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Preface

The topic of singular boundary value problems has been of substantial and rapidly grow-
ing interest for many scientists and engineers. This book is devoted to singular bound-
ary value problems for ordinary differential equations. It presents existence theory for
a variety of problems having unbounded nonlinearities in regions where their solutions
are searched for. The importance of thorough investigation of analytical solvability is
emphasized by the fact that numerical simulations of solutions to such problems usually
break down near singular points.

The contents of the monograph is mainly based on results obtained by the authors
during the last few years. Nevertheless, most of the more advanced results achieved to
date in this field can be found here. Besides, some known results are presented in a new
way. The selection of topics reflects the particular interests of the authors.

The book is addressed to researchers in related areas, to graduate students or advan-
ced undergraduates, and, in particular, to those interested in singular and nonlinear
boundary value problems. It can serve as a reference book on the existence theory for
singular boundary value problems of ordinary differential equations as well as a textbook
for graduate or undergraduate classes. The readers need basic knowledge of real analysis,
linear and nonlinear functional analysis, theory of Lebesgue measure and integral, theory
of ordinary differential equations (including the Carathédory theory and boundary value
problems) on the graduate level.

The monograph deals with boundary value problems which are considered in the
frame of the Carathéodory theory. If nonlinearities in differential equations fulfil the
Carathéodory conditions, the boundary value problems are called regular, while, if the
Carathéodory conditions are not fulfilled on the whole region, the problems are called
singular. Two types of singularities are distinguished—time and space ones. For singular
boundary value problems, we introduce notions of a solution and of a w-solution. Solu-
tions of nth-order differential equations are understood as functions having absolutely
continuous derivatives up to order n — 1 on the whole basic compact interval. On the
other hand, w-solutions have these derivatives only locally absolutely continuous on a
noncompact subset of the basic interval. The main attention is paid to the existence
of solutions of singular problems. The proofs are mostly based on regularization and
sequential technique. The impact of our theoretical results is demonstrated by illustrative
examples.

Essentially, the book is divided into two parts and four appendices.

Part I consists of 6 chapters and is devoted to scalar higher-order singular boundary
value problems. In Chapter 1, time and space singularities are defined, three existence
principles for problems with time singularities and two for problems with space singular-
ities are formulated and proved. Chapter 2 presents existence results for focal problems
with a time singularity and for focal problems having space singularities in all variables.



viil Preface

Chapters 3—6 investigate other higher-order boundary value problems having only space
singularities which appear most frequently in literature. They provide existence results for
(n, p)-problems, conjugate problems, Sturm-Liouville problems, and Lidstone problems.

Part II consists of Chapters 7—11 and deals with scalar second-order singular bound-
ary value problems with one-dimensional ¢-Laplacian. The exposition is focused mainly
on Dirichlet and periodic problems which are considered in Chapters 7 and 8, respec-
tively. Section 7.1 is fundamental for further investigation. The operator representation
of the regular Dirichlet problem with ¢-Laplacian is derived here and the methods of
a priori estimates and lower and upper functions are developed. In Sections 7.2-7.4,
three existence principles are presented. These principles together with the principles
of Chapter 1 are then specialized to important particular cases and existence theorems
and criteria extending and supplementing earlier results are obtained. Section 7.2 deals
with time singularities, Section 7.3 with space singularities, and Section 7.4 with mixed
singularities, that is, both time and space ones. In Chapter 8, we consider the existence of
periodic solutions. We start with the method of lower and upper functions and with its
relationship to the Leray-Schauder degree in Section 8.1. Section 8.2 is devoted to prob-
lems with a nonlinearity having an attractive singularity in its first space variable. Sec-
tions 8.3 and 8.4 deal with problems with strong and weak repulsive space singularities,
respectively. An existence theorem for periodic problems with time singularities is given
in the last section of Chapter 8. In Chapter 9, we study two singular mixed boundary
value problems. The latter arises in the theory of shallow membrane caps and we discuss
its solvability in dependence on parameters which appear in the differential equation. In
Chapter 10, we treat problems which may have singularities in space variables. Boundary
conditions under discussion are generally nonlinear and nonlocal. We present general
principles for solvability of regular and singular nonlocal problems and show some of
their applications. Chapter 11 is devoted to a class of problems having singularities in
space variables. Implementation of a parameter into the equation enables us to prove
solvability of problems with three independent (generally nonlocal) boundary condi-
tions. We deliver an existence principle and its specialization to the problem with given
maximal values for positive solutions.

Appendices give an overview of some basic classical theorems and assertions which
are used in Chapters 1-11. Appendix A presents several criteria for uniform integrability
or equicontinuity. Some convergence theorems are given in Appendix B. In particular,
we recall the Lebesgue dominated convergence theorem, the Fatou lemma, the Vitali
convergence theorem for integrable functions, and the Arzela-Ascoli theorem and the
diagonalization theorem for differentiable functions. Appendix C contains the Schauder
fixed point theorem, the Leray-Schauder degree theorem, the Borsuk antipodal theorem,
and the Fredholm-type existence theorem. Appendix D collects some useful facts from
half-linear analysis which are needed in Chapter 8.
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List of :

Let] C R, [a,b] CR,keN, p e (l,0), M C Rk. Then we will write

(i) Lo(J) for the set of functions essentially bounded and (Lebesgue) measurable
on J; the corresponding norm is

llullw = supess{|u(t)| :t €]}

(ii) Ly(J) for the set of functions (Lebesgue) integrable on J; the corresponding
norm is [lull, = [; [u(t)|dt;

(iii) Lioc(J) for the set of functions (Lebesgue) integrable on each compact interval
IC];

(iv) L,(J) for the set of functions whose pth powers of modulus are integrable on
J; the corresponding norm is [|ull, = ([; [u(t)|? dnle,

(v) C(J) and C*(J) for the sets of functions continuous on J and having continuous
kth derivatives on J, respectively;

(vi) AC(J) and ACK(J) for the sets of functions absolutely continuous on J and
having absolutely continuous kth derivatives on J, respectively;

(vil) ACoc(J) and AC{‘OC(] ) for the sets of functions absolutely continuous on each
compact interval I C ] and having absolutely continuous kth derivatives on
each compact interval I C J, respectively;

(viii) Car([a, b] x M) for the set of functions satisfying the Carathéodory conditions
on [a,b] X M.

IfJ C [a,b] and ] # ], then f € Car(J x M) will denote that f € Car(I x M) for each
compact interval I C J.

If ] = [a, b], we will simply write Cl[a, b] instead of C([a, b]) and similarly for other
types of intervals and other functional sets defined above.

If ueLo[a,b] N Cla, b], then max{|u(t)| : t€la,b]} = supess{lu(t)| : t € [a,b]}.
Therefore, the norms in C[a, b] and C*[a, b] will be denoted by

k
lullw = max {|u(t)| :t € [a,b]},  lulle =D |[u?]],,
i=0

respectively.

M will denote the closure of M, d.M the boundary of M, and meas(.M) the Lebesgue
measure of M.

The symbol deg(4 —F, Q) stands for the Leray-Schauder degree of { — F with respect
to Q, where £ denotes the identity operator.

We will say that some property holds for a.e. t € J (a.e. on J) if it is fulfilled for each
t € J\ Jo, where meas(Jy) = 0.



List of notation

Throughout this text we exploit the following basic theorems listed in appendices.

(i) Lebesgue dominated convergence theorem (Theorem B.1).
(ii) Fatoulemma (Theorem B.2).
(iii) Vitali convergence theorem (Theorem B.3).
(iv) Arzela-Ascoli theorem (Theorem B.5).
(v) Diagonalization theorem (Theorem B.6).
(vi) Schauder fixed point theorem (Theorem C.1).
(vii) Leray-Schauder degree theorem (Theorem C.2).
(viii) Borsuk antipodal theorem (Theorem C.3).
(ix) Fredholm-type existence theorem (Theorem C.5).
(x) Sharp Poincaré inequality (Lemma D.2).
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Part I. Higher-order singular problems 3
Consider the boundary value problem
u™ = 1t u,..,u" V), ue B, (BVP)

where n € N, [0,T] € R, and 8 c C[0, T]. In what follows, we will investigate the
solvability of problem (BVP) on the set [0, T] X +, where # is a closed subset of R". If
we impose some additional conditions on solutions of (BVP), for example, if we search
for positive or for monotonous solutions, we express this requirement in terms of the set
4 # R" and prove the existence of a solution u such that (u(t),...,u""V(t)) € # for
t € [0, T]. On the other hand, if there are no additional requirements on solutions, we
can assume 4 = R".

Let MCR". We say that a function f satisfies the Carathéodory conditions on the set
[a,b]XM (f € Car([a,b]xXM)) if

(1) f(-,%05...>%n-1) : [a, b] =R is measurable for all (xo,...,x,-1)EM,
(ii) f(t+...,+): M — Ris continuous for a.e. t € [a,b],
(iii) for each compact set KX C M, there is a function mx € L;[a,b] such that
| f(t, %0, Xu-1)| < myg(t) fora.e. t € [a,b] and all (xo,...,x,-1) € K.

If] C [a,b] and ] # ], then f € Car(J X M) means that f € Car(I x M) for each
compact interval I C J.
The classical existence results are based on the assumption

f € Car([0,T] x ).

In this case, we will say that problem (BVP) is regular on [0, T]xA. If f & Car([0, T] X A),
we will say that problem (BVP) is singular on [0, T] X . The research of singular prob-
lems was essentially initiated by Kiguradze in [116, 117]. For further development see, for
example, the monographs Agarwal [2], Agarwal and O’Regan [12], Agarwal, O’Regan,
and Wong [21], O’Regan [150], Kiguradze [118], Kiguradze and Shekhter [120], Mawhin
[137], Rachtnkova, Stanék, and Tvrdy [165], and references therein.

Example 1. In certain problems in fluid dynamics and boundary layer theory (see, e.g.,
Callegari and Friedman [53], Callegari and Nachman [54, 55]) the second-order
differential equation

u”+ﬂ;):0
u

arose. Here A € (0, ) and v € C(0, 1), v € L,[0, 1]. This equation is known as the gen-
eralized Emden-Fowler equation. Its solvability with the Dirichlet boundary conditions

was investigated by Taliaferro [192] in 1979 and subsequently by many other authors.
Since solutions positive on (0, 1) have been searched for, this Dirichlet problem has been
studied on the set [0,1] X A with 4 = [0, ). We can see that f(t,x) = w(t)x™* does
not fulfil conditions (ii) and (iii) with [a,b] = [0,1] and M = [0, o). Hence the above
problem is singular on [0, 1] X [0, c0).
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Example 2. Consider the fourth-order degenerate parabolic equation
U+ (|U|‘quyy)y =0,

which arises in droplets and thin viscous flows models (see, e.g., Bernis, Peletier, and
Williams [39] and Bertozzi, Brenner, Dupont, and Kadanoff [40]). The source-type solu-
tions of this equation have the form

1
b (b _
Uy, t) =t u(yt™®), b e

which leads to the study of the third-order ordinary differential equation
u" = btu'H
on [—1,1]. We see that f(t,x) = btx'"# is singular on [—1,1] X [0, 00) if g > 1.

Example 3. Similar to the previous example, the sixth-order degenerate equation

U — (|U|MUyyyyy) =0,

y
which arises in semiconductor models (Bernis [37, 38]), leads to the fifth-order ordinary

differential equation

t

6 - =
—u® =

ut

which is singular for A > 0.
Example 4. Consider the nonlinear elliptic partial differential equation
Au+g(r,u)=0 onQ, ulp=0,

where A is the Laplace operator, Q is the open unit disk in R" centered at the origin, I
is its boundary, and r is the radial distance from the origin. When searching for positive
radially symmetric solutions to this problem, we get the singular problem of the form

1
W gt =0, W (0) =0, u(l)=0.

(See Berestycki, Lions, and Peletier [36] or Gidas, Ni, and Nirenberg [98].)

Example 5. Assume f € Car([0, ) x R) and consider the regular boundary value prob-
lem

W' = f(tbu), u(l)=0, wu(c)=0

on the infinite interval [1, o). We can transform this problem to a finite interval, for
example, on [0, 1]. Then we get the singular problem of the form

"y %V, _ t%f(%v) v(0) = v(1) = 0.



Existence principles for

singular problems

1.1. Formulation of the problem

Forn € N,[0,T] c R,i € {0,1,...,n — 1}, and a closed set B C C[0, T], consider the
boundary value problem

u™ :f(t,u,...,u(”_l)), (1.1)
ue B. (1.2)

A decision concerning solvability for singular boundary value problems requires
an exact definition of a solution to such problems. Here, we will work with the same
definition of a solution both for the regular problems and for the singular ones.

Definition 1.1. A function u € AC" 1[0, T] N B is called a solution of problem (1.1), (1.2)
if it satisfies the equality

u(t) = f(t,u(t),...,u" V() forae.te[0,T].

If problem (1.1), (1.2) is investigated on [0, T] X «+, where A # R", then (u(t),...,
u"=(t)) € A for t € [0, T] is required.

In literature, an alternative approach to solvability of singular problems can be found.
In that approach, authors search for solutions which are defined as functions whose (n —
1)st derivatives can have discontinuities at some points in [0, T']. Here, we will call them
w-solutions. According to Kiguradze [117] or Agarwal and O’Regan [12], we define them
as follows. In contrast to our starting setting, to define w-solutions we assume (in general)
that B is a closed subset in C'[0, T], where i € {0,1,...,n — 2}.

Definition 1.2. A function u € C"~2[0, T] is a w-solution of problem (1.1), (1.2) if there
exists a finite number of points t, € [0, T],v = 1,2,...,r,such thatif ] = [0, T]\ {t,},_,,
then u € AC'.'(J) n B, and

u(t) = f(tyu(t),...,u" V() forae.te[0,T].

If A # R (u(t),...,u" " D(t)) € 4 for t € J is required.
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Clearly, each solution is a w-solution and each w-solution which belongs to AC*~'[0,
T] is a solution. While only the existence of w-solutions was proved in the works cited
above, our main goal is to prove the existence of solutions. However, in some cases, we
first find w-solutions and then prove that they are also solutions.

When studying the singular problem (1.1), (1.2), we will focus our attention on two
types of singularities of the function f.

Let J C [0, T]. We say that f : ] X A — R has singularities in its time variable t if
J#J=10,T] and

f € Car(J] x A), f ¢ Car ([0, T] X A). (1.3)

Let & C . We say that f : [0,T] X & — R has singularities in its space variables
X0y X1se - s Xn_1,1f D # D = A and

feCar([0,T] x D), f & Car ([0, T] X #). (1.4)

We will study particular cases of (1.3) and (1.4), which will be described in Section 1.2
and Section 1.3, respectively.

1.2. Singularities in time variable

A function f has a singularity in its time variable ¢ (in short a time singularity) if, roughly
speaking, f is not integrable on [0, T]. Let us define it more precisely. Let k € N, t; €
[0,T],i=1,....k,] = [0,T]\ {#;,t2..., 1} and let f € Car(J X #4A). Assume that for
eachi € {1,...,k}, there exists (xg,...,%x,_1) € + such that

ti

Liﬂ | f(t,x05...,%n-1) |dt = 0 or J't | f(t %05+ %n-1) |dt = (1.5)

i i€

for any sufficiently small ¢ > 0. Then f & Car ([0, T] X +) and f has singularities in its
time variable t, namely, at the values t = t1,..., . We will call t,,..., t singular points

of f.

Example 1.3. Let fi: R" — R,i=1,2,...,k, be continuous. Then the function

f(t %05 Xn-1) = Z

i=1

1
f— tifi(xO)-wa-xn—l)y

has singular points ¢, t5,. .., t.

To establish the existence of a solution of a singular problem, we usually introduce a
sequence of approximate regular problems which are solvable. Solutions of these regular
problems are called approximate solutions. Then, we pass to the limit of the sequence of
approximate solutions to get a solution of the original singular problem. Here, we provide
existence principles which contain main rules for the construction of such sequences to
get either w-solutions or solutions.
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Consider problem (1.1), (1.2) on [0, T] X . For the sake of simplicity, assume that
f has only one time singularity at t = t,, ty € [0, T]. Thus,

J =10, T]\ {to}, f € Car(J X ) satisfies one of the conditions:

Q) L:_E|f(t,x0,...,xn,1)|dt=oo, fo € (0, T1, e

tot+e
(i) J | (60 2t) | dE = 00, 1o € [0,T),

to

for some (xp,...,x,-1) € + and each sufficiently small ¢ > 0.
Further, consider a sequence of regular problems:

U (t) = fi(t,u(t),...,u" V), ueB, (1.7)

where fi € Car([0,T] x R"), k € N. Solutions of problem (1.7) are understood in the
sense of Definition 1.1. The following two theorems deal with the case

B is a closed subset in C"2[0, T]. (1.8)

Theorem 1.4 (first principle for time singularities). Let (1.6) and (1.8) hold. Assume that
the conditions

for each k € N and each (xo,...,%X,-1) € A,
(6, %05, x01) = f(t%05-- 5 %0—1)  a.e.on [0, T]\ Ay, (1.9)

where Ay = (to - %,to + i) N [0, T];

there exists a bounded set QO ¢ C"1[0, T such that
for each k € N, the regular problem (1.7) has a solution (1.10)

up € Q,  (w(t),...,u" V(1)) € A fort € [0,T]

are fulfilled.
Then,

there exist a function u € C"2[0, T] and a subsequence (L11)

{uk,} C {uk} such that lime_.o ||uk, — uf| iz = 05

. (n—1)
limg-— o 1y,

and (u(t),...,u""V(t)) € A fort € J;

_ -1 :
(t)=u (t) locally uniformly on | (L12)

ue AC{H(]), u is a w-solution of problem (1.1), (1.2). (1.13)

oc
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Assume, moreover, that

there existy € L1[0,T],n > 0,8 € N, and A, A, € {—1,1}
such that

M e (1 i, (8, ul () = p(b)

for each € € N, ¢ > &y, and for a.e. t € [ty —n,ty) C [0, T]
provided (1.6)(i) holds (1.14)

and

Asze (t) ukg(t)> ey l/l](gzil)(t)) > w(t)

foreach £ € N, £ > £y, and for a.e. t € (ty,fo+1] C [0, T]
provided (1.6)(ii) is true.
Then u € AC"'[0, T, u is a solution of problem (1.1), (1.2) and
(u(t),...,u" V(t)) € A forte[0,T].

Proof

Step 1. Convergence of the sequence of approximate solutions.

Condition (1.10) implies that the sequences {u,(f)}, 0 <i < n—2,are bounded and
equicontinuous on [0, T]. By the Arzela-Ascoli theorem, we see that assertion (1.11) is
trueand u € B8 ¢ C*2[0, T]. Let ty # 0. Since {u,i"_l)} is bounded on [0, T'], we get, due
to (1.9), that for each 7 € [0, ty) there exist k; € N and h, € L;[0, T'] such that for each
k > k;,

| fi (s, uk(s),...,uinfl)(s)ﬂ < h,(s) fora.e.se€[0,1]. (1.15)

Hence, by virtue of (1.7), for k = ki, t;,t, € [0, 7], we have

>

t
e = )| = | [ Che(ods

which implies that the sequence {u,(ffl)} is equicontinuous on [0, 7]. The same holds
on [1,T] if T € (ty, T] and t, # T. The Arzela-Ascoli theorem implies that for each
compact subset X C J = [0, T]\ {t,}, a subsequence of {u,&n_l)} uniformly converging to
4= on X can be chosen. Therefore, using the diagonalization theorem, we can choose
a subsequence {u, } satisfying both (1.11) and (1.12).

Step 2. Convergence of the sequence of approximate nonlinearities.

Let V; be the set of all t € [0, T'] such that f(t,-,...,-) : R” — R is not continuous
and let 'V, be the set of all t € [0, T'] such that (1.9) is not satisfied. Then meas(V,UV;) =
0. Choose an arbitrary 7 € [0, T]\(V;UV,). Then there exists £, € N such that for £ = £,

o (Tug (0wl () = £ (g (0), w0 (1)
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and, by (1.11) and (1.12),
}ir?oﬁge(r, uke(f),...,ug V(1)) = fr,u(r),...,u"V(1)).
Hence,
}irgloﬁce(t, ukz(t),...,uke (t)) f(tu(t),...,u" V() foraete[0,T]. (1.16)

Step 3. The function u is a w-solution of problem (1.1), (1.2).
Let ty # 0 and ¢ € N. Choose an arbitrary 7 € [0, fy) and integrate the equality

uke () = fi, (£, ug, (1), ...,uke (t)) fora.e.t € [0, T].

We get

uke Dir) = uk’: D O)+J S (8, i, (5), ..,uk:' Y(s))ds.

According to (1.15), (1.16), and the Lebesgue dominated convergence theorem on [0, 7],
we can deduce (having in mind that 7 is arbitrary) that if {, # 0 the limit u solves the
equation

u" V(1) = uD(0) + th(s, u(s),...,u" V(s))ds forte [0,1). (1.17)
0

Similarly, if £y # T, the limit u solves the equation

T
u V() =y (T — I f(s,u(s),...,u"V(s))ds forte (t,T]. (1.18)

The equalities (1.17) and (1.18) immediately yield (1.13).

Step 4. The function u is a solution of problem (1.1), (1.2).
Assume, moreover, that (1.14) and (1.6)(i) hold. Since

-1 1)
0 ) = [ A9 0

for t € (0,1y), we get, due to (1.10), that there is a ¢ € (0, o) such that
to
M t fkg(s,uke(s),...,ukf (s))dss c (1.19)
01

for each ¢ € N. By the Fatou lemma, using conditions (1.16), (1.14), and (1.19), we
deduce that

Ftu(t),...,u™ V() € Li[to — n,to].

Similarly, if condition (1.6)(ii) holds, we deduce that

ftut),...,u" V() € Li[to, to + 17].
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Hence,
ftu),...,u" V(1) € Li([to — 1,8 + 1] N [0,T]).

Recall that, by (1.12), we have (u(t),...,u""V(t)) € # for t € J and, by (1.6), f €
Car(J x ). Further, by virtue of (1.10) and (1.11), the functions u,u/,...,u"? are
bounded on [0, T] and (1.10), (1.12) imply that u"~V is bounded on [0, T]\ (to—1#, to+7).
Hence,

ftu),...,u V(1) € Li([0, T]\ (to — n,to + 7)),
which together with the above arguments yields
ftu(t),...,u" V() € Li[0, T].

Therefore, due to (1.17) and (1.18), we have that u € AC"~1[0, T], that is, u is a solution
of problem (1.1), (1.2). Finally, since -4 is closed, we get

llﬁn{g (u(t)y...,u™ (@) = (uty),...,u" V(L)) € A. -

Theorem 1.5 (second principle for time singularities). Let (1.6), (1.8), (1.9), and (1.10)
hold. Assume that

there exist y € L1[0,T], # >0, and A, A, € {—1,1} such that

M fie (8, (), ul ™D (1) signu ™ () = y(t)

for each ¢ € Nand fora.e. t € [ty — n,t9) C [0, T] if (1.6)(i) holds (1.20)
and ’

Ao feo (8 ug (), . ul D (8)) sign " (1) = y(t)

for each € € N and for a.e. t € (to,to + 1] C [0, T if (1.6)(ii) is true.

Then, there exists a function u € AC" [0, T] satisfying (1.11) and (1.12) which is a
solution of problem (1.1), (1.2), and (u(t),...,u"""V(t)) € 4 fort € [0, T].
Proof. Steps 1-3 are the same as in the proof of Theorem 1.4 and guarantee the existence

of a w-solution u of problem (1.1), (1.2).

Step 4. Arguing as in step 4 of the proof of Theorem 1.4, we see that to show u €
AC" 1[0, T, it suffices to prove f(t,u(t),...,u""V(t)) € Li(Iy), where Iy = [ty — 1, to +
nl 0 [0, T]. Put M =V, UV, U V3, where

Vi={tel: f(t-..., ) : R" — Ris not continuous},
V, = {t € Iy : tis an isolated zero of u"~V},
Vs = {t € Iy : u™(t) does not exist or (1.1) is not fulfilled}.

Then, meas(M) = 0. Choose an arbitrary s € Iy \ M, s # to.
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(a) Let u™V(s) £ 0. Assume, for example, signu n=1(s) = 1. Then, there exists
¢y € N such that for each ¢ = ¢, we have sign uk (s) = 1 and so, due to (1.9), (1.11),
(1.12),and s ¢ V,

}im M S, (8, i, (5), .. uke D)) sign u,(;‘fl)(s) =M f(su(s),...,u"V(s)) sign uV(s).
(1.21)

If sign u("Y(s) = —1, we get (1.21) in the same way.

(b) Let s be an accumulation point of a set of zeros of u"~!. Then, there exists
a sequence {s,,} C Iy such that " V(s,,) = 0 and limy_«s, = s. Since u™V is
continuous on Iy \ {fy}, we get u"~V(s) = 0. Further,

(n—1) _ (n-1)
. u S u S
li ( m) ( )

m— oo Sm — S

=0

and, by virtue of s & V3, we get 0 = u™(s) = f(s,u(s),...,u"D(s)). Since s & V;, we
have by (1.9), (1.11), and (1.12)

{1111010 fro (s, uke(s),...,u,((jfl)( ))sign u,({" D(s)
= f(su(s),...,u"V(s)) }Ln; sign u,(;’*l)(s) =0.

So, we have proved that (1.21) is valid for a.e. s € I,.
Assume that (1.6)(i) holds and #, — # = 0. Then, by (1.10), there exist ¢ > 0 and
£o € N such that for each € > £,
to ( 0 ( 1 ’
z A f (8 g (5), s 1) (s))51gn uk (s)ds =1 J |u n- s)| ds
o= 01
=0(ul ™ () | = [l (k= 1) |)

<c

and hence, due to (1.20) and (1.21), we can use the Fatou lemma to deduce that
Mf(tu(t),...,u" V() signu"V(t) € L[t — n, o],

which yields f(t,u(t),...,u""V(t) € L[ty —#, to]. Similarly, if (1.6)(ii) holds and ty+# <
T, we deduce that f(t, u(t),...,u"""V(t)) € L[t to + 7). O

Now, we will consider the boundary conditions (1.2) which are characterized by the
set B, where

B is a closed subset in C*1[0, T]. (1.22)

Theorem 1.6 (third principle for time singularities). Let (1.6), (1.9), (1.10), and (1.22)
hold. Assume that

{ui”il)} is equicontinuous at ty. (1.23)
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Then, there exist a function u € Qanda subsequence {uy,} C {ux} such thatlime_ o ||ug, —
ullcir = 0, (u(t),...,uV(t)) € A fort € [0,T) and u € C"~'[0, T] is a w-solution of
problem (1.1), (1.2).

If, in addition, (1.20) holds, then u € AC"1[0, T], that is, u is a solution of problem
(1.1), (1.2).

Proof

Step 1. Convergence of the sequence of approximate solutions {uy}.
By (1.10), there is a ¢ > 0 such that

|uk)|cos <= ¢ foreachk € N. (1.24)

This implies that sequences {u,(f)}, 0 < i < n— 2, are equicontinuous on [0, T]. Let us
prove that {uz_l} is also equicontinuous on [0, T']. Choose an arbitrary € > 0. By (1.23),
we can find 8y > 0 such that for each k € N and each t € [ty — 8y, o + 8] N [0, T], the
inequality

luf ™) — ™ ()| <6
holds. Therefore, for each t1,t, € [ty — 8o, o + 8] N [0, T'], we have

| u}({n—l) (tl) _ u’(cn—l)

(1) | < 2e (1.25)
Now, let t1,t, € K, where K = [0, T] \ (ty — &g, to + &p). Put
h(t) =sup {| f(t,x0,...,Xu-1) | & |xi] <¢, i=0,...,n—1}.

