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The problem of vibration attenuation in a semiactive vehicle suspension is considered. The proposed solution is based on usage of
the information about the road roughness coming from the sensor installed on the front axle of the vehicle. It does not need any
preview sensor to measure the road roughness as other preview control strategies do. Here, the well-known Skyhook algorithm is
used for control of the front magnetorheological (MR) damper. This algorithm is tuned to a quarter-car model of the front part
of the vehicle. The rear MR damper is controlled by the FxLMS (Filtered-x LMS) taking advantage of the information about the
motion of the front vehicle axle.The goal of this algorithm is tominimize pitch of the vehicle body.The strategy is applied for a four-
degree-of-freedom (4-DOF) vehicle model equipped withmagnetorheological dampers which were described using the Bouc-Wen
model. The suspension model was subjected to the road-induced excitation in the form of a series of bumps within the frequency
range 1.0–10Hz. Different solutions are compared based on the transmissibility function and simulation results show the usefulness
of the proposed solution.

1. Introduction

Damping of mechanical vibrations in vehicles using passive
solution has a very long history and is widely used in practice.
The conventional passive suspension system consists of a
combination of springs and dampers. The characteristics of
such suspension elements cannot be altered during operation.
In recent years, much research has been carried out in the
design of active and semiactive suspensions of vehicles for
control of vibrations. However, active vibration damping
entails considerable cost and difficulty in implementation of
systems of this type; thus in the second half of the twentieth
century a compromise between passive and active systems
has been proposed.The semiactive suspension is an alternate
to the active suspension [1]. Between different semiactive
devices, magnetorheological (MR) dampers have received
considerable interest in the last two decades [2]. These
dampers comprise MR fluid belonging to the class of smart
materials. The essential feature of MR fluid is its ability to
reversibly change the state from a viscous to a semisolid with

controllable yield strength when it is subjected to an external
magnetic field. Varying electric current flowing through coils
mounted in the piston of the damper allows for changing
dynamical properties of the MR fluid. Inherent stability and
low power consumption is favoured over active suspension
force generators, so MR dampers are widely used in vehicle
suspension systems [3–5].

Skyhook algorithm is one of the most widely used
feedback control schemes dedicated to semiactive dampers
firstly proposed in [1] and analysed based on a quarter-car
model. The Skyhook control is favoured for its robustness
and low complexity which is especially important in case of
real-time applications, for example, [3]. Numerous scenarios
of Skyhook control were already published including control
of quarter-car model [6] or plants modelled as quarter-car,
for example, passenger’s seat [7] or bicycle [8]. The classical
Skyhook algorithm can be also used for separate control of
each vehicle suspension part of a half-car experimentalmodel
[9] or a real-size vehicle [4]. Other variants of Skyhook con-
trol are related to coupled control of vehicle body vibration
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modes, that is, heave, pitch, and roll modes [10], or Skyhook
control accompanied with procedure of its parameters adap-
tation [11].

The performance of the semiactive suspension system
can be improved by knowing the future information about
the road input, which is referred to as preview control. The
semiactive suspension system with preview control using the
linear quadratic theory was applied to quarter-car [12] and
half-car [13] vehicle models. Stochastic optimal preview con-
trol of a vehicle suspension was presented in [14] and control
using the 𝐻∞ theory in [15]. The other approach, based on
the FxLMS algorithm modified for semiactive devices, was
tested in [16] for a quarter-car model and in [17] for a half-car
model. In all these references it is assumed that some kind of
information about the road roughness is available in advance.
However, in practice, the problem of the appropriate mea-
surement of the road profile that can be available and useful
for the control algorithm in real-time is very difficult. It can
be obtained using specialized vision systems or laser scanners
aimed in front of the vehicle. These devices are expensive
and measurements are subjected to different disturbances or
distortions; for example, quality of the information depends
on lighting conditions [18]. Thus, they require sophisticated
algorithms of measurement data processing [19]. In [20] it
was proposed to use the lead vehicle response to generate
preview functions for active suspension of convoy vehicles,
but, of course, it is not the solution for normal civil vehicles.
In this paper it is proposed to improve the quality of vibration
control in a semiactive suspension by adaptive semipreview
control. In this approach it is assumed that the front part of
the suspension will be controlled without any information
about the road, for example, using the Skyhook algorithm
[1], whereas adaptive control of the rear part of the sus-
pension can take advantage of the road roughness obtained
due to the information about the movement of the front
part. We proposed to use the FxLMS algorithm to control
pitch of the vehicle body.

The paper is organized as follows. Section 2 refers to
an experimental setup and defines a half-car model used in
the research. In Section 2.2 behaviour of the MR damper is
analysed and the required models of dynamics are obtained.
Section 3 introduces the proposed semiactive vibration con-
trol algorithm. In Section 4 simulation results are presented
and discussed as well as concluded in Section 5.

2. Modelling of Experimental Setup

Presented studies are related to the model of the experi-
mental all-terrain vehicle equipped with magnetorheological
dampers and vibration control system [21]. The vehicle is 2
meters long and 1 meter wide and it weighs 340 kilograms.
Theoriginal shock absorbers in the vehiclewere replacedwith
the suspension MR dampers produced by Lord Corporation.
The measurement part of the system consists of numerous
sensors, such as accelerometers, gyroscopes, and vehicle
speed sensors, which track the vehicle motion during its ride.
The motion of the vehicle body and underbody parts is mea-
sured using eight 3-axis accelerometers located in the vehicle
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Figure 1: Simulated series of road bumps.
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Figure 2: Half-car model of vehicle dynamics.

body as well as installed near the vehicle wheels. The vehicle
speed is validated using the Hall effect sensors installed near
the wheels. Moreover, vehicle suspension deflection sensors
and inertial measurement units are applied.

