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We propose the use of a simple, cheap, and easy technique for the study of dynamic and synchronization of the coupled systems:
effects of themagnetic coupling on the dynamics and of synchronization of two Colpitts oscillators (wireless interaction).We derive
a smooth mathematical model to describe the dynamic system. The stability of the equilibrium states is investigated. The coupled
system exhibits spectral characteristics such as chaos and hyperchaos in some parameter ranges of the coupling. The numerical
exploration of the dynamics system reveals various bifurcations scenarios including period-doubling and interior crisis transitions
to chaos. Moreover, various interesting dynamical phenomena such as transient chaos, coexistence of solution, and multistability
(hysteresis) are observed when the magnetic coupling factor varies. Theoretical reasons for such phenomena are provided and
experimentally confirmed with practical measurements in a wireless transfer.

1. Introduction

In electronics and in nonlinear dynamics, oscillators involv-
ing inductors are always modeled without any coupling from
external magnetic field. However, in certain experimental
condition, non-physically coupled systems may interact.

In this paper, we study the effect of the magnetic coupling
on the behavior of a Colpitts coupled oscillator. Coupled
chaotic systems have become a topic of active research
in many scientific areas such as chemistry, biology, optics,
and communications. In particular, the synchronization of
coupled chaotic systems has received a lot of attention
since the early 1990s [1–3]. This has been motivated by
potential application of chaotic signals in such areas as signal
encryption and communications [4].

The classical Colpitts oscillator is widely used in elec-
tronic devices and communication system as a source of
sinusoidal waveform with low harmonic content [5]. This
oscillator has been extensively used in the investigation of
various dynamical phenomena. With a special parameters

settings this oscillator exhibits a rich dynamic behavior:
period doubling and chaotic behavior [5–7]. As a chaotic
generator it can be used to generate noise-like broadband
signals. The oscillator is very flexible as the fundamental
frequency can be tuned from several kilohertz to several
gigahertz, that is, to the microwave range.

Hyperchaos is characterized as chaotic dynamics with
more than one positive Lyapunov exponent (LE). Hyperchaos
has attracted increasing attention from the scientific and
engineering communities [8, 9]. The interest devoted to
hyperchaotic systems is motivated by their complex dynam-
ics such as rich bifurcation, wider frequency bandwidths,
and their potential application to information technologies,
specifically to secure communication; hyperchaos has been
firstly reported by Rössler [8], and the first circuit imple-
mentation of hyperchaos was realized by Matsumoto et al.
[9]. Although the Colpitts oscillator is known to exhibit
chaotic dynamics, it has also been shown to exhibit an hyper-
chaotic behavior when coupled in various configurations
[10, 11].
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Figure 1: The electrical circuit of the system consisting of two mutually coupled Colpitts oscillators (a) and the circuit diagram of a bipolar
junction transistor (BJT) (b). The circuit elements are 2N3904; 𝑉0 = 10V; 𝑅0 = 35Ω; 𝐿𝑗 = 1.2mH; 𝐶1𝑗 = 𝐶2𝑗 = 470 nF; 𝐶3 = 47 nF; 𝑅3 =510Ω; 𝑅𝑏 = 1Ω; and 𝑅1 = 𝑅2 = 2 kΩ.

In a complex system several attractors may coexist for a
given set of system parameters. This coexistence is termed as
multistability and has been found in almost all research areas
of natural science, such as mechanics, electronics, biology,
environmental science, and neuroscience [12, 13]. Multistable
systems are characterized by a high degree of complexity
in dynamical behavior due to the interaction among the
coexisting attractors [14].

Generally speaking, chaos synchronization can be
referred to as behavior in which two or more coupled
systems exhibit identical chaotic oscillations. For such
dynamical systems, the loss of synchronization between the
subsystems is strictly related to the Lyapunov exponents
(LEs) of the global system. When the subsystems lose
synchrony, a transition from chaotic to hyperchaotic
behavior takes place; that is, at least two LEs become positive
[11]. Several approaches to chaotic synchronization have been
proposed in the literature, for example, adaptive control,
active-backstepping design, active control, backstepping,
sliding mode control, and self-adaptive backstepping [1–4].
In most of these methods, the controllers and the design
approach are often very complex and may be difficult to
achieve in practice.

In this paper, a new method is introduced. It has been
experimentally and has been numerically characterized, lead-
ing to a simple, cheap, and easy technique for the study of
dynamic and synchronization of Colpitts coupled oscillator.
When compared with other circuit techniques applied to the
chaotic oscillator [11], our approach requires a simple control
circuitry (based on themagnetic coupling: wireless coupling).
A previous work in this domain dealt with chaos control and
synchronization of a system. It consisted of chaotic modified
Van der Pol-Duffing oscillator, which is able to generate low
frequency chaotic signal [15].