Then, h € L;(K) and we can find §; > 0 such that
t
|t — | <6 = H h(t)dt‘ <e&
h

By (1.24), we have | fi (t, u(t),..., u,&”_l)(t))l < h(t) a.e. on K for each sufficiently large
k € N. Hence, we get

|t1 — t2| < 61 = |u,(<"71)(t1) — u]((nil)(tz) | <E&. (1.26)

Finally, lett; € (to — 0o, to + 50) N [0, T], th € K, t) >ty + 6. Put § = min{dy, 1} and
assume that |t; — f,| < §. Then, by (1.25) and (1.26), Iu,(fl_l)(tl) - u}c"_l)(tz)l < 3e¢. For
t, < ty — 8o, we argue similarly. So, we have proved that {u,(cn_l)} is equicontinuous on
[0, T]. By the Arzela-Ascoli theorem, there exists a function u € ) and a subsequence
{uk,} C {ug} such that

}im |luk, — ul|car = 0, (u(t),...,u" () e A fortel0,T].
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Moreover, u € 8 C C"![0, T] and, by Theorem 1.4, u is a w-solution of problem (1.1),
(1.2).

Step 2. If we assume, in addition, that (1.20) holds, then to prove that u € AC""1[0, T,
we can argue as in step 4 of the proof of Theorem 1.5. O

1.3. Singularities in space variables

A function f has a singularity in one of its space variables (in short, a space singularity)
if f is not continuous in this variable on a region, where f is studied. Motivated by the
equation

u+ytut =0,

where A € (0, o), we will consider the following case of discontinuity. Let 4; C R be
a closed interval and let ¢; € A;, D; = A; \ {c¢i},i = 0,1,...,n — 1. Let us choose
j€10,1,...,n— 1} and assume that

limsup | f(t,X05...>%j>...,Xp—1) | = 0 forae.t e [0,T]
xj =€, X €D; (1.27)
and for somex; € D;, i =0,1,...,n—1, i # j.

If we put A = A X - - - X A,_1, we see that f is not continuous on #4 (fora.e. t € [0, T]).
Consequently, f has a singularity in its space variable x;, namely, at the value ;. Let u be
a solution of (1.1), (1.2) and let a point t, € [0, T] be such that u'/(t,) = c;. Then, t, is
called a singular point corresponding to the solution u. Now, let u be a w-solution of (1.1),
(1.2). Assume that a point #, € [0, T] is such that u"~V(t,) does not exist or u'/)(t,) = c;.
Then, t, is called a singular point corresponding to the w-solution u.

Example 1.7. Let a € (0, 00), hy, hy, hs € L1[0, T, hy # 0, h3 # 0 a.e. on [0, T]. Consider
the Dirichlet problem

m() | hst) o
w) T Tw "% WO =um =0 (1.28)

u’ +hi(t) +

Let u be a solution of (1.28). Then, 0 and T are singular points corresponding to u.
Moreover, there exists at least one point t, € (0, T) satisfying u'(t,) = 0, which means
that ¢, is also a singular point corresponding to u. Note that (in contrast to the points 0
and T') we do not know the location of ¢, in (0, T).

In accordance with this example, we will distinguish two types of singular points
corresponding to solutions or to w-solutions: singular points of type I, where we know
their location in [0, T'], and singular points of type II whose location is not known.

Similarly to Section 1.2, we will establish sufficient conditions for approximate se-
quences of regular problems and of their solutions. Using the properties of those approx-
imate solutions, we will pass to a limit, thus obtaining a solution or a w-solution of
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the original singular problem (1.1), (1.2). Let A; C R, i = 0,...,n — 1, be closed intervals
and let A = A X - - - X A,_1. Consider problem (1.1), (1.2) on [0, T] X #. Denote

o@i=d’o,‘\{ci}, i=0,...,n—1.
First, we will assume that f has one singularity at each x;, namely, at the values ¢; € A;,
i=0,...,n— 2. Hence, we assume
D =Dy X+ XDya X Ay_1,

1.29
f € Car ([0, T] x D) satisfies (1.27) for j = 0,...,n — 2. (1.29)

In the next two theorems, we work with the notion of uniform integrability which
can be found in Appendix A.

Theorem 1.8 (first principle for space singularities). Let (1.8), (1.10), and (1.29) hold.
(1) Assume that

foreach k €N, fora.e. t € [0, T] and each (xy,...,x,-1) € D,
fk(t,X(),...,anl) = f(t,XO,...,anl) (130)

if |xi—c| = 0<i<n-—1.

1
k b
Then assertion (1.11) is valid.

(ii) If, moreover, the set of singular points
8=1{se[0,T]:u(s) = ¢ fori € {0,...,n — 2}} is finite,
then assertion (1.12) is valid for ] = [0, T] \ & and if

the sequence { fi, (t, uk, (£),. .., u,((?_l)(t))}

(1.31)
is uniformly integrable on each interval [a, b] C ],

then u € AC!"'(]) is a w-solution of problem (1.1), (1.2).

ocC

(iii) If, in addition, there exists a function y € L, [0, T such that
e (tug, (1), u" (1) = y(t) forae te[0,T]andall€ €N,
then u € AC""'[0, T] and u is a solution of problem (1.1), (1.2).

Proof

Step 1. Convergence of the sequence of approximate solutions.

As in step 1 of the proof of Theorem 1.4, we derive from (1.10) that (1.11) holds and
u € B8 C C"2[0,T]. Assume that 4 is finite and choose an arbitrary [a,b] C J. Then,
there exist kg € Nand h € L;[0, T such that foreach k € N, k > ko,

|u,((i)(t)—6i|2 fortE[Cl,b];iE{O)---)”_l}

o~
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and, fora.e. t € [a,b],

| fieltsur ().l V@) | = | ft (D), V(1) | < h(p).

So, for each ¢ > 0, there exists § > 0 such that the implication

5]
Ith—t| <6d= |ul" V() —ul" V()] < ‘ h(t)dt| < e

31

is valid for t,,t, € [a,b], k = ko. Thus, the sequence {u]((”_l)} is equicontinuous on [a, b].
By (1.10), the sequence {u,(("_l)} is bounded on [0, T]. Using the Arzela-Ascoli theorem
and the diagonalization theorem, we deduce that the subsequence {u,} in (1.11) can be
chosen so that it fulfils (1.12).

Step 2. Convergence of the sequence of approximate nonlinearities.
Consider the set

Vi={tel[0,T]: f(t,-,...,-) : D — Ris not continuous}.

We can see that meas(V;) = 0. By (1.30), there exists V, C [0, T] such that meas(V,) = 0
and for each k € N, each t € [0, T] \ V,, and each (x,...,x,-1) € D, the equality

fk(tax(])---)xnfl) = f(t)x())---)xnfl)

holds if |x; — ¢;| = 1/k,0 < i < n— 1. Denote U = 4 U 'V, U 'V, and choose an arbitrary
t€ [0, T]\ U. By (1.11) and (1.12), there exists £, € N such that for each £ € N, € > ¢,

WD) - | >

i 1 .
—, |u,(<>(t)—ci| > — forie{0,...,n—1}.
ke ¢

ke
According to (1.30), we have
fie (b1, (D, ul V(1) = £t ug, (), oul (1)
and, by (1.11), (1.12),
lim fi, (1, U, (8),oult () = f(Lult),...,u" V(D). (1.32)

Since meas(U) = 0, equality (1.32) holds for a.e. t € [0, T].

Step 3. The function u is a w-solution of problem (1.1), (1.2).
Choose an arbitrary interval [a, b] C J. By virtue of (1.31) and (1.32), we can use the
Vitali convergence theorem to show that

f(tu(t),...,u" V() € Li[a,b]

and that if we pass to the limit in the sequence

t
u,(;*l)(t) = u;;’*l)(a) +J fr (s, ukz(s),...,u,(;h])(s))ds, t € [a,b],
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we get
t
u" V() = uV(a) +J f(su(s),...,u"V(s))ds, te ab]
Since [a, b] C ] is an arbitrary interval, we conclude that u € AC'_(]) satisfies (1.1) for

loc
ae. t€[0,T].

Step 4. The function u is a solution of problem (1.1), (1.2).
Let, moreover,

fio (6, (D, ul () = y(t) forae t€[0,T]andall £ € N.

Assumption (1.10) yields the existence of ¢ > 0 such that

T
L Foo (bt (), ()t = ulO(T) w7V (0) < c.

Therefore, by (1.32) and the Fatou lemma, f(t,u(t),...,u""V(t)) € L;[0,T] and u €
AC™ 10, T]. a

Now we will consider problem (1.1), (1.2) on [0, T] X A provided A = Ay X - -+ X
Ay—1 and f has space singularities at each x;, namely, at the values ¢; € A;,i = 0,...,n—1.
So, we assume D; = A; \ {¢;},i=0,...,n—1,

f € Car ([0, T] x D) satisfies (1.27) for j = 0,...,n — 1,

(1.33)
where D = Do X -+ - X Dyo X D1

Theorem 1.9 (second principle for space singularities). Let (1.10), (1.22), (1.30), and
(1.33) hold. Assume that the sequence

{ fi (£, uk(1),...., u,(f_l)(t))} is uniformly integrable on [0, T]. (1.34)

Then there exist a function u € Qanda subsequence {uy,} C {ux} such thatlime_.. |lux, —
ullcir = 0 and (u(t),...,u" V(1)) € A fort € [0,T].

If, moreover, the functions u”) — ¢;, 0 < i < n — 1, have at most a finite number of zeros
in [0, T], then u € AC""'[0, T] is a solution of (1.1), (1.2).

Proof

Step 1. Convergence of the sequence of approximate solutions.
Assumption (1.34) yields that for each ¢ > 0, there exists § > 0 such that for each
ti,t; € [0, T] and each k € N, the implication

t
Ity =t <6=|ul" V() —ul "V (1)] = ‘ t Fe(tug(£),. . ul" V(1)) dt | <e
1
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is valid. Therefore, the sequence {ugcn_l)} is equicontinuous on [0, T']. This, together with
(1.10) and the Arzela-Ascoli theorem, guarantees the existence of a subsequence {u, } of
{uy} such that

}Lr?o l|uk, — k]| s = 0.

Since + is closed in R” and B is closed in C"~1[0, T], we get
(u(t),...,u" V() e A forte[0,T],uc B.

Step 2. As in step 2 in the proof of Theorem 1.6, we get that (1.32) is valid.

Step 3. The function u is a solution of problem (1.1), (1.2).
By virtue of (1.7), we have for £ € N,

w (1) = f (b ug (), ou (1) forae.t € [0,T),

t
ul V() = w1V (0) + L S (5, ug,(s), ..., u" "V (s))ds  fort € [0, T.

By (1.32), (1.34), and the Vitali convergence theorem, we can pass to the limit and get
t
u"= V() = u"D(0) +I f(su(s),...,u"V(s))ds forte [0,T]
0

with f(t,u(t),...,u"V(t)) € L1[0, T]. Therefore, u € AC"~'[0, T] satisfies (1.1) a.e. on
[0, T]. 0

All the above-mentioned existence principles (Theorems 1.4-1.6, 1.8, and 1.9 require
condition (1.10) and so, in order to apply them, we need global a priori estimates for all
approximate solutions u; and for all their derivatives u,(:), 1 <i < n-1. We can see
in literature that local a priori estimates of ugc”_l) can be sufficient for the existence of
w-solutions (see, e.g., Kiguradze and Shekhter [120]). However, such existence results
give w-solutions with, in general, unbounded (n — 1)st derivative. Here, our main goal
is to prove the existence of solutions. To this purpose, only w-solutions, whose (n — 1)st
derivatives are bounded on the set where they are defined, are useful. Therefore, condition
(1.10) appears in all our principles.

Bibliographical notes

The proof of Theorem 1.4 is given in Rachtnkovd, Stanék, and Tvrdy [165]. Theorems
1.5, 1.6, and 1.8 are new. Theorem 1.9 was published in [165] and its modifications can
be found in Rachtinkova and Stanék [161-163].






Focal problems have received large attention (see, e.g., Agarwal [2]). This is due to the fact
that these types of problems are basic, in the sense that the methods employed in their
study are extendable to other types of problems. Here, we will consider the nth order
differential equation with (p,n — p) right focal conditions:

ud0)=0, 0<i<p-1, uN(T)=0, p<j<n-1 (2.1)
or with (n — p, p) left focal conditions
u(0)=0, p<i<n-1, uN(T)=0, 0<j<p-—1, (2.2)

wheren e N,n = 2,and p € {1,...,n — 1} is fixed.
Using the existence principles of Chapter 1, we will investigate both the focal prob-
lems with time singularities and the focal problems with space singularities.

2.1. Time singularities

First, consider a (1,n — 1) left focal problem

u™ = f(tyu,...,u" V), (2.3)
umD) =0, uNT)=0, 0<i<n-2. (2.4)

We will assume that
f € Car ([0, T) x R") has a time singularity at t = T (2.5)

and prove the existence result for problem (2.3), (2.4) by means of Theorem 1.6 (third
principle for time singularities). Since we impose no additional conditions on solutions
of (2.3), (2.4), we have

A =R", B ={ue C0,T] : usatisfies (2.4)}.
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Theorem 2.1. Assume (2.5) holds and let

n—1
(%05 > Xn—1) sign xp—1 < —h(£)|x4-1 | + Z hj(t)|x; |
=0 (2.6)

fora.e t €[0,T] and all (xo,...,x,-1) € R",
where a; € (0,1), hj € Li[0,T], j = 0,...,n — 1, are nonnegative and h € Lioc[0, T) is
nonnegative and satisfies
T
h(s)ds = oo for each sufficiently small € > 0. (2.7)
T—¢

Then, problem (2.3), (2.4) has a solution u € AC"7'[0, T].

Proof

Step 1. Approximate regular problems.
Fors,p € (0, ), put

1 ifs € [0, p],
2p—s .

x(s,p) = % if s € (p,2p),
0 if s > 2p.

Further, for k € N, (x0,...,%,-1) € R" and for a.e. t € [0, T], define

f(t,xo,...,x,,,l) ifte [O,T—l],

k
Se(tx0,. . x0m1) = . (2.8)
0 ifte(T—f,T],
k
n—1
Skt X055 X01) = x( > |Xi|,P)fk(t:x0:-~~>xnl)- (2.9)
i=0
Choose a k € N and consider auxiliary approximate regular equations
u™ = fi(tyu,...,u" V), (2.10)
u(m =gk(t,u,...,u(”_1)). (2.11)

For a.e. t € [0, T], define

n—1
sup{|f(t,x0,...,xn1)| DWE] sZp} ift < T—%,
i=0

1
ift>T— —.
0 ift > k

my(t) =

Then, my € L0, T] and g (t, X0, . ..,Xs—1)| < my(t) for a.e. t € [0, T]. Since the homo-
geneous problem u™ = 0, (2.4) has only the trivial solution, we get by the Fredholm-type
existence theorem that problem (2.11), (2.4) has a solution ux € AC"~V[0, T].
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Step 2. Estimates of approximate solutions uy.
Let us fix k € N and assume that

max { |u" V(t)| :t € [0,T]} = |ul" V(b)| = r>0.
By condition (2.4), we have b € (0, T] and we can find a € [0, b) such that
" )| =0, |u"V(@)] >0 forte (ab)

Since u,(cnfl)(t) = u,(cnfl)(T — 1/k) for t € [T — 1/k, T], we can assume that b < T — 1/k.
By virtue of assumption (2.6), we get for a.e. t € [a, b],

n—1
“Ecn)(t) sign ’/‘;cn_l)(t) = X( > |”§<i)(t) | ,p>f(t, uk(t),...,ugcn_l)(t)) sign ui”_l)(t)

i=0

n—1 n—1 . ‘ n—1 . .
sx(z |u<k”<t>|,p) S h]ud O < X h]ud 0",
i=0 j=0 j=0

and hence
n—1 .
luf V0] < X ki) [ ()], (2.12)
j=0

Conditions (2.4) yield ”u]((j)Hoo <rT" /7Y, j=0,...,n— 2. Integrating inequality (2.12)
over [a, b], we obtain

n—1 T
= |u](<n71)(b)| < Z Ttxj(nfj—l)rajj hj(t)dl‘,
j=0 0
n—1 )
1< > 1001 by || =2 F(r).
=0

We have lim,_ o, F(x) = 0, which implies the existence of 7* > 0 such that F(x) < 1 for all
x = r*. Therefore, by (2.1), the estimate r < r* must be true. Since r* does not depend
on u (butjuston T, hj, a;), we get

n—1
lukl| s < 7% D T"I1 foreachk € N.
j=0
If we define
n—1 .
p=r*> T Q= {xeC0,T]: xllc <p},
j=0

we see that uy is a solution of (2.10) and ux € Q for each k € N. We have proved that
conditions (1.9) and (1.10) of Theorem 1.6 If we define are valid.
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Step 3. Properties of approximate solutions.
According to (2.6) and (2.8), we get for a.e. t € [0, T — 1/k],

n—1 . n—1
Felty (). ul V() sign ™ V(6) < S ki) | ()Y < (p+1) S hy(0).
j=0 j=0

Put

n—1

y(t) = —(p+1) > hi(t) forae.te[0,T]

j=1
Then y € L1[0,T], v < 0a.e.on [0, T], and

— fi (b (), ..o V(1)) signu V() = w(t) forae.t e [0,T]. (2.13)
Due to (2.7), condition (1.6)(i) with ¢, = T is satisfied.

Put ; = —1 and choose an arbitrary # € (0,T). Then, by (2.13), we get (1.20).
Moreover, condition (2.4) yields (1.22).

Now, let us put v (t) = ui"il)(t) for t € [0,T]. Then for each k € N, k > 1/y,
the function vy satisfies (A.20) with h* = 0 a.e. on [T — 1/k, T]. Since u; € Q, we
can find By € (0,p) such that v fulfils condition (A.18). By (2.6), we get (A.19), where
g (t) = (p+1) Z;’;& h;(t). Hence, by Criterion A.11, the sequence {vx} is equicontinuous
at T from the left. Therefore, {u,(("_l)} satisfies (1.23) with t{, = T and, by Theorem 1.6,
there exists a solution u € AC"1[0, T] of problem (2.3), (2.4). O

Example 2.2. Letc € R, a € [1, o). Then the function

Xn— c
f(t:xO)--.,Xn,l) =" 1+ﬁ 2 X?B

th

satisfies (2.5) and (2.6), where hj(t) = |c|/+/t, h(t) = 1/t% aj = 2/3for j = 0,...,n — L.
Therefore, the corresponding problem (2.3), (2.4) has a solution u € AC""![0, T].

2.2. Space singularities

Let R. = (—c0,0) and R, = (0, o). We study the singular (p,n — p) right focal problem
(=) Pu™ = f(t,u,...,u"V), (2.14)
u0)=0, 0<i<p-1, u(T)=0, p<j<n-1, (2.15)

where f € Car([0, T] x D) with

REVXR.OXR, xR_X--- xR, ifn—pisodd,

D= n
JRTIXR,XI&XR,X---XR,J if n — pis even,

n
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and f may be singular at the value 0 of any of its space variables. Notice that if f is
positive, then the singular points corresponding to the solutions of problem (2.14), (2.15)
are of type L. The Green function of problem u(" = 0, (2.15), is presented in Agarwal [1],
Agarwal and Usmani [23, 24], and Agarwal, O’Regan, and Wong [21].

We introduce the following assumptions:

f € Car ([0, T] x D) and there exist positive constants a, r such that
a(T —t)" < f(t,x05...>%n-1) (2.16)

fora.e. t € [0, T] and each (xo,...,x,_1) € D;

the inequality

n—1

f(t, %050 rxn-1) < h(t, Z |xj|) + i w;i(|xj])
=0

=0
holds for a.e. t € [0, T] and each (xo,...,x,_1) € D, where

h e Car ([0, T] % [0, ®)) is positive and nondecreasing

in the second variable,

2.17
wj: Ry — R, is nonincreasing for 0 < j < n — 1, ( )
T "=l er sy,
limsup — | h(t,Vv)dt<1, where V=1 T -1
e VIO n T =1,

1
J w; (" I)dt < oo for0<j<n-—L
0

Substituting t = T — s in (2.14), (2.15), we get the singular (n — p, p) left focal problem

(—1)Pu™ =f(s,u,...,u(”_l)), (2.18)

u0)=0, p<i<n-1, uN(T)=0, 0<j<p-1, (2.19)

where f € Car([0, T] X D) fulfils

~

f(ter:xla---yxn—l) = f(T_ t)-x())_xl:'--)(_l)nilxn—l)
fora.e.t € [0,T] and all (xg,...,x,_1) € Dx. Here

Ry x R- xRy x -+ - xR_ xRy P if pis even,

C(JD*: " n—p . .
R+XR,XR+X---XR+XR,1 if p is odd.
n
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The corresponding assumptions for problem (2.18), (2.19) have the following form:

f € Car ([0, T] X D) and there exist positive constants a, r such that
at” < f(t, X05-->Xn—1) (2.20)

fora.e.t € [0,T] and each (xo,...,x,-1) € Dy;

the inequality

~

(%055 %n-1) < h(t, Z |xj|> +iwj(|xj|)
J j=0

i=0
holds for a.e. t € [0, T] and each (xo,...,X,—1) € D, (2.21)
where the functions h and wj, 0 < j < n — 1, have
the properties given in (2.17).
A priori estimates
Let us choose positive constants a and r and define the set
B(r,a) = {u € AC" [0, T] : u fulfils (2.15) and (2.23)}, (2.22)
where
(=) Pu"(t) = a(T — t)" forae. t e [0,T]. (2.23)

The next two lemmas are devoted to the study of the set B(r, a). The results obtained in
this part will be used in the proofs of existence results for auxiliary regular problems.

Lemma 2.3. There exists ¢ > 0 such that the inequalities
ud(t) = ct™ T foro0<j<p-1, (2.24)
(=17 Pu(t) = (T —t)"™ forp<j<n-—1 (2.25)
are true for t € [0, T] and each u € B(r,a).

Proof. Put

a
CCUrDGr) - (rin)

Then, integrating inequality (2.23) and using condition (2.15), we get step by step that
(2.25) holds on [0, T'] and that

uP=V() = (TP — (T — )" P*1)  fort e [0,T). (2.26)

Setv = r+n — p+ 1 and consider the function ¢(t) = T¥ — (T — )" — t' on [0, T].
Since v > 2, ¢(0) = ¢(T) = 0, and ¢ is concave on [0, T'], we have ¢ > 0 on (0, T) and
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thus TP — (T — ¢)r+n=p+1 > gr+n=ptl holds on (0, T), which together with inequality
(2.26) yields

uP=V(t) = et P fort e [0, T]. (2.27)

Now, using (2.15) again and integrating (2.27), we successively obtain inequality (2.24)
fort € [0, T]. O

Lemma 2.4. Let functions h and wj, 0 < j < n — 1, have the properties given in condition
(2.17). Then, there exists a positive constant S such that for each function u € B(r,a)

satisfying

n—1 n—1
(=) Pu(t) < h(t,n+ Z |u(f)(t)|) + Z [wj(1) +a)j(|u(j)(t)|)] (2.28)
j=0

j=0
fora.e. t € [0, T], the estimate
[[u=V]|, <S (2.29)

is valid.

Proof. Given a function u € B(r,a) which satisfies (2.28) a.e. on [0, T], we put p =
lu"=V||». Then, we integrate the inequality

luV(t)| <p forte[0,T],
and due to condition (2.15), we successively get
[|[uD|| < pT"=I7Y, 0<j<n-2 (2.30)
Further, we integrate (2.28) over [t,T] C [0,T] and in view of (2.30), we see that the
inequality
T n—1 ) n—1 .T . n—1
p < J h(t,n +p > T”11>dt+ > J o (|u(®)])dt+ T > w;(1) (2.31)
0 j=0 j=0+"0 =0
holds. In order to find S fulfilling inequality (2.29), we need to estimate the integrals
T .
J wi(|lu()|)dt, 0<j=n-1.
0

For this purpose, we distinguish two cases.

Case 1. Let0 < j < p — 1. Then, by Lemma 2.3, there exists ¢ > 0 such that

T T T )
j w;(|x9()|)dt = J w; (et ) dt = j 0 ()" Y, (2.32)
0 0 0
where C;Jrn_j = ¢. Therefore,
T . 1 ot 4
J wi(|[uP())dt < = | w;(t))dt =: C;.
0 cj Jo
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Case 2. Let p < j < n — 1. Then, by Lemma 2.3 and inequality (2.25),
T

T 0
. J <
L w](|u (t)|)dl‘_J‘0

that is, (2.32) holds for p < j < n — 1, too.
After inserting (2.32) into (2.31), we obtain

T
w;i(c(T = )" 7)dt = J w;(ct™ 1) dt = C;j,
0

n—1

T
p< | munspvids 3 (G Tw ) (233)
0 o

where V is given in assumption (2.17). Since

T
lim sup % h(t, Vv)dv < 1,
0

Y— 00
by our assumption, there exists a positive constant S such that

T n—1
J h(t,n+ Vot + S [Cr+ Twi(1)] <,
0 -
j=0

whenever v > S. This together with (2.33) shows that p < S, which proves inequality

(2.29). 0

Approximate regular problems

Let S be the positive constant from the assertion of Lemma 2.4. Form e N,0 < j < n—1,
and v € R, put

pj=1+8T"77, (2.34)
lsignv if|v|<l,
. m m
GJ‘(;’V) =v if% < vl < pj, (2.35)

pjsignv ifp; <|v|.

Let f* denote the extension of f onto [0, T] X (R \ {0})" as an even function in each of
its space variables x;,0 < j < n—1,and fora.e. t € [0, T] and for all (xo,...,x,-1) € R",
m € N, define an auxiliary function

S (£, %05 -+ Xn—1) = [ (t, 00(%,960),...,0,,,1 (%,xn,l». (2.36)

Consider the sequence of regular differential equations:
(=D)"Pu™ = £, (tu,...,u"") (2.37)

depending on m € N.
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Lemma 2.5. Let assumptions (2.16) and (2.17) hold, let B(r,a) be given in (2.22), and
let S be from Lemma 2.4. Then, for each m € N, problem (2.37), (2.15) has a solution
Uy € B(r,a) and

gVl < S. (2.38)

Proof. Fix an arbitrary m € N. Assumption (2.16) and formula (2.36) yield f,, € Car([0,
T] x R™). Put

1 .
gm(t) = sup{|f*(t,x0,...,x,,_1)| . |xj| <pj, 0<j=<n-— 1},
where pj, 0 < j < n— 1, are given by (2.34). Then g,, € L;[0, T] and

’fm(taxo,u-:xnfl) | ng(t)

fora.e. t € [0, T] and all (xo,...,x,_1) € R".

Since the problem (—1)"~?u" = 0, (2.15) has only the trivial solution, the Fredholm-
type existence theorem implies that problem (2.37), (2.15) has a solution u,, € AC""'[0,
T]. Further, by assumptions (2.16) and (2.17), we see that the inequalities

a(T =) < fu(t, %05 > Xn-1)> (2.39)
n—1 n—1

fn (£, %055 Xpo1) < h(t,n+ > |xj|> +> [wi() +w;(|x])] (2.40)
j=0 j=0

are satisfied for a.e. t € [0, T] and all (xo,...,x,-1) € R". Notice that inequality (2.40)
follows from the relations

1 1
(L) =1e 1l ([ Lon)]) et +artih,
J(m x])‘ lxil,  w;{ |0 i wj(1) +w;(]x;])
O0<j=<n-1,
and the facts that & is nondecreasing in the second variable and w; is nonincreasing.