2.1. Half-Car Model of Vehicle Dynamics. Generally, a full-
car vehicle model which exhibits seven degrees of freedom
[22] is used for the vibration control analysis. Such model
maps heave, pitch, and roll motion of the vehicle body
part as well as vertical motion of each wheel. The vehicle
under consideration can be assumed with a high accuracy
as longitudinally symmetrical. Vibrations of the right and
left part of the vehicle are symmetrically excited using the
simulated road-induced excitation, composed of a series of
road bumps (see Figure 1). Therefore, a roll angle motion
can be safely neglected in the analysis and it is sufficient to
consider only a half-car model with 4 DOFs (see Figure 2).

In the particular case vibrations of the vehicle body
part could be ideally decoupled which means that road
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excitation of the front vehicle part induces vibration of only
front vehicle part and similarly for the rear vehicle part.
Thus, double quarter-car models were also considered for
simulation studies. However, generally, such assumption is
not valid for the real vehicles. Furthermore, in the case of
the experimental vehicle to which the presented studies are
dedicated, vibration coupling between the front and the rear
vehicle parts can be clearly measured. Thus, the following
analysis is limited to the heave and pitch of the vehicle body
as well as to the vertical motion of the wheels.

Dynamics of the road vehicle can be modelled by the
following differential equations:

𝑚𝑠�̈�𝑠 = −𝑘𝑠𝑓 (𝑧𝑠𝑓 − 𝑧𝑢𝑓) − 𝑐𝑠𝑓 (�̇�𝑠𝑓 − �̇�𝑢𝑓) + 𝐹𝑚𝑟,𝑓
⋅ sin (𝛼𝑚𝑟,𝑓) − 𝑘𝑠𝑟 (𝑧𝑠𝑟 − 𝑧𝑢𝑟) − 𝑐𝑠𝑟 (�̇�𝑠𝑟 − �̇�𝑢𝑟)
+ 𝐹𝑚𝑟,𝑟 sin (𝛼𝑚𝑟,𝑟) ,

𝐼𝑠𝐿�̈�𝑠 = 𝐿𝑓 [𝑘𝑠𝑓 (𝑧𝑠𝑓 − 𝑧𝑢𝑓) + 𝑐𝑠𝑓 (�̇�𝑠𝑓 − �̇�𝑢𝑓)
− 𝐹𝑚𝑟,𝑓 sin (𝛼𝑚𝑟,𝑓)] − 𝐿𝑟 [𝑘𝑠𝑟 (𝑧𝑠𝑟 − 𝑧𝑢𝑟)
+ 𝑐𝑠𝑟 (�̇�𝑠𝑟 − �̇�𝑢𝑟) − 𝐹𝑚𝑟,𝑟 sin (𝛼𝑚𝑟,𝑟)] ,

𝑚𝑢𝑓�̈�𝑢𝑓 = −𝑘𝑢𝑓 (𝑧𝑢𝑓 − 𝑧𝑓) − 𝑐𝑢𝑓 (�̇�𝑢𝑓 − �̇�𝑓) − 𝐹𝑚𝑟,𝑓
⋅ sin (𝛼𝑚𝑟,𝑓) + 𝑘𝑠𝑓 (𝑧𝑠𝑓 − 𝑧𝑢𝑓) + 𝑐𝑠𝑓 (�̇�𝑠𝑓 − �̇�𝑢𝑓) ,

𝑚𝑢𝑟�̈�𝑢𝑟 = −𝑘𝑢𝑟 (𝑧𝑢𝑟 − 𝑧𝑟) − 𝑐𝑢𝑟 (�̇�𝑢𝑟 − �̇�𝑟) − 𝐹𝑚𝑟,𝑟
⋅ sin (𝛼𝑚𝑟,𝑟) + 𝑘𝑠𝑟 (𝑧𝑠𝑟 − 𝑧𝑢𝑟) + 𝑐𝑠𝑟 (�̇�𝑠𝑟 − �̇�𝑢𝑟) ,

(1)

where subscripts𝑓 and 𝑟 denote the front and rear part of the
suspension, respectively. The sprung and unsprung parts of
the vehicle are denoted using subscripts 𝑠 and 𝑢, respectively.
In the further analysis linear and angular velocities will be
denoted as V and 𝜔, respectively; namely, V𝑠 = �̇�𝑠 and 𝜔𝑠 = �̇�𝑠.
The linear and angular accelerations will be denoted as 𝑎 and𝜀, respectively; namely 𝑎𝑠 = �̈�𝑠 and 𝜀𝑠 = �̈�𝑠. Location of the
vehicle body’s centre of gravity is described by distances 𝐿𝑓
and 𝐿𝑟. Vertical displacements of the vehicle body 𝑧𝑠𝑓 and 𝑧𝑠𝑟
can be defined as 𝑧𝑠𝑓 = 𝑧𝑠 − 𝐿𝑓𝜑𝑠,

𝑧𝑠𝑟 = 𝑧𝑠 + 𝐿𝑟𝜑𝑠. (2)

The road-induced displacements exciting the front and
rear part of the vehicle are denoted as 𝑧𝑟𝑓 and 𝑧𝑟𝑟. Vibrations
propagate into the unsprung and sprung parts resulting in
vertical displacement of wheels denoted as 𝑧𝑢𝑓 and 𝑧𝑢𝑟 and
vertical displacement of the front and rear vehicle body as𝑧𝑠𝑓 and 𝑧𝑠𝑟, respectively. Parameters of the half-car model are
listed as below.

Parameters of the Simulated 4 DOFs Half-Car Model

𝐿𝑓 = 1.116m,𝐿𝑟 = 1.232m,𝑚𝑠 = 348 kg,
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Figure 3: MR damper velocity-force characteristics.