The idea underlying our approach is also applied to
chaotic Colpitts oscillator. It demonstrates how it is possible
to control and synchronize a system in a simple and effective
way, with high frequency oscillations. This coupling gives a
possibility of obtaining a rich and complex dynamic system.
To the best of our knowledge, the magnetic coupling of two
chaotic Colpitts oscillators has never been investigated.

Our aims in this work are the following: (a) extend the
study of magnetic coupling to higher frequencies chaotic
systems (they are more useful in practical secure commu-
nication systems), (b) investigate the conditions leading to
practical synchronization of the coupledColpitts circuits, and
(c) present an electronic implementation of the magnetically
coupled systems.The rest of the paper is organized as follows:
In Section 2, the circuit of the magnetically coupled system
is presented and an appropriate model is derived to describe
the dynamical behavior of the global oscillator. Section 3
deals with the complex dynamical behavior of the proposed
circuit. In Section 4, based on the Lyapunov theory factor, we
demonstrate the effectiveness of the proposed controller. In
Section 5, numerical and experimental simulation results are
provided to illustrate the effectiveness and feasibility of the
control and synchronization technique. Finally, conclusions
are given in Section 6.

2. Circuit Description of the Model and
Differential Equations

2.1. The Model. The Colpitts oscillator shown in Figure 1(a)
contains a bipolar junction transistor 2N3904 (BJT), resistors,
a feedback capacitor 𝐶3, and a resonant circuit. The resonant
circuit consists of an inductor and two capacitors 𝐶1 and 𝐶2.
The model of the transistor is shown in Figure 1(b), with a
nonlinear element (voltage-controlled) and a linear current-
controlled current source. This oscillator has been used in
electronic devices and communication systems, due to the
fact that it can exhibit chaos [5].

2.2. State Equations. Let us consider the two magnetic core
coils of Figure 1(a) and the magnetic coupling 𝑘 defined in
[15]. The following set of differential equations are obtained
by applying Kirchhoff ’s laws to the circuit shown in Fig-
ure 1(a):

𝑐1𝑗 𝑑𝑉𝐶1𝑗𝑑𝑡 = 𝐼𝐿𝑗 − 𝛽𝐹 (𝑉𝐶3𝑗)
𝑐2𝑗 𝑑𝑉𝐶2𝑗𝑑𝑡 = 𝐼𝐿𝑗 + 𝐸th − 𝑉𝐶3𝑗𝑅th

− 𝑉𝐶2𝑗 ( 1𝑅th
+ 1𝑅𝑏)
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𝑐3𝑗 𝑑𝑉𝐶3𝑗𝑑𝑡 = 𝐸th − 𝑉𝐶3𝑗 − 𝑉𝐶2𝑗𝑅th
− 𝐹 (𝑉𝐶3𝑗)

𝐿𝑗𝑑𝐼𝐿𝑗𝑑𝑡 = 𝑉0 − 𝑅0𝐼𝐿𝑗 − 𝑉𝐶1𝑗 − 𝑉𝐶2𝑗 −𝑀𝑑𝑖𝐿3−𝑗𝑑𝑡 ,
(1)

where 𝐹(𝑉𝐶3) = {𝑉𝐶3𝑗 − 𝑉BE, if 𝑉𝐶3𝑗 > 𝑉BE; 0, if 𝑉𝐶3𝑗 ≤𝑉BE}, 𝑅th = 𝑅1𝑅2/(𝑅1 + 𝑅2), 𝐸th = (𝑅2/(𝑅1 + 𝑅2))𝑉0, and𝛽 = 150 is the current gain (transistor gain) of the BJT. The
relationship between the transistor gain and common base
forward short-circuit gain of the transistor (𝛼𝐹) is defined as𝛽 = 𝛼𝐹/(1 − 𝛼𝐹), 𝑗 = 1, 2; 𝑀 = 𝑘√𝐿𝑗 × 𝐿3−𝑗 is the mutual
inductance𝑀; if it is less than 𝐿, then the coupling magnetic𝑘 = (1 − (3/2)(2𝑥/𝑙)2) (𝑙 is the length of the coil and 𝑥 is the
distance between the windings) [15] is also −1 ≤ 𝑘 ≤ 1.

In our model (Figure 1), the values of electronic circuit
components are 𝑉0 = 10V, 𝑅0 = 35Ω, 𝐿𝑗 = 1.2mH, 𝐶1𝑗 =𝐶2𝑗 = 470 nF, 𝐶3𝑗 = 47 nF,𝑅3 = 510Ω 𝑅𝑏 = 1Ω, and 𝑅1 =𝑅2 = 2 kΩ.

