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A theoretical study on the molecular polarization of thiophene and furan under the action of an electric field using Local Quantum
Similarity Indexes (LQSI) was performed. This model is based on Hirshfeld partitioning of electron density within the framework
of Density Functional Theory (DFT). Six local similarity indexes were used: overlap, overlap-interaction, coulomb, coulomb-
interaction, Euclidian distances of overlap, and Euclidean distances of coulomb. In addition Topo-Geometrical Superposition
Algorithm (TGSA) was used as a method of alignment. This method provides a straightforward procedure to solve the problem of
molecular relative orientation. It provides a tool to evaluate molecular quantum similarity, enabling the study of structural systems,
which differ in only one atom such as thiophene and furan (point group C

2v) and cyclopentadienyl molecule (point group D
5h).

Additionally, this model can contribute to the interpretation of chemical bonds, and molecular interactions in the framework of
the solvent effect theory.

1. Introduction

In chemistry the concept of molecular polarization is a key
concept often used to rationalize a lot of molecular proper-
ties on the basis of their constituent atoms, geometry, or
functional groups. Polarizability allows us tomake qualitative
judgements about structure and translate them into first
approximation of expected properties and chemical reactiv-
ity. We can expect, for example, that electrophiles to attack
positions with relatively high electron density and polar-
izability. Nucleophiles should attack relatively low electron
density and polarizability. Thus a lot of properties such as
boiled point, solubility,melting point, softness, andmolecular
reactivity depend on its polarizability properties.

In this study we related quantum molecular similarity
to the molecular polarity, in order to find a theoretical
model.Thiophene and furanmolecules (point groupC

2v) and

cyclopentadienyl molecule (point group D
5h) were taken as

model of this application. In this contribution a local similar-
ity index based on the Hirshfeld partitioning technique was
used [1]. This approach provides a tool to evaluate molecular
quantum similarity, enabling the study of structural systems,
which differ in only one atom.

One of the carbon-carbon (C–C) bonds of the cyclopen-
tadienyl and (C–S) bond from thiophene and (C–O) bond
of furan were taken as molecular fragments; these three
fragments (C–S, C–O, and C–C) were approximated as
diatomic molecule. Taking into account this idea which
proposed a theoreticalmodel allows us to relate themolecular
polarity under the action of an electric field with a series of
quantum similarity descriptors [2–12].

This study is in line with the increasing importance of
applying quantum mechanically based techniques to study
the properties and reactions of molecules [2, 3]. Quantum
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chemically based indexes are receiving increasing attention;
for example, Molecular Quantum Similarity Index (MQSI) is
based on the electron density proposed by Carbó-Dorca et al.
[2–12] almost three decades ago and is the prototype of such
an index that continues to play an important role.

2. Theory and Computational Details

2.1. Molecular Polarization ofMolecules in an External Electric
Field. To achieve a characterization of the molecular polar-
ization was used the molecular model of polarization of two
atoms identify from the point of view of its quantum states
proposed by Khvalchenko [13]. Using this idea in this work,
the C1–C2 bond of the cyclopentadienyl molecule was taken
as model the polarization of two identical atoms under the
action of an electric field, for a transition 2s→ 3p orbital.

In this model cyclopentadienyl was designated as mol-
ecule A. Suppose that each carbon atom is in the 2s or 3p
state. All possible initial states of the system under study are
described by the wave function depicted in the following:

Ψ
𝐿

𝑚
= ∑

𝜇

𝑠
(𝑙,𝑙)

𝐿,𝜇,𝑚−𝜇
Ψ
𝜇
Ψ
𝑚−𝜇

, (1)

where 𝑠(𝑙,𝑙)
𝐿,𝜇,𝑚−𝜇

are the Wigner coefficients [14] and the over
barred symbols refer to the states of the second atom. Using
the relation (1) determines 16 initial states of the system of
atoms (see Appendix A).