𝐼𝑠𝐿 = 175.2 kgm2,𝑘𝑠𝑓 = 28.0 kNm−1,

𝑘𝑠𝑟 = 30.4 kNm−1,𝑐𝑠𝑓 = 971Nsm−1,

𝑐𝑠𝑟 = 2464Nsm−1,𝑚𝑢𝑓 = 23.7 kg,𝑚𝑢𝑟 = 64.3 kg,𝑘𝑢𝑓/𝑢𝑟 = 169 kNm−1,

𝑐𝑢𝑓/𝑢𝑟 = 883Nsm−1,

𝛼𝑚𝑟,𝑓 = 63∘,

𝛼𝑚𝑟,𝑟 = 63∘.

The response of the vehicle to the bump excitation is
mainly influenced by stiffness and viscous damping of the
vehicle tires and the suspension system, denoted here by𝑘 and 𝑐. Stiffness of the tire corresponds to the pressure
of compressed air therein. Passive invariant stiffness of
the vehicle suspension describes behaviour of the shock
absorbers. Viscous damping of the suspension is mainly
related to passive damping of the shock absorbers, but it also
corresponds to the overall and distributed suspension damp-
ing.

2.2. MR Damper Model. Axial force generated by the MR
damper can change from hundreds to thousands of newtons
in a couple of milliseconds [23]. However, due to the complex
composition of the MR fluid inside the damper, this device
exhibits strongly nonlinear behaviour. The velocity-force
characteristics reveal saturation regions and hysteretic loop
[3]. An exemplary characteristic for different current levels
obtained for the MR damper produced by Lord Corporation
is presented in Figure 3.

Numerous models are known in the literature that
deal with these phenomena [24]. The Bingham model [25]
includes viscous damping and Coulomb friction compo-
nents. Extension of the Bingham model which additionally
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applies Kelvin-Voight body andHooke bodymodels is known
as Gamota-Filiskomodel [2]. An accurateMR dampermodel
needs to take into account numerous dependencies of the
resultant force on control current, excitation magnitude,
and frequency which was extensively reviewed in [26]. The
proposed model was additionally validated and applied in
control [27].

Among the presented models the Bouc-Wen model [2]
is to be one of the most accurate. The Bouc-Wen model
consists of hysteresis component defined using a nonlinear
differential equation accompanied with linear viscous damp-
ing and stiffness components. Thus, simulation of the Bouc-
Wen model requires more complex solvers comparing to
static MR damper models. Furthermore, nonlinearity of such
model makes its identification complex and not unique. It
was also reported that the Bouc-Wen model exhibits greater
inaccuracy for modelling force saturation in the postyield
[24]. However, the Bouc-Wen model is defined in a compact
form which map major features of MR damper behaviour,
that is, hysteresis loops, force saturation, and additional
viscous damping and stiffness indicated by MR damper
behaviour. Furthermore, the hysteresis component can more
accurately, in comparison to, for example, Tanh model, map
hysteretic behaviour for nonharmonic and wideband piston
excitations, apart from sinusoidal excitations. Parameters of
the Bouc-Wen obtained for different control currents were
additionally approximated using higher-degree polynomial
in the presented paper in order to more accurately fit
variations of parameters.

According to the Bouc-Wenmodel, force yield by theMR
damper is defined as follows:𝐹𝑚𝑟,𝑏𝑤 = − [𝑐𝑏𝑤V𝑚𝑟 + 𝑘𝑏𝑤 (𝑧𝑚𝑟 − 𝑥𝑏𝑤) + 𝛼𝑏𝑤𝑝] , (3)

where V𝑚𝑟 denotes relative velocity of MR damper piston
and 𝑐𝑏𝑤, 𝑘𝑏𝑤, 𝛼𝑏𝑤, and 𝑥𝑏𝑤 denote parameters of the model.
The hysteretic displacement 𝑝 is described by the first-order
nonlinear differential equation:

�̇� = −𝛾𝑏𝑤 ⋅ V𝑚𝑟 ⋅ 𝑝 ⋅ 𝑝𝑛−1 − 𝛽𝑏𝑤V𝑚𝑟 𝑝𝑛 + 𝐴𝑏𝑤V𝑚𝑟, (4)

where symbols 𝛾𝑏𝑤, 𝛽𝑏𝑤, and 𝐴𝑏𝑤 denote the additional
parameters of the Bouc-Wen model.

Commonly, parameters of the Bouc-Wen model are
estimated separately for different levels of the control current
denoted as 𝑖𝑚𝑟. Since the relationship between the current
and themodel parameters is strongly nonlinear, it is generally
approximated using the higher-order polynomials. It was
shown in [28] that two parameters 𝛼𝑏𝑤 and 𝑐𝑏𝑤 can be related
to the control current using the third-order polynomials as
follows:

𝛼𝑏𝑤 = 3∑
𝑗=0

𝛼𝑗,𝑏𝑤 ⋅ 𝑖𝑗𝑚𝑟,
𝑐𝑏𝑤 = 3∑

𝑗=0

𝑐𝑗,𝑏𝑤 ⋅ 𝑖𝑗𝑚𝑟.
(5)

Other parameters can be assumed as constant. Parameters
of the Bouc-Wen model (see the list below) were estimated
based on the identification results presented in [16].