In view of (2.39), we have u,, € B(r,a) and therefore from (2.40) and Lemma 2.4, we
conclude (2.38). O

Existence results

First, we consider the singular (p,n — p) right focal problem (2.14), (2.15) with 1 < p <
n—1.

Theorem 2.6. Let assumptions (2.16) and (2.17) hold. Then, there exists a solution u €
AC" 10, T] of problem (2.14), (2.15) such that

u >0 on(0,T]for0<j<p—1,
) ) (2.41)
(=) Pu) >0 on|o0, T)forp<j<n-1
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Proof. According to Lemma 2.5, for each m € N, problem (2.37), (2.15) has a solution
U, € B(r,a) satisfying inequality (2.38), where S is a positive constant independent of
m. By Lemma 2.3, there exists ¢ > 0 such that for m € Nand ¢t € [0, T], we have

uf () =t foro<j<p-1, (2.42)

(—1)/Pud () = (T )" forp<j<n—1L (2.43)
Condition (2.15) and inequality (2.29) yield

lud|| < ST™i1 < pj» 0<j<n-—L (2.44)

Here, p; is defined in formula (2.34), We show that {fn(tum(t),..., um (t))} is uni-
formly integrable on [0, T']. By assumption (2.16) and inequalities (2.40), (2.42)—(2.44),
we have

n—1

0= fun(tum(®),...,ul V(1) < h(t,n +SV) +q(t) + > w;(1) (2.45)
=0

fora.e.t € [0,T] and all m € N, where

n—1
q(t) = Z (et )+ > wi(e(T = 1)),
j=p

Putc; = "J/cfor0 < j < n— 1. Then,

Jq dt-ZCJ t’+”fdt+zcj (£ dt.,
J J

By assumption (2.18), the functions h(t,n + VS) and wj(t”"’j), 0 <j<n-1,belong
to L1[0, T]. Therefore, h(t,n + SV) +q(t) € L1[0, ] and from (2.45) and Criterion A.1, it
follows that { f,, (£, t(t),..., u (t))} is uniformly integrable on [0, T']. Hence, the first
assertion in Theorem 1.9 guarantees the existence of a subsequence {u,, } of {u,,} which
converges in C""1[0, T] to a function u € C""![0, T]. Letting m" — oo in inequalities
(2.42) and (2.43) (with m’ instead of m) yields

ud(t) = ct"™ for0<j<p-1,
(=17 Py (t) = (T — )™ forp<j<n-—1
for t € [0, T] and so u satisfies inequality (2.41). We see that u/) has exactly one zero on

[0,T] for0 < j < n— 1. Hence,u € AC" 1[0, T] and u is a solution of problem (2.14),
(2.15) by Theorem 1.9. |

Substituting ¢t = T — s in (2.14), (2.15) and using Theorem 2.6, we obtain the fol-
lowing existence result for the singular (n — p, p) left focal problem (2.18), (2.19) with
l<p=<n-1
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Theorem 2.7. Let assumptions (2.20) and (2.21) hold. Then, problem (2.18), (2.19) has a
solution u € AC"~1[0, T] and

(-1)/u) >0 on [0,T)for0<j=<p-—-1,
(-1)PuD) >0 on(0,T)forp<j<n-—1.
Example 2.8. Letr > 0, aj € (0,1/(r +n—j)) for0 < j < n— 1. Letc € L[0,T],

aj € Ls[0,T], bj € L1[0,T] be nonnegative for 0 < j < n—1,0 < a < ¢(t) for a.e.
t € [0, T] and

T 1
L Y0t < 7,

where y(t) = max{b;(t): 0 < j <n—1}forae.t € [0,T] and V is given in (2.18). Then,
the differential equation

n—1
)Py _ o OION (j))
(DA =T -0+ 3, ( e O] (2.46)
satisfies all assumptions of Theorem 2.6. Hence, for each p € {1,...,n — 1}, problem

(2.46), (2.15) has a solution u € AC""'[0, T] satisfying inequality (2.41).

Bibliographical notes

Theorem 2.1 is new and represents the first result in literature for the existence of solu-
tions of (1,7 — j) focal problems with time singularities. Theorem 2.6 was adapted from
Rachiinkova and Stanék [161] (also see Rachiinkova and Stanék [165]). Existence results
for positive solutions to singular (p,n — p) focal problems are available in Agarwal [2],
Agarwal and O’Regan [8-10], and Agarwal, O’Regan, and Lakshmikantham [15]. The
paper [9] is the first to establish the existence of two solutions. Further multiplicity results
solutions are established in [10]. The technique presented in [9, 10] to guarantee the
existence of twin solutions to singular (p,#n — p) focal problems combines (i) a nonlinear
alternative of Leray-Schauder type, (ii) Krasnoselskii’s fixed point theorem in a cone, and
(iii) lower type inequalities.






Now, we are concerned with the singular (#, p) problem

—u" = f(tyu,...,u"V), (3.1)

uD0)=0, 0<j<n-2, uPN(T)=0, (3.2)

wheren 22,0 < p <n-1, f € Car([0, T] X D), D C R", and f(¢,x0,...,%,—1) may
be singular at the value 0 of its space variables xy, . .., x,_». Notice that the (1,0) problem
is simultaneously the (1, n — 1) conjugate problem discussed in Chapter 4. For f positive,
solutions of problem (3.1), (3.2) have singular points of type I at t = 0, T and also singular
points of type II. We will work with the following assumptions on the function f in (3.1):

f e Car([0,T] X D), where D = (0,0) x (R\ {0})" * xR
and there exist a positive function y € L,;[0, T] and K > 0
such that y(¢) < f(t,x0,...,%,-1) forae.t e [0,T]

and each (xp,...,x,-1) € (0,K] x (R {0})”_2 x R;

n—1 n—2
0<f(t,X0,...,Xn71) < h(t,z |Xj|) + Z wj(|xj|)
j=0 j=0

fora.e. t € [0, T] and each (xo,...,x,1) € D,

where h € Car ([0, T] X [0, 0)) is positive and nondecreasing

in the second variable, w; : (0, 00) — (0, c0) is nonincreasing, (3.4)
1 (7 ot

lim sup 2 ) h(t,V(t)e)dt <1 with V(t) = ik

0—00

j=0J*

1
J wi(s" I ds< oo for0<j<n-2.
0
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Auxiliary results

Put
. s n—p-1 .
" 1—? —(t—s)" forO<s<t=<T,
G(t,s) = !
(n—1)! s\ Pl
t"’1<1—?> for0<t<s<T.

Then G(t, s) is the Green function of the problem
—um =0, (3.2) (3.5)

(see, e.g., Agarwal [1] or Agarwal, O’'Regan, and Wong [21]).
Lemma 3.1. The Green function G(t, s) of problem (3.5) fulfils

G(T,s) >0 forse (0,T) and for p >0,

dIG(t,s)
TR 0 for(t,s) € (0,T)x(0,T), (3.7)

and for 0 < j < min{p,n -2}, p = 0.

Proof. Property (3.6) of G follows from the inequality

S n—p-1 S n—1
(-5) (-3
which is true for s € (0, T) and for p > 0. Further, let us suppose

0 <j<min{p,n—2}

and prove inequality (3.7). We have

n—p-—1
VG X tnfjfl(1_%) —(t—s)" /! for0<s<t<T,
L,s)
ol (n—j—1) . s\ Pl
t”—J—1<1_—> forO0<t<s<T,

and therefore it is sufficient to show that
s\l s\
(1——) ><1——) forO<s<t<T. (3.8)
T t
Since the inequalities

s n—p—1 s n—p-1 s n—j—1
1- 1-° >(1-2
) e e A U

are valid for 0 < s < t < T, inequality (3.8) is true.
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Lemma 3.2. Let u € AC""'[0, T] satisfy condition (3.2) and let
—u"(t) >0 fora.e. t €[0,T]. (3.9)
If p >0, then

ud() >0 forte(0,T),0<j=<p-1,

uP(t)>0 forte (0,T) (3.10)
and if p = 0, then
u(t) >0 forte (0,7). (3.11)
Proof. We will consider two cases, namely, (i) p=n—1land (i) 0 < p <n-—2.
Case (i). Let p = n — 1. Then, by conditions (3.2) and (3.9), we have
T
0<— [ s =" (o) foree [0.7T) (3.12)
Thus, integrating (3.12) from 0 to t and using (3.2), we get step by step
u(t)>0 forte (0,T],0<j<n-2. (3.13)
Inequalities (3.12) and (3.13) give the assertion of Lemma 3.2.
Case (ii). Let 0 < p < n — 2. Then, using the formula
u(t) = j Glt,5)u™ (5)ds (3.14)

we can see that the assertion of Lemma 3.2 follows from (3.9) and from Lemma 3.1. [

A priori estimates

The following three lemmas give a priori estimates from below for functions satisfying
conditions (3.2) and (3.9). We consider the cases p =n—-1,p=0,and1 < p <n -2
separately.

Lemma 3.3. Let p = n — 1 and let u € AC" 1[0, T] satisfy conditions (3.2), (3.9). Then
the inequalities

llull o

D)= Ty forte[0,T],0<j=n-2, (3.15)

are fulfilled.

Proof. Put

n—1
po(t) = ||u||m(%> fort € [0, T). (3.16)
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Then py(0) = - - - = p(()"_z)(O) =0, po(T) = llullw. By virtue of inequality (3.10), we
have [|ullo = u(T). So, if h(t) = u(t) — po(t) for t € [0, T], then, h satisfies the boundary
conditions #(0) = - - - = h"=2(0) = 0, h(T) = 0, and moreover

() = u™ () — p{() = u™ (1) <0 fora.e.t e [0,T].

Therefore, Lemma 3.2 (with & instead of u) gives h > 0 on (0, T), that is,

u(t) = po(t) forte [0,T]. (3.17)
Further, put
¢ n—2
pi(t) = ||u'||oo<f> fort € [0, T]. (3.18)
Then p1(0) = - - - = p" (0) = 0, pi(T) = 1t/ || Since ||’ ||« = 1/ (T), the function
hy = u’ — p; satisfies h; (0) = - - - = h(lnfa)(O) =0, h1(T) = 0, and moreover

R =y — pD =y <0 ae.on [0, T).

Thus, by Lemma 3.2, where we use h; and n — 1 instead of u and n, respectively, we have
hi >0o0n (0, T), that is,

u'(t) = pi(t) forte[0,T]. (3.19)
Similarly, for 2 < j < n — 2, we put

t

, nej1 .
pj(t)=||u(f)||w<?) L hi() = uD () - pj(t) fort € [0,T).

Using Lemma 3.2 (with h; and n — j instead of u and n), we get h; > 0 on (0, T), and
therefore

u(t) = pi(t) forte[0,T],2<j<n-2. (3.20)
Now (3.16)—(3.20) together with the inequalities

llull o
Ti

|||, = l<j<n-2, (3.21)

give (3.15). O
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Lemma 3.4. Let p = 0 and let u € AC" 1[0, T] satisfy assumptions (3.2), (3.9). Then, for
0<j=<n-2

> %t”*f*‘ for0 <t <&,
‘ 1] oo
uD () = i (& —t) for&i <t=<i, (3.22)
- ||u||oc(£'_t) fo<t<T
L~ T+l J fOT J =" =

with
0<&i<&r<---<bH<b<E =T,

. . N (3.23)
where &; is a unique zero ofu(’) in(0,T),l <i<n-1.

Proof. In view of (3.2) and (3.11), we have u(0) = u(T) = 0, u > 0 on (0, T). Further,
thereis a unique &; € (0, T) such that u’(&;) = 0 (otherwise, we would get a contradiction
to inequality (3.9)). Similarly, in (0, T'), there is a unique &; < &_; such that u® (&) = 0,
2 <i<n— 1. According to (3.9), we get

u? >0 on(0,%), u? <0 on (§T], 1<i<n-1. (3.24)
Hence,
u"" is concave on [&;1,, T] and convex on [0,&42], 0<i<n-—2, (3.25)

where &, = 0. Let us prove inequality (3.22) for j = 0. Put

t n—1
pot) = ||u||m(g) fort € [0,&].
Then po(0) = -+ - = py" 2(0) = 0, po(&)) = llullw. Since lull = u(&)), the function
h = u — p, fulfils the boundary conditions #(0) = - - - = h*=2(0) = 0, h(&;) = 0, and

h"(t) < 0 for a.e. t € [0,&;]. Therefore, by Lemma 3.2 (where we use h and &; instead of
u and T), we deduce that the inequality 4 > 0 holds on (0, §;), which gives

u(t) = %t”‘l fort € [0,&]. (3.26)
By property (3.25), u is concave on [&,T] C [&,T]. Thus the inequality u(t) >
u(¢)((T - t)/(T - &;)) holds for t € [&;, T], and therefore

llull o0
T

Estimates (3.26) and (3.27) lead to inequality (3.22) for j = 0.
Forl <j <n-—2,weput

u(t) = (T—-1t) forte[&,T]. (3.27)

) ¢ n—j—1 )
=G (=) . O = w0 - pi0)
J+
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n [0,&j41]. Since

u D (&41) = [|u?]], = % l<j<n-2, (3.28)
we get as before
ud(t) = ij‘”""t" 71 fort € [0,€5]. (3.29)

Further, using (3.25), we see that u'/) is concave on (i1, T] C [&j42, T]. Hence

A §—t
uD () = ul (f]+1)€ i >0 forte [&1,&],
(3.30)
) &t
ul)( u (&) —5— <0 forte[§,T].
f] é;‘;+1
Due to estimate (3.28), the above inequalities yield
() llull o
[uP (0] = T & =] fort e [§,T]. (3.31)
Estimates (3.29)—(3.31) imply (3.22) for 1 < j <n - 2. O

Lemma 3.5. Let 1| < p < n—2and let u € AC" 1[0, T] satisfy (3.2), (3.9). Then, for
0 < j < p — 1, inequality (3.15) is true and for p < j < n — 2, inequalities (3.22) are valid
on [0, TI with0 < &,y < &5 < -+ < &y < &, = T, where &; is a unique zero of u in
0, T),p+tl=<i<n-1

Proof. For 0 < j < p — 1, we use the arguments of the proof of Lemma 3.3 and for
p < j <n—2,weargue as in the proof of Lemma 3.4. g

For the proof of solvability of problem (3.1), (3.2), we will need the following results.

Lemma 3.6. Let v € L,[0, T] be positive. Then there is a positive constant ¢ = c(y) such
that for each function u € AC"7'[0, T satisfying (3.2) and

v(t) < —u"(t) foraete[0,T], (3.32)
the estimate ||ull» = ¢ holds.

Proof. Let G be the Green function of problem (3.5). There are two cases to consider,
namely, (i) 1 < p <n—1land (il) p = 0.

Case (i). Suppose 1 < p < n — 1 and define a function @ by the formula

G(t,s)

(D(t ) n—1

for (t,s) € (0, T] x (0, T].



(n, p) problem 37

By Lemma 3.1, the function ® is continuous and positive on (0, T'] x (0, T'). Further, for
any s € (0, T), we have

" 1G(t,s)
atn—l

n—p-1
- (1 - i) > 0.
(£:5)=(0,5) T

Choose an arbitrary s € (0, T). Then

1 9" 'G(ts)
(n—1)! o1

1 ( s >n7p71
=— |1 - = N 0’
(to)=(05) (m—1)! T

which means that for any s € (0, T), we can extend ®(-,s) at t = 0 as a continuous and
positive function on [0, T]. Thus the function

lim ®(t,s) =
-0+

T
Ft) = L O (L, 5)y(s)ds

is continuous and positive on [0, T], too. Therefore we can find d > 0 such that F(t) > d
on [0, T]. Then

T T
u(®) = - | G @ds > | Glrowsds

T
=1 G;«itif )W(s)ds =" 'F(t) = t""'d fort e [0,T].
0

This implies || u|l = u(T) = T" 'd = c.
Case (ii). Let p = 0. Define the function

G(t,s)

D(t,s) = m

for (t,s) € (0, T) x (0, T).

In view of Lemma 3.1, ® is continuous and positive on (0, T') X (0, T). For any s € (0, T),
we get

. 1 s\"!
mos = ooy (1-7) >0

: 1 0G(ts) B 1 [( i)"‘l ( i)”‘z]
tliIYI"I* O(t5) = Tn=1 ot (t,5)=(T.s) B T(n-2)! ! T L T >0,

which means that for any s € (0, T') we can extend ®(-,s) to [0, T] as a continuous and
positive function. Further, we can argue as in case (i). O
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Lemma 3.7. Leta > 0, K > 0, and let the function v € L,[0, T] be positive. Furthermore,
let the functions h,w;, (0 < j < n — 2) have the properties given in assumption (3.4). Then
there exist constants r > 0 and a € (0,K] such that for each function u € AC" 1[0, T]
satisfying (3.2),

o =1 ) -
u"(t) <a+ h(t,n + jgo [ ud(t)| g (|u?(t) (3.33)
fora.e. t €[0,T],
lullo < K = y(t) < —um(t) fora.e. t €[0,T], (3.34)
the estimates
D, <r, Nulleza (3.35)

are valid.

Proof. Let u € AC" 1[0, T] satisfy conditions (3.2), (3.33), and (3.34). Let |lull~ < K.
Then, by (3.34) and Lemma 3.6, there is a positive constant ¢ = c(y) such that [|ull. = c.
Otherwise, we would have || u|l. > K. If we put @ = min{c, K}, then the second inequality
in (3.35) is satisfied.

In order to prove the first estimate in (3.35), we put [|u* V|, = p. Then —p <
u"=1(t) < p on [0, T] and if we integrate this inequality from 0 to t € (0, T] and use
(3.2), we get step by step

tﬂ*j*l

[u(t)| < Pl fort €[0,T], 0<j<n—1. (3.36)

n—j—1)!

Lemmas 3.4 and 3.5 guarantee the existence of a unique zero &,-; of u"~V with §,_; €
(0,T)for0 < p <n-2andi,; = T for p = n — 1. Integrating inequality (3.33) from ¢
to &,_; gives

En 1
o<u<n—1><t>sa<£n,1—t)+j (s,n+Z |u(s) )ds+ZJ i ([u(s)[)ds
t
fort € [0,&,-1). If p < n—1and thus §,_; < T, we integrate (3.33) from &,_; to f and get
t n—1
O<—u(”*l>(t)sa(t—€n_1)+L h(s,n+z | uP(s)] )ds+2j i(Ju(s)])ds
n—1 j:0

for t € (¢,-1, T]. Hence the inequality

t n—1
L h(s,n+ > |u(f)(s)|)

j=0

|u"=D(t)| < aT + u(s)|)ds

n—1
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is true for t € [0, T], and consequently (see (3.36))

T n=2 T
p=<al+ J h(t,n+ V(t)p)dt+ > J w; (| (t)])dt,
0 00
j=0

where V is given in (3.4). We now estimate the integrals

T .

j 0 (|u (1) |)dr, 0=j<n—2.

0

We will consider three cases.

Case (i). Let p = n — 1. Then, by Lemma 3.3, for 0 < j < n — 2, we have

“’j(|“(j)(t)|) < wj(%t”_j_l> fort € (0, T].

Tn-1
Thus
wi(|u(n)]) = wj((c]-t)"fjfl) forte (0,T],0<j<n-2,
where c?fjfl = «T'". Inequality (3.38) implies
T . 1 T .
J “’j(|”(])(t)|)dfS - wj(snfﬁl)ds =: Bj,
0 C] 0

and therefore, we have

T
[ w1 e =B, 0=j=n-2

Case (ii). Let p = 0. Then, by Lemma 3.4,

((ci)"™™") foro=t=é&,
)y = [T 0zt
wj(kj|£j—t|) fOI‘fj.H <t<T

for 0 < j < n— 2, where

n—j—1

¢

1- —j-1
=al' 7" ki=aT 77,

and &; fulfils relation (3.23). Therefore

T
[, @il
0

& T

< J0£j+le((cjt)njl)dt +J

§+1 j

1 (ki€i=&) 1 (ki(T=5)
sBj+k—jL wj(s)ds + EL wj(s)ds < B; + Cj,

w; (ki (& — s))dt + L_wj(kj(t &) de
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(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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with C; = (2/k;) f(;(jT w;(s)ds. Consequently, for 0 < j < n — 2, we have
T .
ijwmmnmsm+q. (3.42)
0

Case (iii). Let 1 < p < n—2.By Lemma 3.5, for 0 < j < p — 1, we have estimate (3.39),
and for p < j < n — 2, estimate (3.42) holds.

In view of (3.37), (3.39), and (3.42), we deduce that in all the above three cases
T
psjimm+vmmm+a (3.43)
0
where D = aT + z;‘;g(Bj + C;). Since, by assumption (3.4),
1 T
limsup — | h(t, V(t)p)dt <1,
p—oo P 0

we have

T
limsupl% h(t,n+ V(H)p)dt <1,
0

p—oo

and consequently there exists r > 0 such that

T
Jh@n+vmmm+D<q
0

whenever 77 = r. Then inequality (3.43) gives p < r, which proves the first inequality in
(3.35) since p = [|u"V||. -

Approximate regular problems

The main result on the existence of a solution of problem (3.1), (3.2) will be proved by
Theorem 1.9. To this end, we consider a sequence of regular problems constructed by the
following procedure. Let K > 0, y, h and w;, 0 < j < n — 2, have the properties given in
assumptions (3.3) and (3.4), a = Z;’;S w;(1) and let positive constants r and « be taken
from Lemma 3.7. Put

po=1+rT"'+K, pi=1+rT""Y 1<i<n-1,
X for [x| < g,
oi(x) = 0<i<n-1,
pisignx for |x| > p;,

and, for 0 < ¢ < py,

¢ forx<eg,
o5 (c,x) =1x  forc < x < py,

po forpy < x.
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Choose m € N and use the function f from (3.1) to define an auxiliary function h,, by
means of the following recurrent formulas for a.e. t € [0, T] and all (xo,...,x,-1) € D:
hm,O(tawa .. )xn—l) = f(tny:- .. >xn—l);

hm,i(t)x03~ .. 7xn—1)
1

hm,i—l(t)x():---)-xn—l) if |'xi| = —,
m

m 1 1
N hm,i—l t,xO,...,X,‘_l,*,le,...,Xn_l xi+7
m m

2
1 1
_hm,i—l tax03~--rxi—h_*:-xiJrl’-“)xn—l Xi— —
m m

1
if|x,‘| < —,
m

forl<i<n-2,and
hm(t’an--- ,xn,]) = hm,n72(t)x0)---)xrl71)~

Now, for a.e. t € [0, T] and all (xo,...,x,—1) € R", put

1
fm(t,XO, - ,Xn_l) = hm (t, O'(;k (Q,x()), 01 (X]), ey Oy (xn_l)). (3.44)
Then, by conditions (3.3) and (3.4), f» € Car([0, T] x R") and the inequalities

V(1) < fin(t,%05 s Xn-1)

(3.45)
fora.e. t € [0, T] and each (xp,...,x,-1) € R", x9 <K,

and
0< fum(t,Xx05...>Xn-1)
n—2 n—1 n—2
=S a0 +h(nn+ 3 |51)+ S aylls)) (46
j=0 j=0 j=0
fora.e. t € [0, T] and each (xo,...,%,-1) € (R {0})"_1 xR
hold for m = my > 1/K. Inequality (3.46) follows from the fact that

loi(x;)| < |x;| forl<i<n-—1,

1
% (W@)

wi(|0,~(xi)|)Sw,-(|x,~|)+wi(1), 0<i<n-2.

1
<1+ |x0], agk(;,xo) > 09(x0)s

Consider auxiliary regular equation
—u" = f(tyu,...,u"V), (3.47)

where m > my.
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Lemma 3.8. Let assumptions (3.3) and (3.4) hold. Then for each m € N, m = my, problem
(3.47), (3.2) has a solution u,, € AC"~1[0, T1, the sequence

{fon (&t (05 um V(D) Y (3.48)

is uniformly integrable on [0, T'| and there exists a positive constant r such that

[|uli=V)|, <7 form = my. (3.49)

Proof. Choose m € N, m = mg and put

gm(t)=sup {f(t,xo,...,xn,l):%

1 .
<x<po, = |xi| <pi (0<i<n-2), |xu_1] Spn,l}.
Since f € Car([0,T] x D), we have g,, € L[0,T] and
St %05 xn-1) < gm(t)  fora.e.t € [0, T] andall (xo,...,x,-1) € R".

Since the homogeneous problem —u™ = 0, (3.2) has only the trivial solution, the
Fredholm-type existence theorem guarantees the existence of a solution u,, € AC*" 1[0,
T1] of problem (3.47), (3.2). By virtue of (3.45) and (3.46), Lemma 3.7 gives

fulr D), <7 Numllo 2@ m=mg, (3.50)

where r and « are positive constants taken from Lemma 3.7. Condition (3.2) and the first
inequality in (3.50) yield

N7 || < 7T <puj1, 0<j<n—1L (3.51)

It remains to verify that the sequence (3.48) is uniformly integrable on [0, T']. By inequal-
ity (3.46),

0 < fin(tstim(t),...,uli" V(1))
n—2 n—1 (i) n—2 ()
< ij(1)+h<t,n+ > i (t)|) + > w0 (|um (1)])
j=0 j=0 j=0
fora.e. t € [0, T] and all m > my. From the inequality (see (3.51))
n—1 ) n—1
0< h(t,n+ > |u(ri)(t)|> < h(t,n+r > Tj)

j=0 j=0

and from h(t,n + r Z?;& Ti) € Li[0,T], we see that the sequence (3.48) is uniformly
integrable on [0, T'] if the sequences

{0 (|t N}y 0<j=<n—2, (3.52)

have this property. We will distinguish three cases, namely, p =n—1,p =0,and 1 < p <
n-—2.
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Case (i). Suppose p = n — 1. Then Lemma 3.3 and the second inequality in (3.50) give

u%)(t)> _* il fort e [O,T],OSjSﬂ_z, m = .

— Tn-1

Hence

. a L
wj(|unﬁ)(t)|) =< wj(iTn—ltn J 1)

and since

1
I wi(s" T Nds< oo for0<j<n-2
0

(3.53)

by assumption (3.4), the sequences in (3.52) are uniformly integrable on [0, T] by

Criterion A.4.

Case (ii). Suppose p = 0. Let &; ,, denote the unique zero of uf 1 <i<n—1,in(0,7).

Then, by Lemma 3.4 and inequality (3.50),

0< fnfl,m < fnfz,m <--e < é;‘Z,m < El,m = T)
>Lt”*j*1 for0 <t <¢;
= Tn-1 orV=r1= jt1,m>
() Y E ) foré. ,
Um (t) 2 Tj+1 (f],m t) or £]+l,m S t S f],m;
04

Sﬁ(fj,m_t) fOI'fj’mStST,

for0 < j < n—2, m = my. Hence for these j and m, we have

|l ()] = {Cjtn_j_l for0 <t < &rm
cil&m—t] for&m=<t<T,
where
¢j=amin {T"", T '/}
Since

1
J wi(s" T Nds< oo for0<j<n-2
0

(3.54)

(3.55)

(3.56)

(3.57)

by assumption (3.4), Criterion A.4 guarantees that the sequences in (3.52) are uniformly

integrable on [0, T].

Case (iii). Suppose 1 < p < n — 2. Then, by Lemma 3.5 and inequality (3.50), ' has a

unique zero &, in (0, T) for p+1 <i<n-—1,
0< fnfl,m < £n72,m <--- < fp-%—l,m < Ep,m = T;

(04
>
Tn—-1

"Il fort€ [0, T, 0<j<p—1,m=my
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and inequality (3.55) holds for p < j < n — 2 and m = my. Now applying arguments
from case (i) for 0 < j < p — 1 and from case (ii) for p < j < n — 2, we can verify that
the sequences in (3.52) are uniformly integrable on [0, T].