2.2. Linearly Polarized Field. Under the action of an electric
field, the atoms are behaving as 𝐸 = (𝐸

1
𝑖+𝐸
2
𝑗+𝐸
3
𝑘) cos(𝜔𝑡).

The quantum states of this system are given by the following:
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To this equation we have
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ℎ𝜔
1
and ℎ𝜔

2
are the energies of the 2s and 3p and the respec-

tive Hamiltonians Ĥ0 and
̂H0 of the atoms and V̂ = −(D,E),

D = d + d, d + d are the operators of the dipole moments
of the atoms; from (2) it is possible to obtain the following
differential system ( ̇𝑎):

𝑖ℎ ̇𝑎 = 𝑉𝑎. (5)
To simplify (5), was used the method of successive approx-
imations given in (5), in this way was obtained a set of
coefficients as first approximation:

𝑎 = 𝐼 − ∫

𝑡

0

𝑉 (𝜏) 𝑑𝜏, (6)

where (𝑎) is a square matrix of order 16 and the columns
are the functions |Ψk⟩ of the atoms-plus-field system in the
initial states given (see Appendix A). For calculation, the
polarization of this system was used (7), for the molecule A.

Consider the following:

𝑃kA = 𝑆𝑝𝜌kD, (7)

where 𝜌k = |Ψk⟩⟨Ψk| andD is the operator constructed using
as basis the functions of (3). This allows us to obtain the
expressions for the corresponding initial states given by (2)
(see Appendix B).

In this study, it was proposed that the multiplication of
(7) by the similarity descriptors gives a new local descriptor
that we call “Induced Polarity Molecular Descriptor (IPMD)”
and it is postulated as quantifier of (dis)similarity between
the molecular polarization and the quantum similarity using
density function coordinates matrix (see Appendix C).

2.3. Similarity Indexes. Carbó-Dorca et al. [2, 3, 10, 11, 15, 16]
defined the Euclidean distance, 𝐷AB, between the electron
densities 𝜌A(𝑟) and 𝜌B(𝑟) of twomolecules A and B as follows:

𝐷AB = ∫
𝜌A (𝑟) − 𝜌B (𝑟)



2

𝑑𝑟 = ∫𝜌
2

A (𝑟) 𝑑𝑟

+ ∫𝜌
2

B (𝑟) 𝑑𝑟 − 2∫𝜌A (𝑟) 𝜌B (𝑟) 𝑑𝑟.

(8)

In the MQSI framework the axiomatic properties of the
Euclidean distance can be mentioned and defined according
to M. M. Deza and E. Deza [11] as follows.

Let H be a set. A function G: H × H → R+ is
called a distance (or dissimilarity) on H. If and only if for all
𝜌A(𝑟), 𝜌B(𝑟) ∈ H, there holds the following:

(i) 𝐷(𝜌A(𝑟), 𝜌B(𝑟)) ≥ 0 (nonnegativity)
(ii) 𝐷(𝜌A(𝑟), 𝜌B(𝑟)) = 𝐷(𝜌B(𝑟), 𝜌A(𝑟)) (symmetry)
(iii) 𝐷(𝜌A(𝑟), 𝜌B(𝑟)) = 0 (reflexivity).

Use of these mathematical properties and axiomatic in
this study explained the concept of (dis)similarity in quantum
object sets supported in a pre-Hilbert vector space, where the
scalar product and an attached norm can be defined [15].This
index can be represented geometrically using the concept
of cosine of the angle subtended between the functions of
densities, considering them as vectors; this index is defined
mathematically as follows:

𝑅AB =
∫𝜌A (𝑟) 𝜌B (𝑟) 𝑑𝑟

[(∫ 𝜌
2

A(𝑟) 𝑑𝑟) (∫ 𝜌
2

B(𝑟) 𝑑𝑟)]
1/2

=
𝑍AB

√𝑍AA𝑍BB
. (9)