Parameters of the MR Damper Models

Bouc-Wen Model of the MR Damper

𝑖𝑚𝑟 ∈ (0.0; 1.33) A,𝑡𝑚𝑟 = 12ms,𝑛 = 2,𝑘𝑏𝑤 = 0.001,𝑥𝑏𝑤 = 1.5,[𝛼0,𝑏𝑤, 𝛼1,𝑏𝑤, 𝛼2,𝑏𝑤, 𝛼3,𝑏𝑤] = [93506, 888021, 27374,−294583],[𝑐0,𝑏𝑤, 𝑐1,𝑏𝑤, 𝑐2,𝑏𝑤, 𝑐3,𝑏𝑤] = [792, 4195, −6390, 2565],𝛾𝑏𝑤 = 987288,𝛽𝑏𝑤 = 983237,𝐴𝑏𝑤 = 7.979.

Tanh Based Model of the MR Damper

𝛼0,𝑡ℎ = −23.05,𝛼1,𝑡ℎ = 1215,𝛽𝑡ℎ = 36.47,𝛾𝑡ℎ = 1.6,𝑐𝑡ℎ = 1203,𝑘𝑡ℎ = 1297.

Furthermore, it was shown in [29] that the response time
of the force yield by the MR damper depends on both the
control current level and the kinematic excitation of the
damper piston, and it can vary from 20 to 40ms. Thus,
the first-order filter 𝑆𝐹𝑚𝑟 with a time constant 𝑡𝑚𝑟 equal to
12ms was included at the output of the Bouc-Wen model to
simulate this delay. Within the simulation environment, the
MR damper force 𝐹𝑚𝑟 is processed using 𝑆𝐹𝑚𝑟 filter resulting
in the modified force denoted as 𝐹∗𝑚𝑟. In this paper the Bouc-
Wen model is treated as a reference model included in the
vehicle suspension model (see Figure 4).

3. Control Algorithm

Here, the goal of control is to increase the ride comfort, that
is, simultaneous mitigation of the heave and pitch vibrations.
Results obtained for mixed Skyhook and FxLMS control will
be compared with two other algorithms of the semiactive
vibration control, that is, the Skyhook algorithm related to
the quarter-car model and the two-dimensional Skyhook
control optimized with respect to either heave or pitch. All
these algorithms belong to the group of the feedback control;
they use several response signals available from the vehicle.
Mainly, for vibration control, heave and pitch velocities as
well as front and rear body velocities are assumed as error
signals. Furthermore, the relative displacement and velocity
of the MR damper pistons are required for application of the
MR damper inverse model. The MR damper displacement
can be commonly measured in the experimental vehicle
whereas the velocity needs to be estimated.
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Figure 4: Block diagram of the vehicle simulator.

3.1. Inverse Tanh MR Damper Model. Common semiactive
vibration control algorithms require the inverse MR damper
model in order to partly linearise nonlinear relationships of
the signal path from the input control current to the output
MR damper force. Because this model should be used in a
control system and solution of the Bouc-Wen inverse model
cannot be obtained in the embedded controller in real-time,
so for the purpose of vibration control it is proposed to
use the hyperbolic tangent function [30] to model nonlinear
behaviour of the MR damper as follows:

𝐹𝑚𝑟,𝑡ℎ (𝑖𝑚𝑟, 𝑧𝑚𝑟, V𝑚𝑟)
= − (𝛼0,𝑡ℎ + 𝛼1,𝑡ℎ√𝑖𝑚𝑟) tanh [𝛽𝑡ℎV𝑚𝑟 + 𝛾𝑡ℎ sign (𝑧𝑚𝑟)]

− 𝑐𝑡ℎV𝑚𝑟 − 𝑘𝑡ℎ𝑧𝑚𝑟,
(6)

where symbols 𝛼0,𝑡ℎ, 𝛽𝑡ℎ, 𝛾𝑡ℎ, 𝑐𝑡ℎ, and 𝑘𝑡ℎ denote parameters of
the model not related to the control current. The parameter𝛼1,𝑡ℎ maps the influence of the control current on the MR
damper force using a square root operator. Procedure of the𝑡𝑎𝑛ℎ model identification is presented in [30] and model
parameters are listed in Parameters of the MR Damper
Models in Section 2.2.

Thus, the inverse model can be easily evaluated from (6)
as follows:

𝑖𝑚𝑟,𝑡ℎ
= 1𝛼2
1,𝑡ℎ

( −𝐹alg − 𝑐𝑡ℎV𝑚𝑟 − 𝑘𝑡ℎ𝑧𝑚𝑟
tanh [𝛽𝑡ℎV𝑚𝑟 + 𝛾𝑡ℎ sign (𝑧𝑚𝑟)] − 𝛼0,𝑡ℎ)2 , (7)

where 𝑖𝑚𝑟,𝑡ℎ stands for the desired control current, which
should be generated by the control system in order to make
the MR damper generate the desired force 𝐹alg.

Additionally, the impact of modelling error on the final
result of the damping system was tested. Model identification

was repeated for the data contaminated by noise added to
force values, and the model thus obtained was used in the
control algorithm. It turned out that the results of damping
did not differ substantially from the initial inverse model,
which may indicate good tolerance to modelling errors.

3.2. Skyhook Control. Control force desired by the Skyhook
algorithm related to the quarter-car model is expressed as
follows [1]:

𝐹alg,(𝑓/𝑟) (𝑛) = −𝑔V𝑠(𝑓/𝑟) ⋅ V𝑠(𝑓/𝑟) (𝑛) , (8)

where 𝑔V𝑠(𝑓/𝑟) denotes the gain of Skyhook control for the front
or rear part of the vehicle, respectively.

