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Abstract. 
A three-dimensional matrix method is proposed in this paper for Global Navigation Satellite System (GNSS) constellation Intrasatellite Link (ISL) topological design. The rows and columns of proposed matrix contain the information of both constellation orbit planes and satellites in each orbit plane. The third dimension of proposed matrix represents the time sequences during constellation movement. The proposed method has virtues of better advantage of conceptual clarity and computational efficiency, meanwhile, some properties of ISLs in the constellation can be proved easily. At the second part of this paper, a link assignment and optimal routing problem is proposed using three-dimensional topology matrixes, which aimed to minimize the relay hops during the process of data uploading to whole constellation network. Moreover, some practical constrains as antenna beam coverage and relative velocity are considered and analyzed in detail. Finally, some numerical simulations are provided, and the results demonstrated the promising performance of proposed topological method in reduction of computation burden, clear ISL conception, and so forth; the efficiency of provided optimal ISL routing problem is also proved.


1. Introduction
With the rapid progress in GNSS technology, it is now feasible and necessary to build ISL network to increase system functions as communications and range measurements. One of the most important aspects in satellite constellation ISL analysis is the topological design.
In previous researches, Werner [1–3] provided geometry of Virtual Path Connection (VPC) topological representation method for the analysis of the ISL between the satellites. In a series of literatures of Werner, “LEONET,” a Medium Earth Orbit (MEO) satellite constellation has been taken as an example, which is on the basis of proposed topology method. Moreover, the actual needs for global data relay and transmission are considered. By using the idea of Asynchronous Transfer Mode (ATM), Werner also provided a Modified Dijkstra Shortest Path Algorithm (M-DSPA) to achieve the global transmission of data with end-to-end performance. Donner et al. [4] carried out in-depth study of routing algorithm according to the Werner’s topology method, and Lee and Kang [5] also provided an application case of global Search and Rescue (SAR) using Werner’s results.

				Chang et al. [6] proposed a graphical method for ISL topology design for a Low Earth Orbit (LEO) communication satellite constellation, and a two-step optimized search routing algorithm was given for global data relay and transmission.

				Suzuki et al. [7] provided a topological method that has been successfully applied to the Next-Generation LEO System (NeLS) project which will consist of 120 satellites in constellation with inter satellite link connections. The NeLS can provide global multimedia mobile satellite communication service for handy terminals, which is conducted by the authorities of Japan. In the literature [7], Suzuki et al. considered the use of two-dimensional matrix for ISL topological, while the matrix rows are used for different orbit planes and the matrix columns are used to represent each satellite in corresponding orbit plane. This method has significantly simplified the ISL analyzed and was adopted by some other researchers [8].
As we can see from the analysis above, previous constellation ISL designs are basically based on intuitive graphical analysis for a task-specific mission. Some of the ISL topology analyses are using matrix form, however, those of which are mostly graphical based and without any matrix associated properties analysis. In this paper, the authors proposed a three-dimensional matrix topology analysis method, wherein the rows and columns of the matrix represent the orbital plane and satellite information, and the third dimension represents the time information. By theoretical analysis and numerical simulations, the results show that the proposed method has advantages of computational efficiency and clarity of ISL conceptual.

At the second stage of this paper, an optimal link assignment and routing problem is provided using proposed matrix topology method. The readers will find more details in Section 4.
2. Matrix Model
2.1. The Elements of ISL Topology Matrix
Assuming that a typical global navigation constellation consists of 
	
		
			

				𝑁
			

		
	
 orbital planes, each orbital plane have 
	
		
			

				𝑀
			

		
	
 satellites (to simplify the notation, this section consider a constellation of three orbital planes, with four satellites at each plane; that is 
	
		
			
				𝑁
				=
				3
			

		
	
,  
	
		
			
				𝑀
				=
				4
			

		
	
). Then the ISL topology matrix model is shown as in Figure 1.


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
		
	
		
	
	
	
	
	
	
	
		
	
		
	
	
	
	
	
	
	
	


	
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	

Figure 1: Demonstration of 3-orbit plane ISL topological.


The rows of the matrix have 
	
		
			
				𝑁
				×
				𝑀
			

		
	
 elements, which are divided into three subblocks in accordance with the number of orbit planes, and each subblock is to be allocated according to the number of satellites in each orbital plane. The matrix columns hold the same meaning as rows. The connection between topological matrix and global constellation ISL are as follows: suppose the 
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th satellite in orbital plane 
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 established a ISL with the 
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th satellite in orbital plane 
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; then the element
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							of the matrix is 1; the others are 0. According to (1), ISL has another representation of
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							that is (1) and (2) have the same meaning and mutually matrix transpose. In this paper, for the consideration of conceptual clarity, we use the upper triangular matrix representation, defined as Topological Method one (TM1). That is, the element of
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							in the matrix is 1; the others are 0.
Based on the definition of the matrix elements above, the following conclusions can be drawn:(1)the diagonal elements of matrix denote each satellite itself, as the blue region in Figure 2;(2)according to the characteristics of the global constellation ISL, the topological matrix can be blocked to some regions, as shown in Figure 2. Area “1” indicates the links between the first orbit plane of global constellation; area “2” indicates the links between the second orbit plane of global constellation; also, area “3” represents the third orbit plane as before; areas “4, 5, and 6,” respectively, denote the links between the orbit plane 1 and 2, 2 and 3, and 3 and 1 of global constellation.