Equation (9) involves the overlap integral 𝑍AB, often called
Molecular Quantum Similarity Measure (MQSM), between
the electron densities of molecules A and B. 𝑍AA and 𝑍BB
are called the Molecular Quantum Self-Similarity Measures
of molecules A and B [17, 18] (see Appendix C).
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2.3.1. Local Quantum Similarity Index (LQSI) for the Struc-
tures. To obtain the molecular quantum similarity from the
point of view of atoms in this study the Hirshfeld partitioning
technique was used [1], which suggested that the electron
density of a molecule can be distributed in contributions at
atomic level. This approximation is widely used in studies
ranging from the prediction of atomic properties to local
chemical reactivity [19]. In this work was used for the con-
version of the global Carbó index (9) into a local index; the
calculation of LQSI with DFT is a very used method [19–23].

Starting from Hirshfeld idea that the atomic contribu-
tions are proportional to the weight (𝑤S(𝑟)) of the electronic
density of themolecule isolated in the so-called promolecular
density [1], local contributions in electronic density can
be considered as the summations from the local perspec-
tive obtaining atoms-in-molecules densities by defining the
“stock-amount” or weight of a sulphur atom (S) in the
electron density at 𝑟 that can be written as follows:

𝑤S (𝑟) =
𝜌
0

S (𝑟)

∑
𝑋
𝜌
0

𝑋,S (𝑟)
. (10)

Here, 𝜌0S (𝑟) is the electron density of the isolated sulphur
atom in the molecule, and ∑

𝑋
𝜌
0

𝑋,S(𝑟) is the promolecular
density of the molecule, obtained as the sum of the isolated
atom densities in the same molecular geometry as the actual
molecule. The Hirshfeld atomic electron density of the atom
a in the molecule can be calculated as follows:

𝜌S (𝑟) = 𝑤S (𝑟) 𝜌S (𝑟) . (11)

Analogously, for the cyclopentadienyl

𝑤C (𝑟) =
𝜌
0

C (𝑟)
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𝑌
𝜌
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𝑌,C (𝑟)
. (12)

The numerator of the Carbó index then becomes
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And, for the cyclopentadienyl,
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whereas the self-similarities 𝑍SS = (𝑍
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)
2

and 𝑍CC =

(𝑍
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)
2

can be written analogously in terms of atomic
contributions, using (13) and (14) in the expression of the
Carbó index (9); the global index is converted in a local
analogue:
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where the global index is partitioned in atomic contributions,
given as result considerations at local level.

2.4. Alignment Structures and Computational Details. In the
quantum similarity field the Carbó and Hodgkin-Richards
indexes are the most used [2, 3, 24].These indexes are depen-
dent on the relative orientation of the study structures. Taking
into account that this dependence has proposed many align-
mentmethodologies, ranging from those used in the CoMFA
and CoMSIA methods [25, 26] to the Topo-Geometrical
superposition algorithm (TGSA) [23] which is based on
comparison of the types of atoms, distances between them
were used in this work.The Topo-Geometrical Superposition
Algorithm (TGSA) proposed by Girones et al. [23] begins
with the recognition of the largest common substructure in
the aligned molecules and this type of search algorithms
constitutes an important field of scientific interest [27].

All molecules were optimized using B3LYP/6-31+G(d)
[28–30] in the Gaussian 09 program [31]. The molecules
properties such as bond distances, dipole moments, and
atomic charges were calculated using ChemCraft 1.6 program
[32].

3. Results and Discussion

The calculations of local similarity are well supported in
DFT. One of the central postulates of quantum mechanics is
that if the wave function of the system is known, every so-
called observable property for an 𝑁-electron molecule may
be obtained by straightforward integration of

Ω [Ψ]

≡ ∬ ⋅ ⋅ ⋅ ∫Ψ
∗
(𝑥
1
, . . . , 𝑥

𝑁
)
∧

Ω Ψ(𝑥
1
, . . . , 𝑥

𝑁
) 𝑑𝑥
1
⋅ ⋅ ⋅ 𝑑𝑥

𝑁
,

(16)

where (Ω) is the observable property of the system. This is
locatedwhere the electron density is higher in amolecule. It is
found that the electronic density values are higher in the vol-
umes defined by the subvalence regions of each atom. It is also
well known that in those regions, chemical bonding produces
only small changes in the electronic density, in comparison
with isolated atoms. This suggests an approximated electron
density that we can write as the sum of the isolated atomic
densities [19–23].