The Skyhook approach can be generalised and extended
to the two-dimensional clipped LQ (linear quadratic) control
related to the half-car model [5, 31], where the following cost
function is minimized:

𝐽 = ∫∞
0

[x𝑇 (𝜏)Qx (𝜏) + Falg
𝑇 (𝜏)RFalg (𝜏)] 𝑑𝜏. (9)

The diagonal cost matrices Q and R related to the vectors
x and Falg of state and control variables, respectively, are
evaluated according to Bryson’s rule [32]:

Q = Sx
−2,

R = SFalg
−2, (10)

where diagonal elements of matrices Sx and SFalg are the
limitations set on the state- x and control-related Falg vectors.
Herein, the analysis is focused only on two limitations
included in matrix Sx, strictly 𝑠V𝑠 and 𝑠𝜔𝑠 related to the V𝑠 and𝜔𝑠 state variables. The vectors of state and control variables
are defined as follows:

x = [(𝑧𝑢𝑓 − 𝑧𝑟𝑓) V𝑢𝑓 (𝑧𝑢𝑟 − 𝑧𝑟𝑟) V𝑢𝑟 (𝑧𝑠𝑓 − 𝑧𝑢𝑓) (𝑧𝑠𝑟 − 𝑧𝑢𝑟) V𝑠 𝜔𝑠]𝑇 ,
Falg = [𝐹alg,𝑓, 𝐹alg,𝑟]𝑇 . (11)
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Thevector x consists of the vehicle suspension deflections and
velocities related to the vehicle body heave and pitch as well
as the deflections of tires and absolute velocities of the wheels.
In the case of the clipped LQ control forces generated by the
MR dampers are assumed as control signals included in the
vector Falg.

Reformulation of a set of differential equations (1) and (2)
gives the following state matrix equation of the linear half-car
model:

ẋ = A ⋅ x + BF ⋅ Falg + Br ⋅ ur, (12)

where ur = [𝑧𝑟𝑓, V𝑟𝑓, 𝑧𝑟𝑟, V𝑟𝑟]𝑇 denotes vector of disturbances
of the system, that is, road-induced displacement and velocity
of the front and rear vehicle part, respectively.MatricesA and
BF are expressed as follows:

A = [a1 a2 a3 a4 a5 a6 a7 a8] , (13)

where

a1 = [0 − 𝑘𝑢𝑓𝑚𝑢𝑓 0 0 0 0 0 0]𝑇 ,
a2 = [1 (− 𝑐𝑢𝑓𝑚𝑢𝑓 −

𝑐𝑠𝑓𝑚𝑢𝑓) 0 0 −1 0 𝑐𝑠𝑓𝑚𝑠 −𝐿𝑓𝑐𝑠𝑓𝐼𝑠𝐿 ]𝑇 ,
a3 = [0 0 0 − 𝑘𝑢𝑟𝑚𝑢𝑟 0 0 0 0]𝑇 ,
a4 = [0 0 1 (− 𝑐𝑢𝑟𝑚𝑢𝑟 − 𝑐𝑠𝑟𝑚𝑢𝑟) 0 −1 𝑐𝑠𝑟𝑚𝑠 𝐿𝑟𝑐𝑠𝑟𝐼𝑠𝐿 ]𝑇 ,
a5 = [0 𝑘𝑠𝑓𝑚𝑢𝑓 0 0 0 0 −𝑘𝑠𝑓𝑚𝑠

𝐿𝑓𝑘𝑠𝑓𝐼𝑠𝐿 ]𝑇 ,
a6 = [0 0 0 𝑘𝑠𝑟𝑚𝑢𝑟 0 0 −𝑘𝑠𝑟𝑚𝑠 −𝐿𝑟𝑘𝑠𝑟𝐼𝑠𝐿 ]𝑇 ,
a7 = [0 𝑐𝑠𝑓𝑚𝑢𝑓 0 𝑐𝑠𝑟𝑚𝑢𝑟 1 1 (− 𝑐𝑠𝑓𝑚𝑠 − 𝑐𝑠𝑟𝑚𝑠) (𝐿𝑓𝑐𝑠𝑓𝐼𝑠𝐿 − 𝐿𝑟𝑐𝑠𝑟𝐼𝑠𝐿 )]𝑇 ,
a8 = [0 −𝐿𝑓𝑐𝑠𝑓𝑚𝑢𝑓 0 𝐿𝑟𝑐𝑠𝑟𝑚𝑢𝑟 −𝐿𝑓 𝐿𝑟 (𝐿𝑓𝑐𝑠𝑓𝑚𝑠 − 𝐿𝑟𝑐𝑠𝑟𝑚𝑠 ) (−𝐿2𝑓𝑐𝑠𝑓𝐼𝑠𝐿 − 𝐿2𝑟𝑐𝑠𝑟𝐼𝑠𝐿 )]𝑇 ,
BF = [b1 b2] ,

(14)

where

b1

= [0 − sin (𝛼𝑚𝑟,𝑓)𝑚𝑢𝑓 0 0 0 0 sin (𝛼𝑚𝑟,𝑓)𝑚𝑠 −𝐿𝑓 sin (𝛼𝑚𝑟,𝑓)𝐼𝑠𝐿 ]𝑇 ,
b2 = [0 0 0 − sin (𝛼𝑚𝑟,𝑟)𝑚𝑢𝑟 0 0 sin (𝛼𝑚𝑟,𝑟)𝑚𝑠 𝐿𝑟 sin (𝛼𝑚𝑟,𝑟)𝐼𝑠𝐿 ]𝑇 .