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
		
	
		


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	

Figure 2: Demonstration of topological block matrix.


Thus, when the 
	
		
			

				𝑗
			

			

				1
			

		
	
th satellite in orbit plane 
	
		
			

				𝑖
			

			

				1
			

		
	
 established an ISL link with the 
	
		
			

				𝑗
			

			

				2
			

		
	
th satellite in orbit plane 
	
		
			

				𝑖
			

			

				2
			

		
	
 in the constellation, according to the definition of (3), it can immediately get a topology matrix, as Figure 3 shows. Moreover, the third dimension of the ISL topology matrix denotes the time axis, as in Figure 4.


	
		
	
		
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
	

Figure 3: Demonstration of 3-orbit plane ISL topological.




	
		
	
	
		
	
		
			
				
			
				
			
		
	
	
		
	
		
			
				
			
				
			
		
	
	
		
	
		
			
				
			
				
			
		
	


	
		
			
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
		
	
	
		
			
				
			
		
	
	
	

Figure 4: Demonstration of 3-dimensional ISL topological matrix.


In the subsequent content of this paper, for the sake of matrix operations efficiency, some minor changes could be adopted for ISL topology matrix. Supposing the ISL matrix is 
	
		
			

				𝐴
			

		
	
 at one moment, and we call it as Topological Method one (TM1), it could also be given as:(i)Topological Method two (TM2): 
	
		
			
				𝐵
				=
				𝐴
				+
				𝐴
			

			

				𝑇
			

		
	
;(ii)Topological Method three (TM3): 
	
		
			
				𝐶
				=
				𝐴
				+
				𝐴
			

			

				𝑇
			

			
				+
				𝐼
			

		
	
.
It can be proved that those three methods above hold the equivalent meaning (which will be proved in Section 3.2).
2.2. Some Characteristics of ISL Matrix
Definition 1. For a typical Walker 
	
		
			

				𝑁
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			
				/
				𝑃
			

			

				𝑤
			

		
	
 constellation, by using the agile scanning beam ISL design, one traversal cycle of constellation is defined as each satellite establish a link with other satellites once during a cycle period. The upper triangular elements of ISL topology matrix will be fully filled with ones by timing accumulate.
Proof. According to the definition of ISL topology matrix, under any epoch 
	
		
			

				𝑘
			

		
	
, the ISL topology matrix has elements 
	
		
			

				𝑎
			

			
				𝑖
				𝑗
			

			
				=
				1
			

		
	
, which denotes the establishment of ISL between some specific pair of satellites. By timing accumulation of one traversal cycle, if the ISL topology matrix in a constellation appears,
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				.
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				𝑖
				≠
				𝑗
			

		
	
Then it indicates that a particular pair of satellites ISL disconnected or redundant, by the timing accumulation of the ISL topology matrix, the upper triangular elements would be fully filled with ones.
Lemma 2.  ISLs between different orbit planes are established in pairs.
Proof. For a typical Walker 
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 constellation, suppose the Right Ascension of Ascending Node (RAAN) and the mean anomaly of the 
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th satellite in orbital plane 
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								where mod denotes the remainder operation.Note that all the satellites in a Walker constellation are geometrical symmetry, and any satellite in the constellation can geometrically be representative of all others. Let us take a look at the first satellite in first orbit plane (
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				=
				1
				,
				𝑗
				=
				1
			

		
	
), subsequently referred to as the reference satellite. The phase difference of the 
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th satellite in the second orbit plane relative to the reference satellite is
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Also, the phase difference of the 
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th satellite in the orbit plane 
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 relative to the reference satellite is
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Obviously, when
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								holds integer reflects the 
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th and the 
	
		
			

				𝑗
			

			

				2
			

		
	
th satellite in different orbit plane which establish the geometrically equal ISLs to reference satellite. That is, ISLs between different orbit planes established in pairs.
Conclusion 1. For a typical Walker 
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 constellation, by using one agile scanning beam at each satellite, the overall hop number of one traversal cycle is
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Proof. The hop number for agile scanning beam analysis is divided into two different types: interplane (ISL’s between satellites in adjacent/corotating planes) and intraplane (ISL’s connecting satellites in the same orbit plane) [1].(1)For the orbit plane number 
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, due to the ISLs between different orbit plane in pairs, the total combination of interplane ISLs gives
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											The ISLs between each pair of interplane have situations of 
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											hops.(2)For the intraplane ISLs, each orbital plane has satellites of 
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, due to the ISLs between satellites in coorbit plane in pairs. Then at any epoch in a traversal cycle, one has the following:(a)coorbit plane with odd number satellites: each orbit plane has one satellite bye, traversing the hop count
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(b)coorbit plane with even number satellites: each orbit plane get the full pairing, traversing the hop count
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Corollary 3.  According to Conclusion 1 and Figure 2, for a typical Walker 
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 constellation, by using one agile scanning beam ISL at each satellite, the upper triangular elements of topology matrix will accumulating filled with ones during one ISL traversal cycle. The interplane matrix area of Figure 2 will be completely filled and the number of elements is
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 Also, the intraplane matrix area of Figure 2 will be completely filled with number of elements
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Proof. 
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 ISLs between different orbit planes at one epoch. According to the hop number of interplane ISLs during one ISL traversal cycle from (12), the interplane ISLs has the number of
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Considering the geometric relationships of interplane area of Figure 2, the number of matrix elements of the interplane area is multiplying elements number of each square by number of squares:
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				𝑀
			