In this model the induced molecular polarization by
electric field on thiophene and furan can be expressed
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Figure 1: (a) Formation of the resonance in cyclopentadienyl molecule (A) thiophene structure (point group C
2v), (B) cyclopentadienyl

molecule (point group D
5h), its atoms used for superposition being labelled, and finally (C) furan structure (point group C

2v).

Table 1: Local similarity indexes (numerical and analytical methods) and Euclidean distances, using global densities for thiophene, furan
versus cyclopentadienyl.

Cyclopentadienyla 𝑍CP (O)
b

𝑍CP (C)
c LSI (O)d LSI (C)e 𝐷CP (O)

f
𝐷CP (C)

g

Versus thiopheneh 2.994 196.350 0.972 0.997 0.410 0.966
Versus furanh 3.441 211.863 0.912 0.991 0.871 2.009
aPoint group D5h.
bInteraction of overlap—numerical method.
cInteraction of coulomb—numerical method.
dLocal similarity index of overlap (see Appendix C).
eLocal similarity index of coulomb (see Appendix C).
fEuclidean distance of overlap.
gEuclidean distance of coulomb.
hPoint group C2v.

in terms of the molecular polarization of cyclopentadienyl
(Figure 1). Carbó indexes help to relate thiophene and furan
with the cyclopentadienyl. These indexes were applied to
these two molecules in which (2s→ 3p) orbital transitions
occur. These transitions are independent of the dielectric
constant of themedium. In this since, in this study is explored
the induced polarization in different quantum states under
the action of an electric field (see Appendices A and B).

The induced polarizability values for the initial states
(𝑃kA) are calculated using (7). Thelocal similarity indexes-
cancalculate the structural and electronic similarity between
thiophene, furan, and cyclopentadienyl with their respective
Euclidean distances. A low value in the Euclidean distance
indicates that these compounds are structurally and electron-
ically very similar. In this sense the similarity indexes are
shown in Table 1.

In Table 1 the higher overlap index is 0.972 to the thio-
phene with a coulomb index of 0.997, while to the furan

the overlap index is 0.912 and the coulomb index is 0.991,
giving insights into the steric and electronic effects, structural
parameters such as bond length, atomic size, and also orbital
differences between the p orbital of the sulphur and oxygen
atom with respect to the sp2 orbital of the carbon atom in
cyclopentadienyl (symmetry D

5h). On the other hand, the
electronic effects such as the resonance are more relevant in
the thiophene with respect to the furan due to the presence of
an additional electron in comparison with cyclopentadienyl.
These results were supported by a Euclidean distance of
overlap of 0.410 and a Euclidean distance of coulomb 0.966
to the thiophene and a Euclidean distance of overlap of 0.871
and a Euclidean distance of coulomb 2.009.

All carbon atoms in thiophene and furan are sp2 hybrid-
ized; thus we have four electrons remaining for pi bonding
(see Figure 1). The sulphur and oxygen atoms have two lone
pairs and two bonds (which normally lead to sp3 hybridiza-
tion). In contrast, in a sulphur atom, the electrons of the lone
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Figure 2: Comparison of the resonant systems of thiophene with respect to the cyclopentadienyl.

pair are promoted to the p orbital and the hybridization
of all the other carbons is produced (three sp2 and one
p); therefore it cannot be considered (4𝑛 + 2) electronic
system. On the other hand, in Figure 2, we can see that the
electronic pair over the negatively charged carbon of the
cyclopentadienyl anion obeys the (4𝑛 + 2) electron rule. The
sp2 carbon of the cyclopentadienyl anion (quantified by the
similarity indexes with respect to thiophene ring) shows a
strong acidic character. These particular facts generate the
electronic dissimilarity of carbon with respect to sulphur in
thiophene ring.

