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A new fuzzy adaptive control is applied to solve a problem of motion control of nonholonomic vehicles with two independent
wheels actuated by a differential drive. e major objective of this work is to obtain a motion control system by using a new fuzzy
inference mechanism where the Lyapunov stability can be ensured. In particular the parameters of the kinematical control law are
obtained using a fuzzy mechanism, where the properties of the fuzzy maps have been established to have the stability above. Due to
the nonlinear map of the intelligent fuzzy inferencemechanism (i.e., fuzzy rules and value of the rule), the parameters above are not
constant, but, time aer time, based on empirical fuzzy rules, they are updated in function of the values of the tracking errors. Since
the fuzzymaps are adjusted based on the control performances, the parameters updating ensures a robustness and fast convergence
of the tracking errors. Also, since the vehicle dynamics and kinematics can be completely unknown, dynamical and kinematical
adaptive controllers have been added. e proposed fuzzy controller has been implemented for a real nonholonomic electrical
vehicle. erefore, system robustness and stability performance are veri�ed through simulations and experimental studies.

1. Introduction

In recent years much attention has been focused upon the
position and orientation control of nonholonomic mechani-
cal systems. Nonholonomic mechanics describe the motion
of systems constrained by nonintegrable constraints, that
is, constraints on the system velocities that do not arise
from constraints on the con�gurations alone. A mobile
autonomous wheeled vehicle with two wheels actuated by
a differential drive mechanism, that is, two independent
electric DC motors with common axis, is usually studied as
a typical nonholonomic system. Kinematical nonholonomic
constraints arise in wheeled vehicles under the no-slip con-
straints. Due to nonholonomic motion, the vehicle above is
also underactuated [1]. In fact there are three generalized
coordinates that is, lateral position, longitudinal position,
and vehicle orientation to be controlled, while there are two
control inputs only, that is, steering and longitudinal inputs.
Several approaches have been proposed for the synthesis
of kinematical controllers for vehicles with nonholonomic

constraints on themotion [2–4].e kinematical controller is
essential to guarantee the vehicle motion along the direction
of the orientation. e main idea behind these algorithms is
to de�ne velocity control inputs which stabilize the closed
loop system. However, in many works [4–6] the parameters
of the kinematical control laws are constant and they must be
chosen suitably to guarantee the asymptotical stability of the
tracking errors. About the dynamical control, backstepping
methodologies were treated [4, 7, 8]. Backstepping method is
very important since we aim to convert a speed control (high-
level control) into a torque control (low-level control) for
the wheels. e classical backstepping control for nonholo-
nomic vehicles implies the knowledge of the kinematical and
dynamical parameters. Wavelet network-based controller
and techniques of “adaptive backstepping” control have been
proposed to solve the problem of unknown parameters
and/or unstructured unmodeled dynamics [5, 6, 8]. Relatively
few results have been presented about the robustness of the
motion control of nonholonomic vehicles [9], that is, the
problem of vehicle control where there are perturbations of
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the nonholonomic constraints. About the fuzzy systems, the
modern literature is focusing on developing a theory based
on Lyapunov stability. Some researchers [10, 11] provide
an interesting theory of stability for fuzzy Mamdani control
systems. About the fuzzy control applied to nonholonomic
vehicles, there are several approaches [12–16]. However,
the Lyapunov stability is not assured. A case of study with
Lyapunov stability is proposed in [17]. Also the works above
are based only on the steering kinematics and assume that
there exists perfect velocity tracking, that is, the control signals
affect the vehicle velocities instantaneously and this is not
true. Some works developed adaptive fuzzy controller with
Lyapunov stability analysis for manipulators control [18, 19].
About applications to nonholonomic vehicles of fuzzy control
with Lyapunov stability, relatively few results have been
obtained [20, 21].

In this paper, in order to continue this research line, a
fuzzy controller is used to design a stable adaptive kinemat-
ical and dynamical control system for a problem of motion
control of wheeled autonomous nonholonomic vehicles actu-
ated by a differential drive. is work is an extension of the
control strategy proposed in [21].

e contributions of this work include the following:

(1) e use of a new Fuzzy inference mechanism to
determine the values of the parameters of the kine-
matical control laws generating the angular velocities
for right and le wheels. So the parameters above are
not constant, but they depend on the tracking errors
through an intelligent fuzzy system inference, that is,
a set of empirical rules and values of the rules. is
assures a good robustness and very good convergence
of the motion errors;

(2) Exhibiting the formal asymptotical stability proof
of the motion errors by employing the Lyapunov’s
theorem and Barbalat’s Lemma based on the input-
output properties of the fuzzy inference system;

(3) Taking the full nonholonomic vehicle dynamics, dis-
turbance and unmodeled dynamics into considera-
tion in the vehicle model and fuzzy control;

(4) e extension with an adaptive kinematical and
dynamical control and asymptotical stability proof
of the adaptive control scheme. In this way the
kinematical and dynamical parameters of the vehicle
model can be unknown;

(5) Simulation to verify the robustness and the asymptot-
ical stability of the motion errors;

(6) Implementation of the controller and application to a
real nonholonomic vehicle to verify the validity of the
method.

is paper is organized as follows. Section 2 describes
the kinematic and dynamic model of a vehicle with non-
holonomic constraints. Section 3.1 presents the fundamental
innovation of this paper, that is, the new adaptive fuzzy speed
system for motion control of nonholonomic autonomous
vehicles.e inputs of the fuzzy system are the tracking errors

of the motion control system, while the crisp outputs are the
parameters of the kinematic control law. Due to the road con-
ditions and contact between the wheels and the ground, the
impact of the vehicle with the environment can cause slipping
of the wheels with consequential perturbations violating the
nonholonomic constraints. By using our fuzzy solution, the
constant parameters of the classical kinematic control law [4]
are obviated. In fact, in our approach, the parameters above
are nonlinear functions of the tracking errors and this assures
a certain robustness with respect to the perturbations above
and faster convergence than the adaptive controller shown in
[6]. In particular, by inserting the input-output functions of
the fuzzy map without approximation into kinematic control
law suitably, the input-output properties of the fuzzy system
are determined to guarantee the asymptotical stability of
the tracking errors which has been proved in Section 3.2.
Section 3.3 adds an adaptive kinematical control with stability
proof. So the kinematical parameters of the vehicle model
may be unknown. In Section 4 a dynamical extension and
an adaptive control are presented with stability proof. Several
parameters of the dynamic model (i.e., mass, friction, and
other disturbances) are unknown; therefore, an adaptation is
explained by employing the adaptive backstepping method
suitably. In Section 5 some simulation tests in MATLAB
environment illustrate the robustness and the asymptotical
stability of the tracking errors for the proposed fuzzy control
system and we compare our results with the adaptive control
without fuzzy proposed in [6]. Section 6 shows experimental
results obtained by an implementation of the proposed
control system for a real nonholonomic vehicle. Section 7
presents our conclusion.

2. Dynamic and Kinematic Model of
a Constrained Nonholonomic Vehicle

In this section forms of the kinematic and dynamic model of
a nonholonomic vehicle are presented to develop the control
system of the next sections.

Let us consider a mobile nonholonomic vehicle (see
Figure 1) with generalized coordinates 𝐪𝐪 𝐪 𝐪𝑛𝑛, subject to m
constraints. e well-known dynamic model [4] is

𝐌𝐌(𝐪𝐪) �̈�𝐪 𝐪 𝐪𝐪 (𝐪𝐪𝐪 �̇�𝐪) �̇�𝐪 𝐪 𝐪𝐪𝑑𝑑 = 𝐄𝐄 (𝐪𝐪) 𝐪𝐪 𝝉 𝝉𝝉𝐓𝐓 (𝐪𝐪) 𝝀𝝀𝐪 (1)

where𝐌𝐌(𝐪𝐪) 𝐪 𝐪𝑛𝑛𝑛𝑛𝑛 is a symmetric, positive de�nite matrix;
𝐪𝐪(𝐪𝐪𝐪 �̇�𝐪) 𝐪 𝐪𝑛𝑛𝑛𝑛𝑛 is the centripetal Coriolis matrix; 𝐪𝐪𝑑𝑑 𝐪 𝐪

𝑛𝑛 is a
bounded unknown disturbance including unstructured and
unmodeled dynamics; 𝐪𝐪 𝐪 𝐪𝑟𝑟 is the input vector including
torques applied to right and le wheel; 𝝉𝝉(𝐪𝐪) 𝐪 𝐪𝑚𝑚𝑛𝑛𝑛 is the
matrix of nonholonomic constraints;𝐄𝐄(𝐪𝐪) 𝐪 𝐪𝑛𝑛𝑛𝑟𝑟 is the input
transformation matrix; 𝝀𝝀 𝐪 𝐪𝑚𝑚 is the Lagrange multiplier
vector of constraint forces.

Supposing that the m constraints are time invariant, it
yields

𝝉𝝉 (𝐪𝐪) �̇�𝐪 = 𝐪𝐪𝐪 (2)
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F 1: Nonholonomic vehicle and coordinate systems.