			

				𝑤
			

			

				
			

			

				2
			

			
				×
				𝑀
			

			

				𝑤
			

			
				
				𝑀
			

			

				𝑤
			

			
				
				−
				1
			

			
				
			
			
				2
				.
			

		
	
Equation (18) = (19); interplane ISLs proved.
	
		
			
				(
				2
				)
			

		
	
 For intraplane ISLs, each orbital plane has 
	
		
			
				(
				𝑁
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			

				)
			

		
	
 satellites; due to the paired establish of ISLs between satellites in coorbit, each epoch will have
									
	
 		
 			
				(
				2
				0
				)
			
 		
	
 
	
		
			
				
				𝑁
				ﬂ
				o
				o
				r
			

			

				𝑤
			

			
				
			
			
				2
				𝑀
			

			

				𝑤
			

			

				
			

		
	

								combinations, wherein floor is a numeric integer arithmetic.According to the orbit planes 
	
		
			

				𝑀
			

			

				𝑤
			

		
	
 and hop number of coorbit 
	
		
			

				𝛼
			

		
	
, the coorbit ISLs have the hop number of
									
	
 		
 			
				(
				2
				1
				)
			
 		
	
 
	
		
			
				
				𝑁
				ﬂ
				o
				o
				r
			

			

				𝑤
			

			
				
			
			
				2
				𝑀
			

			

				𝑤
			

			
				
				𝑀
			

			

				𝑤
			

			
				𝛼
				.
			

		
	
An alternate way to prove it is as follows: each orbital plane has 
	
		
			
				(
				𝑁
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			

				)
			

		
	
 satellites, due to the paired establish of ISLs between satellites in coorbit, the coorbit ISLs number at each epoch have
									
	
 		
 			
				(
				2
				2
				)
			
 		
	
 
	
		
			

				𝐶
			

			
				2
				𝑁
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			
				=
				
				𝑁
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			
				
				!
			

			
				
			
			
				𝑁
				2
				!
				
				
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			
				
				
				!
				=
				
				𝑁
				−
				2
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			
				𝑁
				
				
				
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			
				
				
				−
				1
			

			
				
			
			
				2
				=
				𝑁
			

			

				𝑤
			

			
				
			
			
				2
				𝑀
			

			

				𝑤
			

			
				
				𝑁
			

			

				𝑤
			

			
				
			
			

				𝑀
			

			

				𝑤
			

			
				
				−
				1
			

		
	

								combinations; considering the orbit plane number 
	
		
			

				𝑀
			

			

				𝑤
			

		
	
, the coorbit ISLs have the total number of hops as
									
	
 		
 			
				(
				2
				3
				)
			
 		
	
 
	
		
			

				𝑁
			

			

				𝑤
			

			
				
			
			
				2
				𝑀
			

			

				𝑤
			

			
				
				𝑁
			

			

				𝑤
			

			
				
			
			

				𝑀
			

			

				𝑤
			

			
				
				−
				1
				⋅
				𝑀
			

			

				𝑤
			

			
				=
				𝑁
			

			

				𝑤
			

			
				
			
			
				2
				
				𝑁
			

			

				𝑤
			

			
				
			
			

				𝑀
			

			

				𝑤
			

			
				
				.
				−
				1
			

		
	
This also proved that the formula (21) equals formula (23).
According to the geometric relationship of coorbit areas in Figure 2, the number of matrix elements in coorbit areas equals the upper triangular matrix elements of each block multiplying the number of matrix
								
	
 		
 			
				(
				2
				4
				)
			
 		
	
 
	
		
			

				1
			

			
				
			
			
				2
				×
				
				𝑁
			

			

				𝑤
			

			
				
			
			

				𝑀
			

			

				𝑤
			

			
				
				×
				
				𝑁
				−
				1
				1
				+
			

			

				𝑤
			

			
				
			
			

				𝑀
			

			

				𝑤
			

			
				
				−
				1
				×
				𝑀
			

			

				𝑤
			

			
				=
				𝑁
			

			

				𝑤
			

			
				
			
			
				2
				
				𝑁
			

			

				𝑤
			

			
				
			
			

				𝑀
			

			

				𝑤
			

			
				
				.
				−
				1
			

		
	

Equation (23) = (24); coorbit ISLs is proved.
Conclusion 2. For a given ISL topology matrix 
	
		
			
				𝐴
				(
				𝑘
				)
			

		
	
 at epoch 
	
		
			

				𝑘
			

		
	
, it always can be 
	
		
			
				(
				1
				)
			