Summarizing, we have proved that the sequences in (3.48) are uniformly integrable
on [0, T]. O

Main result

Theorem 3.9. Assume that assumptions (3.3) and (3.4) hold. Then there exists a solution
u € AC" 1[0, T] of problem (3.1), (3.2) such that

U >0 on(0,T]ifp=1,0<j<p—1, (3.58)
u? >0 on(0,T). (3.59)

Proof. By Lemma 3.8, for each m € N, m = my = 1/K, there exists a solution u,, €
AC"10,T] of problem (3.47), (3.2) satisfying inequality (3.50), which means that
{4} m=m, is bounded in C"~'[0, T] and the sequence (3.48) is uniformly integrable on
[0, T], which further implies that {u(,;f_l)}mzmo is equicontinuous on [0, T']. Thus, by
the Arzela-Ascoli theorem, we can assume without loss of generality that {u,,} mom, 1s
convergent in C"~1[0, T] to a function u € C"~'[0, T].

We now prove that the function 4!/ has at most a finite number of zeros on [0, T
for0 < j <n—2.Thenu € AC"'[0, T] and u is a solution of problem (3.1), (3.2) by
Theorem 1.9 since the function f in (3.1) has no singularity in its last space variable. Let
p =n— 1. Then (3.53) is true and letting m — oo in (3.53) we obtain

[04
Tn-1

ud(t) = "Il te [0, T, 0<j<n-2 (3.60)

From this inequality and from condition (3.2), we see that 0 is the unique zero of u"/) for
0 <j<mn—-2 Letp =0.Then (3.56) holds for 0 < j < n—2 and m = my, where
¢j is given in (3.57) and &, denotes the unique zero of u) in 0, T) (0 <i<n-1).
The localization of &;,, is given in (3.54). Passing if necessary to subsequences, we can
assume that {; ;} = m, is convergent; let lim— &, = &,0 < i < n — 1. Letting m — oo,
inequality (3.56) yields

‘ ¢l for0 <t <&,
luD(t)] = { / g < j<n-—2. (3.61)

Cj|fj—t| fOl’fjHSl’ST,

Condition (3.2) and inequality (3.61) show that u/) has at most two zeros in [0, T] for
0 < j <n—2. Finally, let | < p < n — 2. In this case, we can show that the inequality
in (3.60) holds for t € [0,T] and 0 < j < p — 1 and that in (3.61) for t € [0,T] and
p < j < n— 2. Therefore, u/) has at most two zeros in [0,T] for 0 < j < n — 2.
Summarizing, we have proved that in all the above cases, 1)) has at most two zeros in
[0,T]for0<j<mn-2.
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Finally, it follows from Lemma 3.2 that u® >0o0n (0,T) and if p > 0, then from the
inequalities in (3.60) for t € [0, T] and 0 < j < p — 1, we conclude that u/) > 0 on (0, T]
for these j. O

Example 3.10. Let y,8,B; € (0,1),0 < aj < 1/(n— j —1),and let a; € L, [0, T] and let
bi € L,[0, T] be nonnegative for 0 < j < n—2,0 <i < n— 1. Then, by Theorem 3.9, the
differential equation

(n)_ e*” +niz a](t) +nilb(t)| (1)|ﬁ,
B TG L PO R

has a solution u € AC"" [0, T] satisfying the boundary conditions (3.2) and inequalities
(3.58), (3.59).

Bibliographical notes

Theorem 3.9 was adapted from Agarwal, O’'Regan, Rachtinkova, and Stanék [16].
Singular (n, p) problems were considered by Agarwal and O’Regan in [9, 10] and

Agarwal, O’Regan, and Lakshmikantham [15]. In [9, 10], the existence of two positive

solutions in the set C"~1[0, 1] n C"(0, 1) was proved for the differential equation

u™ + o(t) f(t,u) =0,

where ¢ € C°(0,1) N Ly[0,1] and f € C°([0, 1] X (0, o)) are positive. The paper [15]
dealt with the differential equation

U™ +o(t) f(tu,...,uP~t) =0,

where ¢ € C°0,1) N Li[0,1] and f € C°([0, T] X (0, 00)?) are positive. By a combi-
nation of regularization and sequential techniques with a nonlinear alternative of Leray-
Schauder type, the authors proved the existence of a solution u € C*~'[0,1] n C*(0,1)
with u? >0o0n (0,T]for0 < j < p—1.






Conjugateproblem

Let p be a positive integer, 1 < p < n — 1. Consider the (p,n — p) conjugate problem

(-DPu™ = f(t,u,...,u"V), (4.1)

u0)=0, 0<i<n-p-1, u(T)=0, 0<j<p-—1, (4.2)

wheren = 3, f € Car([0, T]xD), D C R", and f may be singular at the value 0 of any of
its space variables. Replacing t by T — t if necessary, we may assume that p—1 <n—p—1,
that is,

pe {1,...,%} fornevenand p € {1,...,%1} for n odd. (4.3)

We observe that the larger p is chosen, the more complicated structure of the set of all
singular points of any solution to problem (4.1), (4.2) and its derivatives is obtained.
This fact will be shown in Lemmas 4.1 and 4.2. We note that if f is positive then all
solutions of problem (4.1), (4.2) have singular points of type I at f = 0 and t = T and
also singular points of type II. Problem (4.1), (4.2) with p = 1 is the (n,0) problem which
was considered in Chapter 3 devoted to the (n, p) problem. We assume that n > 3 since
problem (4.1), (4.2) for n = 2 is the Dirichlet problem discussed in Chapter 7.

We will use the following assumptions:

feCar([0,T] x D), whereD = (0,00)x (R {0})"_1 and
there exists ¢ > 0 such that
¢ < f(t,%05.->Xn-1)

fora.e. t € [0,T] and all (xo,...,x,_1) € D;
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h € Car([0, T] x [0, o)) is positive and nondecreasing in its second variable and

n_
1T 1 T ! ifT #1,
limsup — | “h(tz)dt < 2, K= T-1 (4.5)
ze 20 n ifT =1;
w; : (0,00) — (0, c0) is nonincreasing and
1 ‘ (4.6)
J wj(s"V)ds< oo for0<j<n-1
0

the inequality

f(t %05+ Xn-1) < h(t,z |xj|> + iwj(|xj|)
J j=0

i=0
holds for a.e. t € [0, T] and all (xo,...,x,-1) € D,
where / and w; satisfy (4.5) and (4.6).

Localization analysis of zeros to solutions

Let f satisfy assumption (4.4), that is, f may be singular at the value 0 of any of its space
variablesand f = ¢ > 0 on [0, T] X D. Then all singular points of any solution of problem
(4.1), (4.2) and its derivatives coincide with zeros of this solution and its derivatives. The
localization analysis of zeros of solutions to problem (4.1), (4.2) and their derivatives up
to order n—1 can be studied by localization analysis of zeros of solutions to the differential
inequality

(=) u™(t) = ¢ >0 (4.8)
satisfying the boundary conditions (4.2). Define

B = {uc AC" [0, T] : u satisfies (4.2) and (4.8) holds for a.e. t € [0, T]}.

Lemma 4.1. Letu € B and let p = 1. Then u > 0 on (0, T) and u'?) has precisely one zero
on(0,T),l<j<n-1

Proof. The assertion follows immediately from Lemmas 3.2 and 3.4. O

Lemma 4.2. Letu € B, p > 2, and let (4.3) hold. Then

(i) u>00n(0,T),

(ii) u® has precisely k zeros in (0, T) fork =1,...,p — 1,
(iii) u® has precisely p zerosin (0, T) fork = p,...,n— p,
(iv) u"=® has precisely k zeros in (0, T) fork =1,...,p — 1.
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Proof. The proof is divided into three steps.

Step 1. Lower bounds for zeros.

By (4.2), we see that u’ has at least one zero til) in (0, T). Hence u'(0) = u’(tgl)) =
u'(T) = 0, which implies that #’" has at least two zeros tiz), tf) in (0,7T), tiz) < tgz), and
consequently (if p = 3)

u'’(0) = u”(tiz)) = u”(téz)) =u"(T) = 0.

By induction, we conclude that u®), k = 3,..., p — 1, has at least k zeros 9 t,(ck) in
0,T),0 <t < - .. < #¥ < T and, by (4.2) and (4.3),
u®(0) = u® (#F) = . .. = u(k)(t,((k)) =uf(T)=0, k=3,...,p— L

Therefore, u?) has at least p zeros in (0, T'). Now we will distinguish two cases.
Case (a). Let p <n/2. Then p < n— p — 1 and, by (4.2),

u0)=0, j=p,....,n—p—1
Therefore, u® has at least pzerosin (0,T) fork=p+1,...,n—p.

Case (b). Let p = n/2 (clearly n is even in this case). Then p = n — p and u"~#) has at
least p zeros in (0, T).

We have shown that in both cases, u"?) has at least p zeros in (0, T). Since for u"=%),
k=1,...,p — 1, we cannot use (4.2) any more, we deduce that u"=%) has at least k zeros
in (0,T) fork = 1,..., p — 1. In particular, u"~" has at least one zero in (0, T).

Step 2. Exact number of zeros.

By inequality (4.8), u*~ Y is strictly monotonous on [0, T] and hence it has precisely
one zero in (0, T). Therefore, by step 1, u"=k) has precisely k zeros in (0, T) for2 < k <
p—1and u® has precisely p zeros in (0, T) for p < k < n— p. Similarly, u®) has precisely
k zeros in (0, T) for 1 < k < p — 1 and u has no zero in (0, T'). We have proved that the
statements (ii)—(iv) are true.

Step 3. Positivity of u.

Denote by ) the first zero of u® in (0, T), 1 < k < n — 1. Inequality (4.8) implies
that (=1)?uD < 0 on [0,£"") and hence (—1)?u"=? > 0 on [0, £" ). Therefore,
(=1)PHiy"=i) > 0 on [0, t%nij)) for j = 3,...,p. In particular, we have u"?) > 0 on
[0, t;nip)), wherefore, by virtue of (4.2), we obtain u®) > 00n (0,£”),1 <k <n-— -1,
and consequently u > 0 on (0, T'). O

Our next result provides estimates from below of the absolute value of functions
u € B and their derivatives up to order n — 1 on the interval [0, T]. These estimates are
necessary for applying Theorem 1.9 to problem (4.1), (4.2) with f satisfying assumption
(4.4).
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Lemma 4.3. Let u € 8B and let (4.3) hold. Then for eachi € {1,...,n— 1}, there are p; + 1
disjoint intervals (ak, ars1), 0 < k < pj;, pi < (n — 1) p such that

pi
U [aka ak+l] = [0) T] (49)
k=0

and for each k € {0,..., pi}, one of the inequalities
|u"=0(t)| = :C'(t - ak)i fort € [ak, ak+1], (4.10)
[u"=D(t)| = ITC'(ak+1 — t)i for t € [ak, ax+1], (4.11)
is satisfied.

Proof. Let t;j) be zeros of u) in (0,T), 1 < j < n—1,described in Lemmas 4.1 and 4.2.
Integrating inequality (4.8) yields

(=P D () = C(t?H) -~ t) fort € [0, t§”’”],

(4.12)
-DPu'" V()= clt -1t orte |ty ,T|.
(0P V@) = e(t-4"Y) foree [V, 1]
Now, integrating the first inequality in (4.12) from ¢ € [0, ti"‘”) to tin_z) gives
P20y = [ = o) - (0 = )] = € ()’
u =5\ 1 1 = \h
Hence, we get by such procedure that
P (p) s (1D _ ) (n-2)
(—1)Pu (t)ZZ!(tl t) forte [O,t1 ]
2
(—1)P* = (f) > %(t— H) forte [tY‘ 2),t§”’”],
o (n-1)_(n-2) (13)
_1)p*1,(n=2) b (fn=2) n-1) ,(n-2
(P2 () = (4 t)” forte 4,47,
- ¢ (n-2))? 2)
(=1)Pum=2(t) > i(t— B) forte [tgn ,T].

Let us choose i € {1,...,n — 1} and take all different zeros of functions u™V, ... u®=)

which are in (0, T'). By Lemmas 4.1 and 4.2, there is a finite number p; < (n—1)p of these

zeros. Let us put them in the natural order and denote them by ay,...,ap,. Set ap = 0,

ap+1 = T. Thus, we get p; + 1 disjoint intervals (ax, ax+1), 0 < k < p;, satistying (4.9).
Ifi = 1, then for a; = tin_l) and a, = T, we get by (4.12) that

|u(n71)(t)| >c(ay—t) forte [ag,all,

| u" V()| = c(t—ay) fort e [ay,a].
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If i = 2, we put tﬁ”‘” = ai, t%”_l)
(4.13) gives (4.10) or (4.11).
If i > 2 and we integrate the inequalities in (4.13) (i — 2) times, we get that on each
[ak, ak1], k € {0,..., pi}, either (4.10) or (4.11) has to be fulfilled. O

= ay, tgn_z) = as, T = ay, and then inequality

Existence result

In order to prove the main result (Theorem 4.7), we will need the following three lemmas.

Lemma 4.4. Let conditions (4.3) and (4.6) hold. Then there exist constants A; > 0,0 < i <
n — 1, such that for each u € B, the estimates

T
J wi(|u()])dt <A;, 0<i<n-1, (4.14)
0

are satisfied.
Proof. Letu € B andleti € {0,...,n — 1}. By Lemma 4.3, there exist p; + 1 disjoint

intervals (ag, ak+1), 0 < k < p;, pi < (n — 1)p, such that (4.9) and either (4.10) or (4.11)
are satisfied. Since w; is nonincreasing, inequalities (4.10) and (4.11) give

T pi k1
J (| (8] )dt = ZJ w0 ( |6 (6)] ) dt
0 k=0 %

| e I N =

k=0

1/(n—i

If we put¢; = (¢/(n — 1)) ), we have

T . T _ T
J wi([u?(1)])dt < @ J wi(s"")ds < m J wi(s") ds.
o 0 Ci 0

Ci

Hence inequality (4.14) holds with

_ 1 C,‘T i
A = n(n—1) J w;(s"")ds
Ci 0
and, by assumption (4.6), A; < 0 for0 <i<n— 1. O

Lemma 4.5. Let conditions (4.3) and (4.6) hold and let {u,,} C B. Thenfor0 <i<n-1,
the sequence {w;(]| u(rﬁ,)(t) 1)} is uniformly integrable on [0, T].

Proof. Leti € {0,...,n — 1}. Then, by Lemma 4.3, there exist p,,; + 1 disjoint intervals
(@mks Amk+1)>0 < k < Py pmi < (n — 1)p, such that

Pm,[

U [am,k)am,kJrl] = [Oa T])
k=0
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and for each k € {0,..., pp,i} and m € N, one of the inequalities

|ul(t)| = (t—amp)"" fort € [amp ampr1 ]

c
(n—1)!

[ud(t)] = (@mpr1 — 1) fort € [amp Amps1],

(n—1)!

is satisfied. Now the uniform integrability of {wi(lu%)(t)l)} on [0,T] follows from
Criterion A.3. O

Lemma 4.6. Let conditions (4.3), (4.5), and (4.6) hold. Then there exists a positive constant
S = n such that for each u € 8B satisfying

n—1 n—1
(—1)Pu(t) < h(t,n+ > |u(f)(t)|> + > [wi([uP(@®)]) + w;(1)] (4.15)

j=0 j=0
fora.e. t € [0, T], the estimate

llullcnt < S (4.16)
holds.

Proof. Let u € B. By Lemmas 4.1 and 4.2 and by condition (4.2), we find t; € (0,T)
such that ul/)(t;) = 0 for 0 < j < n — 2. Put

max { |u" V()| :0<t<T} =p.
Then —p < u"~V(t) < pfort € [0, T]. Integrate this inequality from t,,_; to t € (t,-, T
and from t € [0,t,-) to t,—5. We get —pT < u""2)(t) < pT on [0, T]. Similarly, using
ul)(t;) = 0 for 0 < j < n — 2 and repeating the integration, we obtain step by step
[ u(t)| <pT™ 7', te[0,T],0<j<n-3
Hence

lullcr < pK, (4.17)

where K is taken from condition (4.5). Now, integrating inequality (4.15) over [0, f,_;]
and [t,_1, T] and using the fact that t,_; € (0, T) is the unique zero of 4"~V by Lemmas
4.1 and 4.2 (and therefore, (—1)?u"~Y < 0 on [0, t,—;) and (—=1)?u"Y > 0 on (t,_1, T]
due to (4.8)), we get

el n—1 n—1 o1
0<(—1)P“u("_1)(t)sr h(s,n+ > |u(j)(s)|)ds+zr [w; (|uP(s)]) +w;(1)]ds
t iz PRy
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fort € [0,t,_1] and

0<(—1)Pu("*1)(t)sjlf (s,n+z | ud(s) )ds+ZJ i(|uD(s)]) + w;(1)]ds
tp1

for t € [t,—1, T]. Hence, by (4.5) and (4.17),

n—1

[u"=D(t) | J h(t,n+ pK UT (|u? ;
< p )dt+z wi(|u(t)|)dt + Tw;(1)
0

for t € [0, T]. Further, by Lemma 4.4, we can find positive constants A;, 0 < j < n —1,
independent of u and satisfying inequality (4.14). Therefore, if we put

Z [Aj+ Tw;(1)],

we have
T
psj h(t,n + pK)di + A, (4.18)
0

Since, by condition (4.5), limsup,_ , 1/z JOT h(t,z)dt < 1/K, there exists a positive con-
stant S > 7 such that

T
J htn+Ko)dt+A<z ifz>S (4.19)
0

Inequalities (4.18) and (4.19) give p < S, which shows that (4.16) is true. O

Theorem 4.7. Let conditions (4.3)—(4.7) hold. Then problem (4.1), (4.2) has a solution
ue AC" 10, T] andu >0 on (0,T).

Proof

Step 1. Construction of auxiliary regular problems.
Let S be the constant from Lemma 4.6 satisfying inequality (4.16). Set

o(x) =
S for |x| > S, Sx for |x| > S.

|x| for|x| <, x for [x| < S,
op(x) =
| x|
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Choose m € N and first define an auxiliary function h,, € Car([0, T] X R""!) by the
following recurrent formulas:

. 1
f(tx0,x15..5x0-1)  ifxg > —,

3

hm,O(t7x07x1)--->xn—l) =

1 . 1
flt =%, %021 if xg < —,
m m

Foni(ts %05+« 25 Xis o oo s Xn1)

. 1
hm,,’_l(t,Xo,...,X,‘,...,xn_l) 1f|x,-| > a,

m

1 1
N hm,i—l t)xO)--->xi—1171xi+17---)xn—1 xi"'a
2 m

1 1
_hm,ifl t)-x())---)xifl)_i)xi+l)---)xn71 Xi— —
m m

1
if|x,~| < —
m

forl <i<n-1and
P (£, %05+ s %n—1) = M1 (£, X0+ s Xn—1).
Finally, for a.e. t € [0, T] and all (xo,...,x,-1) € R", put
S (%0, %15+ Xn-1) = b (£, 00(x0), 0 (x1), ..., 0 (x4-1)). (4.20)
Then f,, € Car([0, T] x R") for m € N and, by (4.4) and (4.20),
€= fn(t,%05 s Xn-1) < gm(t) (4.21)

for a.e. t € [0,7T] and all (x0,x1,...,%,-1) € R", where g, € L,[0, T]. Further, for
(x05X15...,%n—1) € R" and m € N, we have

max{oo(xo),%} < |x0| +1,
wo<max {GO(XO)’%D < wo(|x0]) + wo(S) < wo(|xo]) + wo(1)
and similarly
max{a(x,-),%} < |xi| +1,

wi(max {a(x,-),%}) <wi(|x])+wi(1), 1<i<n-1

Therefore, by assumption (4.7), for each m € N, we have

n—1 n—1
fm(t)xO)---’xn—l) = h(t,n‘f‘ Z |Xj|> + Z [wj(|xj|) +wj(1)] (4.22)
j j=0

j=0

fora.e. t € [0, T] and all (xg,x1,...,%,—1) € R™.
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Consider the regular differential equation
(=DPu'™ = fou(t, X0, .., Xn-1). (4.23)

Since the homogeneous problem (—1)Pu(™ = 0, (4.2) has only the trivial solution and f,,
satisfies inequality (4.21), the Fredholm-type existence theorem guarantees that for each
m € N, there exists a solution u,, € AC""'[0, T] of problem (4.23), (4.2). Then it follows
from inequalities (4.21) and (4.22) that for each m € N, u,, € B and inequality (4.15)
hold with u = u,,. Hence Lemma 4.6 shows that

[lum||con <S8, meN, (4.24)

and, by Lemma 4.3, for each i € {1,...,n — 1}, there exist p,,; + 1 disjoint intervals
(k> Ami+1)> 0 < Kk < Py pmi < (n— 1) p such that

Pm,i

U [am,k>am,k+l] = [0) T])
k=0

and for each k € {0,..., py,i} and m € N, one of the inequalities

—1 C i
|u£;l l)(t) | > 7([’ — am’k)l fort € [am,ky am,k+1]>

~

|ul ()] =+ (ampsr — 1) for t € [amps Amps1 >

is satisfied.

Step 2. Uniform integrability.
Consider the sequence

{fon (s um(8), ..., ul27V (1))} € Ly[0, T (4.25)
Inequalities (4.21) and (4.22) show that

0< frultytm(t),...,u" V(1))

n—1 . -
sh(t,n+z |u%)(t ) Z w;j |u |)+wj(1)]

j=0 j=0
form € Nanda.e. t € [0, T]. Since h € Car([0, T] X [0, o)) and u,, satisfies (4.24), there
exists h* € L]0, T] such that

n—1 .
h(t,n+ S |u£,4>(t)|> < h*(t) forae.te [0,T] andallm € N.
i=0

Hence, in order to prove that (4.25) is uniformly integrable on [0, T], it suffices to show
that the sequences

{w;(luf O}, j=0,...,n—1,

are uniformly integrable on [0, T']. Since {u,} C B, this fact follows from Lemma 4.5.
We have proved that (4.25) is uniformly integrable on [0, T].
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Step 3. Existence of a solution of problem (4.1), (4.2).

Consider the sequence {u,,}, where u,, is a solution of problem (4.23), (4.2). We
know that (4.24) holds and since (4.25) is uniformly integrable on [0, T], the sequence
{ugff 71)} is equicontinuous on [0, T]. Hence, by the Arzela-Ascoli theorem, there exist
u € C"'[0, T] and a subsequence {u;,,} C {u,} such that

lim ||u;, — u||cs = 0.
tim [l — ol
Letting m — oo and working with subsequences if necessary, we get

lim p,i=pi, pisn-1p, l<i<n-1,
m— oo

lim aj,  =ar, 0<k<=<p;
m— o0

where 0 = gy < a; < -+ < ap, < T. In addition, (4.9) and either (4.10) or (4.11)
hold. Hence u?, 0 < i < n — 1, has a finite number of zeros. Therefore, by Theorem 1.9,
u € AC"'[0, T] and u is a solution of problem (4.1), (4.2). From assumption (4.4) and
Lemmas 4.1 and 4.2, we get u > 0 on (0, T). O

Example 4.8. Let p be a positive integer, 1 < p < n— 1. Consider the differential equation

n—1 .
(—=1)Pulm = ui +ub 4+ (“f(t) +b(t)|u |ﬁf'>, (4.26)

j=1 |“(J) |aj

where aj € L[0,T],b; € L1[0, T] are nonnegative, a; € (0,1/(n — j)) and 3; € (0,1)
for 0 < j < n — 1. Applying Theorem 4.7, problem (4.26), (4.2) has a solution u €
AC" 1[0, T] and u >0 on (0, T).

Bibliographical notes

Theorem 4.7 was adapted from Rachtnkovéd and Stanék [162, 164]. Singular (p,n — p)
conjugate problems were discussed by Agarwal and O’Regan in [6, 10] and by Eloe and
Henderson in [82] (here with p = 1) and [83] for differential equations of the type

(=1)"Pul = f(t,u),

where f € C°((0,1) X (0, )) is positive and f may be singular at u = 0. Here positive
solutions on (0, 1) belong to the class C"~'[0, T] N C*(0, 1). The paper [10] discussed
also the existence of two positive solutions. Existence results in [10, 82, 83] are proved
by fixed-point theorems on cones, whereas those in [6] by a combination of a sequential
technique and a nonlinear alternative of Leray-Schauder type.
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We are now concerned with the Sturm-Liouville problem for the differential equation

—u = f(tu,...,u" ")
with the boundary conditions

u0)=0, 0<j<n-3,
au™2(0) — ﬁu(”_l)(O) =0,

yu(”_z)(T) +8u"(T) =0,

wheren = 3, &,y >0, 3,6 = 0. Here

f e Car([0,T] x D), D = (0,00)" 1 x (R\ {0}).

(5.1)

Notice that the function f may be singular at the value 0 of any of its space variables. If f
is positive, the solutions of problem (5.1), (5.2) have singular points of type I at the end

points of the interval [0, T] and also singular points of type IL.
We will impose the following conditions on the function f in (5.1):

f € Car ([0, T] x D), where D = (0,00)" ! x (R\ {0})
and there exist positive constants a and r such that
at” < f(t,x05...>Xn-1)

fora.e. t € [0, T] and each (xo,...,x,_1) € D;

h € Car ([0, T] x [0, %)) is positive and nondecreasing
in the second variable and

T
limsup% h(t, Vv)dt < 1,
0

V=00

here V B T e 0<j 2
= = - 0 <i<mn- .
where I’l(‘x+ )max{(n_j_z)!. =]=n },
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the inequality

f(t,xo,...,xn,l) < h(t,z_: |Xj|> + iwj(|xj|)
=0 =0

holds for a.e. t € [0, T] and each (xo,...,%,-1) € D, (5.5)

where w; : (0,00) — (0, c0) are nonincreasing, 0 < j <n— 1, and

1 1
J Wyt (FHY)dt < oo, J w; (" dt <0, 0<j<n-—2
0 0

the inequality

(%05 > Xn1) sh(t, i | x; |) +i w;i(|xj ) +q(Hwn— (| x4-2 )

=0 =0
j#Fn-2
holds for a.e. t € [0, T] and each (xo,...,x,-1) € D,
5.6
where g € L [0, T] is nonnegative, w; : (0, 00) — (0, o) (5.6)
are nonincreasing, 0 < j < n — 1, and
1 1
J W1 (1) dt < o0, J wi(t" T2 dt <00, 0<j<n-3.
0 0
Green function and a priori estimates
We denote by G(t,s) the Green function of the problem
-u’ =0, (5.7)
au(0) — pu’(0) =0, yu(T)+du'(T) =0, (5.8)

where a,y >0 and 3,8 = 0. Then (see, e.g., Agarwal [1])

é(ﬂ+o¢5)(8+y(T—t)) for0<s<t<T,
G(t,s) = ) (5.9)
3(ﬁ+0¢t)(5+y(T—s)) for0<t<s=<T,

where d = ayT + ad + By > 0. We will discuss two cases, namely, min{f, 8} = 0, that
is, at least one of the constants 5 and § equals zero, and min{f, §} > 0, that is, both the
constants ff and § are positive.

Let us choose positive constants a and r and define a set

A(r,a) = {u € AC* 1[0, T] : u fulfils (5.2) and (5.10)},
where

—u"(t) > at” forae. t e [0,T)]. (5.10)
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Lemma 5.1. Let min{f,8} = 0. Let u € A(r,a) and set

()

Then u=1 s decreasing on [0, T,

> a _ a\r+l .
g [P e,
- -0 ifte (T,

where & € (0, T) is the unique zero of u*=Y,

At 1ft c |:0;I:|)
(n-2) 2
u () = T
AT—1) ifte (E,T],
ud(t) = #t”‘j” fort €[0,T],0<j<n-3.
4n—j—1)!

