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Abstract. 
We study the different types of Finsler space with -metrics which have nonholonomic frames as an application for classical mechanics and dynamics in physics using gauge transformation which helps to derive unified field theory. Further, we set up the application of Finsler geometry to geometrize the electromagnetic field completely.



1. Introduction
The common Finsler idea used by the physicists Beil and Holland is the existence of a nonholonomic frame on the vertical subbundle  of the tangent bundle of a base manifold . This nonholonomic frame relates a semi-Riemannian metric (the Minkowski or the Lorentz metric) with an induced Finsler metric. In 2001, Antonelli and Bucataru have determined such a nonholonomic frame for two important classes of Finsler spaces that are dual in the sense of Randers and Kropina spaces [1, 2]. Recently, Bucataru and Miron have studied Finsler-Lagrange geometry and its applications to dynamical systems [3]. In this paper, the fundamental tensor field might be thought of as the result of two Finsler deformations. Then we can determine a corresponding frame for each of these two Finsler deformations. Consequently, a nonholonomic Finsler frame for a Finsler space with infinite series of -metric, that is, , will appear as a product of two Finsler frames formerly determined. We study the Finsler space with -metrics which have nonholonomic frames as an application for classical mechanics and dynamics in physics using gauge transformation which helps to derive unified field theory.
2. Preliminaries
We denote the tangent space at  by  and the tangent bundle of  by . Each element of  has the form , where  and . The natural projection  is given by .
A Finsler structure of  is a function , with the following properties:(a)Regularity:  is  on the entire slit tangent bundle .(b)Positive homogeneity:  for all .(c)Strong convexity:  Hessian matrix  is positive definite at every point of , where we have used the notation , and the symbol  means the tangent vector  is nonzero in the tangent bundle .Finsler geometry has its genesis in the integral of the form
Throughout the project, the lowering and raising of indices are carried out by the fundamental tensor  defined above and its inverse matric tensor . It is obvious that the Finsler structure  is a function of . In this case,  depends on  only; then Finsler manifold reduces to a Riemannian manifold. The symmetric Cartan tensor can be defined as
The Cartan tensor vanishes if and only if  has no  dependence. So the Cartan tensor is a measurement of the deviation from the Riemannian manifold.
Using Euler’s theorem on homogeneous function, we can get useful property of the fundamental tensor  and Cartan tensor :where .
Definition 1. The Finsler space  is said to have an -metric if  is positively homogeneous function of degree one in two variables  and , where  is a Riemannian metric and  is differential -form.
An -metric is expressed in the following form: where  is a positive function of -class on an open interval . The norm  of  with respect to  is defined by 
In order to define  must satisfy the condition  for all . Thus the normalized element of support  is given by whereThe angular metric tensor  is given by where The fundamental tensor  is given by where Moreover, the reciprocal tensor  of  is given by where The -torsion tensor  is given by where ; .
3. Nonholonomic Frames for Beil Metric
We start with a real -dimensional manifold  of -class. Denote by  the tangent bundle of the base manifold  and by  the tangent bundle with the null cross section removed. Local coordinates on  are denoted by , while the induced local coordinates on  are denoted by .
Denote by  the linear map induced by the canonical submersion . As for every ,  is an epimorphism; then its kernel determines -dimensional distribution . We call it the vertical distribution of the tangent bundle. If the natural basis of  is denoted by , then  is a basis of .
Definition 2. A Generalized Lagrange metric (GL-metric) is a metric  on the vertical subbundle  of the tangent space ; that is, for every ,  is bilinear, symmetric, of rank , and of constant signature. A pair  with GL-metric  is called Generalized Lagrange space (GL-space).
In local coordinates, we denote  for every . Then a GL-metric may be given by a collection of functions  such that we have the following:(10); .(20)The quadratic form  has constant signature on .(30)If with respect to another system of local coordinates  at  we have , then  and  are related by
Example 3. Consider  are the components of a Riemannian metric on the base manifold , consider  and  are two Finsler scalars, and consider  is a Finsler 1-form on . Thenis a GL-metric [4], called the Beil metric. We say also that the metric tensor  is a Finsler deformation of the Riemannian metric . It has been studied and applied by R. Miron and R. K. Tavakol in General Relativity for  and . The case  with various choices of  and  was introduced and studied by Beil for constructing a new unified field theory in [5]. Throughout this paper, we shall rise and lower indices only with the Riemannian metric , that is, , , and so on. Let  be an open set of  and let be a vertical frame over . If , then  are the entries of a invertible matrix for all ; denote by  the inverse of this matrix. This means that we call  a nonholonomic Finsler frame.