		
	
 transformed into subunit matrixes with same column sequence using 
	
		
			
				
			
			
				𝐴
				(
				𝑘
				)
				=
				𝐴
				(
				𝑘
				)
			

			

				𝑇
			

			
				𝐴
				(
				𝑘
				)
			

		
	
 or  
	
		
			
				(
				2
				)
			

		
	
 transformed into subunit matrixes with same row sequence of using 
	
		
			

				∼
			

			
				𝐴
				(
				𝑘
				)
				=
				𝐴
				(
				𝑘
				)
				𝐴
				(
				𝑘
				)
			

			

				𝑇
			

		
	
.
Proof. The ISL topology matrix 
	
		
			
				𝐴
				(
				𝑘
				)
			

		
	
 at any epoch 
	
		
			

				𝑘
			

		
	
 is upper triangular, according to the difference of orbit plane, the following general form of matrix block can be obtained (omitting epoch symbols 
	
		
			

				𝑘
			

		
	
):
									
	
 		
 			
				(
				2
				5
				)
			
 		
	
 
	
		
			
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝐴
				𝐴
				=
			

			
				1
				1
			

			

				𝐴
			

			
				1
				2
			

			

				𝐴
			

			
				1
				3
			

			
				⋯
				𝐴
			

			
				1
				𝑁
			

			

				𝐴
			

			
				2
				2
			

			

				𝐴
			

			
				2
				3
			

			
				⋯
				𝐴
			

			
				2
				𝑁
			

			

				𝐴
			

			
				3
				3
			

			
				⋯
				𝐴
			

			
				3
				𝑁
			

			
				𝐴
				⋱
				⋮
			

			
				𝑁
				𝑁
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
			

		
	

								where 
	
		
			

				𝑁
			

		
	
 is the orbit plane number of constellation. It can be seen from above that 
	
		
			

				𝐴
			

			
				𝑖
				𝑖
			

			
				,
				𝑖
				=
				1
				,
				2
				,
				3
				…
				𝑁
			

		
	
 denote the coorbit ISLs topology matrix, and the others are different orbit ISLs topology matrix. According to the definition of topology matrix, the different orbit ISLs submatrix 
	
		
			

				𝐴
			

			
				𝑖
				𝑗
			

		
	
 can be written as the following general form:
									
	
 		
 			
				(
				2
				6
				)
			
 		
	
 
	
		
			

				𝐴
			

			
				𝑖
				𝑗
			

			
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝑎
			

			
				𝑝
				+
				1
			

			

				𝑎
			

			
				𝑝
				+
				2
			

			
				⋱
				𝑎
			

			

				𝑞
			

			

				𝑎
			

			

				1
			

			

				𝑎
			

			

				2
			

			
				⋱
				𝑎
			

			

				𝑝
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
			

		
	

								where 
	
		
			
				𝑞
				=
				𝑀
			

		
	
 represents the number of satellites at each orbit plane. By using matrix multiplication, the 
	
		
			
				𝐴
				(
				𝑘
				)
			

			

				𝑇
			

			
				𝐴
				(
				𝑘
				)
			

		
	
 at each epoch results in
									
	
 		
 			
				(
				2
				7
				)
			
 		
	
 
	
		
			

				𝐴
			

			
				𝑇
				𝑖
				𝑗
			

			

				𝐴
			

			
				𝑖
				𝑗
			

			
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝑎
			

			
				2
				𝑝
				+
				1
			

			

				𝑎
			

			
				2
				𝑝
				+
				2
			

			
				⋱
				𝑎
			

			
				2
				𝑞
			

			

				𝑎
			

			
				2
				1
			

			

				𝑎
			

			
				2
				2
			

			
				⋱
				𝑎
			

			
				2
				𝑝
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				.
			

		
	
Since each of its elements are all ones, so
									
	
 		
 			
				(
				2
				8
				)
			
 		
	
 
	
		
			

				𝑎
			

			
				2
				𝑖
			

			
				=
				1
				,
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑝
				,
				𝑝
				+
				1
				,
				…
				,
				𝑞
				.
			

		
	
Then the subunit matrixes with same column sequence can be obtained. For the coorbit ISL submatrix 
	
		
			

				𝐴
			

			
				𝑖
				𝑖
			

		
	
, according to the ISL topology matrix definition, it can be written as the following general form:
									
	
 		
 			
				(
				2
				9
				)
			
 		
	
 
	
		
			

				𝐴
			

			
				𝑖
				𝑗
			

			
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				0
				𝑎
			

			
				𝑝
				+
				1
			

			
				0
				𝑎
			

			

				1
			

			
				0
				⋱
				⋱
				𝑎
			

			

				𝑝
			

			
				0
				0
				𝑎
			

			
				𝑝
				+
				2
			

			
				0
				⋱
				⋱
				𝑎
			

			

				𝑞
			

			
				0
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				.
			

		
	
The result of the multiplication between any two submatrices 
	
		
			

				𝐴
			

			
				𝑇
				𝑖
				𝑖
			

			

				𝐴
			

			
				𝑖
				𝑖
			

		
	
 at each epoch is similar as (27). Then the ISL topology matrix 
	
		
			
				𝐴
				(
				𝑘
				)
			

		
	
 can be transformed into subunit matrixes with same column sequence using 
	
		
			
				𝐴
				(
				𝑘
				)
			

			

				𝑇
			

			
				𝐴
				(
				𝑘
				)
			

		
	
.