Proof. From (5.9), (5.10), and the equality

U2 (p) = JG(ts " (s)ds, t € [0,T],

it follows that

T T
um=2(0) = —g J (8 +p(T - s5))u™(s)ds = a{STy L (T —s)s"ds =0,

T
U (T) = /3 +as)u™ (s)ds > aad J s™ds > 0,
d d Jo
U= (0) = — " 9G(1,9) " (s)ds
=0
a (T
=2 @ p(T - ) u (s
dJo
T
> wj (T —s)s"ds >0,
d
(n=1)(T) = J 9G(t, S) u™(s)ds
=T

= % JT([J’ + as)u™ (s)ds
0

T
—% L stds < 0.
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(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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Since u("~V is decreasing on [0, T] by inequality (5.10) and
u"v0) >0,  u"(T) <0,

we see that 4"~V has a unique zero & € (0, T). Then

3 3
_y(n=1) = () _ r - _ a r+1 _ 4r+l
u" (1) L u™(s)ds < aL s'ds . (& 1)

for t € [0,¢&]. Hence,

a

(n—1)
u t) >
®) r+1

(f - t)rJrl) te [0>£]:

because of ™1 —¢*1 > (£—¢1)™*! for t € [0, £]. Similarly, using the inequality 1 — &1 >
(t— &)L, we get

t
uD(t) = L u™ (s)ds

t
—aJ s"ds
&

a
— _m(tr+l _ £r+1)

IA

(t-&* fort e (§T).

r+1

We have proved that inequality (5.12) holds.
We now verify inequality (5.13). From (5.15) and (5.16) and from the assumption
min{B,d} = 0, it follows that

min {u"=2(0), u"2(T)} = 0.

Moreover, by inequality (5.10), u"=?) is concave on [0, T] and consequently to prove
(5.13), it suffices to show that

T T
=2 ) = A=, 5.18
" (2) 2 (5.18)
Due to inequality (5.12), we have

t
u"D(t) = 42 (0) +J UV (s)ds
0

~

> 4 J (& —s)*ds

T r+1Jo

a

— m(é’ﬂd _ (f _ t)r+2)

> a tr+2
T (r+1D)(r+2)
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for t € [0,&], since &2 — (& — )™ > ¢"*2 holds in such a case. Similarly, by (5.12), we
obtain

Dty = 42 (T) - J U (s)ds

t

T

a (5_ %‘)rﬂ ds

r+1J;
= ey (@O - o)
> e T
fort € (&, T],since (T —&)*2 —(t—&)™*2 > (T —t)"*2 holds in such a case. Summarizing,
we have

(n=2) > a r+ :
u Z(t)_i(r+l)(r+2)t 2 ifte|0,é], (5.19)

a r+ .
m(T—t) 2 ifte (& T). (5.20)

u" 2 (t) =
We know that max{u"2(t) : t € [0,T]} = u""2(£). Consequently, if £ > T/2, then
(5.11) and (5.19) yield (5.18) and if £ < T/2 then (5.18) follows from (5.11) and (5.20).
It remains to prove inequality (5.14). Using (5.13) and u("~%)(0) = 0, we obtain

t

W0 = |

t
u" 2 (s)ds = AJ sds = ét2 fort € [0, I]
0 0 2 2

In particular, u"=3(T/2) > (A/2)(T/2)?. Since u"~?) is increasing and (¢/2)? < (T/2)?,
we conclude that the inequality u"=(T/2) < u"=3)(¢) holds on [T/2, T], and

2
U3 = A ! fort e [g,T].

42!

Consequently,

t2

(n=3)
u (t) = A4 0

fort € [0, T].
Now, using the equalities
. t .
u(t) = J Wi (s)ds fort e [0,T), 0<j<n—4,
0

we can verify that inequalities (5.14) are satisfied. O
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Lemma 5.2. Let min{f,8} > 0. Let u € A(r,a) and set

T T
B = gmin {ﬁyj (T —s)s" ds, océj s ds} > 0. (5.21)
0 0

Then u"=V is decreasing on [0, T], u"~V satisfies inequality (5.12), where & € (0, T) is its
unique zero,

u"d(t)y=B forte[0,T], (5.22)
A B A
() P2 4n—j-2 ; _
u(t) = (n—j—Z)It fort € [0,T],0<j<n-3. (5.23)

Proof. The properties of u"~1 follow immediately from Lemma 5.1 and its proof. Next,
by relations (5.15) and (5.16),

T
u(n—Z)(O) > %;V J (T —s)s"ds = B,
0
(5.24)
u=(T) > ? JT{“ ds > B.
0

Since u"~2) is concave on [0, T], inequalities (5.24) show that (5.22) is true. Now (5.22)
and the equalities u(/)(0) = 0,0 < j < n — 3, imply that inequality (5.23) holds. O

Lemma 5.3. Let min{f, 8} = 0 and let h and wj, 0 < j < n — 1, have the properties given

in conditions (5.4) and (5.5). Then there exists a positive constant Sy such that for each
u € A(r,a) satisfying that

n—1 n—1
—u"(t) < h(t,n +> |u(j)(t)|> + O [w;([uP()]) + w;(1)] (5.25)

i=0 i=0
fora.e. t € [0, T], the estimates
|uP||, < Sy for0<j<n-—1 (5.26)
are valid.
Proof. Let u € A(r,a) satisfy inequality (5.25) for a.e. t € [0, T]. By Lemma 5.1, u"~!

has a unique zero & € (0,T), and u satisfies inequalities (5.12)—(5.14) with A given in
(5.11). From

L2 (0) = guww(m >0,
it follows that

t
20| = Buom00) ¢ [ w00 1ds < (£ ) jutn
o 0 o
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for t € [0, T]. Thus,
a2l = (B ) uny, .27

and then the equalities

u(j)(t)zmj(t—s)” Iy (9)ds, te[0,T],0<j<n-3
give
. Tn—j—z Tn—j—2 /3
() T ym2) s (n—1)
L e TL Al R e () [l
that is,
||, < %Hu("_l)ﬂm, 0<j<n-3 (5.28)

where V is given in condition (5.4). Now inequality (5.25) yields

t
un=V(t)| = ‘ J; u™ (s)ds
T

n—1
SJ [h(s,nJrZ | (s)]| ) Z w; ([uP(9)]) +w;(1 )]]ds
0 j:O

SJT[h<sm+V||u<"l>|| Zw, |l +wf<”]]d5’
0

for t € [0, T], that is,

T n—1
|u=D(1)| < L [h(s,n+V||u(”1)||w)+Z [wj(|u(j)(s)|)+wj(1)]]d5 for t€ [0, T.
i=0
(5.29)
Set
@ Cwia A L
K=o 7= "Nam—jopr 0=/=n7?
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Since (see inequalities (5.12)—(5.14))

K@Wﬂw*WwwﬁsKw4@jﬁa4wﬁm+ﬁw4(“ﬁpfwjm

r+
1 K& K(T-§)
_ *“ w,,,l(tr+l)dt+j wn,l(tr“)dt]
KLlJo 0
=z JO w1 (£ dt,
(5.30)
T /2 T
J wn_2(|u(”‘2)(t)|)dtsj wn_z(At)dt+J wn2(A(T = 1)) dt
0 0 /2
(5.31)
) (Am2
e L
A Jo :
and (for0 < j <n-—3)
T " ; T A ey 1 (T ey
. < o = _ - (h—j—
L w;([u)(1)]) t—JO w1<4(n_j_l)!t ) t o w;(t )dt,
we deduce from inequality (5.29) that
T
V]|, < f his,n+ V][uD||L)ds + A, (5.32)
0
where
n=3 | T g ) (@n2 p
A= —j w;i(t" 7™ t+—J w2 (t)dt
jgorj 0 ]( ) A 0 2()
(5.33)
2 KT n—1
+ = J W (FTHYdt+ T Z w;(1) < co.
K Jo =
According to our assumption (see condition (5.4)) we have
1 T
limsup — | h(t, Vv)dt < 1,
y—oo V Jo
and therefore there exists a positive constant Sy such that
T
J Bt + V)di+ A < v (5.34)
0

whenever v > S,. Inequalities (5.32) and (5.34) show that [[u"~ V|| < S. Now using
(5.27) and (5.28), we see that inequality (5.26) holds with Sy =S max{1, V/n}. O
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Lemma 5.4. Let min{f, 8} > 0 and let h, q, and w; (0 < j < n — 1) have the properties
given in conditions (5.4) and (5.6). Then there exists a positive constant Sy such that

|u||, <S8, 0<j<n-—1, (5.35)
for each u € A(r,a) satisfying the inequality
n—1 n—1
—u"(t) < h(t,n+ > |u(j)(t)|) + > [wj(|uP(®)]) + wj(1)]
j=0 jizfz (5.36)
+q(t)[waa(|u"2()]) + wy2(1)]  forae te[0,T].

Proof. Letu € A(r,a) satisfy (5.36) fora.e. t € [0, T]. By Lemma 5.2, inequalities (5.12),
(5.22), and (5.23) are true provided & € (0,T) is the unique zero of u"~! and B is
given by (5.21). Since u"~2(0) = (B/a)u""1(0) the same reasoning as in the proof of
Lemma 5.3 shows that inequalities (5.27) and (5.28) hold if V is defined by (5.4). From
inequalities (5.22) and (5.23), we obtain

w2 ([u"2(1)]) < wa2(B), tE€[0,T],

JOT w; (|4 ()] )t < LT w,-(ﬁlmfj—z)dt

m;T
B

mi
for0 < j < n— 3, where mj = "/3/B/(n — j — 2)\. Then (see (5.28), (5.30), and (5.36))

WD (p) | H " (s)ds

n—1
SJO [ (s,n+z |u(1)(5)|> S [ ([u?(s)]) + w;(1)]

j=0
j#n=2

+q(s)[wna(|u2(s)]) + wnz(l)]} ds

T
SJ h(s,n+ V]ju" V|| )ds+ A, forte[0,T],
0

where
3

n-s

Lt ni=2)d B 1
], gl 2B) 0, (0)]

2 KT n—1
t % L W (At + T D wi(1) < o
j=0

j#En=2
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Hence,
T
Dl = [ s VIO )ds s A
0

and using the same procedure as in the proof of Lemma 5.3, we conclude from the as-
sumption limsup,_ ., (1/v) fOT h(s, Vv)ds < 1 that inequality (5.35) is true with a positive
constant S. |

Auxiliary regular problems

For each m € N and any positive constant L define ¢;,», 7. € C°(R) and f1,, € Car([0,
T] x R") by the formulas

1 . 1
— if v < —, )
m m V iflv| <L+1,
1
eLm(V) =qly| if— < <L+1, =711
m ( | |)V if|v] >L+1,
v
L+1 if|v|>L+1,
fL,m(t)xO)---)xn72>xn7])
. 1
f(toLm(x0)s s 0nm(Xn=2), 70 (xX4-1)) if [x,-1] = —

m 1 1
=15 Srm t,xo,---,xn—z,;> Xp-1+ "
1 1 . 1
7fL,m<t)x0)---)xn72)77> (xn—l - 7)] lf |xn7] | < —.
m m m

Then fora.e. t € [0, T] and all (xg,...,x,_1) € R",

n—1

n—1
at" < frm(t, X0, Xn-1) < h(t,n+ > |xj|> + > [wi(]xj]) + w;(1)] (5.37)
j=0

j=0

provided conditions (5.3)—(5.5) hold, and

n—1
at" < frm(t, X0, Xn-1) < h(t,n+ Z |xj|>

j=0
1 (5.38)
+ 2 Lo (fx]) + @]+ q®)[@na(|x)]) +@na(1)]
=0
jin—z
provided conditions (5.3), (5.4), and (5.6) hold.
Consider an auxiliary family of regular differential equations

—u" = £ (.., u"D) (5.39)

dependingon L >0 and m € N.
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Lemma 5.5. Let min{f,8} = 0 and let conditions (5.3)—(5.5) hold. Let Sy be the positive
constant from Lemma 5.3. Then for each m € N, problem (5.39), (5.2) with L = Sy has a
solution u,, € A(r,a) and

|uP|l. <So for0<j<n—1. (5.40)
In addition, the sequence

{fsom (& (8, ulp "D (1))} (5.41)

is uniformly integrable on [0, T'.
Proof. Choose m € N. Put

gm(t) = sup { foom(t: %05 » Xn-1) : (X05...,%p-1) € R"}.

Then

gm(t)=sup {f(t,xo,. s Xp1) : %sxj <So+lfor0<j<n-—2, %s E sSO+1}.
Since f € Car([0, T] x D), we have g,, € L, [0, T]. As the homogeneous problem —u(" =
0, (5.2) has only the trivial solution, the Fredholm-type existence theorem guarantees the
existence of a solution u,, of problem (5.39), (5.2) with L = S,. Besides, inequality (5.37)
with L = §; yields

at’ < ”)()<h(tn+Z|um ) Zw, (|t (6)]) + w;(1)]

j=0 j=0

for a.e. t € [0, T]. Consequently, u,, € A(r,a) and inequality (5.40) is true by Lemmas
5.1 and 5.3. Moreover,

= j_ 1 (fm - t)rﬂ for t € [0,&,],
R OOF B " (5.42)
<—r+1(t—£m) fort € (&,,T],
where &, € (0, T) is the unique zero of uln- ),
At fort e [0,%],
u"=A(t) = T (5.43)
A(T—1t) forte (E,T],
W)= — A i forre[0,T),0<j<n-3 (5.44)

4(n—j—1)!

where A is defined in formula (5.11). Since

0 < fom(t (1), ul V(1)) < h(t,n(1+Sp)) Z w; (lud )| ) +w;(1)]
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fora.e. t € [0,T] and each m € N, and h(t,n(1 + Sp)) € L,[0, T] by (5.4), to prove the
uniform integrability of sequence (5.41) it suffices to show that the sequences

{w;(|u O}, 0<j=n—1,
are uniformly integrable on [0, T]. Let 0 < j < n — 3. Then

A

) () ) n—j—l)
w](|um(t)|)§w1<4(n_j_1)!t , te[0,T], meN,
and it follows from the properties of w; that w;((At"/~1)/(4(n— j —1)!)) € L;[0,T].
Hence, {wj(\u%)(t)l)} is uniformly integrable on [0, T]. Analogously, (5.43) gives

wn (|2 (1)) < wy2(g(t)) for t € [0, T] and m € N, where

At fort e [0,%],

o= AT = 1) forteG,T].

Since w,—2(¢(t)) € L,[0,T], it follows that sequence {wn,z(lu%“z)(t)l)} is uniformly

integrable on [0, T']. Furthermore, the uniform integrability of {wn,l(lu%_l)(t)l)} fol-
lows from Criterion A.4. We have proved that sequence (5.41) is uniformly integrable on
[0, T]. 0

Lemma 5.6. Let min{f3,8} > 0 and let conditions (5.3), (5.4), and (5.6) hold. Let S, be the
positive constant from Lemma 5.4. Then for each m € N, problem (5.39), (5.2) with L = §;
has a solution u,, € A(r,a) and

| |l. <8 for0<j<n—1 (5.45)
In addition, the sequence

{sim (6 tm (8),.., ul ™V (1)) } (5.46)
is uniformly integrable on [0, T].

Proof. Essentially the same reasoning as in the first part of the proof of Lemma 5.5 shows
that for each m € N there exists a solution u,, of problem (5.39), (5.2) with L = S;. The
fact that u,, € A(r,a) and u,, satisfies inequality (5.45) follows from Lemmas 5.2 and 5.4.
It remains to verify that sequence (5.46) is uniformly integrable on [0, T']. Notice that, by
Lemmas 5.2 and 5.4, ult =V satisfies inequality (5.42), where &, € (0, T) is its unique zero
and

u"2(t)= B forte [0,T], (5.47)

B

Py o
un (1) 2

"2 forte[0,T],0<j<n-3, (5.48)
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where B is given in formula (5.21). Hence,

wn2 (U7 (1)) < w,_2(B), te€[0,T], meN, (5.49)

wi(|ud®)]) = w; (ﬁt"ﬂ”), t€(0,T), meN, 0<j<n-3. (550)
By conditions (5.4) and (5.6), we know that the functions h(t, n(1 + 1)), q(t) and w;((B/
(n—j—2))t"772) belong to the set L; [0, T] for 0 < j < n — 3 and that the sequence
{wn_l(lu%‘_l)(t)l)} is uniformly integrable on [0, T'], which was shown in the proof of
Lemma 5.5. Hence, the uniform integrability of the sequence (5.46) follows from (5.49),
(5.50), and from the following inequality (see (5.38))

0 < foom(tstm(®),...,ultV(t)) < h(t,n(1+8S)))
1

=
|

+ 2 lo(] i (0)]) + @; (1] + q(0) [@na (|l 2(8) ) + wa(1)]
JEm
forae.t € [0,T] and all m € N. O

Existence results

Theorem 5.7. Let conditions (5.3)—(5.5) hold and let min{f3,8} = 0. Then problem (5.1),
(5.2) has a solution u € AC" 1[0, T] such that

u" 2 >0 on(0,T), u >0 on(0,T] for0<j<n-3. (5.51)

Proof. By Lemma 5.5, for each m € N, there is a solution u,, € #4(r,a) of problem (5.39),
(5.2) with L = Sp. Lemmas 5.1, 5.3, and 5.5 show that u,, satisfies inequalities (5.40) and
(5.42)—(5.44), where A > 0 is given in (5.11) and sequence (5.41) is uniformly integrable
on [0, T]. Hence, {u,,} is bounded in C"~'[0, T] and {us,'ffl)} is equicontinuous on [0, T'].
Without loss of generality, we can assume that {u,,} is convergent in C"~![0, T] and {&,,}
is convergent in R, where &, € (0, T') denotes the unique zero of u Y Let limy, oo U =
u, lim,, . &, = £€. Then

> f_ [E-or forte [0.€]
TR OOF S (5.52)
< - (-0t forte (&1,
r+1
At fort e [0, g]
u"A(t) = . (5.53)
A(T—1) forte (E,T],
ud(t) = A "7l te[0,T,0<j<n-3. (5.54)

4(n—j—1)!
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Hence, u/) has at most two zeros on [0, T] for 0 < j < n — 1. Applying Theorem 1.9, we
obtain that u € AC""'[0, T], u is a solution of problem (5.1), (5.2), and (see (5.53) and
(5.54)) u"2 >00n (0,T), u’) >00n (0,T] for0 < j < n-— 3. O

Theorem 5.8. Assume (5.3), (5.4), (5.6) and let min{f, §} > 0. Then there exists a solution
u € AC" 1[0, T] of problem (5.1), (5.2) such that

u" 2 >0 onl0,T], uD >0 on(0,T]for0<j<n-—3. (5.55)

Proof. Lemma 5.6 guarantees that for each m € N there exists a solution u,, € A(r,a) of
problem (5.39), (5.2) with L = §;. By Lemmas 5.2, 5.4, and 5.6, u,, satisfies inequalities
(5.42), (5.45), (5.47), and (5.48), where B > 0 is defined in formula (5.21) and sequence
(5.46) is uniformly integrable on [0, T]. Without loss of generality, we can assume that
{un} and {&,,} are convergent in C"~'[0, T] and R, respectively. Here &,, € (0, T) is the
unique zero of u" Y Let us denote u = limyy,— e t, & = limy—.o &,. Then inequalities
(5.52) and

u"2(t)y=B, telo,T], (5.56)
) B )
() P n-j-2 . B
ul(t) > (n—j—2)!t , te[0,T,0<j<n-3, (5.57)

are true. Hence, u'/) has at most one zero in [0, T] for 0 < j < n—1.Thus, by Theorem 1.9,
u € AC" 1[0, T] is a solution of problem (5.1), (5.2). From (5.56) and (5.57), we see that
u"=2 >00n[0,T] and u/) >00n (0,T] for0 < j <n - 3. O

Example 5.9. Consider the differential equation
r 2

—u™ = sin (£> + (
T 0

with the boundary conditions (5.2), where min{f,§} = 0. Theorem 5.7 guarantees that
this problem has a solution u € AC" 1[0, T] satisfying inequality (5.51) provided r €
(0,00),aj € (0,1/(n—j—1))for0<j<n—-2a € (0,1/(r+1)),y € (0,1); and
the functions a; € L [0, T], b; € L,[0, T] are nonnegative for 0 <i < n — 1.

Now consider problem (5.58), (5.2), where min{f,§} > 0. Assume that r € (0, o),
aj€(0,1/(n—j—-2))for0<j<n-3,a,2 € (0,0),a, 1 €(0,1/(r+1)),y €(0,1),
bi € L,[0, T] is nonnegative for 0 < i < n — 1 and finally a,_» € L[0,T], ay,-1,ax €
L« [0, T] are nonnegative for 0 < k < n — 3. Then, by Theorem 5.8, problem (5.58), (5.2)
has a solution satisfying inequality (5.55).

n—

a;(t o et (F B -
(ufj()))aj + b,-(t)(u(”)”> + W by (8) | D |

j=
(5.58)

Bibliographical notes

Theorems 5.7 and 5.8 were adapted from Rachtinkova and Stanék [161]. The singular
Sturm-Liouville problem for the equation

u™ + f(t, uy...,u" ) =0
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is considered in Agarwal and Wong [26], where f € C°((0,1) X (0, 00)""!) is positive.
Here the existence of a solution u € C"~'[0, 1] n C"(0, 1) positive on (0, 1) is proved by a
fixed-point theorem for mappings that are decreasing with respect to a cone in a Banach
space.






Let R_ = (—00,0), Ry = (0,00) and Ry = R\ {0}. We will consider the singular Lidstone
problem
(1) = f(t,u,...,u(zn‘”), (6.1)

u0) =u®(T)=0, 0<j<n-1, (6.2)
where n > 1 and f € Car([0,T] X D) with

Ry xRy XR_XRgX---xRy xRy ifn=2k-1,
4k-2
R+><R0><R,><R0><---><R,><RQ if n =2k
ik

D =

(forn = 1 and 2, we have D = Ry X Rpand D = Ry X Ry X R_ X Ry, resp.). If n = 1,
problem (6.1), (6.2) reduces to the Dirichlet problem. The function f may be singular at
the value 0 of its space variables. If f is positive on [0, T'] X D, the solutions of problem
(6.1), (6.2) have singular points of type I at t = 0 and ¢t = T and also singular points of
type II.

Green functions

Let j € N. In our studies we will essentially use the Green functions Gj(t,s) of the
problems

u () =0, u®(0)=u®(T)=0, 0<i<j-1
Then

(t-T) forO<s<t=<T,
Gi(t,s) = (6.3)

(s—T) forO0<t<s<T.

N e
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If j > 1 we have

T T
Gj(t,S) = J R J Gl(t,Sj_l)Gl(Sj_l,Sj_z) et G1 (51,5)d51 e de_l
0 0

(j—1) times

for (t,s) € [0, T] x [0, T]. Therefore the Green function G;(t,s) can be expressed as

T
Gj(t,s) = JO Gi(t,7)Gj-1(7,5)dT (6.4)

for (t,s) € [0,T] x [0, T]and j > 1 (see Agarwal [1], Agarwal and Wong [25], Wong and
Agarwal [201]). Since G;(¢,s) < 0 for (t,s) € (0, T) x (0, T), we conclude from (6.4) that

(—l)ij(t,s) >0 for(ts) e (0,T)x (0, T). (6.5)
The next lemma gives inequalities for the Green function G;(t,s).

Lemma 6.1. For (t,s) € [0,T] X [0,T] and j € N, the inequality

2j-5

T2
|Gj(t,5)| > 30/-1

st(T — t)(T — s) (6.6)
holds.

Proof. The validity of inequality (6.6) will be proved by induction. Since

%(T—t)z% for0<s<t=<T,
|Gi(t,5)] = T (6.7)
%(Tfs)zw for0<t<s=<T,

estimate (6.6) is true for j = 1. Assume now that (6.6) holds for j = i > 1. Then relations
(6.4)—(6.7) give

1Gin(1,5)] = LT 1G/(6, )| | Gilr,s) | dr
T2i—8 T
> ST = (T - 9) L (T = 1) dr
- T;;_Z.Sst(T — (T - )
for (t,s) € [0, T] x [0, T] and therefore (6.6) is valid for j = i+ 1. O

In the proof of Theorem 6.3 we will need the following result.

Lemma 6.2. Leté € (0, T). Then

> Z(t— £)? fort e [0,T]. (6.8)

‘ J: s(T —s)ds 5
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Proof. Tt suffices to prove inequality (6.8) only for t € [£, T]. Then
2Tt +A4TE - 2(2 +tE+ &%) = 26(T — t) + 26(T — t) + 25(T — &) > 0

and therefore

L@(T - 9ds= LT - 8) - 2(F - )

= O [T(t- &)+ 2Tt +ATE — 2(2 + tE + £%)]

~

Main result

The next result provides sufficient conditions for the existence of a solution of the singular
Lidstone problem.