For the numerical investigation, an appropriate rescaling
is introduced with the corresponding change of variables: 𝑡 =√𝐿𝐶1𝜏; 𝑥𝑗 = 𝑉𝐶1𝑗/𝑉BE, 𝑦𝑗 = 𝑉𝐶2𝑗/𝑉BE, 𝑧𝑗 = 𝑉𝐶3𝑗/𝑉BE, 𝑤𝑗 =
(𝐼𝐿/𝑉BE)√𝐿/𝐶1𝑗; one can rewrite (1) to obtain the following
dimensionless set of differential equations:

�̇�𝑗 = 𝑤𝑗 − 𝑎1𝑓 (𝑧𝑗)
̇𝑦𝑗 = 𝑤𝑗 + 𝛼0 (𝑑 − 𝑧𝑗) − 𝛼1𝑦𝑗

�̇�𝑗 = 𝜀𝛼0 (𝑑 − 𝑧𝑗 − 𝑦𝑗) − 𝜀𝑎2𝑓 (𝑧𝑗)
�̇�𝑗 = 𝑒 − 𝑏𝑤𝑗 − 𝑥𝑗 − 𝑦𝑗 − 𝑀𝐿𝑗 �̇�3−𝑗,

(2)

where

𝑓 (𝑧) = {𝑧𝑗 − 1 if 𝑧𝑗 > 1
0 if 𝑧𝑗 ≤ 1

𝑎2 = √ 𝐿𝐶1 = 50.53
𝑎1 = 𝛽𝑎2 = 7579.5,

𝛼0 = 𝑎2𝑅th
= 0.05053;

𝛼1 = 𝛼0 + 𝑎2𝑅1 = 0.149;
𝑑 = 𝐸th𝑉BE

= 7.14;
𝑒 = 𝑉0𝑉BE

= 14.28;
𝑏 = 𝑅0𝑎2 = 0.69,
𝜀 = 𝐶1𝐶3 = 10.

(3)

2.3. Equilibrium Points and Their Stability. We consider the
normalized system (2). The equilibrium points of this system
can be found by solving the system of algebraic equations:

𝑤𝑗 − 𝑎1 (𝑧𝑗 − 1) = 0
𝑤𝑗 + 𝛼0 (𝑑 − 𝑧𝑗) − 𝛼1𝑦𝑗 = 0

𝜀𝛼0 (𝑑 − 𝑧𝑗 − 𝑦𝑗) − 𝜀𝑎2 (𝑧𝑗 − 1) = 0
𝑒 − 𝑏𝑤𝑗 − 𝑥𝑗 − 𝑦𝑗 = 0.

(4)

We obtain the equilibrium points 𝑂(𝑥0𝑗, 𝑦0𝑗, 𝑧0𝑗, 𝑤0𝑗),(𝑗 = 1, 2) with
𝑥0𝑗 = 𝛾0 (1 − 𝑏𝑎1) + 𝑏𝑎1 − 𝑑 + 𝑒 − 𝑎2 (1 − 𝛾0)𝛼0
𝑦0𝑗 = 𝑑 − 𝛾0 + 𝑎2 − 𝛾0𝑎2𝛼0𝑧0𝑗 = 𝛾0
𝑤0𝑗 = 𝑎1 (𝛾0 − 1) ,

(5)

where

𝛾0 = 1 + 𝛼0 (𝑑 − 1) (𝛼1 − 𝛼0)𝛼0 (𝛼0 − 𝑎1 − 𝛼1) − 𝛼1𝑎2 . (6)

The equilibrium point 𝑂 does not depend on the control
parameter 𝑘. By linearizing system (2) around this point, we
obtain the following 8 × 8 Jacobian matrix:

𝐽 =

[[[[[[[[[[[[[[[[[
[

0 0 −𝑎1 1 0 0 0 0
0 −𝛼1 −𝛼0 1 0 0 0 0
0 −𝜀𝛼0 −𝜀 (𝛼0 + 𝑎2) 0 0 0 0 0
−𝑘0 −𝑘0 0 −𝑏𝑘0 −𝑘𝑘0 −𝑘𝑘0 0 −𝑘𝑘0𝑏0 0 0 0 0 0 −𝑎1 1
0 0 0 0 0 −𝛼1 −𝛼0 1
0 0 0 0 0 −𝜀𝛼0 −𝜀 (𝛼0 + 𝑎2) 0

−𝑘𝑘0 −𝑘𝑘0 0 −𝑘𝑘0𝑏 −𝑘0 −𝑘0 0 −𝑏𝑘0

]]]]]]]]]]]]]]]]]
]

. (7)
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Figure 2: Representation of the eigenvalues, solution of the characteristic equation (11), in the complex plane (Re(𝜆), Im(𝜆)) when 𝑓(𝑧) = 0
(a) and when 𝑓(𝑧) = 𝑧 − 1 (b).