(15)

They are used for evaluation of the LQ time-infinite problem
with the solution of the continuous time algebraic Riccati
equation:

A𝑇P + PA + PBFR
−1BF
𝑇P +Q = 0. (16)

The solution P of (16) is applied for evaluation of the control
gain as follows:

G = R−1B𝑇P. (17)

In order to retain the same experimental conditions for
all algorithms, the clipped LQ control was limited to only
two measurable state variables, heave and pitch velocities,
resulting in the following control force for the front or rear
suspension MR damper:

𝐹alg,(𝑓/𝑟) (𝑛) = −𝑔V𝑠 ,(𝑓/𝑟) ⋅ V𝑠 (𝑛) − 𝑔𝜔𝑠 ,(𝑓/𝑟) ⋅ 𝜔𝑠 (𝑛) , (18)

where gains 𝑔V𝑠 ,(𝑓/𝑟) and 𝑔𝜔𝑠 ,(𝑓/𝑟) are selected elements of the
control gain matrix G evaluated according to (17).
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Figure 5: Block diagram of the mixed Skyhook and FxLMS control.

3.3. Mixed Skyhook and FxLMS Control. The FxLMS
(Filtered-x LMS) algorithm is an example of adaptive
feedforward control commonly applied in active noise
control [33]. The idea of using the modified FxLMS
algorithm for vibration control in semiactive suspension was
introduced in [16]. It was assumed that the experimental
vehicle is equipped with an additional device scanning
the road profile and the algorithm takes advantage of the
reference signal generated by this device. Here, in order to
simplify the control system, it is assumed that instead of the
reference signal taken from the scanner, we can use a signal
obtained from the sensor measuring the motion of the front
vehicle axle V𝑢𝑓 as the reference signal for the feedforward
control of the rear damper.Thus, the frontMRdamper should
be controlled by the classical Skyhook scheme related to the
quarter-car model (8), whereas the rear MR damper can be
controlled by themodified FxLMS algorithm,which results in
a control scheme presented in Figure 5. Here, relative motion
of the MR damper pistons and motion of other vehicle
parts, particularly the vehicle body and axles, are available
at the output of the vehicle dynamics simulator.

Similar to the previously referred Skyhook control, the
goal of the adaptive algorithm related to the rear vehicle part
is to minimize pitch vibrations of the vehicle body. Param-
eters of the adaptive FIR (Finite Impulse Response) filter𝐻(𝑧−1) are updated according to the following expression:

h (𝑛 + 1) = 𝛾h (𝑛) − 𝜇 ⋅ 𝜔𝑠 (𝑛) ⋅ r (𝑛)
r𝑇 (𝑛) ⋅ r (𝑛) + 𝜁 , (19)

where 𝜇 = 0.007 is the adaptation step of the algorithm.
Leakage of the FxLMS algorithm is controlled by 𝛾 equal
to 0.997. For semiactive devices with the significant force
saturation, the leakage parameter is introduced to ensure
stability of the algorithm. Parameter 𝜁 = 10−15 is used to avoid
division by zero in the case of zeroing r(𝑛). The parameters
mentioned above were adjusted experimentally.

The reference signal 𝑟(𝑛) is obtained by filtering the verti-
cal velocity of the front vehicle axle 𝑧𝑢𝑓 by the appropriate
model of the secondary path �̂�𝐹𝑚𝑟𝜔𝑠(𝑧−1). This signal path
was estimated starting from the force generated by the rear
MR damper and ending with the pitch velocity assuming

that the additional viscous damper was added to the vehicle
suspension.This fictitious damper equivalent to the averaged
velocity-force characteristics is used for modification of the
dissipative domain of the MR damper, as it was shown in
[16]. Operator 𝑧−1 presented in Figure 5 corresponds to a one-
sample delay. Consecutive 𝑀 samples of 𝑟(𝑛), where 𝑀 =
128 is the selected experimentally length of the filter𝐻(𝑧−1),
create the vector r.

Control signal 𝐹alg,𝑟(𝑛) is generated as a result of filtering
V𝑢𝑓 using the adaptive filter𝐻(𝑧−1). Additionally, 𝐹avg gener-
ated by the fictitious passive damper 𝑐avg according to V𝑚𝑟,𝑟
related to the rear part of the vehicle is added to the 𝐹alg,𝑟(𝑛).
Finally, the desired control current 𝑖𝑚𝑟,(𝑓/𝑟) is calculated using
the inverse MR damper model (7).

4. Results

Simulation environment consists of two time domains related
to the simulation of the vehicle dynamics and to vibration
control. The differential equations related to the half-car
model (1) and (2) and the Bouc-Wen model (3) and (4)
were numerically solved using the Runge-Kutta method with
variable integration step and interpolated for the sampling
interval 𝑇𝑠,model = 1ms, whereas the control algorithm was
executed with the sampling interval𝑇𝑠,control = 2ms. It reflects
the real experimental setup with a digital controller.

In the first stage the analysis was carried out in time
domain based on heave and pitch acceleration presented for
in-phase and antiphase road-induced excitation, respectively.
The first resonant frequency of the analysed half-car model
is close to 2Hz. Thus, time diagrams of heave acceleration
are presented for road-induced excitation of such frequency
in order to clearly show differences in damping the heave
resonant peak for all algorithms (see Figure 6). In the case of
pitch acceleration the greatest differences in control perfor-
mance were found for excitation frequency equal to 4.8Hz.
It can be noticed in time diagrams that 2-dimensional heave
or pitch Skyhook exhibits good performance for only one in-
phase or antiphase case of excitation. Control quality offered
by quarter-Skyhook and mixed Skyhook-FxLMS algorithm
is comparable, where the latter one is slightly better in
mitigation of pitch vibration.