Theorem 6.3. Let f € Car([0, T] X D) and let there exist a € (0, ) such that
a < f(t,x0,...,%m-1) forae t € [0,T]and each (xo,...,%m-1) € D. (6.9)

Let

Fltxne s ) sh(t, S |xj|) £ w0llx)

j=0 j=0 (6.10)
fora.e. t € [0, T] and each (xo,...,%m-1) € D,

where h € Car([0, T] X [0, o)) is positive and nondecreasing in the second variable, w; :
R, — Ry is nonincreasing, 0 < j < 2n — 1,

LT 2n ifT =1,
limsup — [ h(t,Kv)dt<1 withK = o (6.11)
v—oo YV JO T°" -1 lfT?/:I
T-1 ’
1 1
J Wop—1(s)ds < oo, J wyj(s)ds< oo for0<j<n-—1, (6.12)
0 0
1
J wrjs1(s)ds < o for0<j=<n-—2. (6.13)
0

Then problem (6.1), (6.2) has a solution u € AC**~1[0, T] and

(-1)7u®)(t) >0 forte€ (0,T),0<j<n-—1. (6.14)
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Proof

Step 1. Regularization.
For each m € N, define ym, ¢, Tm € C°(R), and R,, C R by the formulas

v ifv> %, L ifV>—%,
Am(v) = I ] Pm(v) = ]
— ifv<—, % ifv < ——,
m m m
Xm ifn=2k-1, 11
Tm = Rm:R\(——,—).
m’ m

om ifn =2k,
Choose m € N and put
S0 (£ X0, X1, X2, X35« . . s X2n—2, X2n—1) = f(t)Xm(xO)’xl)(Pm(x2))x3)---)Tm(x2n72))x2nfl)

for (t, X0, X1, X2, X35 . . s Xon—2,%2n-1) € [0, T] X RXR,, x RXR,, X - - - x R X R,,,. Define
fm € Car([0, T] x R?") by the formula

S (5 %05 X1, X2, X35 . > X202, X2n—1)
(m 1 1
5 fmo t)XO)%)xbx?n---)x2n—2)x2nfl X1+ m

1 1
— fmo (t,x(),—*>x2>x3,-~-ax2n—2,x2n—1 X|— —
m m

for (¢, %0, X1, X2, X3, . . s Xan—25X2n-1)
1 1
e [0, T] xR X [——,—] XRXR, X - XRXR,,
m m

m
2

1 1
I:fm,0<tax03xla-x2’ .. ax2n—2>-x2n—1) <x3 + *)
m m
1 1
— fmo | > X0, X1, X2, _E)-'-)x2n—27x2n71 X3 — —

m
for (£, %0, X1, X2, X3, . . » Xan—2>X2n-1)

e[0,T]><R3><[—l,l]x---xRme,
m m

m 1 1
? fm,O t)xO)xl)xZw--)xZVle); Xon-1+ ;
1 1
— fmo (f;xo,xlaxzam,XZn—z, —*> (xzn—l - *)]
m m

1 1
for (f,XO,X1,xZ,...,Xanz,infl) e [0, T]XRMAX[ - —, *]
m m
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Then inequalities (6.9) and (6.10) imply that

2n—1 2n-1
asfm(t,xo,...,xm,l) < (t,2n+ Z |Xj|>+ Z [wj(|xj|)+wj(1)] (6.15)
j=0 j=0

fora.e.t € [0, T] and all (xo,...,X2, 1) € R3".
Consider the sequence of approximate regular differential equations

(=D)"u® = f.(tu,...,u?" D), (6.16)

Step 2. Solvability of problem (6.16), (6.2).
We first give a priori bounds for solutions of problem (6.16), (6.2). To this end let
Um € AC?" 1[0, T] be a solution of problem (6.16), (6.2). By inequality (6.15) we have

(=D)"u”(t) =a>0 forae. te[0,T]. (6.17)

Furthermore, by the definitions of the Green functions G;(t,s),i = 1,2,..., n, the equality
(D10 = 0" [ Gy (6,9 (-1 (9)ds (6.18)
0
holds for t € [0,T] and 0 < j < n — 1. From relations (6.5) and (6.17) we see that
(—1)/us’ (1) >0 forte[0,T), 0<j=<n—1. (6.19)

Hence, (—1)ju£,2,j+l) is decreasing on [0, T] for 0 < j < n — 1. Therefore and due to
boundary conditions (6.2) we conclude that u%ﬁl)(fj)m) = 0 holds for a unique &;,, €

(0, T). Moreover, from relations (6.6), (6.17), and (6.18) it follows that
) T2(n-j)-5 T
lum” ()] = a1 {T =) L s(T —s)ds
T2(n-j)-2 '
:aml‘(T—t) fort€[0,T],0<j<n-1

In particular,

2j) T2 .
|Mm (t)| Zamt(’r—ﬂ fort € [O,T], OS] <n-1. (620)
Since
. t . t T
W2 ) = J 12 (5ds, U ST = )ds| = (t = &)’

Jsm Jsm

by Lemma 6.2, we obtain

. (n—j)-3
2j+1) T2

u | z2a—————

|wn™ (1) 36 - 3072

[uZ-V(t)| = alt—& 1| fortel0,T]. (6.22)

(t=&m) forte[0,T,0<j<n-2,  (621)
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By inequality (6.17), we have Iu%”)(t)l >a>0forae.t €[0,T].Put
A =amin{l,A,A,},

where

) T2(n—j)—3 ]
Ay :mln{mZOS]SH—Z},

T2(n-j)-2

A2 = min {W

0<j=<n- 1}.
Then inequalities (6.20)—(6.22) give

|u%n_1)(t)| ZA|t_fn—1,m|;
| @j+1) 2 ) B
um' ()| = A(t—&n)" for0<j<n-2, (6.23)

|u§;§j)(t)| >ANT —t) forO0<j<n-1,

for t € [0, T]. Hence,

T T
j wm_l(|u;3"-“<s>|>dssj 01 (Als = Eni | )ds
0 0

1

1 Agn—l,m A(T_fn—l,m)
=1 L wyn-1(8)ds + 0 JO wzn-1(s)ds

9 (AT
<XL won—1(s)ds,

T , T
Jo wzj+1(|ugj+l)(5) |)ds < Jo wajr1 (A(s — fj,m)z)ds
| (VA5
T VA Lmj,m

W2j+1 (Sz)ds
2 VAT
< ﬁ L w2j+1(52)d5

and using the inequality

% forOﬁtﬁ%,
tT —t) >
(T=D=1 17y T
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we compute
T 2i) T
J;) w2 (|um” (s)])ds < J;) w2 (As(T —5))ds
T2 [ATs r AT(T - s)
<], (%7 Jas | (R )as
AT?/2
= EL wyj(s)ds.

So, we can summarize the above considerations as follows:

T AT
J wan1 (| uZ=V(s)|)ds < —J Wan_1(s)ds, (6.24)
0

T ,
JO w2j+1(|u£y2,”1)(5)|)d5<\/“f wajr1(s s)ds, j=0,1,...,n—2, (6.25)

T o)) AT2/2
J wzj(|um (s)])ds < — wj(s)ds, j=0,1,...,n—1, (6.26)
0 0

From inequalities (6.24)—(6.26) and from (6.15) we obtain

t
U@ (5| = ‘L (s, tm(S), ., u2 D (5))ds

T
< [ s on(s) o060 L

2n—1 2n—1
SI (s 2n+ Z | u (s) )ds+ ZJ w; (|u(s)])d

2n-1

<I <5,2n+ Z |u(J) )d +A

for t € [0, T], where

2n—1

AT 4 AT2/2
= J Wyn—1(s)ds + —= Z J w241 (s 2)ds + E Z J wyj(s)ds + ;) w;j(1)

In particular,

T 2n—1 .
|20 () | <JO h(s,2n+ > |u%)(s)|)ds+A for t € [0, T]. (6.27)
j=0

Notice that A < o due to conditions (6.12) and (6.13). Since

1u|l. < T2 JuD)), 0 < j<2n-2,meN, (6.28)
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which follows immediately from ug,fjﬂ)(fj,m) = 0 and u%j)(o) =0,0<j<n-1,
inequality (6.27) shows that

T 2n—1 .

||u§£"_1)||oo <J h<$,2n+ z ||u%)||m>d5+1\

0 ‘
j=0

(6.29)

T
< J h(s, 2n + K|[u@D|| ) ds + A,
0
where K is given in (6.11). By condition (6.11),

T
lim sup %(J’ h(s,2n+Kv)ds+A) <1
0

V— 00

and therefore there exists a positive constant S such that

JOT h(s,2n+ Kv)ds+ A <v
whenever v > S. Now (6.29) shows that
[|uZr-V]|, <S, meN, (6.30)
and then, by inequality (6.28),
|lud||, < T>"i71S, 0<j<2n—-2, meN. (6.31)

We have proved that there exists a positive constant S such that any solution u,, of prob-
lem (6.16), (6.2) satisfies inequalities (6.30) and (6.31), that is, ||t |lc21 < KS. Set

1 if |x| < KS,
y(x) =12 - Xl ifKS < |x| < 2KS
KS ’

0 if |x| > 2KS$

and let fm € Car([0, T] x R?") be given by

2n—1

fm(t,xo,...,xz,,,l) = y( Z |xj|)[fm(t,xo,...,x2n1) —al+a.

j=0

Clearly, inequality (6.15) is satisfied with fm instead of f,,. Hence, applying the above
procedure we obtain that [|2, || cz-1 < KS for any solution 2, of the differential equations

(—1)"u® = fm (t, 1,..., u?D)

satisfying the boundary conditions (6.2). Therefore Corollary C.6 (with ¢(tf) = a and
with 27 instead of n) guarantees that problem (6.16), (6.2) has a solution u,, € AC**~1[0,
T] and HumHCzM < KS.
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Step 3. Limit processes.

By step 2, we know that for each m € N there exists a solution u,, of problem (6.16),
(6.2) satisfying inequalities (6.23), (6.30), and (6.31). We now show that the sequence
U (um (1), un 1)(l‘))} is uniformly integrable on [0, T']. From inequalities (6.15) and
(6.23) it follows that

a < fu(tm(t),...,u2"=0 (1)

2n—1 2n—1 .
<h(t m+ S |ulf( t)|> + > [w;(|ud ()]) +w;(1)]

j=0 j=0
2n— n—1
< h(t,2n+KS) + Z (1) + D wy (AH(T — 1))
=0 j=0
+ Zw21+1 Ejm) )+w2n—1(A|t_En—1,m|)

for a.e. t € [0, T], where &; ,, is the unique zero ofumj 1) ,0<j<n-1,me N Wehave

h(t,2n + KS) € L;[0, T] and also w,;(At(T — t)) € L,[0,T] by (6.12). Hence, to prove
that { fin (tn(1),. ..,urfn 1)( £))} is uniformly integrable on [0, T], it suffices to show that
the sequences

{w (At =Em)) s Ao (Alt=&im])}, 0<j<sn-2,

are uniformly integrable on [0, T]. Due to conditions (6.12) and (6.13), this fact follows
from Criterion A.4. The uniform integrability of the sequence { f,, (4, (), . .. w2 (t))}
yields that {u" VY s equicontinuous on [0, T] and consequently, by the Arzela-Ascoh
theorem and the Bolzano-Weierstrass theorem, we can assume without loss of generality
that {u,,} is convergent in C**~1[0, T] and {fj,m} is convergent in R for 0 < j < n — L.
Let im0 tty = u and limy, .o &j,n = &5 (0 < j < m —1). Then u € C**~ 1[0, T] satisfies
the boundary conditions (6.2) and letting m — oo in inequality (6.23) we get

W@ V()| = Alt =& 0], @0 = A(E-§)°,  |u® ()] = AT - 1)

fort € [0,T],0<j<n-2and0 <i<n—1.Hence, u) has at most two zeros in [0, T]
for 0 < j < 2n — 1 and moreover, due to inequality (6.19), u satisfies inequality (6.14).
Therefore, by Theorem 1.9, u is a solution of problem (6.1), (6.2) and u € AC*"~1[0, T].

a

Example 6.4. Consider problem (6.1), (6.2) with

2n—1 (t) ﬁk
f(t,x05. .5 x0m-1) = p(£) + Z ( =+ b (1) | x| >

k=0 |Xk |

on [0, T] X D, where the functions ax € L[0,T], p,bx € L;[0, T] are nonnegative for
0<k=<2n-1,and p(t) =a>0forae.t € [0,T].ifaz, 1, 00; € (0,1) for0 < j <n—1,
a1 € (0,1/2) for0 < j < n—2and B € (0,1) for 0 < k < 2n—1 then, by Theorem 6.3,
the problem has a solution u € AC?"~1[0, T] satisfying inequality (6.14).



82 Lidstone problem

Bibliographical notes

Theorem 6.3 was adapted from Agarwal, O’Regan, Rachtinkova, and Stanék [16]. The
singular Lidstone problem for the differential equation

(=1)"u® = f(t,u)

is considered in Zhao [208]. Here f € C°((0,1) X (0, )) is nonnegative and f may
be singular at 4 = 0, ¢t = 0 and/or t = 1. The existence of positive solutions in the
sets C2"=2[0,1] n C**(0,1) and C?>"~'[0,1] n C**(0,1) is proved by a combination of
the method of lower and upper functions with the Schauder fixed-point theorem. Other
singular Lidstone problem for the differential equation

(D)™ = f(tyu,—u",. . (=1)TuD (1) u2n=2)

may be found in Wei [200], where f € C((0, 1) X (0, 0)") is nonnegative and f (t, xo, ...,
Xn-1) may be singular at x; = 0, j = 0,1,...,n — 1, t = 0 and/or t = 1. Sufficient
and necessary conditions for the existence of positive solutions in the sets C**~2[0,1] N
C?(0,1) or C>"~1[0,1] N C?"(0, 1) are given. The results are proved by a combination of
the method of lower and upper functions with a maximal principle.
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Many nonlinear evolution partial differential equations, which act as models for com-
busting or other processes, have solutions which develop strong singularities in a finite
time, see the references in the books by Bebernes and Eberly [35], Samarskii, Galaktionov,
Kurdyumov, and Mikhailov [177], and in the survey paper by Levine [126]. The proto-
type of such problems is the semilinear parabolic equation from combustion theory

Ur = Uy + f(11).

Important examples of f include f(u) = exp(u) and f(u) = uf, B > 1. In many physical
systems, the diffusion term is not linear but depends on the function u, for example,

u = (uuy) +uf, o>0.

This equation has a porous-medium-type diffusion term, and arises as a model for the
temperature profile of a fusion reactor plasma with one source term (see Zmitrenko,
Kurdyumov, Mikhailov, and Samarski [209] and for further references see the works of
Samarskii, Galaktionov, Kurdyumov, and Mikhailov [177] or Le Roux and Wilhelmsson
[125]). Another possibility is that the diffusion term depends on its gradient. It occurs in
the equation

U = ( | Ux | qu)x + eXP(“))

which arises from studies of turbulent diffusion or the flow of a non-Newtonian liquid.
This equation is invariant under the respective Lie groups of transformations (see, e.g.,
Budd, Collins, and Galaktionov [48]). Searching for solutions which are invariant under
these transformations leads to the following ordinary differential equation for u with a
quasilinear differential operator:

(\u'lpfzu')' —ctu' +exp(u) — 1 =0,
where c is a positive constant and p = o + 2. Let us put

¢p(y) = Iylp’zy for y € R.

If p > 1, then the quasilinear operator

u— (¢p(u))’

is called the (one-dimensional) p-Laplacian.

Further, motivated by various significant applications to non-Newtonian fluid the-
ory, diffusion of flows in porous media, nonlinear elasticity and theory of capillary sur-
faces (see Atkinson and Bouillet [29], Esteban and Vazquez [84], Phan-Thien [153]),
several authors have proposed the study of radially symmetric solutions of the p-Laplace
equation

div (|Vv|P72vv) = h(|x|,v).
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Here V is the gradient, p > 1, and |x| is the Euclidean norm in R” of x = (x1,...,%n),

n > 1. Radially symmetric solutions of this partially differential equation (i.e., solutions
that depend only on the variable r = |x|) satisfy the ordinary differential equation

P YY) = k), = %'

If p = n, the change of variables ¢t = In r transforms it into the equation

(Iu'lp_zu'), =e"h(e' u), '=

4a
ar’
and for p # n, the change of variables ¢t = r#="/(?=1 yields the equation

1P
(lw'1P2) = ‘% { o=/ (=D p=m) - L

Both these equations have (one-dimensional) p-Laplacian ¢,.

This operator was also discussed for systems of second-order differential equations
by Lu, O’Regan, and Agarwal [132], Manasevich and Mawhin [133, 134], Mawhin [139],
Mawhin and Urefia [141], Nowakowski and Orpel [147], Zhang [205]. Further modi-
fications can be found in X. L. Fan and X. Fan [87], Fan et al. [88], where the p(t)-
Laplacian u — (Ju'|P®)~2y)" was investigated and in Dambrosio [63] who worked with
the (p1,..., pn)-Laplacian. The above operators have been sometimes replaced by their
abstract and more general version of the form

u— (pu")’

called the ¢-Laplacian, where ¢ : R — R is an increasing homeomorphism. This leads to
clearer exposition and better understanding of the methods that are employed to derive
existence results. See also Manasevich and Mawhin [134], where ¢ : R” — R" is a strictly
monotone homeomorphism.

Most of existence results for problems with ¢-Laplacian (or with some of its spe-
cial versions) is proved under the assumption that the problems are regular. See, for
example, Dambrosio [63], X. L. Fan and X. Fan [87], Fan, Wu, and Wang [88], L,
O’Regan, and Agarwal [127], Lu [132], Manasevich and Mawhin [133, 134], Mawhin
[139, 140], Mawhin and Urena [141], O’'Regan [149], Rachinkovd and Tvrdy [171],
Zhang [205] who consider two-point boundary conditions (Dirichlet, Neumann, mixed,
and periodic). Further, we refer to the papers of Agarwal, O’'Regan, and Stanék [20] or
Nowakowski and Orpel [147], where some nonlocal boundary conditions can be found.
Recently, some papers dealing with singular problems with ¢-Laplacian have been pub-
lished. We can refer to Agarwal, L, and O’Regan (3], Jiang [111, 112], Wang and Gao
[199] for the Dirichlet problem, to Jebelean and Mawhin [109, 110], Liu [128], Polasek
and Rachtinkova [155], Rachtinkova and Tvrdy [172] for the periodic problem, to Agar-
wal, O’Regan, and Stan¢k [18, 20] for the mixed or nonlocal problems and to
Rachtinkova, Stanék, and Tvrdy [165] for other references and results.
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Assume that ¢ is an increasing odd homeomorphism with ¢(R) = R.
In this chapter, we consider the singular Dirichlet problem with ¢-Laplacian of the
form

(p(u)) + f(t,u,u') = 0, u(0) = u(T) =0, (7.1)
and its special cases, in particular, the problem of the form
u'+ f(tu,u') =0, u(0) = u(T) =0, (7.2)

where ¢(y) = y. We will investigate problems (7.1) and (7.2) on the set [0, T] X A.
In general, the function f depends on the time variable t+ € [0,T] and on two space
variables x and y, where (x,y) € 4 and + is a closed subset of R?. We assume that
problems (7.1) and (7.2) are singular, which means, by Chapter 1, that f does not satisty
the Carathéodory conditions on [0, T] X +4. In what follows, the types of singularities of
f will be exactly specified for each problem under consideration.

In accordance with Chapter 1, we have the following definitions.

Definition 7.1. A function u : [0, T] — R with ¢(u') € AC[0, T] is a solution of problem
(7.1) if u satisfies

(' () + f(Lu(t),u'(£)) =0 ae.on[0,T]

and fulfils the boundary conditions u(0) = u(T) = 0. If A # R?, then (u(t),u’(t)) € #4
for t € [0, T] is required.

A function u € C[0, T'] is a w-solution of problem (7.1) if there exists a finite number
of singular points t, € [0, T],v = 1,...,r,such thatif ] = [0, T] \ {t,}}_,, then ¢(u') €
ACioc(]), u satisfies

(p(' (1)) + f(tult),u () =0 ae. onl[0,T]

and fulfils the boundary conditions u(0) = u(T) = 0. If A # R, then (u(t),u’(t)) € #A
for t € ] is required.

Note that the condition ¢(u") € AC[0, T] implies u € C'[0, T] and the condition
¢(u') € ACc(J) implies u € C(J). If f is supposed to be continuous on (0, T') X R? and
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can have only time singularities at t = 0 and ¢ = T, then any solution (any w-solution)
u of problem (7.1) moreover satisfies ¢(u') € C'(0, T). If we have a w-solution u which
is not a solution, then we do not know the behaviour of u’' near singular points ¢,. But
we often need to know this behaviour. For example, if a singular ordinary differential
equation arises from a partial differential equation with some symmetry properties, we
need u’ to be defined on the whole interval [0, T']. Therefore, we will focus our main
attention on solutions and on such w-solutions that have bounded first derivatives on J.

Remark 7.2. We see that the Dirichlet conditions in (7.1) can be written in the form
u € B, where

B ={x€C[0,T]:x(0) =x(T) = 0}

is a closed subset of C[0, T']. Hence, we can carry out the investigation of problem (7.1)
in the spirit of the existence principles presented in Chapter 1:

(i) the singular problem (7.1) is approximated by a sequence of solvable regular
problems;
(ii) asequence {u,} of approximate solutions is generated;
(iii) a convergence of a suitable subsequence {uy, } is investigated;
(iv) the type of this convergence determines the properties of its limit # and, among
other, determines whether u is a w-solution or a solution of the original singu-
lar problem.

There are more possibilities how to construct an approximate sequence of regular
problems. Their choice depends on the type of singularities of the nonlinearity f in
(7.1) (time, space), on the type of singular points corresponding to a solution or a w-
solution of problem (7.1) (type L, type II), on the type of results desired (existence of a
solution, a positive solution, a w-solution, uniqueness), and so on. A common idea is that
approximate functions f, have no singularities, f, # f on neighbourhoods U, of singular
points of f, f, = f elsewhere, and lim,— . meas(U,) = 0. Having such a sequence of { f,}
we study regular problems

((p(u,)), +fn(t) u, u,) = 0) M(O) = An) Ll(T) = Bn: ne N,

where A,, B, € R, lim,_.o A, = lim,_.o B, = 0. In some proofs, one simply puts A, =
B, = 0 for n € N. Solvability of these regular problems can be investigated by means
of various methods which have been developed for regular Dirichlet problems (fixed
point theorems, topological degree arguments—Cronin [59], Mawhin [137], the critical
point theory—Drabek [79], the topological transversality method—Granas, Guenther,
and Lee [102], variational methods—Ambrosetti [27], Dosly and Rehédk [78], Mawhin
and Willem [142], lower and upper functions—De Coster and Habets [60—62], Kiguradze
and Shekhter [120], Vasiliev and Klokov [196], Wazewski method—Srzednicki [182],
Diblik [75], etc.). Using these methods, we generate a sequence of approximate solutions
{uy}. The crucial information which enables us to realize the limit process concerns a
priori estimates of the approximate solutions u,. In the next section, we present some
existence results and a priori estimates of solutions of regular problems which will be
used in the study of solvability of the singular problem (7.1).



Regular Dirichlet problem 89
7.1. Regular Dirichlet problem
In this section, we will study an auxiliary regular problem of the form

(p(u)) +g(t,u,u’) =0, u(0) =4, u(T)=5, (7.3)
where g € Car([0,T] x R?), A,B € R.

Definition 7.3. A function u : [0, T] — R with ¢(u') € AC[0, T] is a solution of problem
(7.3) if u satisfies

(gb(u'(t))), +g(t,u(t),u’(t)) =0 forae. t€[0,T]
and fulfils the boundary conditions u(0) = A, u(T) = B.

The simplest case when g has a Lebesgue integrable majorant, is described in the next
theorem.

Theorem 7.4. Assume that there is a function h € L,[0, T'] such that
|g(t,x,y)| <h(t) foraete[0,T]andallx,y €R. (7.4)
Then problem (7.3) has a solution.

Proof

Step 1. Solution of an auxiliary problem.
Consider the auxiliary problem

(o)) =b(t), u(0)=A, u(T)=B, (7.5)

where b € L,[0,T]. It can be checked by direct computation that u is a solution of
problem (7.5) if and only if u € C'[0, T] satisfies the conditions

uty = A+ [ 97 (90w ) + [ bioae) ds
JOT ¢! <¢(u’(0)) + J; b(T)dT) ds—=B—A

Step 2. Definition of functional y.
For each ¢ € C[0, T] define

T
ViR —R, wx)= Jo ¢ (x+€(s))ds.

Due to the assumption that ¢ is an increasing homeomorphism with ¢(R) = R, the
function ¥, is continuous, increasing, and y,(R) = R. Thus, the equation y¢(x) = B— A
has exactly one root x = p(€) € R. Therefore, we can define the functional

y:C[0,T] — R, ve(y(€)) = B— A.
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Step 3. The functional y maps bounded sets to bounded sets.

Assume that M C C[0,T] and ¢ € (0, ) are such that ||£||» < ¢ for each ¢ € M.
Further assume that there exists a sequence {£,} C M such that

lim y(¢,) = or limy(¢,) = —oo.

Let the former possibility occur. Then
B—A = lim yy, (y(&,)) = lim T¢~' (y(€x) — ) = oo,

a contradiction. The latter possibility can be argued similarly. Thus, (M) is bounded.

Step 4. Functional y is continuous.
Consider a sequence {¢,} C C[0, T] and assume that

lim ¢, = ¢ in C[0, T,

By step 3, the sequence {y(¢,)} C R is bounded and hence we can choose a subsequence
such that lim, .. y(€,) = xo € R. We get

B— A= l//gk J (/5 +€k t))
which, for n — o, yields
T
B—A- J 61 (x0 + (1)) dt
0

Thus, according to step 2, we have xy = y(€p). It follows that any convergent subsequence
of {y(€,)} has the same limit y(¢). Since {y(€,} is bounded, we get y(£;) = lim,_. y(£,).

Step 5. Definition of operator F .
Define operators N : C'[0, T] — C[0,T] and F : C'[0, T] — C'[0, T] by

J g(s,u (s))ds,
(FW) (0 = A+ j 67 (N W) + (N () (5))ds
Steps 1 and 2 yield that u is a solution of problem (7.3) ifand only if u € C'[0, T] satisfies

u(t) A+j¢ (' (0)) + (W) (S)ds, B (0)) = y(N (w)).

Therefore, the operator equation u = % (u) is equivalent to problem (7.3). Thus, it
suffices to prove that the operator # has a fixed point.



Regular Dirichlet problem 91

Step 6. Fixed point of operator ¥ .
Since the operators y and A are continuous, it follows that ¥ is continuous. Choose
an arbitrary sequence {u,} C C![0, T] and denote v, = F (u,) for n € N. Then

V() = ¢ (y(N (un)) + (N (4a)) (1), t€[0,T], neN.
By condition (7.4), there is a ¢; € (0, %) such that [|(N (un)ll« < c;1. This implies that

the sequences {v,} and {v;} are bounded on [0, T]. Consequently, the sequence {v,} is
equicontinuous on [0, T']. Moreover, for t1,t, € [0, T], we have

5]

[9053(1)) = () | = [ (W () (1) = (W () (1) | = | | By
Thus, the sequence {¢(v;)} is bounded and equicontinuous on [0, T]. Making use of
the Arzela-Ascoli theorem we can find subsequences {vk,} and {¢(V,;n)} uniformly con-
vergent on [0, T]. Then {v; } is also uniformly convergent on [0, T] and so, {v,} is
convergent in C'[0, T]. We have proved that the operator ¥ is compact on C'[0, T].
By the Schauder fixed point theorem, # has a fixed point, which is a solution of problem
(7.3). O

Method of a priori estimates

Using the method of a priori estimates we can get existence of solutions of problem (7.3)
even for functions ¢ which do not satisfy (7.4) with some h € L,[0, T]. To this aim the
following two lemmas will be useful. Define the linear function

T—t t
a(t) = TA + TB’ te[0,T]. (7.6)

Motivated by the monographs Kiguradze [117] or Kiguradze and Shekhter [120], we will
prove a priori estimates under one-sided growth conditions.

Lemma 7.5 (a priori estimate—sublinear growth). Let a,3 € [0,1), 5 € (0, ). Let
hy € L,[0, T] be nonnegative and let the function a be given by (7.6). Further assume that

tim 22 5 o, (7.7)
y=oy

Then there exists r > 0 such that the estimate
Nulloo + N1t llo < 7

is valid for each nonnegative function ho€L,[0, T] with ||holl, <3¢ and for each function u
satisfying

¢(u') € AC[0,T], u(0)=A, u(T)=B,

—(¢(u' (1)) sign (u(t) - a(®)) = ho(t) + (D) (|u(®)|* + | (D) fora.e t€[0,T).
(7.8)
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Proof. Choose an arbitrary u satisfying (7.8). Denote p = ||t/ |l and let p = |u'(t)].
Assume that p > [(B — A)/T|. We have ||ullo < pT + |A]. Now, we will consider four
cases.

Case 1. Letu'(ty) = p, u(ty) < a(ty). Thisyields ty € (0, T) and if we put v(t) = u(t)—a(t)
on [0, T, we have v'(ty) > 0, v(t) < 0. Since v(0) = 0, we can find #; € [0, ty) such that

V() =0, v(t)>0 forte (t,ty).

This implies u(t) — a(t) = v(t) < 0 on [t;, ty]. Integrating the inequality in (7.8), we get

to , .
J, (@G @)y de = [Inll, + (T + 141" +p8) ],
Thus,

B0) L[, |4 (BoAY[), (GTHAD" | ooy

; _P(%+‘¢< t )‘)Jr( S )||h1||1.—F(p). (7.9)
Since lim,, . F(y) = 0, we deduce by assumption (7.7) that

there exists p* > ’% such that [|[u'[| < p*. (7.10)
We see that p* does not depend on the choice of u and hj.

Case 2. Let u'(ty) = p, u(ty) = a(ty). So, for v = u — a we have v'(ty) > 0, v(ty) = 0. Let
to € [0, T). Then there exists t; € (fy, T) such that

V,(tl) =0, V/(t) >0 forte (to,tl).

This implies u(t) — a(t) = v(¢) > 0 on (ty, t;]. Integrating the inequality in (7.8), we get

-] @0 e < ol + (o7 + 141" + Pl

Thus relation (7.9) is valid which yields estimate (7.10). Now, let ¢, = T. Then there exists
t; € (0, T) such that

V() =0, v (t)>0 forte (t,T).