If all the carbons are sp2 hybridized then we have four
electrons remaining for pi bonding. Sulphur atom has two
lone pairs and two bonds (which would normally make four
sp3 hybridized orbitals). If one of sulphur’s lone pairs is
promoted to a p orbital it could become hybridized like all
the other carbons (three sp2 and one p) and as a result there
would be (4𝑛 + 2) electrons from sulphur atom in the pi
bonding. These details generate the electronic (dis)similarity
of carbon atom (C) with respect to sulphur (S) in thiophene
molecule.

In Figure 3, we can see the contrast of the electronic prop-
erties for cyclopentadienyl. These have more anionic charac-
teristic in their behaviour in accordance with the rule of (4𝑛+
2 electrons) in the thiophene. The sp2 carbon of cyclopenta-
dienyl (quantified by the overlap local index of similarity with
respect to the thiophene) is more acidic than we expected (as
the alcohol acid character) because the conjugate base, the
cyclopentadienyl anion, is aromatic and therefore very stable.

The Euclidean distances of overlap are higher than the
corresponding coulomb distances (Table 1).The bond lengths
in the structures (Figure 4) and their respective resonant
systems (see Figures 1 and 3) have significant differences.This
is evidenced by the low value in the local similarity index of
overlap with respect to the coulomb index.

In Figure 4, we can see the lengths of the cyclopentadienyl
carbon-carbon bonds (C–C) and thiophene sulphur-carbon
(C–S) bonds. The C–C bond lengths are equal to 1.445 Å.
This means that our initial hypothesis to not consider the
polarization of atoms near the site of interest is well justified.

The trends of the dipole moment and total atomic
charges are displayed in Figure 4. In the case of thiophene
the dipole moment is oriented towards the sulphur atom,
although it has similar electronegativity to the carbon atom
(Pauling electronegativity 𝜒(C): 2.55 and 𝜒(S): 2.58). This
small difference causes a decrease of orbital symmetry in

−

− −

Figure 3: The cyclopentadienyl anion resonance.

the sulphur atom. In this case, it is most probable to find
the electron pair near the sulphur atom. In contrast, the
cyclopentadienyl dipole moment is oriented towards the
center of the ring due to resonance (see Figure 1). In this case,
the asymmetric carbon has a total atomic charge of −0.099.
This asymmetry for the ring electric charge is measured by
the LQSI-Coulomb (see Table 1). Additionally the thiophene
dipole moment is smaller than the corresponding saturated
tetrahydrothiophene. This is shown in Figure 5.

The dipole moment in the thiophene is influenced by
resonance (see Figure 2). However, the effect of resonance
is obviously not sufficient enough to exceed the effect of
the electronegativity of sulphur. Thus, the negative pole is
located at the heteroatom.However, due to the resonance, the
dipole moments of thiophene are smaller than those of the
corresponding saturated tetrahydrothiophene.

Induced molecular polarity index proposed for the thio-
phene molecule (𝑃kB) as function of the induced molecular
polarity of cyclopentadienyl molecule (𝑃kA) (Table 2), taking
into account the range of the Carbó index in accordance with
the Schwartz integral inequality [33, 34].

Consider the following:

[∫𝜌A (𝑟) 𝜌B (𝑟) 𝑑𝑟]
2

≤ ∫𝜌
2

A (𝑟) 𝑑𝑟 ∫ 𝜌
2

B (𝑟) 𝑑𝑟, (17)

where the similarity measure (𝑍AB) is of (12).
In Table 2 the higher polarization values are to the

thiophene. The molecular polarization (Figure 6) for the
first quantum state (see Appendices A and B) is related by
the proposed molecular descriptor (Table 2), expressing the
molecular polarization of thiophene (𝑃kB) as function of
molecular polarity of cyclopentadienyl (𝑃kA), for the ground-
state 1 (Appendix A).