Theorem 4.  Consider a -space with Beil metric (16) and denote . Thenis a nonholonomic Finsler frame. The Beil metric (16) and the Riemannian metric  are related by
Proof. Consider alsoIt is a direct calculation to check that  is the inverse of ; that is,  is a nonholonomic frame. Next, we have that , so the formula (21) holds true.
Remark 5. If we take  and , the nonholonomic Finsler frame (19) is the frame used by Beil in [6].
3.1. Nonholonomic Frames for Finsler Spaces with -Metrics
Definition 6. A Finsler space  is called with -metric if there exists a 2-homogeneous function  of two variables such that the Finsler metric  is given bywhere  is a Riemannian metric and  is a 1-form on .
Example 7. (10) If , then the Finsler space with Finsler metric  is called a Randers space.
(20) If , then the Finsler space with Finsler metric  is called a Kropina space.
These classes of Finsler spaces play an important role in Finsler geometry and they are dual in the sense of Hrimiuc and Shimada [7].
For a Finsler space with -metric , we have the Finsler invariants [8]:For a Finsler space with -metric we haveWith respect to these notations, we have that the metric tensor  of a Finsler space with -metric is given by [8]The metric tensor  of a Lagrange space with -metric can be arranged into the following form:From (26) we can see that  is the result of two Finsler deformations:The nonholonomic Finsler frame that corresponds to the first deformation of (27) is, according to Theorem 4, given bywhere . The metric tensors  and  are related byAccording to Theorem 4, the nonholonomic Finsler frame that corresponds to the second deformation of (27) is given bywhere . The metric tensors  and  are related by the following formula:From (29) and (31), we have that  with  given by (28) and  given by (30) is a nonholonomic Finsler frame of the Finsler space with -metric.
3.2. Nonholonomic Frame for Infinite Series of -Metric
Now we will consider particular Finsler -metric; that is, ; by (23), we have the Finsler invariants: The nonholonomic Finsler frame that corresponds to the first deformation of (27) is, according to Theorem 4, given byAccording to Theorem 4, the nonholonomic Finsler frame that corresponds to the second deformation of (27) is given bywhere
Theorem 8.  Consider a Finsler space , for which the condition (24) is true; then  is a Finslerian nonholonomic frame with  and  being given by (33) and (34), respectively.
4. Finsler Gauge Transformation
If a particle in a space time moves along a curved, nongeodesic path, then it is said that the particle is under the influence of some external force. In such a case, an external force term is added to the equation of motions to explain the path of motion. Alternative point of view is that motion can be explained by a new metric, which would result from a gauge transformation. In this way, physical force fields can be geometrized, and general relativistic idea of space time curvature determining the path of the particle will also include fields other than gravitation. For this purpose, a class of gauge transformations which act on tangent space is considered. There are actually several ways to introduce Finsler geometry. Probably the most common way is just to assume a certain form for the metric function . It would be nice, however, to have a more physical picture of where the metric comes from. It is proposed to show that nontrivial Finsler metrics can be obtained from a certain type of Gauge transformation. This transformation takes a Lorentz space, of the sort we have been discussing, into another kind of space where the metrics and other geometrical quantities are dependent not only on  but also on the tangent coordinate .
The Gauge transformation is defined as follows:where  is a nonsingular matrix with inverse :This transformation acts on coordinates  of the fiber. The action on the vertical basis isThis gives a new internal or fiber metric:So the gauge transformation is a diffeomorphism acting on the vertical (fiber) subspace of . The  matrices could be a representation of any subgroup of . This transformation is sometimes called a pure gauge transformation. It is also comparable to the metric  group of Beil [5]. It does not act directly on coordinates  of the horizontal subspace of . That is, . Even so, it does produce a change of the base space metric. One way to infer the metric change is to require that the length of the tangent vector  in the original Lorentz space,be invariant under the transformation. The expression  is used here since this is, indeed, the form of the Finsler metric function in the Lorentz space. So the transformed metric function, the length of the new tangent vector, iswhere  is the new base space metric. If the components of a vector are changed under a transformation, then the metric is changed to preserve invariance. One way to see how the metric of  changes is to consider that, following the soldering, are just orthonormal tetrads. This actually produces what is called soldering of the two parts of . One result of this soldering is that the components  of a certain vector in  are identified with the coordinates  of the vertical part of . In other words, the base metric is related to the fiber metric by the same Lorentz transformation. This can also be written in the formwhereis a new tetrad which is not necessarily orthonormal. It is possible to construct unified theories in Finsler manifold using these tetrads for fiber coordinates. So the gauge transformation acting on the vertical part of  gives not only a new fiber metric but also a new metric on the horizontal part of . This is a new metric on the base space . It should be emphasized, though, that there is no -coordinate transformation involved here. It is