Since v(T) = 0, we see that u(t) — a(t) = v(¢) < 0 on (t;, T). Integrating the inequality in
(7.8), we get

T
L (¢(u' (1)) dt < [|holl, + ((pT + AN + pP) [P,
So, relation (7.9) and consequently estimate (7.10) are valid again.

Cases 3 and 4. Let

u'(to) = —p, ulto) >alty) or u' () =-p, u(t) <alto).
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Similarly, using the assumption that ¢ is odd, we can verify that estimate (7.10) is true
also in this remaining two cases.

Summarizing, if we putr = p* + p*T + |A|, we get |lulle + ||t/ |0 < 7. 0

Remark 7.6. (i) If ¢ does not fulfil condition (7.7), we replace the inequality in (7.8) by

u(t)T— A)

(¢ (1)) sign (u(t) — a(t)) < ho<t>+h1<t>(j¢( " 1o () )

forae.t € [0,T].
Then, arguing similarly to the proof of Lemma 7.5, we get

5 1o (57)]) )
1< ———|x+ — +||h + .
s 7 19057 Il (@)™ + (8(p))" )
This implies estimate (7.10) and consequently [[ulle + ||| < 7.
(i) If ¢(y) = ¢p(y) = ly|P~2y with p > 2, then condition (7.7) is always satisfied.

Lemma 7.7 (a priori estimate—linear growth). Assume that c € (0, 00) and that the
function a is given by (7.6). Let hy, h, € L[0, T] be nonnegative and let

tim #2057, + el 711)

Then there exists r > 0 such that the estimate
lullo + 1 lle < 7

is valid for each nonnegative function ho€L,[0, T] with ||holl, <3¢ and for each function u
satisfying

¢(u') € AC[0,T], u(0)=A, u(T)=B,

—(¢(u/' (1)) sign (u(t) — a(t)) < ho(t) + ha(t) |u(t)| + ha(t) |/ (t)|  fora.e.t € [0, T].
(7.12)

Proof. Choose an arbitrary function u satisfying condition (7.12). Denote p = [|t/'[l
and let p = |/ (ty)]. We have |lullo < pT + |A]. Assume that p > [(B — A)/T'|. Now, we
will consider four cases as in the proof of Lemma 7.5.

Let u'(ty) = p, u(ty) < a(ty). We argue as in the proof of Lemma 7.5 and find t; €
[0,%) such that u/(t;) = [(B—A)/T| and u(t) < a(t) on [t, ty]. Integrating the inequality
in (7.12), we get

1 B-A

KO 2w o (B2) |+ 1atlmll ) + Tl + lall, = Fao)
p P T

Since lim, . Fi(y) = Tllhlly + llh2|l1, we deduce by assumption (7.11) that estimate

(7.10) holds. The remaining three cases are similar. Therefore, if we putr = p*+p*T+|A[,

we get |[ullo + 1t/ |l < 7. 0
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Remark 7.8. (i) If condition (7.11) is not satisfied, we assume
Tlhlly + Ikl <1

and replace the inequality in (7.12) by

~((u (1)) sign (u) ~ a(0) < ho(6)+ In (0] 6 (12) | + a0 9 1)

forae.t € [0,T].

Then, arguing similarly to the proof of Lemma 7.7 and to Remark 7.6, we get || u]|« +
'l <.

(i) We see that if ¢(y) = ¢,(y) = [y[P~2y with p > 2, then condition (7.11) is
fulfilled for each h;, h, € L,[0, T].

The following theorem relies on Lemma 7.5.

Theorem 7.9. Assume that the function a is given by (7.6). Let o, p € [0,1) and let h €
L,[0, T] be nonnegative. Further assume (7.7) and

g(t,x, ) sign (x — a(t)) < h(t)(1+ |x|*+ |y|F)

7.13
fora.e.t € [0, T] andall x,y € R. ( )

Then problem (7.3) has a solution.

Proof. Let r be the constant of Lemma 7.5 for hy = h; = h and » = |[hll,. Put M =
max{|Al, |B|}, ¥ = r + M, and define

-7 ifz< -7,
x(z) =1z iflzl =7  gtxy) =gt x(x),x(»))
r ifz>7,

forae. t € [0,T] and all x, y,z € R. Then g € Car([0, T] X R?) and there is a function
h € L]0, T] such that |g(t,x, y)| < h(¢) fora.e. t € [0, T] and all x, y € R. Consider the
auxiliary problem

(o)) +g(t,u,u’) =0, u(0)=A, u(T)=B. (7.14)

By Theorem 7.4, problem (7.14) has a solution u. Since 7 > M, we deduce that sign(x —
a(t)) = sign(y(x) —a(t)) fort € [0, T], x € R, and

—(p(u/ (1)) sign (u(t) — a(t)) = g(t, x(u(®)), x (' (1)) sign (x(u(t)) — a(t))
<h(®)(1+ |x(w®)|*+ [xw ) ")
<h®)(1+ |u@®)|“+ |/ (1)|F) forae.t e [0,TI.

Thus, by Lemma 7.5, the function u satisfies |lull + [lt/' [l < 7 and hence u is also a
solution of problem (7.3). O



Regular Dirichlet problem 95
Remark 7.10. 1If g satisfies inequality (7.13) with &, 8 € [0, 1), we will say that g has one-
sided sublinear growth in x and y. In this case, each function g + g has also one-sided

sublinear growth provided gy(f, x, y) sign(x — a(t)) is nonpositive on [0, T'] x R2.

Example 7.11. Let A= B =0,h; € L;[0,T],i=0,1,2,3, hy, h3 be nonnegative on [0, T].
Fora.e.t € [0, T] and all x, y € R define the function

g%, y) = ho(t) = hi (% + ha(\[Iy] = hs(D)xy*,

We see that g satisfies inequality (7.13) because a(t) = 0 and we can write g in the form

g = go + g1, where g1(t,x, y) = ho(t) + ha(t),/Iy] and go(t,x, y) = —h1(£)x* — hs(t)xy*.
Here, g, has a sublinear growth in x and y and gy(t,x, y) signx < 0 on [0, T] X R2.

The next theorem will be applicable to problem (7.3) with g(t,x, y) having one-sided
linear growth in x and y.

Theorem 7.12. Let the function a be given by (7.6). Let ho, hy, hy € L0, T'] be nonnegative
and let condition (7.11) hold. Further assume that

g(t,x, y)sign (x — a(t)) < ho(t) + hi(t)x] + ha(£) |yl
fora.e.t € [0, T] and all x,y € R.

Then problem (7.3) has a solution.

Proof. We argue as in the proof of Theorem 7.9 and use Lemma 7.7 instead of Lemma
7.5. O

Example 7.13. Let T = 1, n € NJA =0,B =1, ¢(y) = y, h € L1[0,1] and let ¢ €
Car([0, 1] x R?) be nonnegative. Then the function

g(tx,y) = h(t) +tx+ 2y — (x — )" o(t,x, y)
satisfies the conditions of Theorem 7.12 because
g(t,x, y)sign(x —t) < |h(t)| + tlx| + £y

fora.e.t € [0,1] and forall x, y € R, and

1 1
limM=1>J tdt+f tzdtzg,

yoooy 0 0
that is, condition (7.11) is valid.

Remark 7.14. 1f ¢ does not fulfil conditions (7.7) and (7.11) in Theorems 7.9 and 7.12,
respectively, we modify these theorems according to Remarks 7.6 and 7.8.
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Method of lower and upper functions

It is well known that for regular second-order boundary value problems the lower and
upper functions method is a useful instrument for proofs of their solvability and for a
priori estimates of their solutions. See, for example, De Coster and Habets [60-62], Kig-
uradze and Shekhter [120], Ladde, Lakshmikantham, and Vatsala [122], Rachtinkova
and Tvrdy [169-171], or Vasiliev and Klokov [196]. In literature, several definitions of
lower and upper functions for regular boundary value problems can be found. (Note that
in some papers they are called lower and upper solutions). Here, we will use the following
one.

Definition 7.15. A function o € CI[0, T] is called a lower function of problem (7.3) if there
is a finite set £ C (0, T') such that ¢(0”) € ACioc([0, TI\E), 0’ (7+) := lim;—..4+ 0’ () € R,
o' (t—):=lim;.,_0'(t) € Rforeacht € X,

(gb(a’(t)))’ +g(t,o(8),0'(t)) =0 forae.t e [0,T], s
0(0) <A, o(T)<B, o¢(r—-)<o'(r+) foreacht € 2. (7.15)

If the inequalities in (7.15) are reversed, then o is called an upper function of problem (7.3).

We have seen that Theorems 7.9 and 7.12 can be used for problem (7.3) provided
g(t,x, y) satisfies sublinear or linear one-sided growth restrictions with respect to x and
y. Another class of functions g is covered by the next theorem which says that if there exist
lower and upper functions 01 < 0> to problem (7.3), it suffices to require the inequality
in (7.4) only for x € [01,02]. This implies that g(¢, x, y) can grow in x arbitrarily.

Theorem 7.16. Let 0y and 0, be a lower function and an upper function of problem (7.3)
and let 01(t) < 0,(t) for t € [0, T]. Assume that there is a function h € L,[0, T] such that

|g(t,x,y)| <h(t) forae t€[0,T]andallx € [01(t),0:(t)], y € R.
Then problem (7.3) has a solution u such that
o1(t) < u(t) < oo(t) forte [0,T]. (7.16)

Proof

Step 1. Construction of an auxiliary problem.
Forae.t € [0,T]andallx, y € R, e € [0, 1], define

g(to1(t),y) + w (t, 012)(?;1 1) 01((7;)(?;1 I if x < 01(1),
gt,x,y) = g(t,x, y) ifo1(t) < x < 0y(1),
g(t’ Uz(t),}/) e (t’ X)i;z((yi)(:)- 1) a X)i(_fz((yi)(t-l)- 1 if x> 0'2(1'),

where, fori = 1,2,

wi(t,e) = sup {|g(t,0i(t), 0/ (1)) — g(t,0i(2), y) | : |y — 0/ (1) | <&}
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We see that w; € Car([0, T] x [0, 1]) is nonnegative, nondecreasing in its second variable
and w;(t,0) = 0 for a.e. t € [0, T], i = 1,2. Further, we have ¢ € Car([0, T] x R?) and
there exists i € L]0, T] such that |g(t, x, y)| < %(t) forae.t € [0,T] and all x,y € R.
Thus, by Theorem 7.4, problem (7.14) with ¢ defined in this proof has a solution u.

Step 2. Solution u of the auxiliary problem lies between o and o,.
We will prove that estimate (7.16) holds. Denote v(¢) = u(t) — 0x(t) for t € [0, T]
and assume, on the contrary, that

max {v(t) : t € [0, T]} = v(ty) > 0.
Since u(0) = A, u(T) = B and 0,(0) > A, 0,(T) = B, we have t, € (0, T). Moreover,
Definition 7.15 implies that t, & X, because v'(17—) < v'(7+) for 7 € X. So, we have

to € (0, T)\ £ and v'(tp) = 0. This guarantees the existence of t; € (ty, T') such that

v(t)

v(t) >0, |v'(t)|<v(t)+1<1
fort € [to, t1] and [to, t1] N X = &. Then
(p(u' (1) = (¢(05(1))
= —g(t,u(®),u' () — (p(a3(1)))’
— az(t),u'(t))+w2(t, V(t)(ti 1) N V(jgi) —— ($(o3(0))

\

—g(ta(),u' (1)) + w8, |V (1)]) = (¢(a3(1)))
> —g(t,oa(t),u (1) + g(t,aa(t), ' (1)) — g(t, 02(1), 05(1)) — (p(03())) = 0

Vv

for a.e. t € [ty, t;]. Hence,

0< [ (B ©)) - ($la6) ds = $(u(0) - 9lo3(0), 1€ (to1].

Therefore, v/ = u' — 05 > 0 on (¢, t;], which contradicts the assumption that v has its
maximum value at fy. The inequality 0, (¢) < u(t) can be proved similarly. Thus, u fulfils
estimate (7.16) and so, u is a solution of problem (7.3). O

Example 7.17. Let A,B € R and r,7, € R be such that r;, < min{0,A,B} and r, >
max{0,A,B} and

g(t,71,0) 20, g(£,1,0) <0 forae.te[0,T].
Then the constant function o1 (t) = r; satisfies condition (7.15) and hence, o; is a lower

function of problem (7.3). Similarly, 0,(¢) = r, satisfies condition (7.15) with the reversed
inequalities and so, 0, is an upper function of problem (7.3). Here, X = <.
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The next lemmas on a priori estimates enable us to extend the existence results
of Theorems 7.9 and 7.12. The first two deal with the so-called Nagumo function w €
C[0, o) which is positive and fulfils

® ds

. m = (7.17)

Similar a priori estimates for ¢(y) = y can be found in Kiguradze [117] or Kiguradze and
Shekhter [120].

Lemma 7.18 (a priori estimate—-Nagumo condition I). Assume that the function a is given
by (7.6). Let 1y, 52 € (0, ), let hy € L,[0, T] be nonnegative and let w € C[0, o) be positive
and fulfil condition (7.17). Then there exists v > 0 such that for each function u satisfying

o) e AC[0,T], u(0)=A, u(T)=B, lule <ro,
— (¢(u'(1))) sign (u(t) — a(t)) < sw(| ¢/ (1)) ]) (ho(t) + [/ (1)) (7.18)
fora.e.t €[0,T],

the estimate ||u' || < r is valid.

Proof. Choose an arbitrary u satisfying condition (7.18). Denote ||u/|| = p and let p =
[u'(ty)]. Assume p > [(B—A)/T|. We will consider four cases as in the proof of Lemma 7.5.

Case 1. Let u/(ty) = p,u(ty) < a(ty). Then t; € (0, T) and since u(0) = a(0), we can find
t; € [0, ty) such that

B-A B-A
u'(t) = ‘T , u'(t) > ‘T‘ fort € (t1,t).

This implies
u(t) <a(t), u'(t)>0 forte [t,t]
and, by condition (7.18),

(p(u' (1))
w(p(u' (1))

Integration of the last inequality leads to

Jfo (p(w' (1))

< sc(ho(t) +u'(t)) forae.t € [t,t].

tl5@$Gfaﬂjdtﬁ'””VwH1+zm), (7.19)

$(p) $(I(B-A)/T!)
J ds sJ JE+%mmm+mﬁ:K<w. (7.20)
0 w(s)

Case 2. Let u'(ty) = p, u(ty) = a(ty). Let ty € [0, T). Then there exists t; € (ty, T') such
that

_A, wupﬂﬁ%é‘ for t € (to, t1).
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This implies
u(t) >a(t), u'(t)>0 forte (to,t]

and, by condition (7.18),
< s(ho(t) +u'(t)) forae.t€ [ty t1].
Integration of the last inequality leads to

< s(||holl, +2r0)

h(g(u' (1))
_LO (@ ()™

and we get relation (7.20).
Now, let ty = T. Then there exists t; € (0, T) such that

u' () = ‘% , u(t) > ‘M

i u(t)<a(t) forte (t,T).

We get (7.20) as in Case 1.

Cases 3 and 4. In the remaining two cases, we prove (7.20) similarly.
By condition (7.17), thereis an r > [(B — A)/T| such that

¢ ds
— > K
Jo w(s)

Thus, by virtue of relation (7.20), p < r. Hence, the estimate ||/ || < 7 is proved. O

Lemma 7.19 (a priori estimate—-Nagumo condition II). Let a;,a; € [0,T], a1 < aa, y1,
y2 € R, 1y, 52 € (0, ). Furthermore, let hy € L [0, T'] be nonnegative and let w € C[0, o)
be positive and fulfil condition (7.17). Then there exists r > 0 such that for each function u

satisfying
o) e AC[0, T], llulle < 70,
(¢(u' (1)) sign (u'(£) = 1) = =2 (| $(w'(£)) = $(31) ) (ho(t) + [ () = 31 |)
fora.e. t €[0,a;],

(¢(u' (1)) sign (u' (1) — y2) < 2w (o' (1) = ¢(y2) ) (ho(t) + |/ (t) = y21)

forae. t € la,T],
(7.21)

the estimate ||u' || < r is valid.
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Proof. Choose an arbitrary u satisfying condition (7.21). By the mean value theorem we
can find & € (a1, ay) such that |u' (¢)| < 2rg/(a; — a1) =: co. Further we see that

sign (¢ (u'(¢)) — ¢(y:)) = sign (u'(t) — y;), i=1,2, fort €[0,T].
Put vi(t) = ¢(u/'(t)) — ¢(yi),i= 1,2, fort € [0, T]. Then
|Vl(£)| S¢(C0)+ |¢(y1)| =G i= 1>2

Condition (7.17) implies that there exists p; € (¢;, ), i = 1,2, such that

rlﬂ > se(|[holl, +2ro+ Tl yil), i=1,2 (7.22)
. (4)(5) 1 1 > y L .

Assume that

max { [vi(t)] : t € [0,&]} = [vi(a)| > p1.
Then a < & and there exists § € (a, &] such that

[vi(B)| =c, |wm@)|=ca forte [apl
By the inequality in (7.21) which holds on [0, a;], we get

_nOsg (D) v w6 - i |) forae.t € [afl

w([vi(6)])
Integrating this inequality over [, ] and using the substitution s = [v| ()|, we arrive at
il g¢
J o %(J o t)dt+J W () - 1 |dt>. (7.23)
Since |v1 ()| |¢ u' (1)) — ¢(y1)| = ¢ for t € [a, f], we see that u'(t) — y; does not

change its sign on [«, $] and hence,

K W' (1) =y |dt = ‘ Lﬁ (u (1) —yl)dt' <210+ Ty |.

So, (7.23) leads to

P4 [vi(a)] d
Jo s <l o =l 420710

which contradicts inequality (7.22). Therefore, |v;(«)| < p; and we have proved that
(¢ (1) —¢(n)| =pr forte[0,¢].

The estimate
l¢(u' () —¢(2) | <po fort e[ T]

can be proved similarly. Hence, we get [/ || < r if we putr = ¢! (p*), where p* =
max{p,p2} + max{|¢(y1)l, [¢(y2)|}. O
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If we investigate problem (7.3) with g(¢, x, y) having arbitrary growth in x and growth
in y controlled by the Nagumo condition (7.24), we can often use one of the following
two theorems.

Theorem 7.20. Let a be given by (7.6), let 01 and o, be a lower function and an upper
function of problem (7.3) and let 01(t) < 03(t) for t € [0, T]. Assume that there exist
» € (0,0), a nonnegative function hy € Li[0,T] and a positive function w € C[0, )
fulfilling condition (7.17) and

g(t,x, ) sign (x — a(t)) < sw(|p(y)|) (ho(t) + |yl)

(7.24)
fora.e. t € [0,T] and all x € [01(),02(t)], y € R.

Then problem (7.3) has a solution u satisfying estimate (7.16) and moreover, ||u' |l < 7.
Here, r > 0 is the constant independent of u and given by Lemma 7.18 for ro = max{||01 || ,

o2l oo}

Proof. Without loss of generality we can assume that

r>max {[|of[, [|03][ . }-

Define
1 if0<z<r,
2r—z . ~
x(z) = ifr <z<2r, gtx,y) = x(lyl)g(t,x, y) (7.25)
0 ifz>2r

forae. t € [0,T] and all x,y € R, z € [0, ). Then g € Car([0, T] x R?) and there
is a function 11 € L]0, T] such that |g(t,x, y)| < z(t) fora.e.t € [0,T] and all x €
[01(t), 02(t)], y € R. Consider problem (7.14) with g defined by (7.25). Since 01 and 0,
are also lower and upper functions to this problem, we get by Theorem 7.16 that it has a
solution u satisfying estimate (7.16). Further,

—(p(u' (1)) sign (u(r) — a(t)) = Z(t,u(r), (1)) sign (u(1) - a(t))
= x(|u'(6) ) g (t; u(t), (1)) sign (u(t) — a(t))
< x| @) (¢ (D)) (ho(t) + |/ (1))
<xw(|¢p@' (1) ])(ho(t) + |4/ (t)|) forae.te[0,T].

By Lemma 7.18, the function u satisfies |[t'[l < r and hence, u is also a solution of
problem (7.3). O
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Example 7.21. Letk,n €e NJA=B=1,c € R, h € Lo[0,T],and let h, € L,[0, T] and
¢ € Car([0, T] x R?) be nonnegative functions. For a.e. t € [0, T] and all x, y € R define
the function

gt x,y) = hi(t) — x* 1+ x* (ha(t) + cy)d(y) — (x — 1) o(t, x, ). (7.26)

We can find constant functions 0, (t) = < 1 and 02(¢) = r, > 1 which are respectively
lower and upper functions of problem (7.3) with g defined by (7.26). Moreover, g fulfils
inequality (7.24) with s = 1,

wis)= (1+1c)A+5s),  ho(t) = | ()] +max {|r|,n}" |ha(t)].
By Theorem 7.20, our problem has a solution u satisfying r; < u(t) < r, for t € [0, T].

The second form of the Nagumo condition is condition (7.27) which is used in the
next theorem.

Theorem 7.22. Let 01 and 0, be a lower function and an upper function of problem (7.3)
and let 01(t) < 03(t) for t € [0, T]. Assume that there exist aj,a, € [0,T], a1 < ay,
y,y2 € R, 2 € (0,), a nonnegative function hy € L[0,T] and a positive function
w € CI0, ) fulfilling condition (7.17) and

g(tx, y)sign (y = y1) < =w([¢(y) = ¢(y1) ) (ho(t) + |y = y1])
fora.e. t €[0,a;] and all x € [01(t),02(t)], y €R,

g(t:x, y)sign (y = y2) = —xw(|¢(y) = ¢(32) |) (ho(t) + | y = 321)
forae t € [a), T] and allx € [01(t),02(t)], y € R.

(7.27)

Then problem (7.3) has a solution u satisfying estimate (7.16) and moreover, ||t [l < 1.
Here, r > 0 is the constant independent of u and given by Lemma 7.19 for ro = max{||01 || ,
o210}

Proof. We define g as in the proof of Theorem 7.20 using a sufficiently large r from
Lemma 7.19. Then, similarly to the proof of Theorem 7.20, we get a solution u of problem
(7.14) satisfying estimate (7.16) and condition (7.21). By Lemma 7.19, the function u

satisfies ||u' [l < r and hence u is also a solution of problem (7.3). O

Example 7.23. Let k € Nbe odd, A,B,c,r € R, y1 = ¥, = 0, a1,a; € [0,T], a1 < ay,
hi,hy, hs € L [0, T]. Assume that h, is positive on [0, T'] and

hy >0 ae.on[0,a;], hy =0 a.e.on (a;,T],

hs =0 a.e.on[0,a;], hs =0 ae.on (ay,T].
Consider problem (7.3) with ¢(y) = y and

g(tx,y) = () (r* = xF) + ¢y = ha(1)y* + hs()y°
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fora.e.t € [0,T] and all x, y € R. We can find 1,7, € R such that

r1 <min{ - |r|,A, B}, r, = max {|r|,A, B},

g(t,1,0) >0, g(t,r,0) <0 forae te[0,T].

Therefore, the constant function o1(t) = ry satisfies condition (7.15) and hence o7 is
a lower function of the problem. Similarly, 0>(t) = r, satisfies condition (7.15) with
reversed inequalities and so, 0, is an upper function of this problem. Moreover, g fulfils
both the inequalities in (7.27) with »r = 1 and

ho(t) = [ ()| (IrlF + (max {|r1 |, n})"),  w(s) = (Il + 1)(1 +5).

Hence, by Theorem 7.22, our problem has a solution u such that r; < u(t) < r, for
t € [0, T]. Note that since the growth restrictions in Theorem 7.22 are only one sided,
the function g can have not only the quadratic term cy? but also terms with y® and y°.

7.2. Dirichlet problem with time singularities

First we will study the singular problem (7.2) under the assumption that
f € Car ((0, T] x R?) has a time singularity at ¢ = 0, (7.28)

that is, there exist x, y € R such that

r | f(t,x,y)|dt = 0 fore € (0,T].
0

We want to prove the existence of a solution to (7.2) or the existence of a w-solution u to
(7.2) satistying

there exists r > 0 such that |u/(t)| <r fort e (0,T]. (7.29)

According to Definition 7.1 and assumption (7.28), a w-solution u of problem (7.2) has a
continuous derivative on (0, T] but u” need not exist at the singular point t = 0. However,
condition (7.29) guarantees that 1’ must be bounded near t = 0. Those who are interested
in the existence of a w-solution u with 1" possibly unbounded near t = 0 can find nice
results in Agarwal, Lii, and O’Regan [3], Agarwal and O’Regan [4, 5, 7, 12], Kiguradze
[117, 119], Kiguradze and Shekhter [120], Lomtatidze [129], Lomtatidze and Malaguti
[130], or Lomtatidze and Torres [131].

If we modify theorems of Section 1.2 for the Dirichlet problem (7.2) with time sin-
gularities, we can extend the results of Section 7.1 and obtain the existence of w-solutions
or solutions of (7.2). To this aim we present here the version of Theorem 1.4 for t, = 0,
n = 2,and A = R2. Consider a sequence of regular problems

u” + filtbu,u’) =0, u(0) = u(T) =0, (7.30)

where fi € Car([0, T] x R?), k € N.
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Theorem 7.24. Let assumption (7.28) hold. Assume

for each k € N and each (x, y) € R?,
fult,x,y) = f(t,x, ) ae. on [0, T]\ Ay,

(7.31)
where /Ay = [0, %) N[0, T];
there exists a bounded set QO ¢ C'[0, T]
such that for each k € N (7.32)
the regular problem (7.30) has a solution uy € Q.
Then
there exist a function u € C[0, T] and a subsequence
{ur,} © {ux} such that }im l|uk, — ull, = 0; (7.33)
}1}2 w, (t) = u'(t) locally uniformly on (0, T1; (7.34)
u e ACL.(0,T] and
(7.35)

u is a w-solution of problem (7.2) satisfying (7.29).
Assume, moreover, that there exist y € L [0,T], 4 >0, & € N, and A € {—1,1} such that
A fio (t, g, (), uy, (£)) = y(t)  foreach € €N, € > €, and fora.e.t € (0,1].  (7.36)

Then u is a solution of problem (7.2), that is, u € AC'[0, T].

If f(t,x, y) in (7.2) has one-sided sublinear growth in x and y, we use Theorem 7.24
to modify Theorem 7.9 as follows.

Theorem 7.25. Let assumption (7.28) hold and let o, € [0, 1). Assume that there exists a
nonnegative function h € L, [0, T] such that

f(t,x, y)signx < h()(1+ |x]* + Iylﬁ) fora.e.t € [0,T] andallx,y € R.
Then problem (7.2) has a w-solution u satisfying estimate (7.29).
Proof. Choose an arbitrary k € N and for x, y € R define the auxiliary function

f(t,x,y) fora.e.t € [0,T] \ Ag,

0 fora.e. t € Ay,

fi(tsx, ) ={
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where Ax = [0, T] N[0, 1/k). We see that f; € Car([0, T]xR?) fulfils condition (7.31) and
inequality (7.13) with a(t) = 0 and g = f;. Consider the approximate regular problem

u” + filt,u,u’) =0, u(0) = u(T) = 0. (7.37)

Let us put a(t) = 0 and ¢(y) = y. By Theorem 7.9, we deduce that problem (7.37) has a
solution u. In this way we get a sequence {ux} of solutions of (7.37), k € N, satisfying

—u () signue(£) < h(D) (1 + |up(8) |+ [up(0)|F)
fora.e.t € [0, T] and all k € N. So, by Lemma 7.5, there exists r > 0 such that
llukllo + el =70 k€N
Define the set
Q={xeC0,T]:lIxllw+llxlle < r}.