					Proposition 2 can be proved similar to proposition 1, which is not provided here. 
Conclusion 3. During a traversal cycle of constellation using one ISL agile scanning antenna beam, the cumulative matrix
								
	
 		
 			
				(
				3
				0
				)
			
 		
	
 
	
		
			

				𝐴
			

			
				b
				a
				t
				c
				h
			

			

				=
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			
				
			
			
				𝐴
				(
				𝑘
				)
			

		
	

							has the form of diagonal; the diagonal elements of the matrix and the eigenvalues are
								
	
 		
 			
				(
				3
				1
				)
			
 		
	
 
	
		
			
				
				𝐴
				d
				i
				a
				g
			

			
				b
				a
				t
				c
				h
			

			
				
				=
				[
				]
				,
				𝜆
				
				𝐴
				0
				,
				1
				,
				2
				,
				3
				,
				…
				,
				𝑛
				−
				1
			

			
				b
				a
				t
				c
				h
			

			
				
				=
				[
				]
				,
				0
				,
				1
				,
				2
				,
				3
				,
				…
				,
				𝑛
				−
				1
			

		
	

							where 
	
		
			

				𝑛
			

		
	
 is the hop number during one traversal cycle using one agile scanning beam.
Proof. The matrix 
	
		
			
				
			
			
				𝐴
				(
				𝑘
				)
			

		
	
 is the subunit matrix of 
	
		
			
				𝐴
				(
				𝑘
				)
			

		
	
 with the same column sequence at arbitrary epoch 
	
		
			

				𝑘
			

		
	
, and the accumulation of the matrix 
	
		
			
				𝐴
				(
				𝑘
				)
			

		
	
 will fully fill the square with dimension of 
	
		
			
				𝑀
				𝑁
				×
				𝑀
				𝑁
			

		
	
 in one traversal cycle of constellation. So, the accumulative matrix 
	
		
			

				𝐴
			

			
				b
				a
				t
				c
				h
			

		
	
 is substantially the accumulate of columns, with the form of diagonal matrix and diagonal elements 
	
		
			
				d
				i
				a
				g
				(
				𝐴
			

			
				b
				a
				t
				c
				h
			

			
				)
				=
				[
				0
				,
				1
				,
				2
				,
				3
				,
				…
				,
				𝑛
				−
				1
				]
			

		
	
. For the matrix in form of 
	
		
			

				𝐴
			

			
				b
				a
				t
				c
				h
			

		
	
, the eigenvalues can be easily obtained as 
	
		
			
				𝜆
				(
				𝐴
			

			
				b
				a
				t
				c
				h
			

			
				)
				=
				[
				0
				,
				1
				,
				2
				,
				3
				,
				…
				,
				𝑛
				−
				1
				]
			

		
	
.
3. Some Applications
3.1. Analysis of ISL Hops
This section presents the analysis of optimal coorbit/different orbit ISL hops and the total ISL numbers under different satellite constellation conditions. It is assumed that each satellite has the capability of establishing only one agile scanning beam ISL during simulation. The selected constellations include practical engineering constellations and the theoretical ones as in Table 1.
Table 1: Analysis of ISL hops and link number.
	

	
									Constellations Walker 
						
	
		
			

				𝑁
			

			

				𝑤
			

			
				/
				𝑀
			

			

				𝑤
			

			
				/
				𝑃
			

			

				𝑤
			

		
	
	Different orbit plane	Coorbit plane	
									Hops/cycle	
									ISLs/cycle	
									Remark
	ISL numbers	Hops (multiplication of two items)	Hops 
	
		
			

				𝛼
			

		
	
	ISL numbers
	Pairs of ISLs/epoch	ISLs/diff-orbit*	Combinations of diff-orbit	ISL types**	ISLs/coorbit 
						
	
		
			
				ﬂ
				o
				o
				r
				(
				𝑁
			

			

				𝑤
			

			
				/
				2
				𝑀
			

			

				𝑤
			

			

				)
			

		
	
	Orbit plane number 
	
		
			

				𝑀
			

			

				𝑤
			

		
	

	

	Walker9/3/2	1	3	3	3	3	1	3	12	36	 
	Walker18/6/2	3	3	3	5	3	1	6	18	153	 
	Walker24/3/2	1	8	8	3	7	4	3	31	276	Compass
	Walker24/6/1	3	4	4	5	3	2	6	23	276	GPS
	Walker25/5/1	2	5	5	5	5	2	5	30	300	 
	Walker27/9/0	4	3	3	9	3	1	9	30	351	 
	Walker72/6/1	3	12	12	5	11	6	6	71	2556	 
	Walker77/7/1	3	11	11	7	11	5	7	88	2926	Iridium
	Walker66/6/1	3	11	11	5	11	5	6	66	2145	Iridium
	Walker120/10/1	5	12	12	9	11	6	10	119	7140	NeLS
	Walker288/12/1	6	24	24	11	23	12	12	287	459504	Teledesic
	



	
		
			

				∗
			

		
	
“diff-orbit” denotes the different orbit plane.