Let 𝐒𝐒𝐒𝐒𝐒𝐒 be the Jacobian matrix with full rank 𝑛𝑛 𝑛 𝐒𝑛𝑛 𝑛
𝑚𝑚𝐒 and made up by a set of smooth and linearly independent
vectors spanning the null space of 𝐀𝐀𝐒𝐒𝐒𝐒, that is,

𝐀𝐀 𝐒𝐒𝐒𝐒 𝐒𝐒 𝐒𝐒𝐒𝐒 = 𝟎𝟎𝟎 (3)

It is possible to �nd an (𝑛𝑛 𝑛 𝑚𝑚) velocity vector v as it follows

𝐯𝐯𝐓𝐓 = 𝑢𝑢 𝑢𝑢 , (4)

where 𝑢𝑢 and 𝑢𝑢 are the linear and angular body-�xed 𝐒𝑋𝑋𝑋𝑋, 𝑋𝑋𝑋𝑋𝐒
velocities of the nonholonomic vehicle (see Figure 1). About
the kinematical parameters, let 𝑟𝑟 and 𝑏𝑏 be the ray of thewheels
and the distance between the driving wheels and the axis
of symmetry. e 𝑃𝑃0 coordinates, that is, the intersection of
the axis of symmetry with the driving wheel axis (see Figure
1), are indicated by 𝐒𝑥𝑥0, 𝑦𝑦0𝐒, while the vehicle orientation is
indicated by 𝜙𝜙. In this way we focus only on three variables
𝑥𝑥, 𝑦𝑦, and𝜙𝜙, excluding the angular velocities of the right wheel
(�̇�𝜃𝑟𝑟𝐒 and of the le wheel (�̇�𝜃𝑙𝑙). e relationship between the
vector [𝑢𝑢 𝑢𝑢𝑢 and the vector [�̇�𝜃𝑟𝑟 �̇�𝜃𝑙𝑙𝑢 is the following:

�̇�𝜃𝑟𝑟�̇�𝜃𝑙𝑙
 =





1
𝑟𝑟

𝑏𝑏
𝑟𝑟

1
𝑟𝑟

𝑛𝑏𝑏
𝑟𝑟





𝑢𝑢𝑢𝑢 𝟎 (5)

Equations (5) can be rewritten as follows:

𝜼𝜼 =




1
𝑟𝑟

𝑏𝑏
𝑟𝑟

1
𝑟𝑟

𝑛𝑏𝑏
𝑟𝑟





𝐯𝐯, (6)

where

𝜼𝜼𝐓𝐓 = �̇�𝜃𝑟𝑟 �̇�𝜃𝑙𝑙 𝟎 (7)

erefore, the model of a nonholonomic vehicle can be
described employing �ve generalized coordinates,

𝐒𝐒𝐓𝐓 = 𝑥𝑥0 𝑦𝑦0 𝜙𝜙 𝜃𝜃𝑟𝑟 𝜃𝜃𝑙𝑙 𝟎 (8)

In the condition of pure rolling and nonslipping, the
vehicle can move in perpendicular direction to the driving
wheels axis. So we have three constraint equations of the
vehicle motion

�̇�𝑥0 sin 𝜙𝜙 𝑛 �̇�𝑦0 cos 𝜙𝜙 = 0,

�̇�𝑥0 cos 𝜙𝜙 𝜙 �̇�𝑦0 sin 𝜙𝜙 𝜙 𝑏𝑏 ̇𝜙𝜙 = 𝑟𝑟�̇�𝜃𝑟𝑟,

�̇�𝑥0 cos 𝜙𝜙 𝜙 �̇�𝑦0 sin 𝜙𝜙 𝑛 𝑏𝑏 ̇𝜙𝜙 = 𝑟𝑟�̇�𝜃𝑙𝑙𝟎

(9)

e constraints above can be written in the Pfaffian form
(2). From (3), the Jacobian matrix 𝐒𝐒𝐒𝐒𝐒𝐒 is

𝐒𝐒𝐓𝐓 𝐒𝐒𝐒𝐒 = 𝑋𝑋𝑏𝑏 cos 𝜙𝜙 𝑋𝑋𝑏𝑏 sin 𝜙𝜙 𝑋𝑋 1 0
𝑋𝑋𝑏𝑏 cos 𝜙𝜙 𝑋𝑋𝑏𝑏 sin 𝜙𝜙 𝑛𝑋𝑋 0 1 , (10)

where 𝑋𝑋 = 𝑟𝑟𝑐𝑐𝑏𝑏.
One of three constraints (9) is holonomic [22]. In fact, by

comparing the second and third of (9), it follows

̇𝜙𝜙 = 𝑋𝑋 �̇�𝜃𝑟𝑟 𝑛 �̇�𝜃𝑙𝑙 𝟎 (11)

e constraint (11) is integrable. erefore, by eliminat-
ing 𝜙𝜙 or 𝜃𝜃𝑟𝑟 and 𝜃𝜃𝑙𝑙 in vector (8), two new vectors of generalized
coordinates can be de�ned as follows

𝐒𝐒𝐓𝐓𝟏𝟏 = 𝑥𝑥0 𝑦𝑦0 𝜃𝜃𝑟𝑟 𝜃𝜃𝑙𝑙 (12)

or

𝐒𝐒𝐓𝐓𝟐𝟐 = 𝑥𝑥0 𝑦𝑦0 𝜙𝜙 𝟎 (13)

In cases (12) and (13) 𝐀𝐀𝐒𝐒𝐒𝐒 matrix presents nonholo-
nomic constraints only. In particular, in case (12), a new
Jacobian matrix is obtained as it follows

𝐒𝐒𝐓𝐓𝟏𝟏 𝐒𝐒1 = 𝑋𝑋
𝑐𝑏𝑏 cos 𝜃𝜃𝑟𝑟 𝑛 𝜃𝜃𝑙𝑙 𝑋𝑋𝑐𝑏𝑏 sin 𝜃𝜃𝑟𝑟 𝑛 𝜃𝜃𝑙𝑙 1 0
𝑋𝑋𝑐𝑏𝑏 cos 𝜃𝜃𝑟𝑟 𝑛 𝜃𝜃𝑙𝑙 𝑋𝑋𝑐𝑏𝑏 sin 𝜃𝜃𝑟𝑟 𝑛 𝜃𝜃𝑙𝑙 0 1

 𝟎 (14)

In this way the kinematic model is

�̇�𝐒1 = 𝐒𝐒𝟏𝟏 𝐒𝐒1 𝜼𝜼𝟎 (15)

In case (13) the kinematic model is





�̇�𝑥0
�̇�𝑦0
̇𝜙𝜙





= 



𝑋𝑋𝑏𝑏 cos 𝜙𝜙 𝑋𝑋𝑏𝑏 cos 𝜙𝜙
𝑋𝑋𝑏𝑏 sin 𝜙𝜙 𝑋𝑋𝑏𝑏 sin 𝜙𝜙

𝑋𝑋 𝑛𝑋𝑋








�̇�𝜃𝑟𝑟
�̇�𝜃𝑙𝑙



𝟎 (16)

From (4) and (13) and by substituting (6) into (16), it
yields

�̇�𝐒𝑐 = 𝐒𝐒𝑐 𝐒𝐒𝑐 𝐯𝐯, (17)

where

𝐒𝐒𝑐 𝐒𝐒𝑐 = 



cos 𝜙𝜙 0
sin 𝜙𝜙 0
0 1




𝟎 (18)
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About the dynamical parameters, let 𝑃𝑃𝑐𝑐 be the mass cen-
ter of the vehicle which is on the x-axis, let 𝑑𝑑 be the distance
from 𝑃𝑃0 to 𝑃𝑃𝑐𝑐 (see Figure 1). For the later description, 𝑚𝑚𝑐𝑐 is
the mass of the vehicle without the driving wheels,𝑚𝑚𝑤𝑤 is the
mass of each driving wheels, and 𝐼𝐼𝑐𝑐, 𝐼𝐼𝑤𝑤, and 𝐼𝐼𝑚𝑚 are the inertia
moments of the body around a vertical axis through𝑃𝑃0, of the
wheel with a motor around the wheel axis and of the wheel
with a motor around the wheel diameter, respectively. Now
the dynamical model in body-�xed coordinates (𝑋𝑋𝑐𝑐𝑋 𝑋𝑋𝑐𝑐𝑋 is
obtained by differentiating (15), replacing it into (1) and
performing additional operations with S1. It follows

𝐒𝐒𝑇𝑇1𝐌𝐌 𝐪𝐪1 𝐒𝐒1�̇�𝜼 𝜼 𝐒𝐒𝑇𝑇1 𝐌𝐌 𝐪𝐪1 �̇�𝐒1 𝜼 𝐂𝐂 𝐪𝐪1𝑋 �̇�𝐪1 𝐒𝐒1 𝜼𝜼

= 𝐒𝐒𝑇𝑇1 𝐄𝐄 𝐪𝐪𝟏𝟏 𝝉𝝉 𝝉 𝐒𝐒𝑇𝑇1 𝝉𝝉𝐝𝐝
(19)

or

𝐌𝐌�̇�𝜼 𝜼 𝐕𝐕𝐦𝐦 (𝜼𝜼𝑋 𝜼𝜼 = 𝜼𝜼𝝉𝝉 𝝉 𝐒𝐒𝐓𝐓𝟏𝟏 𝝉𝝉𝑑𝑑𝑋 (20)

where

𝐌𝐌 = 𝑏𝑏
2𝑐𝑐2𝑚𝑚 𝜼 𝑐𝑐2𝐼𝐼 𝜼 𝐼𝐼𝑤𝑤 𝑏𝑏2𝑐𝑐2𝑚𝑚 𝝉 𝑐𝑐2𝐼𝐼
𝑏𝑏2𝑐𝑐2𝑚𝑚 𝝉 𝑐𝑐2𝐼𝐼 𝑏𝑏2𝑐𝑐2𝑚𝑚 𝜼 𝑐𝑐2𝐼𝐼 𝜼 𝐼𝐼𝑤𝑤

 𝑋

𝐕𝐕𝐦𝐦 (𝜼𝜼𝑋 = 
0 2𝑏𝑏𝑐𝑐3𝑑𝑑𝑚𝑚𝑐𝑐 �̇�𝜃𝑟𝑟 𝝉 �̇�𝜃𝑙𝑙

𝝉2𝑏𝑏𝑐𝑐3𝑑𝑑𝑚𝑚𝑐𝑐 �̇�𝜃𝑟𝑟 𝝉 �̇�𝜃𝑙𝑙 0


𝜼𝜼 = 1 0
0 1 ; 𝝉𝝉 = 𝜏𝜏𝑟𝑟𝜏𝜏𝑙𝑙



(21)

andm and I are the dynamical parameters as it follows

𝑚𝑚 = 𝑚𝑚𝑐𝑐 𝜼 2𝑚𝑚𝑤𝑤; 𝐼𝐼 = 𝑚𝑚𝑐𝑐𝑑𝑑
2 𝜼 𝐼𝐼𝑐𝑐 𝜼 2𝑚𝑚𝑤𝑤𝑏𝑏

2 𝜼 2𝐼𝐼𝑚𝑚. (22)

Also 𝐌𝐌 𝐌 𝐌(𝑛𝑛𝝉𝑚𝑚𝑋𝑛(𝑛𝑛𝝉𝑚𝑚𝑋 is a symmetric and de�nite positive
matrix, while 𝐕𝐕𝐦𝐦(𝜼𝜼𝑋𝜼𝜼 𝐌 𝐌(𝑛𝑛𝝉𝑚𝑚𝑋𝑛1.