easy to see that this type of gauge transformation generates a way to get Finsler spaces. The transformation matrix  just has to be not only a function of  but also a function of the tangent coordinates :and the new metric  is -dependent:As will be seen, the matrix  can also include a general vector field which is not necessarily the tangent vector. This vector can be the gauge potential itself, or it can be related to the potential vector by a “gauge” phase transformation. Note that (46) results from the assumption that the orthonormal tetrad  is just . This is a matter of convenience without consequence to the main argument. The metric  is not, in general, itself the Finsler metric. In order to get the Finsler metric, we takeThis should be compared with (41). The function (47) should be used since we will be concerned with the effect of the change of metric with respect to  rather than . This is actually the canonical Finsler approach and is used by Bao et al. [9–11]. A new metric  is then computed in the standard way:We say that this is a Finsler metric ifAs discussed above, we do not insist that the metric be positive definite. Another point of curiosity is the difference between the metrics  and . Of course, if  is not -dependent, we have  and the new metric is only Riemannian. Actually,  under more general conditions. One only needs the “metric condition” of Asanov [10]:It is of interest that (50) is satisfied by the Randers and Weyl metrics but not, in general, by the metric (46). For physical reasons we want  to be of second-degree homogeneity in . For example, if  is the Lagrangian, then the energy isOrdinarily,so if  is of second-degree homogeneity, then  which is good for mechanical systems. For another choice, with  of first-degree homogeneity, as is possible in the Lagrangian theories of Miron and Anastasiei [12],  and there is a problem of how to explain a system with zero energy.
There is a way around this homogeneity problem [12], which involves an energy function, but it is simpler just to choose  to be of second-degree homogeneity. This also relates naturally to the original metric function . This means that the transformation matrix  is of zero-degree homogeneity in :It is of interest to ask how many of the known Finsler metrics can be obtained by this sort of gauge transformation? At this point, one can only list those for which a specific  matrix is known: Randers, Kropina, Beil, Weyl, and metrics where  gives a conformal transformation. Obviously, nonlinear metrics are not included. What does this gauge transformation mean physically? It can be interpreted as what happens when a nongravitational field is turned on in a region of space. For example, the field could be electromagnetic. A metric has also been given for the electroweak field  [13]. The gauge transformation could also be interpreted as a distortion or deformation of the original Lorentz space. In other words, the gauge field twists or distorts the space. The relative effect is, by the way, a torsion rather than a curvature. Although, remarkably, the final outcome is a curved space. The torsion interpretation has been advocated by Holland [14] who relates the transformation to nonholonomic frames. The nonholonomic frame viewpoint is explained in a very useful new paper by Bucataru [15]. There is a teleparallel relation between the original Lorentz space and the resulting Finsler space. The change in local connections between the two spaces is zero in suitable coordinates. This implies a generalized equivalence principle which will be discussed below. One can write, in the natural basis ,defining the horizontal  and vertical  components of the connection. Given the metric condition (49), (48) reduces toFrom another point of view,A comparison of (56) and (57) givesThese are just the horizontal and vertical components of .  and  have in general no index symmetry. The net result of the work so far is a nontrivial Finsler metric and a Finsler metric function. In other words, this is the point where most Finsler theories begin. So what is the use of all these preliminaries? The main benefit is a physical understanding of how a Finsler space might describe a space which contains a nongravitational field. That is, it has been shown how a gauge transformation takes a Lorentz space to a space which is Finslerian. Note that the inverse transformation takes a metric from a Finsler metric back to the Lorentz metric. This demonstrates a generalized equivalence, whereby a transformation exists, which produces a local inertial frame along the world line of a particle. This means that the motion of a particle along a curved path not only might be due to a gravitational field derived from a metric but also might be due to other metric produced fields. It will be shown shortly exactly how this occurs. First, though, some standard Finsler results are presented. A significant point is that these results are developed in terms of a coordinate transformation of the base space . This contrasts with the gauge transformation just depicted which is a vertical diffeomorphism, a transformation in the fiber space.
The gauge transformation is used to get the Finsler space. The connections given so far describe the transition to that space. The coordinate transformation deals with the properties of the resulting Finsler space. It describes the translation (sometimes called the transplantation) as one moves from one point to another in the space. The coordinate basis of  does not transform covariantly under a coordinate transformation on . One has to introduce the local adapted basiswhere  is the nonlinear connection. The adapted basis on  isand the dual basis iswhich do transform covariantly under a coordinate transformation.