                **“ISL types” denotes the ISL connection types for different orbit during one traversal cycle.


Here we take the Walker77/7/1 constellation as an example to demonstrate the computation method of total ISL hops and the meaning of each item in Table 1, as shown in the following:
								

	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
			
			
			
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
			
		
		
			
				
			
			
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
			
		
	
	
		
	
	
		
			
				
				
				
				
				
				
				
				
				
				
				
				
				
			
		
		
			
				
				
				
				
				
			
		
	
	
		
	
	
		
			
				
				
				
				
				
				
				
			
		
		
			
				
				
				
				
				
			
		
	
	
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
				
					
				
			
		
	
	
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
				
			
		
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
		
	
	
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
		
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
		
	
	
		
			
				
			
			
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
				
					
				
			
		
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
		
	
	
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
		
		
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
			
				
			
		
	


	
		
		
			
				
			
		
	
	
		
		
			
				
			
		
	
	
		
		
			
				
			
		
	
	
		
		
			
				
			
		
	
	
		
		
			
				
			
		
	
	
		
		
			
				
			
		
	
	
		
		
			
				
			
		
	

(32)
3.2. Cases of ISL Failure and Redundancy
It will be inevitable that in the event of ISLs failure during GNSS operation, supposing that one satellite failure occurred, the row and column 
	
		
			

				𝑖
			

			
				
			
			
				,
				𝑗
			

			
				
			
		
	
 of the topology matrix will be vacant as shown in Figure 5. This section provides the analysis of ISL reconfiguration and restructure in this case, as well as ISL redundancy situation.


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
	
	
		
			
		
		
	
	
		
			
		
		
	
	
	
	
	
	
	
	
	
	
	
	
	

Figure 5: Demonstration of one ISL failure.


First of all, here we give a brief introduction of some properties of the topology matrix and linear space: Let 
	
		
			

				𝐑
			

		
	
 be the real number region, with elements in lowercase letters 
	
		
			
				𝑎
				,
				𝑏
				,
				𝑐
				…
			

		
	
. On 
	
		
			

				𝐑
			

		
	
; a collection of all 
	
		
			
				𝑛
				×
				𝑛
			

		
	
 matrixes constitute a linear space on the basis of matrix addition and matrix multiplication, which is denoted as 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
.
It can be proved that one group of bases in space 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
 is
								
	
 		
 			
				(
				3
				3
				)
			
 		
	
 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

			
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				0
				⋮
				0
				0
				⋮
				0
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				0
				⋯
				0
				1
				0
				⋯
				0
				(
				𝑖
				)
				,
				(
				𝑗
				)
			

		
	

							where 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑛
				;
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑛
			

		
	
.
Obviously, the Topological Method one is a spanned upper triangular matrix linear space on the base vectors
								
	
 		
 			
				(
				3
				4
				)
			
 		
	
 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

			
				,
				(
				𝑖
				,
				𝑗
				s
				a
				t
				i
				s
				f
				y
				(
				3
				)
				)
				.
			

		
	

In case of ISL failure, as shown in Figure 5, the row and column 
	
		
			

				𝑖
			

			
				
			
			
				,
				𝑗
			

			
				
			
		
	
 of the matrix vanished, some special treatment is needed in ISLs reorganization.
Here we assumed that the mapping 
	
		
			

				𝑓
			

		
	
 is a linear transformation of linear space 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
 on real number region 
	
		
			

				𝐑
			

		
	
; this mapping reflecting the transform from ISLs is intact to ISLs failure recombination. Based on the analysis in this section, taking a base 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

		
	
 from linear space 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
, let 
	
		
			

				𝜶
			

		
	
 be the ISL traversal vector in 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
;
								
	
 		
 			
				(
				3
				5
				)
			
 		
	
 
	
		
			
				𝜶
				=
				𝑥
			

			

				1
			

			

				𝐄
			

			
				1
				1
			

			
				+
				𝑥
			

			

				2
			

			

				𝐄
			

			
				1
				2
			

			
				+
				⋯
				+
				𝑥
			

			

				𝑛
			

			

				𝐄
			

			
				𝑖
				𝑗
			

			

				.
			

		
	

Then we have
								
	
 		
 			
				(
				3
				6
				)
			
 		
	
 
	
		
			
				𝑓
				(
				𝜶
				)
				=
				𝑦
			

			

				1
			

			

				𝐄
			

			
				1
				1
			

			
				+
				𝑦
			

			

				2
			

			

				𝐄
			

			
				1
				2
			

			
				+
				⋯
				+
				𝑦
			

			

				𝑛
			

			

				𝐄
			

			
				𝑖
				𝑗
			

			

				.
			