3. Adaptive Fuzzy Kinematic Motion
Control of Nonholonomic Vehicles and
Lyapunov Stability Analysis

In this section the fundamental innovation of this paper is
presented, that is, a new fuzzy adaptivemotion control system
for electric nonholonomic vehicles with two independent
wheels.

3.1. Fuzzy KinematicalMotion Control and Preliminary Input-
Output Properties of the Fuzzy System for the Lyapunov
Stability. Let the references of velocities and positions for a
nonholonomic vehicle be

�̇�𝑥𝑟𝑟 = 𝑢𝑢𝑟𝑟 cos 𝜙𝜙𝑟𝑟

�̇�𝑦𝑟𝑟 = 𝑢𝑢𝑟𝑟 sin 𝜙𝜙𝑟𝑟

�̇�𝜃𝑟𝑟 = 𝜔𝜔𝑟𝑟𝑋

(23)

where 𝑢𝑢𝑟𝑟 > 0 is the reference linear velocity and 𝜔𝜔𝑟𝑟 is the
reference angular velocity. e tracking errors between the

reference position 𝐪𝐪𝐓𝐓𝐫𝐫 = [𝑥𝑥𝑟𝑟𝑋 𝑦𝑦𝑟𝑟𝑋 𝜙𝜙𝑟𝑟] and the actual position
𝐪𝐪𝐓𝐓 = [𝑥𝑥𝑋 𝑦𝑦𝑋 𝜙𝜙] can be expressed in the vehicle local frame (Xc,
Yc) as [4]

𝐞𝐞 = 



𝑒𝑒𝑥𝑥
𝑒𝑒𝑦𝑦
𝑒𝑒𝜙𝜙



= 



cos 𝜙𝜙 sin 𝜙𝜙 0
𝝉 sin 𝜙𝜙 cos 𝜙𝜙 0

0 0 1








𝑥𝑥𝑟𝑟 𝝉 𝑥𝑥
𝑦𝑦𝑟𝑟 𝝉 𝑦𝑦
𝜙𝜙𝑟𝑟 𝝉 𝜙𝜙




𝑋 (24)

where 𝑒𝑒𝑥𝑥 and 𝑒𝑒𝑦𝑦 are the lateral and longitudinal position
errors, while 𝑒𝑒𝜙𝜙 is the vehicle orientation error. Note that,
time aer time, the vector 𝐪𝐪𝐫𝐫(𝑡𝑡𝑋 is the reference motion for
the vehicle, while 𝐪𝐪(𝑡𝑡𝑋 is the real motion of the vehicle above.
So, differentiating equation system (24) and applying two
auxiliary inputs

𝑢𝑢1 = 𝝉𝑢𝑢𝑐𝑐 𝜼 𝑢𝑢𝑟𝑟 cos 𝑒𝑒𝜙𝜙; 𝑢𝑢2 = 𝜔𝜔𝑟𝑟 𝝉 𝜔𝜔𝑐𝑐𝑋 (25)

where 𝑢𝑢𝑐𝑐 and 𝜔𝜔𝑐𝑐 are the kinematic control laws in terms of
steering and longitudinal velocities lead to





̇𝑒𝑒𝑥𝑥
̇𝑒𝑒𝑦𝑦
̇𝑒𝑒𝜙𝜙



= 



0 𝜔𝜔𝑐𝑐 0
𝝉𝜔𝜔𝑐𝑐 0 0
0 0 0









𝑒𝑒𝑥𝑥
𝑒𝑒𝑦𝑦
𝑒𝑒𝜙𝜙



𝜼 



0
𝑢𝑢𝑟𝑟 sin 𝑒𝑒𝜙𝜙

0



𝜼 



1 0
0 0
0 1




𝑢𝑢1𝑢𝑢2

 .

(26)

Now a new fuzzy kinematic control law is proposed

𝑢𝑢𝑐𝑐 = 𝑢𝑢𝑟𝑟 cos 𝑒𝑒𝜙𝜙 𝜼 𝑘𝑘𝑥𝑥 (𝑡𝑡𝑋 𝑒𝑒𝑥𝑥𝑋

𝜔𝜔𝑐𝑐 = 𝜔𝜔𝑟𝑟 𝜼 𝑢𝑢𝑟𝑟 𝑘𝑘𝑦𝑦 (𝑡𝑡𝑋 𝑒𝑒𝑦𝑦 𝜼 𝑘𝑘𝜙𝜙 (𝑡𝑡𝑋 sin 𝑒𝑒𝜙𝜙 .
(27)

is control law depends on the error vector (24) and on
the following parameters:

𝐤𝐤𝐓𝐓 = 𝑘𝑘𝑥𝑥 (𝑡𝑡𝑋 𝑘𝑘𝑦𝑦 (𝑡𝑡𝑋 𝑘𝑘𝜙𝜙 (𝑡𝑡𝑋 . (28)

Parameters (28) are provided by a fuzzy controller. e fuzzy
controller is used because, in this way, the parameters of the
kinematic control law are not constant as in the controllers
proposed in [4, 6], but they are nonlinear functions of the
tracking errors (24) through an intelligent fuzzy inference
system, that is, empirical fuzzy rules and values of the rules. In
other words, since the model of the nonholonomic vehicle is
highly nonlinear, it is convenient to have nonlinear functions
of the tracking errors in the control laws. Since the fuzzymaps
are adjusted based on the control performance, the updating
of the parameters (28) assures a good robustness and fast
convergence. Now the Fuzzy inference system is described.
e input and output membership functions are shown in
Figures 2 and 3, respectively. e fuzzy rules are shown in
Table 1. e input and output memberships are generalized
bell functions and three linguistic labels are de�ned as S:
small, M: medium, H: High, Opp: opposite.

e inputs of the fuzzi�cation process (see Figure 2) are
the absolute values of the tracking errors (cf. (24)), while the
outputs of the input memberships are the degree of mem-
bership in the qualifying linguistic sets (always the interval
between 0 and 1). e input set is a fuzzy singleton. e
implemented methods for the logical and for the implication
are the “minimum” and the “fuzzy minimum,” respectively.
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F 2: Input membership functions.

10 20 30 40 50

0

0.5

1
Small Medium High

D
eg

re
e 

o
f

m
em

b
er

sh
ip

kx

(a)

10 20 30 40 50

0

0.5

1
Small Medium High

D
eg

re
e 

o
f

m
em

b
er

sh
ip

ky

(b)

1 1.5 2 2.5 3

0

0.5

1
Small Medium High

D
eg

re
e 

o
f

m
em

b
er

sh
ip

kφ

(c)

F 3: Output membership functions.
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T 1: Controller rules.

No. Rules 𝐸𝐸𝑥𝑥 𝐸𝐸𝑦𝑦 𝐸𝐸𝜙𝜙 𝐾𝐾𝑥𝑥 𝐾𝐾𝑦𝑦 𝐾𝐾𝜙𝜙

1 S S S+ S S S
2 S M S+ S M S
3 S H S+ M H S
4 M S S+ M S S
5 M M S+ M M S
6 M H S+ M H S
7 H S S+ H M S
8 H M S+ H M S
9 H H S+ H H S
10 S S M+ M M M
11 S M M+ M M M
12 S H M+ M H M
13 M S M+ M M M
14 M M M+ M M M
15 M H M+ M H M
16 H S M+ H M M
17 H M M+ H M M
18 H H M+ H H M
19 S S OPP M M H
20 S M OPP M M H
21 S H OPP M H H
22 M S OPP M M H
23 M M OPP M M H
24 M H OPP M H H
25 H S OPP H M H
26 H M OPP H M H
27 H H OPP H H H
28 S S M− M M M
29 S M M− M M M
30 S H M− M H M
31 M S M− M M M
32 M M M− M M M
33 M H M− M H M
34 H S M− H M M
35 H M M− H M M
36 H H M− H H M
37 S S S− S S S
38 S M S− S M S
39 S H S− M H S
40 M S S− M S S
41 M M S− M M S
42 M H S− M H S
43 H S S− H M S
44 H H S− H H S
45 H H S− H H S

e “fuzzy minimum,” method truncates the output fuzzy set
opportunely. Since decisions are based on testing of all the
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F 4: 𝑘𝑘𝑦𝑦 versus 𝑒𝑒𝑥𝑥 and 𝑒𝑒𝑦𝑦.

rules (see Table 1), the aggregation is necessary; therefore,
the consequents of each rule have been recombined using a
maximum (ma�) method. e used defuzzi�cation method
is the “centroid”. So the outputs of the fuzzy system are crisp
values, that is, the parameters (28) (see Figure 3).

Remark 1. e numerical outputs of the fuzzy inference
system depend on the tracking errors (24); therefore, they are
time varying functions (cf. (28)).

Remark 2. Since the parameters (28) depend on the tracking
errors, the control system of this paper can be more robust
andwith faster convergence than the conventional controllers
[4, 6], where the parameters of the kinematic control law are
constant numbers.

Remark 3. About the memberships this remark is essential.
e generalized bell functions have been chosen for the
smoothness which assures continuous functions to guarantee
the Lyapunov stability of the control system.