4.1. Transmissibility Characteristics and Control Quality
Assessment. Analysis of vibration control was performed
within the frequency range from 1.0 to 10Hz, as the most
of vibration modes of the vehicle dynamics occur within
this range. In-phase and antiphase road-induced excitation
of the front and rear wheels are critical for the different
heave and pitch vibrationmodes, respectively.Thus, the heave
transmissibility characteristics and the related quality index
were evaluated for the in-phase excitation of both wheels,
whereas the pitch dynamics was analysed for the antiphase
excitation, that is, when the peak at the front wheel meets
with the valley at the rear wheel, or vice versa.The evaluation
procedure for the algorithms was carried out in two stages.
Generally, the quality of vibration control is evaluated using
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Figure 6: Comparison of algorithms in time domain: (a) heave acceleration for in-phase road-induced excitation of 2Hz and (b) pitch
acceleration for antiphase road-induced excitation of 4.8Hz.

the velocity or acceleration transmissibility characteristics.
The velocity transmissibility is defined for the heave V𝑠 as

𝑇V𝑟 ,V𝑠 (𝑓) = √∑𝑁𝑛=1 V2𝑠 (𝑛)∑𝑁𝑛=1 V2𝑟 (𝑛)
𝑓 (20)

and for the pitch 𝜔𝑠 as
𝑇V𝑟 ,𝜔𝑠 (𝑓) = √∑𝑁𝑛=1 𝜔2𝑠 (𝑛)∑𝑁𝑛=1 V2𝑟 (𝑛)

𝑓 . (21)

The acceleration transmissibility is defined for the heave 𝑎𝑠 as
𝑇𝑎𝑟 ,𝑎𝑠 (𝑓) = √∑𝑁𝑛=1 𝑎2𝑠 (𝑛)∑𝑁𝑛=1 𝑎2𝑟 (𝑛)

𝑓 (22)

and for the pitch 𝜀𝑠 as
𝑇V𝑟 ,𝜀𝑠 (𝑓) = √ ∑𝑁𝑛=1 𝜀2𝑠 (𝑛)∑𝑁𝑛=1 𝑎2𝑟 (𝑛)

𝑓 . (23)

These characteristics are calculated assuming the vehicle is
excited with a series of the road bumps with varying fre-
quency 𝑓 and the velocity amplitude 𝐴 = 0.3ms−1, invariant
over the whole frequency range.

Besides, the algorithms were compared using the follow-
ing normalized quality indices based on the heave velocity
transmissibility characteristics:

𝐽V𝑠 = ∑10Hz
1Hz 𝑇V𝑟 ,V𝑠 (𝑓) Δ𝑓∑10Hz
1Hz 𝑇0,V𝑟 ,V𝑠 (𝑓) Δ𝑓 (24)

and on the pitch velocity transmissibility characteristics:

𝐽𝜔𝑠 = ∑10Hz
1Hz 𝑇V𝑟 ,𝜔𝑠 (𝑓) Δ𝑓∑10Hz
1Hz 𝑇0,V𝑟 ,𝜔𝑠 (𝑓) Δ𝑓, (25)

where 𝑇0,V𝑟 ,V𝑠(𝑓) and 𝑇0,V𝑟 ,𝜔𝑠(𝑓) denote the reference heave
and pitch velocity transmissibility characteristics evaluated
for the soft passive suspension, that is, for control currents
equal to zero. Furthermore, the following normalized quality
indices based on acceleration transmissibility characteristics
were also analysed:

𝐽𝑎𝑠 = ∑10Hz
1Hz 𝑇𝑎𝑟 ,𝑎𝑠 (𝑓) Δ𝑓∑10Hz
1Hz 𝑇0,𝑎𝑟 ,𝑎𝑠 (𝑓) Δ𝑓 (26)

and on the pitch velocity transmissibility characteristics:

𝐽𝜀𝑠 = ∑10Hz
1Hz 𝑇𝑎𝑟 ,𝜀𝑠 (𝑓) Δ𝑓∑10Hz
1Hz 𝑇0,𝑎𝑟 ,𝜀𝑠 (𝑓) Δ𝑓. (27)

The quality indices are evaluated based on the heave and
pitch transmissibilities interpolated with frequency resolu-
tion denoted as Δ𝑓 = 0.1Hz.



Advances in Acoustics and Vibration 9

Front/rear Skyhook,
Front/rear Skyhook,
Front Skyhook, rear FxLMS pitch

1200 1400 1600 1800 2000 2200 24001000
Control parameter g (Nsm−1)

0.91

0.92

0.93

0.94

0.95

0.96

0.97
J �

𝑠
(--

-)

g�𝑠𝑓
= g�𝑠𝑟

= g

g�𝑠𝑓
= 1800, g�𝑠𝑟

= g

(a)

1200 1400 1600 1800 20001000
Control parameter g (Nsm−1)

0.93

0.94

0.95

0.96

0.97

J 𝜔
𝑠

(--
-)

Front/rear Skyhook,
Front/rear Skyhook,
Front Skyhook, rear FxLMS pitch

g�𝑠𝑓
= g�𝑠𝑟

= g

g�𝑠𝑓
= 1800, g�𝑠𝑟

= g

(b)

Figure 7: Comparison of vibration control quality for the front/rear Skyhook and mixed Skyhook-FxLMS algorithms: (a) the heave index
for the front and rear excitation in phase and (b) the pitch index for the front and rear excitation in antiphase. Dashed lines—the average of𝐽V𝑠 and 𝐽𝜔𝑠 .

4.2. Optimization and Validation of Vibration Control Algo-
rithms. In order to properly indicate advantages of the
proposed mixed Skyhook-FxLMS algorithm in comparison
to the well-known quarter- and two-dimensional Skyhook
control, the latter algorithms need to be initially optimized.
The optimization is not a trivial task since the Skyhook
control is nonadaptive whereas the vehicle model is highly
nonlinear. Thus, the optimal gain in the algorithm was
determined by a trial-and-error method, which requires a
series of experiments to be performed. The proper value of
the gain depends mainly on the suspension parameters. The
values corresponding to the damping coefficients presented
in Parameters of the Simulated 4 DOFs Half-Car Model in
Section 2.1 can be used as a starting point for the search
procedure. On the other hand, the gain depends weakly on
the amplitude of the excitation or generally on the road class,
as it was shown in [34]. However, it was also observed that the
choice of the gain is not crucial for the efficiency of vibration
mitigation as it varies little over a wide range of gain values
(see Figures 7 and 9).