		
	

The question now is how to calculate the coordinates 
	
		
			
				(
				𝑦
			

			

				1
			

			
				,
				𝑦
			

			

				2
			

			
				,
				…
				,
				𝑦
			

			

				𝑛
			

			

				)
			

			

				𝑇
			

		
	
 of the base 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

		
	
 under 
	
		
			
				𝑓
				(
				𝜶
				)
			

		
	
? Here we write linear transformation as follows:
								
	
 		
 			
				(
				3
				7
				)
			
 		
	
 
	
		
			
				𝑓
				
				𝜶
			

			

				1
			

			
				
				=
				𝑎
			

			
				1
				1
			

			

				𝜶
			

			

				1
			

			
				+
				𝑎
			

			
				2
				1
			

			

				𝜶
			

			

				2
			

			
				+
				⋯
				+
				𝑎
			

			
				𝑛
				1
			

			

				𝜶
			

			

				𝑛
			

			
				𝑓
				
				𝜶
			

			

				2
			

			
				
				=
				𝑎
			

			
				1
				2
			

			

				𝜶
			

			

				1
			

			
				+
				𝑎
			

			
				2
				2
			

			

				𝜶
			

			

				2
			

			
				+
				⋯
				+
				𝑎
			

			
				𝑛
				2
			

			

				𝜶
			

			

				𝑛
			

			
				⋮
				𝑓
				
				𝜶
			

			

				𝑛
			

			
				
				=
				𝑎
			

			
				1
				𝑛
			

			

				𝜶
			

			

				1
			

			
				+
				𝑎
			

			
				2
				𝑛
			

			

				𝜶
			

			

				2
			

			
				+
				⋯
				+
				𝑎
			

			
				𝑛
				𝑛
			

			

				𝜶
			

			

				𝑛
			

			

				,
			

		
	

							where 
	
		
			
				(
				𝑎
			

			
				1
				𝑗
			

			
				,
				𝑎
			

			
				2
				𝑗
			

			
				,
				…
				,
				𝑎
			

			
				𝑛
				𝑗
			

			

				)
			

			

				𝑇
			

		
	
 are the coordinates of 
	
		
			
				𝑓
				(
				𝜶
			

			

				𝑗
			

			

				)
			

		
	
 on the base 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

		
	
.
Let
								
	
 		
 			
				(
				3
				8
				)
			
 		
	
 
	
		
			

				𝐴
			

			
				
			
			
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝑎
			

			
				1
				1
			

			

				𝑎
			

			
				2
				1
			

			
				⋯
				𝑎
			

			
				𝑛
				1
			

			

				𝑎
			

			
				1
				2
			

			

				𝑎
			

			
				2
				2
			

			
				⋯
				𝑎
			

			
				𝑛
				2
			

			
				𝑎
				⋮
				⋮
				⋱
				⋮
			

			
				1
				𝑛
			

			

				𝑎
			

			
				2
				𝑛
			

			
				⋯
				𝑎
			

			
				𝑛
				𝑛
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				.
			

		
	

This matrix is the linear transformation on the base 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

		
	
, wherein the column 
	
		
			

				𝑗
			

		
	
 elements are the coordinates of 
	
		
			
				𝑓
				(
				𝜶
			

			

				𝑗
			

			

				)
			

		
	
 on the base 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

		
	
.
The analysis of ISLs redundancy situation and restructure is similar as above, which is not provided here.
Corollary 4.  Topological Methods one/two/three (TM 1/2/3) are equal.
Proof. In linear space 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
, assume that the vector 
	
		
			
				𝜶
				∈
				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
 denotes the coordinates of the matrix 
	
		
			

				𝐴
			

		
	
 in base 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

		
	
 by using TM 1. Here we define the transform mapping from TM 1 to TM 2, and TM 1 to TM 3 are
									
	
 		
 			
				(
				3
				9
				)
			
 		
	
 
	
		
			

				𝑓
			

			
				1
				2
			

			
				=
				𝜶
				+
				𝜶
			

			

				𝑇
			

			
				,
				𝑓
			

			
				1
				3
			

			
				=
				𝜶
				+
				𝜶
			

			

				𝑇
			

			
				+
				𝐼
				.
			

		
	
For any vector 
	
		
			
				𝜶
				,
				𝜷
				∈
				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
, we have
									
	
 		
 			
				(
				4
				0
				)
			
 		
	
 
	
		
			

				𝑓
			

			
				1
				2
			

			
				(
				𝜶
				+
				𝜷
				)
				=
				(
				𝜶
				+
				𝜷
				)
				+
				(
				𝜶
				+
				𝜷
				)
			

			

				𝑇
			

			
				=
				𝜶
				+
				𝜶
			

			

				𝑇
			

			
				+
				𝜷
				+
				𝜷
			

			

				𝑇
			

			
				=
				𝑓
			

			
				1
				2
			

			
				(
				𝜶
				)
				+
				𝑓
			

			
				1
				2
			

			
				𝑓
				(
				𝜷
				)
				,
			

			
				1
				3
			

			
				(
				𝜶
				+
				𝜷
				)
				=
				(
				𝜶
				+
				𝜷
				)
				+
				(
				𝜶
				+
				𝜷
				)
			

			

				𝑇
			

			
				+
				2
				𝐼
				=
				𝜶
				+
				𝜶
			

			

				𝑇
			

			
				+
				𝐼
				+
				𝜷
				+
				𝜷
			

			

				𝑇
			

			
				+
				𝐼
				=
				𝑓
			

			
				1
				3
			

			
				(
				𝜶
				)
				+
				𝑓
			

			
				1
				3
			

			
				(
				𝜷
				)
				.
			