Remark 4. e parameters 𝑘𝑘𝑥𝑥, 𝑘𝑘𝑦𝑦 and 𝑘𝑘𝜙𝜙 are positive num-
bers (see Figure 3) always to assure the stability.

Remark 5. Note that the numerical inputs of the fuzzy system
(cf. Figure 2) are the absolute values of the tracking errors (the
range of the errors is constituted by positive values only). In
any case the sign (positive or negative) of the errors above is
considered by the fuzzy control laws (27).

Now Figures 4 and 5 show the fuzzy control surfaces. In
particular the plots above show the output 𝑘𝑘𝑦𝑦 of the fuzzy
inferencemechanism versus two of the inputs. In other words
Figures 4 and 5 show the fuzzy map, where the parameter
𝑘𝑘𝑦𝑦 depends on the tracking errors (24) through the fuzzy
inference system which has been described. So the maps of
Figures 4 and 5 depend on the fuzzy inference system, that is,
empirical rules and value of the rules. To assure the Lyapunov
stability of the motion control system, one must investigate
the input-output properties of the fuzzy system. So, from
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F 5: 𝑘𝑘𝑦𝑦 versus 𝑒𝑒𝜙𝜙 and 𝑒𝑒𝑦𝑦.

Figures 2, 3, 4, and 5, the properties of the parameters (28)
are the following.

Property 1 (𝑎𝑎). e parameters of the kinematical control law
(28) are continuous time functions.

Property 2 (𝑎𝑎). e vector 𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤𝐤 (cf. (28)) is equal to zero if
only if e is equal to zero, that is,

𝐤𝐤𝐓𝐓 𝐤𝐤𝐤 𝐤𝐤𝐤𝐤𝐤 = 𝑘𝑘𝑥𝑥 𝐤𝐤𝐤𝐤 𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑘𝑘𝜙𝜙 𝐤𝐤𝐤𝐤 = 𝟎𝟎𝟎 𝐤𝐤 = 𝟎𝟎𝟎 (29)

Property 3 (𝑎𝑎). All the outputs of the fuzzy inference system
are positive numbers and are bounded, that is,

0 ≤ 𝑘𝑘𝑥𝑥 𝐤𝐤𝐤𝐤 ≤ 𝑘𝑘𝑥𝑥𝑥𝑥𝑥; 0 ≤ 𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 ≤ 𝑘𝑘𝑦𝑦𝑥𝑥𝑥;

0 ≤ 𝑘𝑘𝜙𝜙 𝐤𝐤𝐤𝐤 ≤ 𝑘𝑘𝜙𝜙𝑥𝑥𝑥𝟎
(30)

Property 4 (𝑎𝑎). Considering 𝑗𝑗 𝑗 𝑗𝑗 and 𝑀𝑀 𝑀 0 and taking
into account Property 3 (a) lead to

𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤 𝑀 0𝟎 (31)

Now replacing fuzzy control law (27) intomodel (26) leads to

�̇�𝐤𝐓𝐓 =  ̇𝑒𝑒𝑥𝑥 ̇𝑒𝑒𝑦𝑦 ̇𝑒𝑒𝜙𝜙

= 



𝜔𝜔𝑟𝑟 𝑗 𝑢𝑢𝑟𝑟 𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑒𝑒𝑦𝑦 𝑗 𝑘𝑘𝜙𝜙 𝐤𝐤𝐤𝐤 sin 𝑒𝑒𝜙𝜙 𝑒𝑒𝑦𝑦 𝑀 𝑘𝑘𝑥𝑥 𝐤𝐤𝐤𝐤 𝑒𝑒𝑥𝑥
𝑀 𝐤 𝜔𝜔𝑟𝑟 𝑗 𝑢𝑢𝑟𝑟 𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑒𝑒𝑦𝑦 𝑗 𝑘𝑘𝜙𝜙 𝐤𝐤𝐤𝐤 sin 𝑒𝑒𝜙𝜙 𝑒𝑒𝑥𝑥 𝑗 𝑢𝑢𝑟𝑟 sin 𝑒𝑒𝜙𝜙

𝑀𝑢𝑢𝑟𝑟 𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑒𝑒𝑦𝑦 𝑗 𝑘𝑘𝜙𝜙 𝐤𝐤𝐤𝐤 sin 𝑒𝑒𝜙𝜙





𝟎

(32)

3.2. Lyapunov Stability Proof Based on the Input-Output
Properties of the Fuzzy System. From the fuzzy inference
system, equations, and properties so far, it follows the �rst
main result of this work.

eorem 6. Let the kinematical model and the fuzzy kinemat-
ical control laws be (17) and (27), respectively. Let the linear

reference velocity 𝑢𝑢𝑟𝑟 be positive. e Properties 1 (a)–4 (a)
are veri�ed for hypothesis. en the e�uilibrium state of the
nonautonomous closed loop system (32) is the origin of the state
space and it is asymptotically stable.

Proof. Since the vector 𝐤𝐤𝐤𝐤𝐤𝐤 (cf. (28)) is equal to zero if only
if 𝐤𝐤 is equal to zero, the equilibrium state of the closed loop
system (32) is the origin of the state space. e system (32) is
nonautonomous.e following Lyapunov function is chosen:

𝑉𝑉0 =
𝑀
2
𝑒𝑒2𝑥𝑥 𝑗 𝑒𝑒

2
𝑦𝑦 𝑗 𝑀 𝑀 cos 𝑒𝑒𝜙𝜙

𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤 , (33)

where

𝑗𝑗 𝑗 𝑗𝑗, 𝑀𝑀 𝑀 0𝟎 (34)

For hypothesis it is

𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤 𝑀 0𝟎 (35)

erefore, the Lyapunov function (33) is positive de�nite.
e time derivative of (33) is

�̇�𝑉0 = 𝑒𝑒𝑥𝑥 ̇𝑒𝑒𝑥𝑥 𝑗 𝑒𝑒𝑦𝑦 ̇𝑒𝑒𝑦𝑦 𝑗 ̇𝑒𝑒𝜙𝜙 sin 𝑒𝑒𝜙𝜙
𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤

𝑗 𝑀 𝑀 cos 𝑒𝑒𝜙𝜙
𝑑𝑑
𝑑𝑑𝐤𝐤


𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤 ,

(36)

where

𝑑𝑑
𝑑𝑑𝐤𝐤


𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤 =

𝑀𝑀𝑀𝑀

𝑗𝑗=0

𝑘𝑘𝑦𝑦 𝑗𝑗 𝟎 (37)

By substituting (32) into (36), it yields

�̇�𝑉0 = 𝑀 𝑘𝑘𝑥𝑥 𝐤𝐤𝐤𝐤 𝑒𝑒
2
𝑥𝑥 𝑀 𝑢𝑢𝑟𝑟𝑘𝑘𝜙𝜙 𝐤𝐤𝐤𝐤 sin

2 𝑒𝑒𝜙𝜙
𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤

𝑗 𝑀 𝑀 cos 𝑒𝑒𝜙𝜙
𝑀𝑀𝑀𝑀

𝑗𝑗=0

𝑘𝑘𝑦𝑦 𝑗𝑗 𝟎

(38)

�ue to Properties 3 (a) and 4 (a) of the fuzzy map, the �rst
and second terms of (38) are negative. Also it results

𝑢𝑢𝑟𝑟𝑘𝑘𝜙𝜙 𝐤𝐤𝐤𝐤 𝑀 𝑀 cos
2𝑒𝑒𝜙𝜙

𝑀𝑀𝑀𝑀

𝑗𝑗=0


𝑗𝑗𝑗𝑀

𝑗𝑗
𝑘𝑘𝑦𝑦 𝐤𝐤𝐤𝐤 𝑑𝑑𝐤𝐤

𝑀 𝑀 𝑀 cos 𝑒𝑒𝜙𝜙
𝑀𝑀𝑀𝑀

𝑗𝑗=0

𝑘𝑘𝑦𝑦 𝑗𝑗 𝟎

(39)

Since the function (39) does not depend on 𝑒𝑒𝑦𝑦 error, it is
negative semide�nite. erefore, vector (24) is bounded and
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F 6: Block diagram of the fuzzy adaptive kinematic control system.

the equilibrium state of the closed loop system (32) is stable.
It is also possible to calculate the second-time derivative of
Lyapunov function (33). Since the second-time derivative of
(33) depends on bounded variables, it is a bounded function.
erefore, the function (38) is uniformly continuous. From
Barbalat’s lemma [23], it yields

lim
𝑡𝑡𝑡𝑡

�̇�𝑉0 (𝑡𝑡) = 0. (40)

From (38) and (40), 𝑒𝑒𝑥𝑥 and 𝑒𝑒𝜙𝜙 converge to zero. From the
second equation of (32) that is

̇𝑒𝑒𝑦𝑦 = − ( 𝜔𝜔𝑟𝑟 + 𝑢𝑢𝑟𝑟 𝑘𝑘𝑦𝑦 (𝑡𝑡) 𝑒𝑒𝑦𝑦 + 𝑘𝑘𝜙𝜙 (𝑡𝑡) sin 𝑒𝑒𝜙𝜙 𝑒𝑒𝑥𝑥 + 𝑢𝑢𝑟𝑟 sin 𝑒𝑒𝜙𝜙,
(41)

the function ̇𝑒𝑒𝑦𝑦 converges to zero. erefore, the steady state
error along 𝑦𝑦-direction is constant. Examining the third
equation of (32) leads to

̇𝑒𝑒𝜙𝜙 (𝑡) = −𝑢𝑢𝑟𝑟𝑘𝑘𝑦𝑦 (𝑡) 𝑒𝑒𝑦𝑦, (42)

where 𝑒𝑒𝑦𝑦 is the steady state value of 𝑒𝑒𝑦𝑦. Since 𝑒𝑒𝜙𝜙 converges
to zero, 𝑒𝑒𝑦𝑦 converges to zero. Now 𝑘𝑘𝑦𝑦 is equal to zero if 𝑒𝑒𝑦𝑦 is
equal to zero. erefore, the equilibrium point of the closed
loop system (32) is asymptotically stable.