In Figure 6, we can see that this model suggests a new
perspective on induced polar chemical bonding, due to the
fact that the induced polarization process arises naturally
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Figure 5: Dipole moment and total atomic charges (a) cyclopentadienyl molecules and (b) thiophene molecule.

as a result of elastic deformation of the cloud of electrons
around atomic nuclei of the molecules A and B. Expressing
the polarization induced by the molecule A in terms of the
molecule B, this new property is quantified by the proposed
descriptor (molecular polarity):

𝑃
1B

= (𝑃
1A) [SI] = (Sp𝜌kD) [𝑅
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∑
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.

(18)

C

S

H

𝛿
+

𝛿
−

Ψ1

1.088

P1B = (SI)P1A

(SI): similarity index

Figure 6: Proposedmolecular polarization descriptor in an external
electric field in this study (18) for the state 1 of Appendix A; see
Table 2.

On the other hand, this model includes interactions of the
dipoles induced by the atoms when they are oriented in the
electric dipole; in this sense the interactions between identical
atoms in a molecule were identified as the induced polar
bonds, considering that this model is not of point masses.

The importance of these new techniques lies in the finding
of similar characteristics that allow us to correlate members
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Table 2: Induced molecular polarity index proposed for the thiophene and furan (PkB) as function of the induced molecular polarity of
cyclopentadienyl (PkA), proposed in this study.

Induced molecular polarity index for PkB

2.994 𝑃kA
a,b 196.350 𝑃kA

a,c 0.972 𝑃kA
d 0.997 𝑃kA

e 0.410 𝑃kA
f 0.966 𝑃kA

d

3.441 𝑃kA 211.863 𝑃kA 0.912 𝑃kA 0.991 𝑃kA 0.871 𝑃kA 2.009 𝑃kA
aAnalytical method.
bInteraction of overlap.
cInteraction of coulomb.
dLocal similarity index of overlap (see Appendix C).
eLocal similarity index of coulomb (see Appendix C).
fEuclidean distance of overlap.
dEuclidean distance of coulomb.
𝑃kA: (7) with respect to the polarization states (Appendix B).
Note: k is the quantum state (Appendix A).

and physicochemical descriptors that quantify optical prop-
erties and quantum similarity; in that sense the ubiquitous
nature of the similarity concept was well expressed by Rou-
vray, who stated that all issues of comparison and therefore of
classification in the MQSI field can be related to the different
dipole moments [35]. In addition, this model suggests a new
perspective for the treatment of polar chemical bonding due
to the fact that the polarization process arises naturally as a
result of elastic deformation in the electronic cloud. These
new techniques allow us to correlate molecular properties of
systems, which differ only in one atom. We expect that in the
future they can be applied to a wide range of compounds with
major structural differences. Furthermore, this model can be
considered as an approximation of a solvent model (i.e., a
solvent can be modelled as a Polarizable Continuum Model
(PCM), according to Tomasi group [36, 37]) and can also be
used towards the better understanding of the inductive effect
in polar covalent bonds with external perturbation. In addi-
tion this study is complementary to the studies developed by
Morales-Bayuelo et al. [38, 39] to understand the distortion of
local orbitals by effects of an external electric field using the
Hückel method, taking into account the charge transfer on
the molecules by polarization effects according to Parr [40].

4. Conclusions

This study proposes a theoreticalmodel of the localmolecular
polarization of thiopheneand furanunder the action of an
electric field using Local Quantum Similarity Indexes (LQSI)
based on the Hirshfeld partitioning in the (DFT) framework.