The stability of the equilibrium point 𝑂 can be analyzed
by solving the characteristic equation det(𝑀𝐽 − 𝜆𝐼𝑑) = 0,
where 𝐼𝑑 is the 8 × 8 identity matrix. Then, the eigenvalues
are obtained by solving the following characteristic equation:

𝜆8 + 𝐴7𝜆7 + 𝐴6𝜆6 + 𝐴5𝜆5 + 𝐴4𝜆4 + 𝐴3𝜆3 + 𝐴2𝜆2
+ 𝐴1𝜆 + 𝐴0 = 0 (8)

with

𝐴7 = 2 (𝑏 + 𝛿1)
𝐴6 = [4 + 2𝛿0 + 𝛿1 (4𝑏 + 𝛿1)] + 𝑏2𝑘
𝐴5 = 2𝛿1 (𝑏𝛿1 + 3) + 2𝛿0 (2𝑏 + 𝛿1) + 2𝑞 + 𝑘0𝑏 [4

+ 2𝑏𝛿1 + 𝛿0]
𝐴4 = 2𝑞 + 2𝑎1𝜀𝛼0 + 𝛿0 (6 + 4𝑏𝛿1 + 𝛿0) + 2𝛿1 (𝛿1 + 𝑞)

+ 𝑘0 [4 + 2𝑏𝑞 + 𝑏𝛿1 (6 + 𝑏𝛿1) + 𝑏𝛿0 (2𝑏 + 𝛿1)]
𝐴3 = 2𝛿0 (2𝛿1 + 𝑞 + 𝑏𝛿0 + 𝛿1𝑎1𝜀𝛼0) + 𝑘0 [2𝑞 (2 + 𝑏𝛿1)

+ 𝑏 (2 + 𝑎1𝜀𝛼0 + 4𝛿0 + 2𝛿21) + 𝛿1𝑏2 (1 + 𝛿0) + 4𝛿1]
𝐴2 = 2𝛿0 (𝛿0 + 𝑎1𝜀𝛼0) + 𝑘0 [(𝛿1 + 𝑞 + 𝑏𝛿1)2

+ 2 (𝛿0 + 𝑎1𝜀𝛼0) (2 + 𝑏𝛿1)]
𝐴1 = 𝑘0 (𝛿0 + 𝑎1𝜀𝛼0) (𝛿1 + 𝑞 + 2𝑏𝛿0)
𝐴0 = 𝑘0 (𝛿0 + 𝑎1𝜀𝛼0)2 ,

(9)

where

𝑘0 = 1(1 − 𝑘2) ,
𝛿0 = 𝛼1𝜀𝑎2 + (𝛼1 − 𝛼0) 𝜀𝛼0,
𝛿1 = 𝛼1𝜀𝑎2 + (𝛼1 + 𝑎1 − 𝛼0) 𝜀𝛼0,
𝛿3 = 𝛼1 + 𝜀 (𝛼0 + 𝑎2) .

(10)

Using the Routh-Hurwitz criteria on system (8), it
appears that its trivial fixed point is stable if the following
condition is satisfied:

𝜂0 ((𝐶2/𝐶1) 𝜂1 − 𝜂0) − 𝜂1 (𝐴0𝐶1 − (𝐶3/𝐶1) 𝜂0)𝐶1𝜂0 − 𝐶2𝜂1 − 𝐴0
> 0,

(11)

where

𝐶1 = 𝐴3𝐴7 − 𝐴4𝐴27 − 𝐴25 + 𝐴6𝐴7𝐴5,
𝐶2 = 𝐴1𝐴7 − 𝐴2𝐴27 − 𝐴3𝐴5 + 𝐴6𝐴7𝐴3,
𝐶3 = −𝐴0𝐴27 − 𝐴5𝐴1 + 𝐴6𝐴7𝐴1,
𝜂0 = (𝐴5 − 𝐴6𝐴7) 𝐶3 − (𝐴1 − 𝐴7𝐴2) 𝐶1,
𝜂1 = (𝐴5 − 𝐴6𝐴7) 𝐶2 − (𝐴3 − 𝐴4𝐴7) 𝐶1.

(12)

(i) If 𝑧𝑗 > 1, 𝑓(𝑧) ̸= 0 (𝑎1 = 0 and 𝑎2 = 0), condition (11)
can be solved choosing 𝑘 as the control parameter and
keeping the other parameters constant; for 0 < 𝑘 < 1
this condition is not satisfied and the equilibria point𝑂 is unstable saddle focus. Figure 2(a) illustrated
such assertion, where we plot in the complex plane
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(Re(𝜆); Im(𝜆)) the imaginary part of eigenvalues as a
function of their real part. We observe that, for 0 <𝑘 < 1, there exists the real part of the corresponding
eigenvalues which is positive.

(ii) If 𝑧𝑗 ≤ 1, 𝑎1 = 𝑎2 = 0, condition (11) is satiated for
all values for 𝑘. In Figure 2, we show the eigenvalues
in the complex plane (Re(𝜆); Im(𝜆)). Equation (8) is
solved using the Newton-Raphson algorithm for the
range of parameter 0 < 𝑘 < 1: the real parts of the
eigenvalues (𝜆) are all negative; then the equilibrium
point is a stable spiral point.