Remark 7. Note that the proof of eorem 6 requires the
system kinematical parameters of the vehicle to be accurately
known.

3.3. Fuzzy Adaptive Kinematic Motion Control with Lyapunov
Stability Proof. In this subsection the second main result
of this work is explained. An adaptive controller is added
to previous fuzzy control and the stability is proved. is
step is necessary because the kinematical parameters as the

ray of the wheels and particularly the distance between the
driving wheels and the axis of symmetry can be difficult to be
determined accurately. In fact without adaptive control one
must measure the parameters above manually and this can
cause a measurement error perturbing the performances of
the control system. Figure 6 shows the block diagram of the
fuzzy adaptive control system.

Preliminarily, from (6), (16), and (26) and aer simple
calculations, the closed loop kinematical control system can
be written in the following way

𝑑𝑑
𝑑𝑑𝑡𝑡





𝑒𝑒𝑥𝑥
𝑒𝑒𝑦𝑦
𝑒𝑒𝜙𝜙



= �̇�𝜃𝑟𝑟





−
𝑟𝑟
2
+

𝑟𝑟
2𝑏𝑏

𝑒𝑒𝑦𝑦

−
𝑟𝑟
2𝑏𝑏

𝑒𝑒𝑥𝑥

−
𝑟𝑟
2𝑏𝑏





+ �̇�𝜃𝑙𝑙





−
𝑟𝑟
2
−

𝑟𝑟
2𝑏𝑏𝑟𝑟

2𝑏𝑏
𝑒𝑒𝑥𝑥

𝑟𝑟
2𝑏𝑏





+




𝑢𝑢𝑟𝑟 cos 𝑒𝑒𝜙𝜙

𝑢𝑢𝑟𝑟 sin 𝑒𝑒𝜙𝜙

𝜔𝜔𝑟𝑟





.

(43)

We set

𝛼𝛼 =
1
𝑟𝑟
; 𝛽𝛽 =

𝑏𝑏
𝑟𝑟
. (44)

Differential equations (43) can be exploited by consider-
ing the estimation errors of the kinematical parameters (44):

𝛼𝛼 = 𝛼𝛼 − 𝛼𝛼; 𝛽𝛽 = 𝛽𝛽 − 𝛽𝛽, (45)
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where 𝛼𝛼 and 𝛽𝛽 are the estimated values. It results

𝑑𝑑
𝑑𝑑𝑑𝑑





𝑒𝑒𝑥𝑥
𝑒𝑒𝑦𝑦
𝑒𝑒𝜙𝜙



=1 +

𝛼𝛼
𝛼𝛼
 𝑢𝑢𝑐𝑐 



−1
0
0



+ 1 +

𝛽𝛽
𝛽𝛽
𝜔𝜔𝑐𝑐 



𝑒𝑒𝑦𝑦
−𝑒𝑒𝑥𝑥
−1





+ 𝑢𝑢𝑟𝑟 cos 𝑒𝑒𝜙𝜙 𝑢𝑢𝑟𝑟 sin 𝑒𝑒𝜙𝜙 𝜔𝜔𝑟𝑟
𝐓𝐓
.

(46)

Now it is possible to formulate the following theorem.

eorem 8. Let the kinematical model and the fuzzy control
law be (17) and (27), respectively. If the reference linear and
angular velocities are bounded functions and the reference
angular velocity converges to zero, by choosing of the following
adaptive kinematic control law:

�̇�𝛼 = 𝛼𝛼𝑒𝑒𝑥𝑥𝑢𝑢𝑐𝑐 �̇�𝛽 = 𝛽𝛽
𝜔𝜔𝑐𝑐 sin 𝑒𝑒𝜙𝜙
𝑘𝑘𝑦𝑦 (𝑑𝑑)

𝛼𝛼𝛾 𝛽𝛽 𝛾 0𝛾 (47)

the components of the vector [𝑒𝑒𝑥𝑥𝛾 𝑒𝑒𝑦𝑦𝛾 𝑒𝑒𝜙𝜙]
𝑇𝑇of the closed loop

system (46) converge to zero.

Proof. An extended state vector can be de�ned as

𝐞𝐞𝐓𝐓 = 𝑒𝑒𝑥𝑥 𝑒𝑒𝑦𝑦 𝑒𝑒𝜙𝜙 𝛼𝛼 𝛽𝛽 . (48)

e Lyapunov function can be chosen as it follows

𝑉𝑉1 = 𝑉𝑉0 +
1
2𝛼𝛼𝛼𝛼

𝛼𝛼2 +
1

2𝛽𝛽𝛽𝛽
𝛽𝛽2 𝛼𝛼𝛾 𝛽𝛽 𝛾 0𝛾 (49)

where 𝑉𝑉0 is given by (33). Since 𝑉𝑉0 is positive de�nite, it
is obvious that 𝑉𝑉1 is positive de�nite. Substituting the fuzzy
control law (27) into (47) and differentiating (49) lead to

�̇�𝑉1 = �̇�𝑉0 +
𝛼𝛼
𝛼𝛼𝛼𝛼

�̇�𝛼 − 𝛼𝛼𝑒𝑒𝑥𝑥𝑢𝑢𝑐𝑐 +
𝛽𝛽
𝛽𝛽𝛽𝛽

�̇�𝛽 − 𝛽𝛽
𝜔𝜔𝑐𝑐 sin 𝑒𝑒𝜙𝜙
𝑘𝑘𝑦𝑦 (𝑑𝑑)

 𝛾

(50)

where 𝑢𝑢𝑐𝑐 and 𝜔𝜔𝑐𝑐 are given by (27) and �̇�𝑉0 is given by (38).
Function (50) is negative semide�nite if and only if equations
(47) are veri�ed. In this case it results

�̇�𝑉1 = �̇�𝑉0. (51)

Since the function (51) does not depend on 𝑒𝑒𝑦𝑦 component
(cf. (38)), it is negative semide�nite. erefore, the closed
loop system (46) is stable and the components of the state
vector (48) are bounded. It is also possible to calculate the
second-time derivative of Lyapunov function (49). Since it
depends on bounded variables, from Barbalat’s lemma it
results

lim
𝑑𝑑𝑡𝑡

�̇�𝑉1 (𝑑𝑑) = 0. (52)

erefore, 𝑒𝑒𝑥𝑥 and 𝑒𝑒𝜙𝜙 converge to zero. Now, by substituting
(27) into (46), it results

̇𝑒𝑒𝜙𝜙 = − 1 +
𝛽𝛽
𝛽𝛽


× 𝜔𝜔𝑟𝑟 + 𝑢𝑢𝑟𝑟𝑘𝑘𝑦𝑦 (𝑑𝑑) 𝑒𝑒𝑦𝑦 + 𝑘𝑘𝜙𝜙 (𝑑𝑑) sin 𝑒𝑒𝜙𝜙 + 𝜔𝜔𝑟𝑟.

(53)

Since the reference linear velocity 𝑢𝑢𝑟𝑟, the reference
angular velocity 𝜔𝜔𝑟𝑟, and the components of state vector (48)
are bounded, ̈𝑒𝑒𝜙𝜙 is bounded. erefore, ̇𝑒𝑒𝜙𝜙 is uniformly con-
tinuous. Since 𝑒𝑒𝜙𝜙 converges to zero, fromBarbalat’s lemma, ̇𝑒𝑒𝜙𝜙
converges to zero; therefore, from (53) 𝑒𝑒𝑦𝑦 converges to zero
only if 𝜔𝜔𝑟𝑟 converges to zero.

Remark 9. From the previous results, the adaptive fuzzy
kinematic control law can be written in terms of angular
velocities of le (�̇�𝜃𝑙𝑙𝑐𝑐) and right (�̇�𝜃𝑟𝑟𝑐𝑐) wheels as it follows

𝜼𝜼𝐜𝐜 = �̇�𝜃𝑟𝑟𝑐𝑐�̇�𝜃𝑙𝑙𝑐𝑐
 = 𝛼𝛼 𝛽𝛽

𝛼𝛼 −𝛽𝛽
 𝑢𝑢𝑐𝑐𝜔𝜔𝑐𝑐

 𝛾 (54)

where 𝛼𝛼 and 𝛽𝛽 are the solutions of the differential equations
(47), while 𝑢𝑢𝑐𝑐 and 𝜔𝜔𝑐𝑐 are the fuzzy control laws given by
(27). For eorems 6 and 8, by employing the adaptive fuzzy
kinematic control law (54), the closed loop motion control
system of the nonholonomic vehicle is asymptotically stable.

Remark 10. Note that if the kinematical adaptive control law
(54) is applied to vehicle directly, then the perfect velocity
tracking is assumed and it is not true practically.

Remark 11. About tuning of the fuzzy memberships (cf.
Figure 2), one considers the initial conditions of the reference
and of the actual positions and orientations. Sowe have initial
values of the motion errors (24). Due to the asymptotical
stability and boundedness of the errors above (cf. eorems
6 and 8), one choices a range of the inputs between zero and
the initial values above. In this sense the fuzzy memberships
are tuned manually.

4. Adaptive DynamicMotion Control Extension

In this section a low-level adaptive controller based on back-
stepping method [4, 6] is added to previous fuzzy adaptive
high level control for nonholonomic autonomous vehicles.
e computed torque controller proposed in [4] requires
exact knowledge of the dynamics of the vehicle in order to
work properly. Since the dynamical parameters of the model
(20) cannot be accurately known, an adaptive mechanism is
inserted.

Preliminarily important properties of the dynamical
model (20) and kinematical model (16) must be presented.