The behavior of the metric under the coordinate transformation is, in the adapted basis,or it is, in the natural basis,This leads immediately to the usual connections. Consideris the adapted horizontal connection. This is symmetric in the second and third indices. Consideris the vertical connection. It is symmetric in all indices and by (58) is related to the vertical connection obtained from the gauge transformation byOne can also consider the Finsler-Christoffel connectionOne can then form the canonical Finsler connections, for example, the Cartan connection . Also, the various Finsler torsions and curvatures can be obtained. A highly recommended source for this standard theory is the book by Miron and Anastasiei [12]. For the Riemannian case, it is well known that there is curvature but no torsion. There is an interesting result which can be obtained using (58):This shows that the Finsler-Christoffel connection can be computed from the horizontal gauge connection. The Finsler-Christoffel connection is probably the most interesting to physicists, since it appears in the geodesic equation, the equation of motion, . It is assumed that there is a time like path with parameter  such that  and  holds. It is noted in passing that the equation of motion can also be written aswhich is the usual Euler-Lagrange equation.
5. Application
It is now time to get some specific physics using the above developments. There are several gauge transformations which might give useful results. One of them is now examined and compared. They are given by  and  as (28) and (30), respectively.
It will be assumed that the vector  is related to the electromagnetic potential vector  byThis shows how the potential is included in a gauge transformation. Equation (70) has the form of what is commonly called a “gauge” transformation but which more properly should be called a phase transformation. Equation (28) corresponds to the actual mathematical diffeomorphism [12] which is a pure gauge transformation. Again,  is not directly associated with the nonlinear connection in (30).
It is not difficult to show how a transformation like (28) is directly derived from  group [6]; also .
The potential  is known to be given byIf  is changed by (28), then the potential is also changed. For example, it can be transformed from zero to a nonzero vector. This means that the electromagnetic potential can be “turned on” by the transformation (28). The metric which is associated with this transformation isThis has the form of a Kaluza-Klein metric except that the vector potential  appears instead of . Also, the space  is four-dimensional, not five-dimensional. Furthermore, in Kaluza-Klein theories, the vector  is a special case of a connection. Here,  is specially not associated with a connection. It will be seen that the field  which is derived from  is a part of the connection.
In general,  is a function of both  and . There is a variety of possible Finsler geometries. Metrics of this type have been labeled “Beil” metrics [4, 15, 16]. The metric function iswhere , , and  is a constant which turns out to be just a factor times the universal gravitational constant. In order to illustrate the usefulness of this metric, we take the simplest case, which is the case where  is a function of  only. This means that the resulting Riemann space is actually the osculating space to this class of Finsler spaces.
The transformation connection is easy to derive:and, from (68),The conditionis imposed, which impliesIn [17], Beil has proved this. The geodesic equation becomesOne can identifyand (78) is the Lorentz equation of motion for a charged particle, recalling (70). Note that condition (76) does not restrict the gauge freedom of the electromagnetic potential . The field  can be identified as the electromagnetic field.
This means that a purely geometric derivation of electromagnetism has been developed.  symmetry determines the gauge transformation which in turn produces the metric and the rest of the structure.
In the present theory, all potentials are included in a metric which transforms like a metric. All fields are included in a connection which transforms like a connection. The equations of motion are geodesic equations. The energy-momentum for all fields is derived from a curvature.
By way of comparison, consider three other gauge transformations which produce Finsler metrics which can be related to the one just studied. One transformation isThe resulting metric  is (46). The metric  computed according to (48) is identical to (46), which approaches Finsler metric function:this is the special Finsler -metric function. The connections for this symmetric are well known and also complicated; hence they will not be repeated here. This is to be compared with Lorentz equation (see [18, eq ]) for charged particles to the equation of motion of a charged particle as geodesic equation (78), where one can see that  is undetermined.
6. Conclusion
In 1982, Holland studied a unified formalism that uses nonholonomic frames on space time arising from consideration of a charged particle moving in an external electromagnetic field [19, 20]. In 1987, Ingarden was first to point out that the Lorentz force law can be written in this case as geodesic equation on a Finsler space called Randers space [21]. In 1995, Beil viewed a gauge transformation as nonholonomic frame on the tangent bundle of a four-dimensional manifold [12, 22]. The geometry that follows from these considerations gives a unified approach to gravitation and gauge symmetries. Considering the above concepts, we have presented a geometric setup that allows us to obtain necessary and sufficient conditions for the existence of invariants for certain types of nonholonomic systems for Finsler -metrics. Our methods have been successfully applied to prove the existence and nonexistence of invariants for concrete problems. Moreover, our geometric framework generates a new setup that might be useful to determine conditions that generate the existence of invariants for systems with a particular class of -metrics that we plan to study concerning nonholonomic systems for which some interesting results concern the existence. Finally, in this paper, we set up the application of Finsler geometry to geometrize the electromagnetic field completely. First Finsler gauge transformations are considered; thus, by a specific transformation, Finsler metric function is calculated and properties of this metric function are studied. Finally, general forms of Finsler metric functions, resulting from this transformation, are considered.
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