Let us consider the coefficient 𝑘 as the control parameter,
since it can vary through experiment with the distance
between the magnetic core coils. Applying the condition
for the occurrence of the Hopf bifurcation: in (8) there
exists a pair of purely imaginary complex eigenvalues and(𝑑𝜆/𝑑𝑘)𝑘=𝑘𝑐 ̸= 0, where 𝑘𝑐 is called the critical value for the
onset of the bifurcation. In the case of 𝑓(𝑧) ̸= 0, the critical
values of the parameter control are obtained by solving the
equation:

(17𝜂21 − 12𝜂3)3 + (2𝜂) = 0 (13)

with

𝜂1 = 𝐴4 − 38𝐴26,
𝜂2 = 𝐴62 (𝐴4 − 𝐴264 ) − 𝐴2,
𝜂3 = 𝐴2616 (𝐴4 − 𝐴2616 ) + 𝐴6 (1 − 𝐴24 ) .

(14)

The critical value can be obtained by making recourse
to numerical methods. We have one critical value 𝑘𝑐 =0.8056001; the corresponding eigenvalues are 𝜆1 = −3.6983;𝜆2 = 3.2771𝑖; 𝜆3 = −3.2771𝑖; 𝜆4 = 0.51211 + 1.577𝑖;𝜆5 = 0.51211 − 1.577𝑖; 𝜆6 = −1.5553; 𝜆7 = −505.81; and𝜆8 = −505.81.
3. Dynamical Behavior of the Mutually
Coupled Colpitts Systems

3.1. Bifurcation Analysis. As we mentioned above, one of the
main advantages of this circuit for experimental applications
is the richness of its dynamics. Here, the types of behaviors
are identified using two indicators. The first indicator is the
bifurcation diagram, the second being the graph of Lyapunov
exponent’s spectra [7]. In order to define different types of
behaviors in our model, system (4) is solved numerically
through the fourth-order Runge-Kutta integration algorithm.
For each set of parameters used in this work, the time step
is always Δ𝑡 = 0.005 and the simulations are done with
variables and constant parameters in extended mode [16,
17]. For each case, system (2) is integrated for a sufficiently
long time and the transient is discarded with the time
step being always Δ𝑡 = 0.005. According to [18], the

dynamics of the nonlinear system (2) can be classified in
terms of the Lyapunov exponents 𝜆𝑖 (𝑖 = 1, 2, 3, 4, 5, 6, 7, 8) as
follows:

(1) For an equilibrium point, 𝜆𝑖 < 0.
(2) For a limit cycle (periodic orbits), 𝜆1 = 0,𝜆2,3,4,5,6,7,8 < 0.
(3) For 2-torus (quasiperiodic orbits), 𝜆1,2 = 0,𝜆3,4,5,6,7,8 < 0.
(4) For 3-torus, 𝜆1,2,3 = 0, 𝜆4,5,6,7,8 < 0.
(5) For chaotic orbits, 𝜆1 > 0, 𝜆2 = 0, and 𝜆3,4,5,6,7,8 < 0.
(6) For hyperchaotic orbits, 𝜆1,2 > 0, 𝜆3 = 0, and𝜆4,5,6,7,8 < 0.
The evolution process of the system is analyzed pre-

cisely by the means of the Lyapunov exponents spectrum,
bifurcation diagrams, and phase portraits when varying the
parameter 𝑘 in tiny step 0 < 𝑘 < 0.9; the other parameters
are kept constant (the values defined in Section 2).The graph
of the Lyapunov exponent spectrum and its corresponding
bifurcation diagrams are depicted, in Figure 4. The bifur-
cation diagram is obtained by plotting local maxima of the
states 𝑥; 𝑦; 𝑧; and 𝑤. It can be seen that the bifurcation
diagram coincides well with the spectrum of the Lyapunov
exponents. In Figures 3 and 4, the following scenarios emerge
when monitoring the control parameter 𝑘: hyperchaos →
quasiperiodic → hyperchaos → chaos. Figure 5 shows some
numerical phase portraits, obtained by Matlab simulation
(1) and PSpice (2) analysis, respectively, when 0.6 < 𝑘 <1. Figure 5(a) shows a quasiperiodic attractor (𝑘 = 0.67).
Figures 5(b) and 5(c) show, respectively, hyperchaos and
chaos (𝑘 = 0.8 and 𝑘 = 0.9). Practically, the distance between
two magnetically coupled Colpitts systems or the position or
type of magnetic coupling core could have drastic effects on
the oscillators dynamics, even if the number of oscillators
is increased. This is an interesting behavior in the sense of
control of the collective dynamics of magnetically coupled
nonlinear oscillators [15].