Property 5 (𝑏𝑏). 𝑇𝑇𝑇𝑒𝑒 𝑙𝑙𝑇𝑇𝑇𝑇𝑒𝑒𝑇𝑇𝑟𝑟𝑇𝑇𝑑𝑑𝑦𝑦 𝑇𝑇𝑇𝑇 𝑑𝑑𝑇𝑒𝑒 𝑇𝑇𝑇𝑇𝑟𝑟𝑇𝑇𝑇𝑇𝑒𝑒𝑑𝑑𝑒𝑒𝑟𝑟𝑇𝑇 p of the
dynamical model (20) is shown:

𝐌𝐌�̇�𝜼 + 𝐕𝐕𝐦𝐦 (𝜼𝜼) 𝜼𝜼 = 𝜼𝜼 (𝜼𝜼𝛾 �̇�𝜼) 𝐩𝐩𝛾 (55)

where the vector 𝐩𝐩 𝐩 𝐩𝑙𝑙 and 𝜼𝜼(𝜼𝜼𝛾 �̇�𝜼) 𝐩 𝐩(𝑇𝑇−𝑇𝑇)×𝑙𝑙 are

𝐩𝐩 = 𝑇𝑇1 𝑇𝑇2 𝑇𝑇3
𝑇𝑇 = 



𝑏𝑏2𝑐𝑐2𝑇𝑇 + 𝑐𝑐2𝐼𝐼 + 𝐼𝐼𝑤𝑤
𝑏𝑏2𝑐𝑐2𝑇𝑇 − 𝑐𝑐2𝐼𝐼
2𝑏𝑏𝑐𝑐3𝑑𝑑𝑇𝑇𝑐𝑐





𝛾 (56)

𝜼𝜼 (𝜼𝜼𝛾 �̇�𝜼) = 
�̈�𝜃𝑟𝑟 �̈�𝜃𝑙𝑙 �̇�𝜃𝑟𝑟 − �̇�𝜃𝑙𝑙 �̇�𝜃𝑙𝑙
�̈�𝜃𝑙𝑙 �̈�𝜃𝑟𝑟 − �̇�𝜃𝑟𝑟 − �̇�𝜃𝑙𝑙 �̇�𝜃𝑟𝑟

 . (57)
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e elements of the vector p consist of unknown dynamical
parameters.

Property 6 (𝑏𝑏). e kinematical model (16) appears as it
follows





�̇�𝑥0
�̇�𝑦0
̇𝜙𝜙



=





𝑟𝑟
2
cos 𝜙𝜙

𝑟𝑟
2
cos 𝜙𝜙

𝑟𝑟
2
sin 𝜙𝜙

𝑟𝑟
2
sin 𝜙𝜙

𝑟𝑟
2𝑏𝑏

−
𝑟𝑟
2𝑏𝑏





�̇�𝜃𝑟𝑟�̇�𝜃𝑙𝑙


=





𝑟𝑟
2
cos 𝜙𝜙

𝑟𝑟
2
sin 𝜙𝜙

𝑟𝑟
2𝑏𝑏





�̇�𝜃𝑟𝑟 +





𝑟𝑟
2
cos 𝜙𝜙

𝑟𝑟
2
sin 𝜙𝜙

−
𝑟𝑟
2𝑏𝑏





�̇�𝜃𝑙𝑙

= 



cos 𝜙𝜙 0
sin 𝜙𝜙 0
0 1









𝑟𝑟
2𝑟𝑟
2𝑏𝑏





�̇�𝜃𝑟𝑟 + 



cos 𝜙𝜙 0
sin 𝜙𝜙 0
0 −1









𝑟𝑟
2𝑟𝑟
2𝑏𝑏





�̇�𝜃𝑙𝑙

= 𝚺𝚺𝟏𝟏𝜽𝜽𝟏𝟏�̇�𝜃𝑟𝑟 + 𝚺𝚺𝟐𝟐𝜽𝜽𝟐𝟐�̇�𝜃𝑙𝑙,
(58)

where 𝜽𝜽𝟏𝟏 and 𝜽𝜽𝟐𝟐 are parametric vectors while 𝚺𝚺𝟏𝟏 and 𝚺𝚺𝟐𝟐 are
vectors whose elements consist of known functions.

Now, by inserting the new fuzzy inference system of the
previous sections, the adaptive backstepping technique [6] is
reformulated.

From (47) and (54) the fuzzy kinematical adaptive track-
ing controller model can be written as it follows

𝜼𝜼𝐜𝐜 = 𝜼𝜼𝐜𝐜 𝐞𝐞, 𝛼𝛼, 𝛽𝛽 = 𝜼𝜼𝐜𝐜 𝐪𝐪, 𝐪𝐪𝐫𝐫, 𝛼𝛼, 𝛽𝛽 ,

�̇�𝛼 = 𝛼𝛼1 (𝐞𝐞, 𝛼𝛼) = 𝛼𝛼1 𝐪𝐪, 𝐪𝐪𝐫𝐫, 𝛼𝛼 ,

�̇�𝛽 = 𝛼𝛼2 𝐞𝐞, 𝛽𝛽 = 𝛼𝛼2 𝐪𝐪, 𝐪𝐪𝐫𝐫, 𝛽𝛽 .

(59)

Also the Lyapunov function (49) appears as it follows

𝑉𝑉1 = 𝑉𝑉1 𝐞𝐞, 𝛼𝛼, 𝛽𝛽 = 𝑉𝑉1 𝐪𝐪, 𝐪𝐪𝐫𝐫, 𝛼𝛼, 𝛽𝛽 . (60)

Assumption 12. e adaptive tracking controller (59) exists
for the kinematical model (16). Also there is a positive-
de�nite and radially unbounded function 𝑉𝑉1 such that

�̇�𝑉1 =
𝜕𝜕𝑉𝑉1
𝜕𝜕𝐪𝐪

�̇�𝐪 +
𝜕𝜕𝑉𝑉1
𝜕𝜕𝐪𝐪𝐫𝐫

�̇�𝐪𝐫𝐫 +
𝜕𝜕𝑉𝑉1
𝜕𝜕𝛼𝛼

𝛼𝛼1 +
𝜕𝜕𝑉𝑉1

𝜕𝜕𝛽𝛽
𝛼𝛼2 ≤ 0, (61)

where all the signals are bounded.
e following theorem can be formulated.

eorem 13. Let (16) and (20) be the kinematical and
dynamical model, respectively. ere is the fuzzy kinematical
adaptive control (59). Properties � (b) and 6 (b) are veri�ed and

Assumption 12 is satis�ed. e reference linear and angular
velocities are bounded functions and the reference angular
velocity converges to zero. e following adaptive dynamical
control law is chosen:

𝝉𝝉 = 𝜏𝜏𝑙𝑙𝜏𝜏𝑟𝑟
 = 𝐁𝐁

−1
−𝐊𝐊𝐝𝐝𝜼𝜼 + 𝜼𝜼𝐩𝐩 − 

𝜕𝜕𝑉𝑉1
𝜕𝜕𝐪𝐪

𝐒𝐒
𝐓𝐓


�̇�𝜽𝜽𝐢𝐢 = 𝚲𝚲1 
𝜕𝜕𝑉𝑉1
𝜕𝜕𝐪𝐪

𝚺𝚺𝑖𝑖𝜂𝜂𝑖𝑖 𝑖𝑖 = 1,𝑖 , 2𝑖 �̇�𝐩𝐩 = −𝐩𝐩𝜼𝜼𝑇𝑇𝜼𝜼,

(62)

where 𝜏𝜏𝑙𝑙 is the control torque applied to the le wheel; 𝜏𝜏𝑟𝑟 is the
control torque applied to the right wheel; 𝜽𝜽𝑖𝑖 is the estimation
of 𝜽𝜽𝑖𝑖, 𝑖𝑖 = 1, 2 (cf. (58)); 𝜼𝜼 and 𝐩𝐩 are given by (56); 𝐩𝐩
is the estimation of the dynamical parameters of 𝐩𝐩 vector;
𝚺𝚺𝑖𝑖 (𝑖𝑖 = 1, 2)matrices are given by (58);𝑉𝑉1 is given by (50) and
satis�es Assumption 12; 𝐒𝐒 is the Jacobian matrix (cf (16)) and
it depends on estimated kinematic parameters𝜽𝜽𝐢𝐢 for 𝑖𝑖 = 1, 2𝑖 𝜼𝜼
is given by

𝜼𝜼 = 𝜼𝜼𝐜𝐜 − 𝜼𝜼 = 𝜂𝜂1𝜂𝜂2
𝑇𝑇, (63)

where 𝜼𝜼𝐜𝐜 is given by (54) and 𝜼𝜼 is the dynamical velocity
vector of model (20);𝐊𝐊𝐝𝐝,𝐩𝐩, and𝚲𝚲𝑖𝑖 are symmetric and positive
de�nite matrices.

en 𝜼𝜼 converges to zero.
Proof Track. e following Lyapunov function is chosen

𝑉𝑉2 = 𝑉𝑉1 +
1
2
𝜼𝜼𝐓𝐓𝐌𝐌𝜼𝜼 +

1
2
𝐩𝐩𝐓𝐓𝚪𝚪−1𝐩𝐩 +

1
2
𝜽𝜽𝐓𝐓𝟏𝟏𝚲𝚲1

𝜽𝜽𝟐𝟐 +
1
2
𝜽𝜽𝐓𝐓𝟐𝟐𝚲𝚲2

𝜽𝜽2,
(64)

𝐩𝐩 = 𝐩𝐩 − 𝐩𝐩𝑖 𝜽𝜽1 =𝜽𝜽1 − 𝜽𝜽1𝑖 𝜽𝜽𝟐𝟐 =𝜽𝜽𝟐𝟐 − 𝜽𝜽𝟐𝟐. (65)

By considering Assumption 12, aer some calculations,
the time derivative of (64) results [6]

�̇�𝑉2 =
𝜕𝜕𝑉𝑉1
𝜕𝜕𝐪𝐪

𝐒𝐒𝟏𝟏𝜼𝜼𝐜𝐜 +
𝜕𝜕𝑉𝑉1
𝜕𝜕𝐪𝐪𝐫𝐫

�̇�𝐪𝐫𝐫 +
𝜕𝜕𝑉𝑉1
𝜕𝜕𝛼𝛼

𝛼𝛼1

+
𝜕𝜕𝑉𝑉1

𝜕𝜕𝛽𝛽
𝛼𝛼2 −𝜼𝜼

𝐓𝐓𝐊𝐊𝐝𝐝𝜼𝜼.
(66)

From Assumption 12 and (66) the signals included in �̈�𝑉2
are bounded; therefore, from Barbalat’s lemma, the function
(66) is uniformly continuous and it can be written as

lim
𝑡𝑡𝑡𝑡

�̇�𝑉2 (𝑡𝑡) = 0. (67)

From (52) and (67), it yields

lim
𝑡𝑡𝑡𝑡

𝜼𝜼 (𝑡𝑡) = 0. (68)

Remark 14. If we assume the adaptive kinematical controller
of Section 3 only, the perfect tracking velocity hypothesis is
considered, that is, the control velocity 𝜼𝜼𝐜𝐜 is instantaneously
applied to nonholonomic vehicle, but it is not true. By
inserting the dynamical control, instead, (68) is satis�ed and
the velocity of the nonholonomic vehicle converges to control
signal aer some time due to dynamical effects.is is shown
in the next section.
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Remark 15. If (68) is satis�ed, then boundedness and con-
vergence of the tracking errors (24) are assured.