All presented algorithms were compared using vibration
control quality indices defined by (24)–(27) and evaluated
for the different quarter-Skyhook parameters 𝑔V𝑠(𝑓/𝑟) as well
as the different two-dimensional Skyhook parameters 𝑔V𝑠(𝑓/𝑟)
and 𝑔𝜔𝑠(𝑓/𝑟). Herein, results are presented only for the quality
indices which are based on velocity quantities. The control
parameters were being adjusted for each algorithm in a
wide range in order to find an optimized configuration
for each of them. An example of a set of heave velocity
transmissibility characteristics is presented in Figure 8, where
results were obtained for different values of 𝑠V𝑠 parameter of
heave Skyhook algorithm which was synthesized focusing on
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Figure 8: Comparison of heave Skyhook algorithm in frequency
domain for different values of control parameters and for in-phase
road-induced excitation.

mitigation of heave vibration mode. Thus, changing 𝑠V𝑠 can
lead to heave Skyhook algorithm which is underactuated,
optimized or overactuated particularly for the 2Hz resonant
frequency related to the heave mode.

The quarter-Skyhook was validated in two stages with
respect to the averaged quality index. Firstly, control gains
were assumed to be the same for the front and rear vehicle
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Figure 9: Mixed Skyhook/FxLMS versus 2-dimensional Skyhook optimized with respect to (a) heave mitigation or (b) pitch mitigation.

suspension which gave an optimized control quality for 𝑔V𝑠𝑓
and 𝑔V𝑠𝑟 equal to 1800. Secondly, neighbourhood of the
solution space of such parameters, changing both of them,
was examined which gave improved Skyhook control for 𝑔V𝑠𝑓
= 1800 and 𝑔V𝑠𝑟 = 1400.

Figure 7 shows a comparison of the quarter-Skyhook
and the mixed Skyhook-FxLMS control approaches. Both
cases of Skyhook control parameters were presented, that
is, the same values of 𝑔V𝑠𝑓 and 𝑔V𝑠𝑟 as well as 𝑔V𝑠𝑓 equal to
1800 and varying 𝑔V𝑠𝑟 . The characteristics were evaluated for
the road-induced excitation of the front and rear vehicle in
phase and antiphase. It can be seen that vibration control for
both algorithms is comparable for the in-phase excitation;
however, the difference is clearly visible for the antiphase
excitation. Besides, the averaged value of both quality indices
was shown for the Skyhook algorithm which confirms that
mixed Skyhook-FxLMS is recommended to be used when
both heave and pitch vibrations need to be mitigated.

Next, the two-dimensional heave and pitch Skyhook are
treated as a reference algorithm separately for heave and
pitch vibrations. Optimization results for both algorithms
are presented in Figure 9. The heave and pitch Skyhook
were optimized assuming that the weights included in the
matrix𝑄, related to the heave or pitch vibration, respectively,
are nonzero. Thus, both the heave or pitch Skyhook are
fully focused on mitigation of the selected vehicle vibration
modes. It can be noticed that, for the in-phase excitation,
the proposed mixed algorithm is slightly better than the
Skyhook optimized with respect to the heave, and for the
antiphase excitation it is significantly better than the Skyhook
optimized with respect to the pitch.

Finally, the heave and pitch velocity and accelera-
tion transmissibilities defined by (20)–(23) obtained for

mixed Skyhook/FxLMS and quarter-Skyhook and for two-
dimensional Skyhook optimized for either heave or pitch
mitigation are presented in Figures 10 and 11. It is easy
to notice that optimization of the heave Skyhook leads to
deterioration of the pitch mitigation and vice versa. Similar
conclusions can be drawn based on either velocity or accel-
eration transmissibilities. The quarter-Skyhook gives good
results for heave vibration; however its efficiency is worse in
case of mitigation of pitch vibration. On the contrary, mixed
Skyhook-FxLMS performs well for both cases. Moreover, all
types of Skyhook control, contrary to FxLMS component,
require preliminary optimization, which is not an easy task
in the case of real road experiments, as it was shown before.

5. Conclusions

The paper deals with vibration control related to the model
of the experimental vehicle equipped with the automotive
MR dampers. The analysis is carried out based on the 4-
DOFs half-car model, which includes the Bouc-Wen model
of the MR dampers. The mixed Skyhook/FxLMS control
approach was proposed and compared with quarter-Skyhook
and clipped LQ control simplified to the two-dimensional
Skyhook algorithm optimized with respect to heave or pitch.
Here, the FxLMS algorithm implemented for control of the
rear MR damper uses the vertical velocity signal obtained
from the front axle as a reference signal.

The quality of vibration control was analysed based on
the heave and pitch velocity transmissibility characteristics
as well as on the quality indices related to the vibration
control of heave and pitch. Initially, all presented types of
Skyhook control were numerically optimized to be properly
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Figure 10: Comparison of algorithms in frequency domain for in-phase road-induced excitation based on transmissibilities of (a) heave
velocity and (b) heave acceleration.
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Figure 11: Comparison of algorithms in frequency domain for antiphase road-induced excitation based on transmissibilities of (a) pitch
velocity and (b) pitch acceleration.

compared with the mixed Skyhook/FxLMS algorithm. Both
validation approaches confirmed that the proposed solution
should be applied in the case of mitigation of both heave
and pitch vibrations. Moreover, this approach is favoured
for its adaptability in comparison to the classical Skyhook
algorithms.
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