The hypothesis of neglecting the molecular polarization
produced by neighboring atoms in the cyclopentadienyl is
successful because the interatomic lengths are very similar on
both sides of the ring, allowing us to focus our attention on
the diatomic bond (C–C) of cyclopentadienyl and comparing
it with the (C–S) bond of thiophene and (C–O) bond of furan.
The most important descriptor of the local similarity was
the coulomb index. It quantifies the differences between the
dipolemoments of the analyzed structures (see Figure 4).The

method of alignment TGSA provides a straightforward pro-
cedure to solve the problem of relative molecular orientation,
calculating molecular quantum similarity indexes. Addi-
tionally, this model can contribute to the interpretation of
chemical bonds, molecular interactions, and distortion in the
molecular polarization by action of an external electric field
in the framework of the solvent effect theory [36–38, 41–45].

Appendices

A. Quantum States Studied

Quantum states for a transition 2s→ 3p using (1):

Ψ
1
= Ψ
200
Ψ
200
, Ψ

2
= Ψ
200
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, Ψ
3
= Ψ
200
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310
,

Ψ
4
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, Ψ
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= Ψ
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Ψ
200
, Ψ

6
= Ψ
310
Ψ
200
,

Ψ
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= Ψ
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Ψ
200
, Ψ
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(A.1)
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B. Polarization States

Polarization equations to the system using (7), for the mole-
cule A (cyclopentadienyl):

𝑃
1A = 4𝑋 (𝐸

1
𝑖 + 𝐸
2
𝑗 + 𝐸
3
𝑘) ,

𝑃
2A = (𝑋𝐸1 + 𝑌𝐸2) 𝑖 + (𝑌𝐸1 + 𝑋𝐸2) 𝑗 + 2𝑋𝐸3𝑘,

𝑃
3A = 2𝑋 (𝐸

1
𝑖 + 𝐸
2
𝑗) ,

𝑃
4A = (𝑋𝐸1 + 𝑌𝐸2) 𝑖 + (−𝑌𝐸1 + 𝑋𝐸2) 𝑗 + 2𝑋𝐸3𝑘,

{𝑃
5A = 𝑃2A, 𝑃6A = 𝑃3A, 𝑃7A = 𝑃4A} = Degenerates states,

𝑃
8A = −2 [(𝑋𝐸1 − 𝑌𝐸2) 𝑖 + (−𝑌𝐸1 + 𝑋𝐸2) 𝑗] ,

𝑃
9A = (−𝑋𝐸1 − 𝑌𝐸2) 𝑖 + (𝑌𝐸1 − 𝑋𝐸2) 𝑗 − 2𝑋𝐸3𝑘,

𝑃
10A =

−2𝑋 (𝐸
1
𝑖 + 𝐸
2
𝑗 + 4𝐸

3
𝑘)

3
,

𝑃
11A = (−𝑋𝐸1 + 𝑌𝐸2) 𝑖 + (−𝑌𝐸1 − 𝑋𝐸2) 𝑗 − 2𝑋𝐸3𝑘,

𝑃
12A = −2 [(𝑋𝐸1 − 𝑌𝐸2) 𝑖 + (𝑌𝐸1 + 𝑋𝐸2) 𝑗] ,

𝑃
13A = (−𝑋𝐸1 + 𝑌𝐸2) 𝑖 + (𝑌𝐸1 − 𝑋𝐸2) 𝑗 − 2𝑋𝐸3𝑘,

𝑃
14A = −2𝑋 (𝐸

1
𝑖 + 𝐸
2
𝑗) ,

𝑃
15A = (−𝑋𝐸1 + 𝑌𝐸2) 𝑖 + (−𝑌𝐸1 − 𝑋𝐸2) 𝑗 − 2𝑋𝐸3𝑘,

𝑃
16A =

−4𝑋 (𝐸
1
𝑖 + 𝐸
2
𝑗 + 𝐸
3
𝑘)

3
,

(B.1)

where

𝑋 =
𝑑
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𝜔
0
[cos𝜔

0
𝑡 − cos𝜔𝑡]
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2
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𝜔
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sin𝜔
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∞
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𝑅
20
𝑅
31
𝑟
3
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(B.2)

𝑅
20
, 𝑅
31

represent the radial functions and 𝑒 represents the
charge of a positron, with 𝜔

0
= 𝜔
2
− 𝜔
1
(𝜔
2
̸= 𝜔
2

0
).