5. Simulation Results

�e �rst simulate the adaptive fuzzy controller for nonholo-
nomic vehicles in MATLAB Simulink environment to verify
the asymptotical stability and robustness performance before
the experimental implementation. Also we use simulation
results to compare our method with the control system
proposed in [6]. In this section two simulations results are
shown: the �rst does not consider disturbance; the second
consider disturbance violating the nonholonomic constraints
of the vehicle motion. Besides, two controllers have been
simulated in MATLAB environment:

(1) a controller with adaptive dynamical extension
assuming knowledge of the parameters (28), that is,
adaptive control without fuzzy inference system [6];

(2) the new controller of this work where the parameters
(28) are the outputs of the new fuzzy system of
the Section 3, with the new adaptive kinematical
control of the Section 3.3 (cf. (54)) and the adaptive
dynamical control extension of the Section 4 (cf.
(62)).

So the performances and robustness of the two motion
control system are compared.

e kinematical and dynamical parameters of the electric
nonholonomic vehicle are the following:

𝑏𝑏 𝑏 𝑏𝑏𝑏𝑏m; 𝑑𝑑 𝑏 𝑏𝑏𝑑m; 𝑟𝑟 𝑏 𝑏𝑏𝑟𝑏m; 𝑚𝑚𝑐𝑐 𝑏 𝑑𝑏 kg

𝑚𝑚𝑤𝑤 𝑏 𝑟 kg; 𝐼𝐼𝑐𝑐 𝑏 𝑟𝑏𝑏6; 𝐼𝐼𝑤𝑤 𝑏 𝑏𝑏𝑏𝑏𝑏; 𝐼𝐼𝑚𝑚 𝑏 𝑏𝑏𝑏𝑏2𝑏𝑏
(69)

e parameters of the kinematic controller (27) are
the outputs of the fuzzy system. e parameters of the
kinematical (47) and dynamical (62) adaptive controllers are

𝛾𝛾 𝑏 𝑏𝑏𝑏𝑏𝑏; 𝛾𝛾 𝑏 2𝑏𝑏𝑏𝑏; 𝛾𝛾𝑑𝑑 𝑏 𝑏; 𝜓𝜓 𝑏 𝑏𝑏 (70)

About the controller without fuzzy inference system, the
parameters (28) are chosen as

𝑘𝑘𝑥𝑥 𝑏 𝑘𝑘𝑦𝑦 𝑏 𝑘𝑘𝜙𝜙 𝑏 𝑏 ∀𝑡𝑡𝑏 (71)

About the two DCmotors, one must consider the follow-
ing model:

𝝉𝝉𝑚𝑚 𝑏 𝐊𝐊𝐊𝐊𝐚𝐚,

𝝂𝝂𝑎𝑎 𝑏 𝐋𝐋𝐚𝐚
𝑑𝑑𝐊𝐊𝐚𝐚
𝑑𝑑𝑡𝑡

+ 𝐑𝐑𝐚𝐚𝐊𝐊𝐚𝐚,

𝝂𝝂𝐚𝐚 𝑏 𝐆𝐆𝜈𝜈𝝂𝝂𝑐𝑐,

𝝉𝝉 𝑏 𝐊𝐊𝐊𝐊𝐦𝐦,

(72)

where 𝐊𝐊𝐚𝐚 𝑏  𝑖𝑖𝑎𝑎𝑟
𝑖𝑖𝑎𝑎2  armature currents; 𝝂𝝂𝐚𝐚 𝑏  𝜈𝜈𝑎𝑎𝑟𝜈𝜈𝑎𝑎2  armature

voltages; 𝝂𝝂𝑐𝑐 𝑏  𝜈𝜈𝑐𝑐𝑟𝜈𝜈𝑐𝑐2  control voltages; 𝝉𝝉 𝑏  𝐊𝐊𝑟𝑟𝐊𝐊𝑙𝑙  transmitted
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F 7: Reference trajectory 𝑥𝑥 𝑥m), 𝑦𝑦 𝑥m).

command torques to right and le wheels; 𝝉𝝉𝑚𝑚 𝑏  𝐊𝐊𝑚𝑚𝑟
𝐊𝐊𝑚𝑚2 

produced torques; 𝐊𝐊 𝑏 𝑑𝑏𝑑𝐊 𝐊 𝐊𝐊Ncm/A constant torque
parameter; 𝐊𝐊 𝑏 𝐊 𝐊 𝐊𝐊 proportionality coefficient between
produced and transmitted torque; 𝐑𝐑𝑎𝑎 𝑏 𝑟𝑏 𝐊 𝐊𝐊𝐈 armature
resistance;𝐋𝐋𝐚𝐚 𝑏 𝑏𝑏𝑏2𝐊𝑟𝐊𝐊𝐊Harmature inductance; thematrix
I is an identity matrix with two rows and two columns.

5.1. Trajectory without Disturbance. In this test the problem
of motion control for nonholonomic vehicles is simulated
using a feasible, nonholonomic reference trajectory (see
Figure 7).

e initial conditions for the reference position are

𝑥𝑥 𝑥𝑏) , 𝑦𝑦 𝑥𝑏) , 𝜙𝜙 𝑥𝑏) 𝑏 𝑥𝑏, 𝑏, 𝑑𝑏𝐊8 rad) 𝑏 (73)

e initial conditions for the actual vehicle position are

𝑥𝑥 𝑥𝑏) , 𝑦𝑦 𝑥𝑏) , 𝜙𝜙 𝑥𝑏) 𝑏 𝑥−𝑑𝑏, 2𝑏, 𝑏𝑏68 rad) 𝑏 (74)

So the control laws (54) and (62) are simulated suitably.
Figures 8 and 9 show the tracking errors (24) along x-

and y-directions where we compare the performances of our
control system (i.e., fuzzy adaptive motion control) with the
performances of the control system proposed in [6] (i.e.,
adaptive motion control without fuzzy).

e tracking errors resulting from the new fuzzy adaptive
control of this work are bounded and converge to zero more
rapidly than the tracking errors of the solution one without
fuzzy mechanism [6].

Figure 10 shows the orientation error of the fuzzy adap-
tive kinematic and dynamic control system, while Figures 11
and 12 present the estimated kinematical parameters 𝛼𝛼, 𝛽𝛽 (cf.
(47)) and the dynamical parameters of 𝐩𝐩 vector (cf. (57) and
(62)), respectively.

Remark 16. From Figure 10 it is evident that the trajectory
of the robot reaches the trajectory with inclination which
leads to an overshoot of near −45 degrees then a posterior
correction goes near 25 degrees. In fact note that the ray
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F 9: Lateral position error 𝑒𝑒𝑦𝑦 (m) with (blue line) and without
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of the vehicle is small, so that the vehicle is not a bigger
one. In any case the control strategy may be applied for a
variety of vehicles, by varying the input-output values of the
memberships fuzzy. In the next section the experiments have
been developed for a small nonholonomic vehicle.

From Figure 10 it is evident that the orientation error is
bounded and converges to 0 rad.

From Figures 11 and 12 we observe that the adaptive
control is direct, because the estimated parameters are not
physical values, but the steady state parameters are constant
and the tracking errors of Figures 8, 9, and 10 converge to
zero.
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F 10: Orientation error with fuzzy system, 𝑒𝑒𝜙𝜙 (rad).
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F 11: Adaptive kinematic parameters.

Remark 17. Note that all the absolute tracking errors values
of the simulation tests (see Figures 8, 9, and 10) are in the
range of the numerical inputs of the fuzzy system (see Figure
2). In fact the fuzzy map was adjusted based on the control
performance as it is explained in Remark 11.

Figure 13 shows the velocity error (63) between the
dynamic velocity of the vehicle and the fuzzy control velocity
(54). As discussed in Remarks 10 and 14, due to dynamical
effects, the physical velocity of the vehicle tracks the fuzzy
control velocity only aer some time. e motion control
reacts in a good way and, aer some time instants, the
velocity error (63) converges to zero. In other words the
kinematic control signals cannot affect the vehicle velocities
instantaneously.

Now the electrical vehicle has motors installed in two
wheels. e model of the motor has been shown in (72).
From our simulations, the control torques (cf. (62)) for the
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F 13: Tracking velocity error 𝜼𝜼 (rad/s).

le and right wheels can be known precisely and therefore
we can estimate the currents for the motors. Based on
the experimental system explained in the next section, we
consider an ampli�cation between the transmitted and the
produced torques equal to 4. So Figure 14 shows the estimated
armature currents for right and le motors.