		
	
For any 
	
		
			
				𝑎
				∈
				𝐑
			

		
	
, we have
									
	
 		
 			
				(
				4
				1
				)
			
 		
	
 
	
		
			

				𝑓
			

			
				1
				2
			

			
				(
				𝑎
				𝜶
				)
				=
				𝑎
				𝜶
				+
				𝑎
				𝜶
			

			

				𝑇
			

			
				
				=
				𝑎
				𝜶
				+
				𝜶
			

			

				𝑇
			

			
				
				=
				𝑎
				𝑓
			

			
				1
				2
			

			
				𝑓
				(
				𝜶
				)
				,
			

			
				1
				3
			

			
				(
				𝑎
				𝜶
				)
				=
				𝑎
				𝜶
				+
				𝑎
				𝜶
			

			

				𝑇
			

			
				
				+
				𝑎
				𝐼
				=
				𝑎
				𝜶
				+
				𝜶
			

			

				𝑇
			

			
				
				+
				𝐼
				=
				𝑎
				𝑓
			

			
				1
				3
			

			
				(
				𝜶
				)
				.
			

		
	
Clearly, mapping 
	
		
			

				𝑓
			

			
				1
				2
			

			
				,
				𝑓
			

			
				1
				3
			

		
	
 is the linear transformation in linear space 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
. Meanwhile, for a set of specific selected base 
	
		
			

				𝐄
			

			
				𝑖
				𝑗
			

		
	
, a unique matrix can be obtained using linear transformation 
	
		
			

				𝑓
			

			
				1
				2
			

			
				,
				𝑓
			

			
				1
				3
			

		
	
 in 
	
		
			

				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
. Therefore, we create a one-to-one relationship between the matrix and the linear transformation; that is, TM 1/2/3 are equal.
3.3. Analysis of Computational Efficiency [9]
Commonly used computation efficient evaluation algorithm on modern computers is flop (floating octal point); one flop is a floating-point operation. Matrix flops calculation can be realized by adding the basic operation loops in one algorithm. In the cases of matrix multiplication and addition, the basic algorithm is 
	
		
			

				𝑎
			

			
				𝑖
				𝑘
			

			

				𝑏
			

			
				𝑘
				𝑗
			

			
				+
				𝑐
			

			
				𝑖
				𝑗
			

		
	
, which has two flops. This calculation requires 
	
		
			
				𝑚
				𝑛
				𝑝
			

		
	
 times which were obtained by a simple loop count, so, generally the calculation of the matrix multiplication and addition needs 
	
		
			
				2
				𝑚
				𝑛
				𝑝
			

		
	
 flops.
In this paper, the matrix topology representation is in the form of upper triangular matrix; here we give the calculation efficiency analysis.
For any upper triangular matrix 
	
		
			
				𝐴
				,
				𝐵
				∈
				𝐑
			

			
				𝑛
				×
				𝑛
			

		
	
, the product 
	
		
			
				𝐶
				=
				𝐴
				𝐵
			

		
	
 is also upper triangular, that is, for any 
	
		
			
				𝑘
				<
				𝑖
			

		
	
 or 
	
		
			
				𝑗
				<
				𝑘
			

		
	
, there are 
	
		
			

				𝑎
			

			
				𝑖
				𝑘
			

			

				𝑏
			

			
				𝑘
				𝑗
			

			
				=
				0
			

		
	
, so
								
	
 		
 			
				(
				4
				2
				)
			
 		
	
 
	
		
			

				𝑐
			

			
				𝑖
				𝑗
			

			

				=
			

			

				𝑗
			

			

				
			

			
				𝑘
				=
				𝑖
			

			

				𝑎
			

			
				𝑖
				𝑘
			

			

				𝑏
			

			
				𝑘
				𝑗
			

			

				.
			

		
	

Then, calculations of 
	
		
			

				𝑐
			

			
				𝑖
				𝑗
			

			
				(
				𝑖
				≤
				𝑗
				)
			

		
	
 require 
	
		
			
				2
				(
				𝑗
				−
				𝑖
				+
				1
				)
			

		
	
 flops. The amount of the product calculation of two matrices is
								
	
 		
 			
				(
				4
				3
				)
			
 		
	
 
	
		
			

				𝑛
			

			

				
			

			
				𝑛
				𝑖
				=
				1
			

			

				
			

			
				𝑗
				=
				1
			

			
				=
				2
				(
				𝑗
				−
				𝑖
				+
				1
				)
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
				𝑛
				−
				𝑖
				+
				1
			

			

				
			

			
				𝑗
				=
				1
			

			
				≈
				2
				𝑗
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			
				2
				(
				𝑗
				−
				𝑖
				+
				1
				)
			

			

				2
			

			
				
			
			
				2
				=
			

			

				𝑛
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑖
			

			

				2
			

			
				≈
				𝑛
			

			

				3
			

			
				
			
			
				3
				.
			

		
	

That is, the amo