C. On the Similarity Descriptors

C.1. Overlap-Molecular Quantum Similarity (O-MQS). Using
the formalism of the Dirac delta distribution Ω(𝑟

1
, 𝑟
2
) =

𝛿(𝑟
1
, 𝑟
2
) [1], is possible to defined the so called overlap

Molecular Quantum Similarity Measure and expresses the
measure of the volume associated with the overlap of the two
densities 𝜌A and 𝜌B, and can be expressed mathematically as
[6–11, 15, 16]

𝑍AB (Ω) = ∬𝜌A (𝑟1) 𝛿 (𝑟1 − 𝑟2) 𝜌B (𝑟2) 𝑑𝑟1𝑑𝑟2

= ∫𝜌A (𝑟1) 𝜌B (𝑟2) 𝑑𝑟1𝑑𝑟2.

(C.1)

Equation (A.1) provides information about the concentration
of electrons in the molecule and indicates the degree of
overlap between the compounds compared. In this sense this
study calculated the overlap-MQSM for a description of the
steric effects and determines its structural correlation.

C.2. Coulomb-Molecular Quantum Similarity (C-MQS).
When the Ω-operator in (15) is the coulomb operator
Ω(𝑟
1
, 𝑟
2
) = |𝑟

1
− 𝑟
2
|
−1, is obtained the coulomb-MQSM

[46], representing the electronic coulomb repulsion energy
between the two molecular densities 𝜌A and 𝜌B, and can be
expressed mathematically as

𝑍AB (Ω) = ∬𝜌A (𝑟1)
1

𝑟1 − 𝑟2


𝜌B (𝑟2) 𝑑𝑟1 𝑑𝑟2. (C.2)

The coulomb operator considers the molecular density func-
tion as electronic distribution in the space and calculates
the coulomb repulsion between the electronic distributions
(C.2). The similarity values are presented in matrix form.

C.3. Similarity Matrix “Density Function Coordinates Matrix”
according to Carbó-Dorca [47]. The global set (QSM), which
compares all the possible pair of quantum objects, is also
expressed inmatrix form, bymeans of the quantum similarity
matrix (SM): Z = {𝑍𝑖𝑗}, where 𝑖, 𝑗 ∈ (1, 𝑛).

The similarity matrix of dimension (𝑛 × 𝑛) can be defined
as follows:

Z = {𝑍
𝑖𝑗
(Ω) | ∀𝑖, 𝑗 ∈ 𝑀} . (C.3)

With Ω-operator, this matrix can be also considered as
a hypervector formed by a set of column vectors: Z =

{𝑍
1
, 𝑍
2
, . . . , 𝑍

𝑛
}, where each column (or row) vector is

formed by the collection of all the similarity indexes related
to the quantum objects that are all the MQS-indexes between
the 𝑎th molecule and each element of the set, including the
self-similarity (𝑍

𝑛𝑛
). Consequently every (𝑍

𝑎
) is interpreted

as a discrete 𝑁-dimensional representation of the 𝑎th struc-
ture:
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...
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]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

. (C.4)

Generic quantum similarity matrix, Z for (𝑛) quantum
objects, with the 𝑛(𝑛+1)/2 pairwise calculations for the lower
triangle. The self-similarity is present when 𝑗 = 𝑖, using the
recent definition proposed by Carbó-Dorca for this matrix
“density function coordinates matrix” [47].
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[8] R. Carbó-Dorca, E. Besalú, and L. D. Mercado, “Communi-
cations on quantum similarity, part 3: a geometric-quantum
similarity molecular superposition algorithm,” Journal of Com-
putational Chemistry, vol. 32, no. 4, pp. 582–599, 2010.
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