3.2. Multistability or Coexistence of Attractors. Generally,
multistable systems are characterized by a high degree of
complexity in dynamical behavior due to the interaction
among the coexisting attractors. First of all, the dynamics
of a multistable system are extremely sensitive to initial
conditions. Due to the coexistence of different attractors
and complex fractal basin boundary structures very small
perturbations of the initial state may influence the final
attractor. Second, the qualitative behavior of the system
often changes under the variation of the parameters system.
Similarly, attractors exist only in small intervals of the param-
eters system. A slight change in a control parameter may
cause a rapid change in the number and type of coexisting
attractors. Third, multistable systems are extremely sensitive
to noise. Noise may cause a popping process between various
attractors. As an example of the system which possesses
multistability, we consider the system described by (2) and
consider 𝑘 as a control parameter. In Figure 6 we present
the bifurcation diagrams of system (2), with the values of
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magnetic coupling 𝑘 on the horizontal axes. In the blue
region of Figure 6 the values of 𝑥𝑗 have been calculated for
the increasing values of 𝑘 while in the red region for the
decreasing values of 𝑘, period-3 and chaos coexist for 0.08 <𝑘 < 0.12; chaos and period-5 coexist for 0.234 < 𝑘 < 0.264;

period-3 and chaos coexist for 0.264 < 𝑘 < 0.46, 0.48 < 𝑘 <0.54, and 0.545 < 𝑘 < 0.7; period-3 (increases) and period-5
coexist for 0.46 < 𝑘 < 0.48; and period-3 andperiod-6 coexist
for 0.54 < 𝑘 < 0.545.

For instance, In Figure 7 we present the coexistence of
two different attractors, which can be obtained under the
initial conditions 𝑥1 = 0.004, 𝑦1 = 0.004, 𝑧1 = −0.09, 𝑤 =0.0032; 𝑥2 = ±0.004; 𝑦 = 0.004, 𝑧2 = 0.09; 𝑤2 = 0.0032.
3.3. Complex Transient Chaos and Hyperchaos. The appear-
ance of chaos and hyperchaos on finite time scales is known
as transient chaos and transient hyperchaos. In our system,
the appearance of periodic or chaos or hyperchaos motion
strongly depends not only on the circuit parameters but
also on the initial conditions. When the magnetic coupling
of the stimulus is selected as 𝑘 = 0.1, a phenomenon
of transient chaos is generated in the periodically coupled
Colpitts oscillator (the trajectories of the system have a
transition from transient chaotic to steady periodic behaviors
with time evolutions). Figure 8(b) displays the time-domain
wave form of variable 𝑥𝑗, where chaotic attractor is located
in the time interval [0, 0.935] and then a limit cycle with
period-3 forms after 𝑡 > 935; Figure 8(b) depicts two phase
portraits of chaos and period-3 attractors in different phase
planes.

The transient hyperchaos phenomenon exists when 𝑘 =0.6: Figure 8 shows the time-domain waveforms and the
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Figure 6: Bifurcation diagrams for (blue) increasing and (red)
decreasing of magnetic coupling.

phase portrait of the hyperchaotic attractor combined with
period-3, where hyperchaotic attractor is located in the time
interval [0; 585] and then a limit cycle with period-3 forms
after 𝑡 > 585. Figure 9(a) displays the time-domainwave form
of variable 𝑥𝑗, where hyperchaotic attractor is located in the
time interval [0, 550] (Figure 9(b)), and then a limit cyclewith
period-3 forms after 𝑡 > 550 (Figure 9(c)).
4. Synchronization of Two Modified
Colpitts Oscillators

4.1. Case of Two Identical Oscillators. Although the coupling
scheme implemented here is bidirectional, we need to define
a master (drive) and a slave (response) system. We consider

here that the drive system is given by the following set of
coupled differential equations:

�̇�1 = 𝑤1 − 𝑎1𝑓 (𝑧1) ,̇𝑦1 = 𝑤1 + 𝛼0 (𝑑 − 𝑧1) − 𝛼1𝑦1,�̇�1 = 𝜀𝛼0 (𝑑 − 𝑧1 − 𝑦1) − 𝜀𝑎2𝑓 (𝑧1) ,�̇�1 = 𝑒 − 𝑏𝑤1 − 𝑥1 − 𝑦1 + 𝑘�̇�2.
(15)

According to our aim, we define the controlled response
system as the following set of differential equations:

�̇�2 = 𝑤2 − 𝑎1𝑓 (𝑧2) ,̇𝑦2 = 𝑤2 + 𝛼0 (𝑑 − 𝑧2) − 𝛼1𝑦2,�̇�2 = 𝜀𝛼0 (𝑑 − 𝑧2 − 𝑦2) − 𝜀𝑎2𝑓 (𝑧2) ,�̇�2 = 𝑒 − 𝑏𝑤2 − 𝑥2 − 𝑦2 + 𝑘�̇�1,
(16)

where 𝑘 is the control parameter. We define the error system
as the difference between the signals from the master and the
slave system as 𝑒𝑥 = 𝑥1 − 𝑥2, 𝑒𝑦 = 𝑦1 − 𝑦2, 𝑒𝑧 = 𝑧1 − 𝑧2,
and 𝑒𝑤 = 𝑤1 − 𝑤2. By considering the time derivatives of the
error signals together with (15) and (16), we obtain the error
dynamics system:

̇𝑒𝑥 = 𝑒𝑤 − 𝑎1𝑒𝑧,̇𝑒𝑦 = 𝑒𝑤 − 𝛼0𝑒𝑧 + 𝛼1𝑒𝑦,
̇𝑒𝑧 = −𝑒𝑧 (𝛼0 + 𝑎2) 𝜀 − 𝜀𝛼0𝑒𝑦,

𝛾 ̇𝑒𝑤 = −𝑏𝑒𝑤 − 𝑒𝑥 − 𝑒𝑦,
(17)

where 𝛾 = 1 − 𝑘.
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It is clear that the synchronization problem is replaced
by the equivalent problem of stabilizing (17) using a suitable
choice of the control law 𝑘.
Proposition 1. The synchronization problem for the magneti-
cally coupled Colpitts system is to achieve the asymptote of the

zero solution of the error system (17) in the sense that ‖𝑒𝑖(𝑡)‖ →0, as 𝑡 → ∞ where (𝑖 = 𝑥; 𝑦; 𝑧; 𝑤).
Proof. Consider a Lyapunov function candidate in the follow-
ing form:

𝑉 = 12 [(𝜆1𝑒𝑥 + 𝜆4𝑒𝑤)2 + 𝑒2𝑦 + 𝜆23𝑒2𝑧] . (18)
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If the following condition holds

16𝛼1𝑏20𝛼0𝑎1 = (𝛼0 + 𝑎2) (4𝑐0𝛼1𝑎1 − 𝛼0) 𝑐1 (19)

with 𝑐1 = 𝑐0 + 4, the time derivative of function (18) with
respect to the system of errors equations (17) satisfies

�̇� = − (𝜆1𝑒𝑥 + 𝑒𝑦 + 𝜆3𝑒𝑧 + 𝜆4𝑒𝑤)2 (20)

with 𝜆21 = (2𝛼1𝑏 − 1) + √(2𝛼1𝑏 − 1)2 + 48𝛼21 ; 𝜆23 =
𝜆21𝑎21/16𝛼1𝜀(𝛼0 + 𝑎2); and 𝜆24 = 16𝛼21/𝜆21.

Since 𝑉 is positive definite function and �̇� is a negative
function, it follows that the origin equilibriumpoint of system
(17) is asymptotically stable. Therefore, from (20) we can
easily show that 𝑒2𝑖 (𝑡) (𝑖 = 𝑥; 𝑦; 𝑧; 𝑤) is integrable with respect
to time, for any initial condition 𝑒𝑖(𝑡) → 0 as 𝑡 → ∞ (𝑖 =𝑥; 𝑦; 𝑧; 𝑤). This result concludes the proof.

4.2. Case of Nonidentical Oscillator (Mismatched Oscillators).
In this section, we consider two oscillators 𝑂1 and 𝑂2
with the different magnetic core coils, coupled via magnetic
coupling 𝑘 (Figure 1). In this case the overall system is given
by

�̇�1 = 𝑤1 − 𝑎1𝑓 (𝑧1) ,̇𝑦1 = 𝑤1 + 𝛼0 (𝑑 − 𝑧1) − 𝛼1𝑦1,

�̇�1 = 𝜀𝛼0 (𝑑 − 𝑧1 − 𝑦1) − 𝜀𝑎2𝑓 (𝑧1) ,
�̇�1 = 𝑒 − 𝑏𝑤1 − 𝑥1 − 𝑦1 − 𝑘√𝐿1𝐿2 (𝑒 − 𝑏𝑤2 − 𝑥2 − 𝑦2) ,
�̇�2 = 𝑤2 − 𝑎1𝑓 (𝑧2) ,
̇𝑦2 = 𝑤2 + 𝛼0 (𝑑 − 𝑧2) − 𝛼1𝑦2,

�̇�2 = 𝜀𝛼0 (𝑑 − 𝑧2 − 𝑦2) − 𝜀𝑎2𝑓 (𝑧2) ,
�̇�2 = 𝑒 − 𝑏𝑤2 − 𝑥2 − 𝑦2 − 𝑘√𝐿1𝐿2 (𝑒 − 𝑏𝑤1 − 𝑥1 − 𝑦1) .

(21)

A three-parameter diagram showing regions of synchro-
nization (blue) in the (𝐿2; 𝐿1; 𝑘) space computed, with the
other parameter values stated in Section 2, is presented in
Figure 10.