5.2. Trajectory with Disturbance Violating the Nonholonomic
Constraints of the Vehicle Motion. is simulation test shows
the robustness of the fuzzy adaptive motion control system
with respect to outside disturbances violating the nonholo-
nomic constraints (9). e disturbance above can be caused
by the impact of the vehicle with the external environment,
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F 14: Estimated armature currents of le and right motor.
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F 15: Lateral position error 𝑒𝑒𝑦𝑦 (m)with (blue line) andwithout
(green line) fuzzy system.

as, for example, the road conditions and the contact between
the wheels and the ground where the vehicle moves. In this
sense the dynamic model (20) has a bounded unknown
disturbance term 𝝉𝝉𝐝𝐝 including unstructured dynamics. Now
effects of the disturbances above, that is, perturbations of
the actual trajectory of the vehicle, are considered only. So
the simulation test consists of generating the slipping of the
wheels by a step disturbance of the actual lateral position
y of the vehicle for every 5 s. e reference trajectory is
shown in Figure 7 and it is feasible, that is, it does not violate
the nonholonomic constraints. Figure 15 shows the tracking
error along 𝑦𝑦-direction in case of control with and without
fuzzy system. In case of control without fuzzy system, the
parameters (28) are �xed as it results in (70). As discussed in



14 ISRN Robotics

(a) (b)

F 16: Nonholonomic vehicle top and rear views: PC target and independent traction axis.

F 17: Motor axis pulley local view.

Remark 2 it is evident that, with respect to the itself control
without fuzzy inference [6], the adaptive fuzzy control system
of our paper reacts to the disturbance, recovering the vehicle
motion with a very good control effort.

6. Experimental System and Results

In this section a motion control experiment has been
established based on the fuzzy control laws (54) and (62).
Experimentation is performed on a vehicle with the same
dynamical and kinematical parameters of the simulations.

6.1. Main Technical Aspects of the Nonholonomic Vehicle
and of the Implemented Fuzzy Adaptive Control System. e
details of our vehicle are shown in Figure 16. e vehicle
above is constituted by a mechanical support of circular
form, under which two independent traction axes have
been installed (differential drive actuation). e information
on linear and angular velocities and therefore on position
and orientation of the vehicle have been obtained by two
proprioceptive sensors, that is, one encoder for each wheel.

e electric motors are controlled by on-board personal
computer (PCTarget) with Pentiumprocessor.e signals for

the actuators are PWMtype.erefore, drivers for themotors
have been installed. e motors and the drivers require a set
of two on-board batteries of 12V.

Principal components of the experimental system are

(i) two DC motors;
(ii) two encoders Baumer, BHK series;
(iii) two drivers LMD18200;
(iv) PC Target on board with Encoder Card PCL-833,

Multifunctional Card PCL-1800.

We use another PC (host computer) for motion control,
where the adaptive fuzzy motion controller has been imple-
mented by using MATLAB Simulink.

About the motors, they have been chosen for the good
torques and robustness performance. e parameters of the
model have been shown in the simulation section. e main
characteristics of the motors are

(i) nominal tension value: 24V;
(ii) nominal current value: 2.8 A;
(iii) continuous torque: 6Ncm;
(iv) Constant torque-current: 3.34Ncm/A.

e employed drivers produce current for the motors
to generate the torques. However, the drivers above assure
maximum current of 3A for the motors with consequential
very low torque. So we do not change the driver, but we use
a system of motor-axis pulley (see Figure 17) introducing
an ampli�cation between the produced and the transmitted
torque. To use the driver LMD18200, the ampli�cation above
is 1 : 4.

e circuit for the PWM generation has been shown in
Figure 18. In our experimental system the card above is posi-
tioned upon the PC target (see Figure 16 top view). Note that
the LMD18200 has three inputs: PWM, DIR, and BRAKE.
e brake input can be controlled by microcontroller. In our
experiments the input above is not used. So it is “ground”.
e input “DIR” is the direction of the motor rotation. Now
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the multifunctional card PCL-1800 has A/D converter, buffer
FIFO of 1Kword, two converters D/A 12 bit, 16 digital inputs,
and 16 digital outputs. From the D/A of the PCL-1800,
reference voltages proportional to the currents are obtained.
e card above has been employed to monitor the armature
currents, the reference voltages, and the current signs. So the
difference between the current reference and the measure
current feedback is fed into a current control block. Hence,
it generates the duty ratio for the PWM converter which
provides bidirectional current control of the DC motors.

e encoders have been employed to evaluate the velocity
rotation of the axis. ey use two pulse trains, 90 degree out
of phase.

e host computer loads to the PC Target of the vehicle
the program and the reference trajectory, while the PC Target
communicates to it some variables, as, for example, the
actual position. e host PC reads motor positions for use
in graphics routines by using MATLAB soware. e PC
target passes latest position to the fuzzy control algorithm
implemented in the host PC usingMATLAB simulink. So the
Fuzzy control algorithm calculates the new outputs for the
DAC of the PCL-1800 generating the reference voltage and
waits for the next command from the PC target.

About the soware implementation of the fuzzy control
laws (54) and (62), the system has been realized by using
MATLAB Simulink, Real-Time Workshop, and XpcTarget
toolboxes. In particular we have used MATLAB Simulink to
implement the dynamical and kinematical fuzzy controllers
and the blocks for the card I/O interfaces. So, by employing
RealTimeWorkShop toolbox, the blocks above are converted
in C language suitably. e executable code is generated

by using Visual C compilator. erefore, the code above is
downloaded in the PC target, where there is a real-time
operative system. Sowemonitor the parameters in the remote
PC by graphical routines of MATLAB.

Figure 19 shows the block diagram for the acquisition of
the encoders data, that is, angular velocities of the right and
lewheels.edata above are downloaded in the host PC. So,
by using MATLAB simulink blocks to implement (16), they
are processed to obtain the feedback signal and the motion
errors (24) of the control system.

In conclusion the control architecture has three levels:

(i) from the positions errors (24), the adaptive fuzzy
kinematic control generates the speed control (cf.
(54));

(ii) from the velocity error (63), the adaptive dynamic
control generates the desired torque commands (cf.
(62));

(iii) actuation of the torques above by the PCL-1800 with
generation of error between the reference and the
measured current for the PWM input generation of
the driver LMD18200.

6.2. Results. In this section experimental results are shown
to con�rm the simulation results. In the host computer we
have implemented a reference curvilinear trajectory. e
trajectory above is shown in Figure 20 and it is equal to the
curvilinear length of the simulation tests (see Figure 7). e
initial conditions of the reference trajectory and of the vehicle
position are the same of the simulation tests (cf. (73), (74)).



16 ISRN Robotics

4

3

2

1

Saturation1

SaturationDerivator1

Derivator

Count2rad1

Count2rad

2

PCL833

1

PCL833

V Enc2 rad/sec

Enc2 rad

V Enc1 rad/sec

Enc1 rad

−1

Gain1

In1 Out1

In1 Out1

2∗pi/4096

2∗pi/4096

F 19: Interface for data acquisition from encoders.

−1.2 −1 −0.8 −0.6 −0.4 −0.2 0 0.2
−5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

x (m)

y
(m

)

F 20: Reference trajectory.

By using the fuzzy control laws (54) and (62), time
aer time, we have monitored the actual position of the
vehicle. Figures 21 and 22 show the experimental results
of the system output response to the reference trajectory
of Figure 20. In particular the reference and experimental
actual trajectories along x-direction versus time are shown
in Figure 21, while Figure 22 shows the same functions
along y-direction versus time. To compare experimental and
simulation results directly, it is evident that the vertical
distances between the trace of the actual and of the reference
trajectories (see Figures 21 and 22) represent the longitudinal
and the lateral tracking errors. e values of the distances
above are similar to the values of the simulation results (see
Figures 8 and 9).

Figures 23 and 24 show the reference voltages and the
sign of the currents for the le and right motors, respectively.
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F 21: Reference and actual experimental trajectory along x-
direction.

e information above come from output DAC of PCL 1800
card.

Figure 25 shows themeasured armature currents for right
and le motors. Note that the driver may have done 3A max
to the motors. e measured armature currents of Figure 25
are similar to the simulation results of Figure 14.

7. Conclusions

In this paper an evolution of the adaptive control for
motion control of autonomous nonholonomic vehicles by
inserting a new Fuzzy inference system has been presented.
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F 23: Reference voltage and current le-motor sign from PCL
1800 card.

In particular the fuzzy inference determines the parameters
of the kinematic controller with better performance than
the adaptive controller without fuzzy proposed in [6]. An
adaptive mechanism on line estimated the unknown dynam-
ical and kinematical parameters of the vehicle model. Also,
by using the dynamical extension, it is evident that the
hypothesis of perfect velocity tracking cannot be satis�ed
because it is not true practically. Our concepts are formulated
to have the asymptotical stability of the tracking errors
through Lyapunov theory and Barbalat’s lemma.e stability
results are based on the input-output properties of the fuzzy
inference system. Based on theoretical and simulation results
we conclude
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F 24: Reference voltage and current right motor sign from
PCL-1800 card.

0 1 2 3 4 5 6

0

2

−2

t (s)

M
ea

su
re

d
 c

u
rr

en
t

le
ft

 m
o

to
r 

(A
)

(a)

0 1 2 3 4 5 6

0

2

−2

t (s)

M
ea

su
re

d
 c

u
rr

en
t

ri
gh

t 
m

o
to

r 
(A

)

(b)

F 25: Measured armature currents.

(i) Lyapunov stability theory can be effectively applied to
determine the properties of fuzzy system for problem
of motion control of nonholonomic vehicles;

(ii) the fuzzy adaptive approach of this paper reduces the
response time of the tracking errors with respect to
controller without fuzzy inference mechanism [6];

(iii) the simulation results show the robustness, the
asymptotical stability, and the fast convergence of the
motion errors;

(iv) the experimental results con�rm the validity of the
proposed method.
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