2.4%
	
	
		
			
				𝑆
				𝑈
				(
				1
				2
				)
			

		
	
	7	5.6%
	
	
		
			
				𝑆
				𝑂
				(
				8
				)
			

		
	
	9	7.2%
	
	
		
			
				𝑆
				𝑂
				(
				1
				0
				)
			

		
	
	11	8.8%
	
	
		
			
				𝑆
				𝑂
				(
				1
				2
				)
			

		
	
	22	17.6%
	
	
		
			
				𝑆
				𝑂
				(
				1
				4
				)
			

		
	
	19	15.2%
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	4	3.2%
	
	
		
			
				𝑆
				𝑂
				(
				2
				0
				)
			

		
	
	2	1.6%
	
	
		
			

				𝐸
			

			

				6
			

		
	
	1	0.8%
	
	
		
			
				𝑈
				(
				1
				)
			

		
	
	123	98.4%
	



Table 9: A near mirrored, NAHE variation order-3 extension.
	(a) Basis vector
	

	  Sec	
	
		
			

				𝑂
			

		
	
	
	
		
			

				𝜓
			

		
	
	
	
		
			

				𝑥
			

			
				1
				2
			

		
	
	
	
		
			

				𝑥
			

			
				3
				4
			

		
	
	
	
		
			

				𝑥
			

			
				5
				6
			

		
	
	
	
		
			
				
			
			

				𝜓
			

			
				1
				,
				…
				,
				5
			

		
	
	
	
		
			
				
			
			

				𝜂
			

			

				1
			

		
	
	
	
		
			
				
			
			

				𝜂
			

			

				2
			

		
	
	
	
		
			
				
			
			

				𝜂
			

			

				3
			

		
	
	
	
		
			
				
			
			

				𝜙
			

			
				1
				,
				…
				,
				8
			

		
	
	
	
		
			

				𝑦
			

			
				1
				2
			

			
				|
				|
			

			
				
			
			

				𝑦
			

			
				1
				2
			

		
	
	
	
		
			

				𝑦
			

			
				3
				4
			

			
				|
				|
			

			
				
			
			

				𝑦
			

			
				3
				4
			

		
	
	
	
		
			

				𝑦
			

			
				5
				6
			

			
				|
				|
			

			
				
			
			

				𝑦
			

			
				5
				6
			

		
	
	
	
		
			

				𝑤
			

			
				1
				,
				…
				,
				6
			

			
				|
				|
			

			
				
			
			

				𝑤
			

			
				1
				,
				…
				,
				6
			

		
	

	

	
	
		
			
				⃗
				𝑣
			

		
	
	3	1	1	0	0	
	
		
			
				0
				,
				…
				,
				0
			

		
	
	
	
		
			
				2
				/
				3
			

		
	
	
	
		
			
				2
				/
				3
			

		
	
	
	
		
			
				2
				/
				3
			

		
	
	
	
		
			
				0
				,
				…
				,
				0
				,
				2
				/
				3
				,
				2
				/
				3
				,
				2
				/
				3
			

		
	
	
	
		
			
				0
				,
				0
				|
				|
				0
				,
				0
			

		
	
	
	
		
			
				1
				,
				1
				|
				|
				0
				,
				0
			

		
	
	
	
		
			
				1
				,
				1
				|
				|
				0
				,
				0
			

		
	
	
	
		
			
				0
				,
				0
				,
				0
				,
				0
				,
				0
				,
				0
				|
				|
				0
				,
				0
				,
				0
				,
				0
				,
				0
				,
				0
			

		
	

	



	
		
			

				𝑘
			

			
				⃗
				𝑣
				,
				𝑗
			

			
				=
				(
				0
				,
				0
				,
				0
				,
				0
				,
				0
				)
			

		
	


	(b) Particle content
	

	   QTY	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	
	
		
			
				𝑆
				𝑈
				(
				2
				)
			

		
	
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	
	
	
		
			
				𝑆
				𝑂
				(
				1
				6
				)
			

		
	

	

	  1	2	2	2	2	1	1	1	1
	 1	2	2	2	1	1	2	1	1
	 1	2	2	1	2	2	1	1	1
	 1	2	2	1	1	2	2	1	1
	 1	2	2	1	1	1	1	16	1
	 1	2	1	2	2	2	1	1	1
	 1	2	1	2	1	2	2	1	1
	 1	2	1	2	1	1	1	16	1
	 1	2	1	1	2	1	1	1	16
	 1	2	1	1	1	2	1	16	1
	 1	2	1	1	1	1	2	1	16
	 1	1	2	2	2	2	1	1	1
	 1	1	2	2	1	2	2	1	1
	 1	1	2	2	1	1	1	16	1
	 1	1	2	1	2	1	1	1	16
	 1	1	2	1	1	2	1	16	1
	 1	1	2	1	1	1	2	1	16
	 1	1	1	2	2	1	1	1	16
	 1	1	1	2	1	2	1	16	1
	 1	1	1	2	1	1	2	1	16
	 1	1	1	1	2	2	1	1	16
	 1	1	1	1	2	1	2	16	1
	 1	1	1	1	1	2	2	1	16
	 1	1	1	1	1	1	1	128	1
	 1	1	1	1	1	1	1	16	16
	



While there were more models with GUT gauge groups in the NAHE variation 
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				1
				𝑂
				3
			

		
	
 extensions, none of them had any net chiral matter generations, implying that the added basis vector produces the barred and unbarred generations in even pairs, if at all. More complicated basis vector sets will need to be studied to determine if any NAHE variation-based quasi-realistic models can be constructed.
The distribution of ST SUSYs across the subsets of GUT models was also examined. It was concluded that, as was the case with the NAHE study, 
	
		
			

				𝐸
			

			

				6
			

		
	
 has a statistical coupling to enhanced ST SUSYs for order-3 models. Additionally, data sets in which all of the models contained at least one 
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				(
				1
				)
			

		
	
 factor with a GUT group had fewer models with 
	
		
			
				𝑁
				=
				1
			

		
	
 ST SUSY.
Models with partial gauge group mirroring were also discussed, with a model presented that has complete gauge group mirroring. While a statistical search algorithm for finding quasi-mirrored models has not yet been completed, it will be used in future work to examine models with this property.
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