5. Numerical and Experimental Simulations of
the Controlled Synchronization

5.1. Numerical Study. In this section, we present numerical
simulation results to verify the effectiveness of the controller.
In all cases, we select the parameters 𝑎2 = 50.53, 𝑎1 = 150𝑎2,
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Figure 11: Graphs of time variation of the synchronization errors 𝑒𝑥(𝑡), 𝑒𝑦(𝑡), 𝑒𝑧(𝑡), and 𝑒𝑤(𝑡).

𝛼0 = 0.05053, 𝛼1 = 0.15, 𝜀 = 10, 𝑑 = 3.57, 𝑒 = 7.4, and𝑏 = 0.69 such that the chaotic state in Figure 3 is maintained
and use the following initial conditions for the drive-response
system: (𝑥1, 𝑦1, 𝑧1, 𝑤1) = (0.0201, 0.001, 0.002, 0.011), (𝑥2,𝑦2, 𝑧2, 𝑤2) = (0.031, 0.0051, 0.012, 0.001).

The graphs of Figure 11 illustrate the time evolutions of
the synchronization errors. According to these graphs, one
observes that the synchronization is reached, as the errors
amplitudes are decreasing with time towards a small limit
close to zero. Since Figure 11 presents the performance of the
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Figure 12: Bifurcation diagram for the in-phase synchronization, respectively, 𝑥𝑗 − 𝑥3−𝑗, 𝑦𝑗 − 𝑦3−𝑗, 𝑧𝑗 − 𝑧3−𝑗, and 𝑤𝑗 − 𝑤3−𝑗.

controller, the error dynamics are found to converge to the
zero solution as 𝑡 → ∞, implying that the synchronization
between systems (15) and (16) has been achieved.

Figure 12 presents the bifurcation diagrams, the synchro-
nization boundaries of the system according to the coupling
parameter 𝑘.
5.2. Experimental Study. The complex behavior of the sys-
tem (Figure 1) has been experimentally investigated. Various
bifurcation and the synchronization state are examined,when
the distance between the magnetic core coils is monitored,
while keeping all values of electronic components constant.
It is important to mention that the analog voltages obtained
from our circuit are directly the voltages 𝑉𝐶𝑖 or 𝑉𝐶2𝑗 of (1).

Figure 13 shows the photograph of the experimental
Colpitts oscillators. This circuit is carried out using bipolar
junction transistors (2N3904) andwe set the following values:𝑉0 = 10V, 𝑅0 = 35Ω, 𝐿𝑗 = 1.2mH, 𝐶1𝑗 = 𝐶2𝑗 = 470 nF,𝐶3𝑗 = 47 nF, 𝑅3 = 510Ω 𝑅𝑏 = 1Ω, and 𝑅1 = 𝑅2 = 2 kΩ.

Some examples are reported in Figure 14, in particular the
synchronization between the oscillators obtained for 𝑘 ≥ 0.9.
6. Conclusion

The aim of this paper was to introduce a new method which
is a simple, cheap, and easy technique for the study of

Figure 13: Experimental circuit.

dynamic and synchronization of Colpitts coupled oscillator.
This method has gone through experiment and has been
numerically characterized. The influence of the magnetic
field via a magnetic coupling between the two oscillators
has been presented. The stability of the fixed points has
been investigated and the analytical formulas describing the
stability of the system have been established. The bifurcation
analysis of the phenomena leading to the creation ofmultista-
bility of the system has been studied. Numerical simulations
and electronic circuit implementation of the system show
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Figure 14: In-phase synchronization of the magnetically coupled chaotic circuits (a) 𝑘 = 0.67; (b) 𝑘 = 0.8; and (c) 𝑘 = 0.9. (1) 𝑥1 + 𝑦1 versus𝑤1; (2) 𝑥1 + 𝑦1 versus 𝑥2 + 𝑦2; (3) 𝑉𝐶11 versus 𝑉𝐿1; (4) 𝑉𝐶11 versus 𝑉𝐶12.
that the complex dynamics (transient chaos and transient
hyperchaos) of the circuit are heavily dependent on the initial
state of this system and on the magnetic coupling factor 𝑘.
We have shown that the magnetic coupling may be used to
generate the hyperchaotic behavior. This can also drive two
identical chaotic oscillators in a synchronized state as well as
achieving the global stabilization of the system to its regular
dynamics [15].The dynamics of the coupled systemhave been
investigated and Lyapunov stability theory has been applied
to prove that, under some conditions, the drive-response
system can achieve practical synchronization. The electronic
circuit implementation has been realized to demonstrate the
effectiveness of the controller. In future works, the following
aspect will be considered: (i) the case of two nonidentical
Colpitts oscillators and (ii) the collective dynamics of several
magnetically coupled Colpitts systems.
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