Then condition (7.32) is valid and, by Theorem 7.24, we can find a subsequence {uy, } C
{ur} satistying conditions (7.33)—(7.35). O

Example 7.26. Let k € N, o € [1,00), let ¢ € C(R?) be positive and let ho, hy,h; €
L,[0, T]. Consider problem (7.2), where

. x2k“<p(x, )’)
tot

f6x,y) = +ho() + h()x'” + ha(1) '

for a.e. t € [0,T] and all x, y € R. The first term of f is singular at t = 0. Further, f
satisfies

f(t,x, y)signx < h(t)(1+ x| + | y|?)

fora.e.t € [0,T], x,y € R, where h = |hg| + |h1 | + |h2]. Therefore, by Theorem 7.25, the
problem has a w-solution satistying (7.29).

If f(t,x, y) in (7.2) has one-sided linear growth in x and y, we can decide about the
existence of a w-solution by means of the following modification of Theorem 7.12.

Theorem 7.27. Let assumption (7.28) hold. Assume that there exist nonnegative functions
ho,hi,h, € L; [0, T] such that ||hill1 + |l < 1 and

f(t,x, y)signx < hy(t) + h(t)|x| + ha(t) |yl  forae t € [0,T] andallx,y € R.
Then problem (7.2) has a w-solution u satisfying estimate (7.29).

Proof. For k € N consider problem (7.37). Put a(t) = 0 and ¢(y) = y. Using Theorem
7.12 and Lemma 7.7 we argue as in the proof of Theorem 7.25. O
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Example 7.28. Letk € N,a € [1,0),a,b € R, |a| + |b| < 1/2,1let ¢ € C(IR?) be positive
and let hy € L,[0, 1]. Consider problem (7.2), where T' = 1 and

x2k+1

flt,x,y) = _% + ho(t) + %(ax-i— by)

for a.e. t € [0,1] and all x, y € R. The first term of f is singular at ¢t = 0. Further, f
satisfies

, lal, . 10l
f(t,x,y)signx < |h0(t)|+ﬂ|x|+ \/Elyl

for a.e. t € [0,1], x,y € R. Therefore, by Theorem 7.27, the problem has a w-solution
satisfying estimate (7.29).

The next theorem shows that if f(t,x, y) keeps its sign for small t and x, we get a
solution of problem (7.2).

Theorem 7.29. Let all conditions of Theorem 7.25 or Theorem 7.27 be fulfilled and let u be
a w-solution of problem (7.2) satisfying estimate (7.29). Further assume that

there exist A € {—1,1}, & € (0, T) such that

7.38
Af(t,x,y) <0 forae t €(0,6)andallx € (=6,0), y € [-r,r]. ( )

Then u is a solution of problem (7.2).

Proof. For k € N consider problem (7.37). By the proof of Theorem 7.25 or Theorem
7.27 there exist r > 0 and a sequence of approximate solutions {uy, } satisfying conditions
(7.33), (7.34) and lug, |l + IIu,'Q llo < rfor £ € N. The function u in (7.33) is a w-solution
of problem (7.2) and fulfils estimate (7.29). To prove that u is a solution, we will describe
the behaviour of u’ at the singular point t = 0. Since u(0) = 0, there exists 7; € (0,6)
such that |u(t)| < § for t € (0,7,). Then condition (7.38) gives

A (t) =Af(Hu(t),u' (1)) <0 forae. t e (0,1;)

and hence, u’ is strictly monotonous on (0,7%;). Using estimate (7.29) we see that
limy_os u/'(t) € [—1,7].
Let lims_o. ' (¢) # 0. Then

there exists # € (0,7;) such that

(7.39)
u(t) >0 on (0,7) (or u(t) <0on (0,%)).

Let lim—o+ ¢/ (¢) = 0. Since u’ is strictly monotonous on (0,7;), we have #/(t) # 0 for
t € (0,71). This implies (7.39). Moreover, conditions (7.33) and (7.39) yield &, > 0 such
that

ur,(t) >0 on (0,7] (or uk,(£) < 0on (0,7])
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foreach ¢ € N, € > ¢,. Hence, under the assumptions of Theorem 7.25 or Theorem 7.27,
we have

A2 fi, (8, uke(t),u,'w(t)) > y(t) forae.te (0,7], £= 4,

where A, = — sign u, (¢). Provided the assumptions of Theorem 7.25 hold, we put y(t) =
—h(t)(1 + r* + rf) and if the assumptions of Theorem 7.27 are fulfilled, we put y(t) =
—hy(t) = (r +1) (h(¢) + hy(t)). Consequently, inequality (7.36) holds and Theorem 7.24
implies u € AC'[0, T], that is, u is a solution of problem (7.2). |

Example 7.30. Letk € N, a € [1,0),a,b € R, |a| < 1/6,b < 0 and let ¢ € C(R?) be
positive. Consider problem (7.2), where T' = 1 and

2k+1
Fltyxy) = - U eloy) %(ax+ty+b)

ta
fora.e.t € [0,1] and all x, y € R. Then f satisfies

: 16l lal
f(t,x, y)signx < N + N lx| + V| yl
for a.e. t € [0,1] and all x,y € R. Therefore, by Theorem 7.27, the problem has a
w-solution satisfying estimate (7.29). We can check that there exists § > 0 such that
f(t,x,y) <0fora.e.t € [0,0] andall x € [-5,6], y € [-r,r]. Hence, by Theorem 7.29,
u is a solution of the problem.

Similarly, we could modify other theorems of Section 7.1 in order to get a solution
or a w-solution to problem (7.2). However, we switch our attention to the more general
singular problem (7.1).

Dirichlet problem with ¢-Laplacian

As before, we assume that f fulfils condition (7.28) and we are interested in the existence
of a solution to problem (7.1) or of a w-solution u to (7.1) satisfying estimate (7.29). Since
problem (7.1) contains ¢-Laplacian, we cannot now use theorems of Section 1.2 directly
but we need to generalize them for problems with ¢-Laplacian. Consider the sequence of
regular problems

(p(u)) + filtsu,u') = 0, u(0) = u(T) =0, (7.40)
where fi € Car([0,T] x R?), k € N.

Theorem 7.31 (first principle for ¢-Laplacian and time singularities). Let assumptions
(7.28) and (7.31) hold. Further assume that

there exists a bounded set Q C C'[0, T] such that
(7.41)
the regular problem (7.40) has a solution uy € Q for each k € N.
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Then assertions (7.33) and (7.34) are valid, $(u') € ACyc(0, T] and u is a w-solution of
problem (7.1).

If, moreover, condition (7.36) is satisfied, then u is a solution of problem (7.1), that is,
¢(u') € AC[0, T'].

Proof

Step 1. Convergence of the sequence of approximate solutions.

Condition (7.41) implies that the sequence {ux} is bounded and equicontinuous on
[0, T]. By the Arzela-Ascoli theorem assertion (7.33) is true and #(0) = u(T) = 0. Since
{u} is bounded, we get, due to assumption (7.31), that for each 7 € (0, T] there exist
k. € Nand h, € L,[0, T] such that, for each k > k.,

| fic(s, uk(s), up(s)) | < he(s) forae.se[r,T]. (7.42)

Hence, problem (7.40) yields for k > k., t;,t, € [1, T],

>

904 (2)) = 3 (1)) | = | [ s

which implies that the sequence {¢(u})} is equicontinuous on [7, T]. By virtue of the
uniform continuity of ¢ ~! on compact intervals, the sequence {u; } is also equicontinuous
on [7, T]. The Arzela-Ascoli theorem implies that for each compact subset KX C (0,T] a
subsequence of {u} } uniformly converging to ' on K can be chosen. Therefore, using
the diagonalization theorem, we can choose a subsequence {uy,} satisfying both (7.33)
and (7.34).

Step 2. Convergence of the sequence of approximate nonlinearities.

Let V) be the set of all ¢ € [0, T] such that f(t,-,-) : R? — R is not continuous and
let 'V, be the set of all t € [0, T] such that the equality in (7.31) is not satisfied. Then
meas(V; U V,) = 0. Choose an arbitrary 7 € (0, T] \ (V; U V,). Then there exists £, € N
such that for £ > £, we have

oo (7w, (7), 1, (7)) = f (7, 1k, (7), 143, (7))
and, by (7.33) and (7.34), the equality
lim fi, (7, uk, (7), g, (1) = f (7, u(7), 4/ (7))
holds. Hence,
}Ergofkg(t, ug, (1), up, (1)) = f(t,u(t),u'(t)) forae. te[0,T] (7.43)

Step 3. The function u is a w-solution of problem (7.1).
Choose an arbitrary 7 € (0, T] and integrate the equality

($(uj, (1)) + fie, (tuge, (), 14, (1)) =0 forace. t € [0, T1.
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We get

T
(0 () = (0 () + | s (9, (9) s = 0.

Applying conditions (7.42), (7.43), and the Lebesgue dominated convergence theorem
on [, T], we can deduce (having in mind that 7 is arbitrary) that the limit u solves the
equation

oW (T)) — ¢ (' (1)) + ITf(s,u(s),u'(s))ds =0 forte(0,T]. (7.44)

This immediately yields that ¢(u") € ACi,(0, T] and u is a w-solution of (7.1).

Step 4. The function u is a solution of problem (7.1).
Assume, moreover, that condition (7.36) holds. Due to assumption (7.41) there is a
¢ € (0, ) such that for each £ € N

], o 90, (90) s = 1900, (00) = 9, ) | = c.

So, by the Fatou lemma, using also condition (7.36) and equality (7.43), we deduce
that f(t,u(t),u’(t)) € L,[0,n]. Further, by virtue of assumption (7.41) and assertions
(7.33) and (7.34), the functions u and u’ are bounded on [#, T]. Hence, assumption
(7.28) implies f(t,u(t),u’(t)) € L[y, T], which together with the above arguments
yields f(t, u(t), u'(t)) € L]0, T]. Therefore, due to equality (7.44) we have that ¢(u') €
AC[0, T], that is, u is a solution of problem (7.1). O

Now, using Theorem 7.31, we will extend Theorem 7.20 which is based on the exis-
tence of lower and upper functions to problem (7.1). Note that lower and upper functions
to problem (7.1) are understood in the sense of Definition 7.15.

Theorem 7.32. Assume that (7.28) holds. Let 01 and 0, be a lower function and an upper
function of problem (7.1) and let 01(t) < 03(t) for t € [0, T]. Assume that there exist a
nonnegative function h € L1[0, T] and a positive function w € C[0, o) fulfilling condition
(7.17), further assume that

there exists b >0 such that w(s) > b for s € [0, ); (7.45)

f(tx, y)signx < w([@(y)[) (A1) +1y])

(7.46)
fora.e. t € [0,T] and all x € [01(¢),02(t)], y € R.

Then problem (7.1) has a w-solution u satisfying estimate (7.16) and ||t/ || < oo.
If, moreover, condition (7.38) with r > ||u' |l holds, then u is a solution of problem
(7.1).
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Proof

Step 1. Choose an arbitrary k € N and denote A = [0, T] N [0, 1/k), Ay = {t € Ak :
01(t) = 02(1)}, Ay = {t € Ax : 01(t) < 02(¢)}. Define a function gi by

((¢(03(1)) if x > 05 (1),

(x — a1 (1) (¢(a5(1) + (02(t) — x) (¢ (0] (1))’
ge(t,x) = 1 0x(t) — 01(t)

if 01(t) < x < 0o(t),

’

L (¢(01 (1)) ifx < a1(t)

fora.e.t € Ay and all x € R, and a function f; by

ftx,p) ift € [0,T]\ A,

filt,x,y) =1 =(p(a1(1))" ift € Ap, (7.47)
—gi(t,x) ift € A

forae. t € [0,T] and all x,y € R. Then fi € Car([0, T] x R?) and condition (7.31)
is valid. Consider problem (7.40) with f; defined in this proof. Then o) and o, are also
lower and upper functions to this problem. Moreover, due to inequalities (7.45), (7.46),
and formula (7.47), fi satisfies inequality (7.24) with g(t,x,y) = fi(t,x,y), a(t) = 0,
» =1+ 1/b,and

ho(t) = h(t) + | (¢(a1(1)) | + | ($(05())) .

Hence, for each k € N, Theorem 7.20 gives a solution ux of problem (7.40). More-
over, each solution uy satisfies estimate (7.16) and [|u;|l» < r, where r > 0 is given by
Lemma 7.18 for ry = max{ |01/, [|02]| } and for A = B = 0.

Step 2. Define a set
Q={xeC0,T]:01 <x<00n[0,T],||x |l < r}.

Then condition (7.41) is valid and, by Theorem 7.31, we can find a subsequence {u,} C
{ug} such that assertions (7.33) and (7.34) hold and the function u € C[0,T] with
¢(u') € ACoc(0,T] is a w-solution of problem (7.1). Since {ux,} C Q, we see that u
fulfils estimate (7.16) and ||t/ || < 7.

Step 3. Let condition (7.38) hold. Similarly to the proof of Theorem 7.29, we can show
that there exist # > 0 and €, > 0 such that either u,(¢) > 0 on (0,#] for each ¢ € N,
€ = £, or ug,(t) < 0on (0,1] foreach £ € N, € = ¢;. Denote

wo = max {w(s) : s € [0,4(r)]},
y(1) = = (@(oi(1)] = [(¢(05(0))"| — wolh(t) +7]
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fora.e. t € [0, T]. Since
— e (8, 1age, (), 14y, (1)) sign g, (t) = y(t)

for a.e. t € [0,7] and all € > £, we see that fi, fulfils condition (7.36) with A =
— sign uy, (t). Therefore, Theorem 7.31 implies u € AC'[0, T], that is, u is a solution
of problem (7.1). O

Example 7.33. Letk,n € N,c € R,a € [1,), ¢ € (0,0), ¢ € C(R?), and v € C(R).
Further, assume that ¢ is nonnegative and y(x) = 0 if x < 0 and y(x) < 0if x > 0.
Consider problem (7.1), where

f(t,x,y) — (t _ €)2n+1 _ x2n+1 + cx2y¢(y) 7 x2k+1¢(x,y) + tiav/(x)

fora.e. t € [0,T] and all x, ¥ € R. The last term of f is singular at t = 0. We can find
constant functions 0 (t) = r; < 0 and 0,(¢) = r, > 0 which are lower and upper functions
of the problem. Moreover, f satisfies inequalities (7.38) and (7.46). Indeed, we can choose
8 > 0 sufficiently small and put A = 1, r = max{|r|,n}, w(s) = (lc|r* + 1)(1 +s),
h(t) = |t—¢|?>"*. By Theorem 7.32, our problem has a solution u such that r; < u(t) <r,
fort € [0,T].

We continue with a generalization of Theorem 1.5 to problem (7.1).

Theorem 7.34 (second principle for ¢-Laplacian and time singularities). Let the assump-
tions of Theorem 7.31 be satisfied with (7.36) replaced by the assumption that there exist
yeLi[0,T],n>0,y€eR, & eN,and A € {—1,1} such that

A fio (8, g, (2), uy,, (2)) sign (g, (t) — ) = w(2)

(7.48)
foreach € € N, € = €, and for a.e. t € (0,7].

Then the assertions of Theorem 7.31 remain valid.

Proof. By Theorem 7.31 there exist a sequence {uy, } and a function u such that assertions
(7.33) and (7.34) hold and u is a w-solution of problem (7.1) with ¢(u") € ACi0c(0, T'.
Arguing as in step 4 of the proof of Theorem 7.31 we see that to show ¢(u') € ACI[0, T],
it suffices to prove that f(¢,u(t),u'(t)) € L[0,#]. Put M = V; U V, U V3 U V4, where

Vi ={te[0,n]: f(t -, -): R* — Ris not continuous},

V, = {t € [0,7] : tis an isolated zero of u’ — p},

Vs =1{t e [0,1]: (p(u' (1)) + f(t,u(t), ' (t)) = 0is not fulfilled},
V4 = {t € [0,7] : the equality in condition (7.31) is not fulfilled}.

Then meas(.M) = 0. Choose an arbitrary s € (0, T] \ M.
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(a) Let u/(s) # y. Assume, for example, that sign(u'(s) — y) = 1. Then, there exists
€y € N such that for each £ > £, we have sign(u]'ce(s) —y) = 1 and so, due to properties
(7.31), (7.33), (7.34), and since s & V; U V4, we get

%LHOZ S (55 uk, (5), 1y, (5)) sign (uy, (s) —y) = f(s,u(s),u'(s)) sign (u'(s) —y).  (7.49)
If sign(u/(s) — y) = —1, we get equality (7.49) in the same way.

(b) Let s be an accumulation point of the set V, of isolated zeros of ' — y. Then
there is a sequence {s,,} C (0, T] such that ¥'(s,) = y and limy. sm = s. Since v’ is

continuous on (0, T, we get u'(s) = y. Therefore, ¢(u'(sp)) = (' (s)) = P(y),
o S0 2) = 9 (9) _
m= oo Sm—S
and, by virtue of s € V3, we get 0 = (¢(1'(5))) = —f(s,u(s), u'(s)). Since s & V; U Vy,

we have by properties (7.31), (7.33), and (7.34)
}1}2 o (5 1, (), ug,, () sign (ug, (s) — y) = f (s, u(s),u'(s)) }Lnolo sign (uy, (s) —y) = 0.

So, we have proved that equality (7.49) is valid for a.e. s € [0, 7].
Further, by assumption (7.41), there exist ¢ > 0 and ¢y, € N such that for £ > ¢,

J: A fi (5, g, (), 1y, (5)) sign (ug, (s) — y)ds < J [ (u, () — o(y)|'ds
< [¢(u, (0)) = ¢ | + [ ¢, () — $(p) |

<,

and hence, due to assumption (7.48), we can use the Fatou lemma to deduce that A f (¢,
u(t),u'(t)) sign(u'(t) — y) € L1[0,#], and, consequently, f(t,u(t),u’(t)) € L,[0,]. O

Now, we are ready to extend Theorem 7.22 with the second form of Nagumo condi-
tion to problem (7.1).

Theorem 7.35. Assume that (7.28) holds. Let 01 and 0, be a lower function and an upper
function of problem (7.1) and let 0,(t) < 03(t) for t € [0,T]. Assume that there exist
a,a; € [0,T], a1 < az, y1,y2 € R, a nonnegative function h € L,[0,T], and a positive
function w € C[0, o) fulfilling conditions (7.17), (7.45) and

ft,x, y)sign (y — y1) < w([¢(y) = ¢(y1) [) (h(t) + |y = 31])

fora.e. t € [0,a;] and all x € [al(t),az(t)], yeR,
(7.50)
f(t.x, y)sign (y = y2) = —w(|$(y) = ¢(y2) [) (h() + |y = y21)

fora.e. t € [a1,T] and all x € [al(t),az(t)], yeR.

Then problem (7.1) has a solution u satisfying estimate (7.16).
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Proof. Choose an arbitrary k € N and consider problem (7.40) with f; defined by (7.47).
Letus put g(t,x,y) = fi(t,x,y),a(t) =0, = 1+1/b,and

ho(t) = h(t) + [ (¢(a1(1))" | + | ($(a5(1)) "]

Here, b > 0 is given by (7.45). Using Theorem 7.22 and Lemma 7.19 and arguing similarly
to the proof of Theorem 7.32 we show that conditions (7.31) and (7.41) are valid. So, by
Theorem 7.34, we get a w-solution u of problem (7.1). By Theorem 7.22, u also satisfies
estimates (7.16) and (7.29), where r > 0 is the constant found by Lemma 7.19 for ry =
max{]|o1llw, 1021l }. Moreover, the first inequality in (7.50) gives

= fue (8, g, (8), 1, (1)) sign (u, (t) — y1) = y(t) forae. t € [0,as],
where

y(t) = —wo(h(t) + 1+ [3]) = [ (@(o{()) | = [ ($(a3()) |,
wo = max {w(s) :s € [0,¢(r) + [¢(y1) |1}

So, using Theorem 7.34 with A = —1, 4 = ay, and y = y;, we get that u is a solution of
problem (7.1). O

Example 7.36. Assumethatn € N,¢,d € R,a € [1, %), ¢ € (0, %). Choose a; € (0,1/2),
a, = T/2, hy, hy, hs € L]0, T], where hy(t) > € a.e. on [0, T]. Let h3 be nonnegative a.e.
on [0, T] and vanish a.e. on [0, T/2]. Consider problem (7.1) where ¢(y) = y and

fltx,y) ==t y+h(t)y+c(y*+1) —h(t)(x* ' —d) + hs(t)y’

for a.e. t € [0,T] and all x, y € R. The first term is singular at ¢ = 0. Let y; = y, = 0.
We can find constant functions g1 (¢t)=r; < 0 and 0, (¢)=r, > 0 which are lower and upper
functions of the problem. Moreover, f satisfies the conditions of Theorem 7.35. We see it
ifweputw(s) = (lc|+1)(s+1), K = (|r1|+r2)?* '+|d|,and h(t) = a;“+|h (t)|+Kha(t)+1.

7.3. Dirichlet problem with space singularities

Many papers studying problem (7.1) or (7.2) with a space singularity at x = 0 concern the
case that the nonlinearity f is positive. Such problems are referred to as positone ones in
literature, see Agarwal and O’Regan [11, 12] or Stanék [185]. The positivity of f implies
that each solution of (7.2) is concave and hence positive on (0, T'), and if, moreover, f
has a space singularity at x = 0 but not at y, then each solution has only two singular
points 0, T which are of type I. This makes the study of such problems easier than of
those having sign-changing f or space singularities at y because the latter problems can
generate solutions with singular points of type II. First we will study the singular problem
(7.2) with a positive nonlinearity f satisfying

feCar([0,T] x D), whereD = (0,00) X R,
7.51
f has a space singularity at x = 0, (731)

that is, limsup,_o, | f(t,x, y)| = o fora.e. t € [0, T] and some y € R. In this case, we
can use theorems of Section 1.3 and extend the existence results of Section 7.1. To this



114 Dirichlet problem

aim we present here the version of Theorem 1.8 for ¢p = 0, n = 2, and A = [0, 0) X R.
We will consider the sequence of regular problems

u” + filtbu,u’) =0, u(0) = u(T) =0, (7.52)
where fi € Car([0, T] x R?).

Theorem 7.37. Assume that (7.51) holds and that

2

filt,x,y) = f(t,x,y) forae. t € [0,T], foreach k > T

1
k)

there exists a bounded set Q C C'[0, T] such that

I (7.53)
and for each (x, y) € [0,00) X R, x = o lyl =

the regular problem (7.52) has a solution u; € Q (7.54)

and up(t) = 0 fort € [0,T), k > %
Then there exist u € C[0, T] and a subsequence {ux,} C {ux} such that

}im ur, (1) = u(t) uniformly on [0, T].

If, moreover, the set of singular points 8 = {s € [0, T] : u(s) = 0} is finite, then

lim w () = u'(t) locally uniformly on [0, T] \ 8.

f£— o0

If, in addition,

on each interval [a,b] C [0,T] \ 4§
7.55
the sequence { fi, (t, ux, (t), uy, (1))} is uniformly integrable, (7.53)

then u € ACL ([0, T] \ 8) and u is a w-solution of problem (7.2).
Finally, if there exists a function v € L[0, T] such that

fieo (tsu, (£), 1, (8)) = w(t)  forae t € [0,T] andall€ € N, (7.56)
then u € AC'[0, T] and u is a solution of problem (7.2).
The following lemma will be useful in the subsequent proofs.

Lemma 7.38. Let ¢ > 0. Then there exists n§ > 0 such that for each function u € AC'[0, T]
satisfying

u(0)=u(T)=0, —-u"(t)=¢ foraetecl0,T]
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the estimate
T
nt fort e [0,5],

u(t) > (7.57)
n(T —1t) fortE[ ,T].

03

is valid.

Proof. Let G(t,s) be the Green function of the problem —v"'(¢) = 0, v(0) = v(T) = 0,
that is,

t(TT_S) for0<t<s<T,
G(t,s) =
S(TT_ 2 forO0<s<t<T.

Let u be an arbitrary function fulfilling —u"'(¢) > e fora.e. t € [0, T] and u(0) = w(T) =
0. Then we have

T T
u(t) = — L Gt $)u' (s)ds > eL G(t, $)ds

X nt fort e [0,%],

=—et(T—1t) =
2 T

n(T—t) forte [E’T]’

if we choose 1 < &(T/4). O

If f(t,x, y) in (7.2) has one-sided sublinear growth in x and y, we use Theorem 7.37
to modify Theorem 7.9 as follows.

Theorem 7.39. Let (7.51) hold and let €,y,8 € (0,), a,3 € [0, 1). Assume that there
exist a nonnegative function go € L[0,T] and a function v € C(0, ) positive and
nonincreasing on (0, o) satisfying

JT (" + ) y(t)dt < oo,

0
e< f(t,x,y) < t'(T — t)‘sw(x) +go()(1+x*+ Iylﬁ)
fora.e. t € [0,T] andallx € (0,0), y € R.

Then problem (7.2) has a solution positive on (0, T).
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Proof

Step 1. Construction of approximate regular problems.
Choose an arbitrary k € Nand fora.e. t € [0, T] and all x, y € R define the auxiliary
function

fltay)  iflxl = %

fk(t>x>)’) = 1 1
f(t,E,y) if |x] < o
We see that f; € Car([0, T] x R?) fulfils condition (7.53) and
e < fi(t,x,y)
5 1 1\ " B
<t"(T -1ty X +g()| 1+ X +x]+ |yl
< h(t)(1 + |x|*+ |yIF)

fora.e.t € [0,T] and all x, y € R, where h(t) = (T — t)°y(1/k) + 2go(t). Consider the
approximate regular problem

u” + filt,u,u’) =0, u(0) = u(T) = 0. (7.58)
Puta(t) = 0 and ¢(y) = y. Then, by Theorem 7.9, problem (7.58) has a solution u.

Step 2. Convergence of the sequence {ux} of approximate solutions.
Lemma 7.38 yields 7 € (0, 1) such that

uy(t) > 2 (7.59)

n(T—t) forte [g,T].

nt fort e [O,Z],

Clearly ux > 0 on (0, T). Further, the inequality #(T — t)5W(uk(t)) < ¥/(t) holds for a.e.
t € [0, T], where

(T — 0y(nt) ifr e [0, g]
v(t) = T
DT — Py (q(T— 1) ift e [E’ T].
Since w(1/k) < w(x) if x € (0, 1/k], we have

St 2, y) < (T = 1) () +go(1) (2 +x* + | y|F)
fora.e.t € [0,T] and all x € (0, ), y € R. Therefore,

—u (1) < Y(t) + go(£) (2 + uf (£) + |uy(8) |ﬁ) fora.e. t € [0, T].
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We can find s € (0, o) such that

T
J F0dt < .
0

Thus, |9 +goll1 < 32+ llgoll1. Consider the sequence {ux} of solutions of problem (7.58),
k € N. The functions u, k € N, satisfy condition (7.8) for ¢(y) = y, a(t) = 0, hy = Y+go,
with ¢ = 54 + llgoll; and h; = go. By Lemma 7.5 there exists > 0 such that

[kl + |uplle <7 fork e N

Defineaset Q = {x € C'[0, T] : ||x]le + [|x'|lc < r}. Then condition (7.54) is valid and,
by Theorem 7.37, we can find a function u € C[0, T] and a subsequence {uk,} C {uy}
such that

}im ug,(t) = u(t) uniformly on [0, T].

Step 3. The function u is a solution of problem (7.2).

By estimate (7.59), u satisfies estimate (7.57), and u € C[0, T] is positive on (0, T').
By virtue of assumption (7.51), we know that f has only a singularity at x = 0. The set §
of singular points is finite because it consists of two points 0 and T. Hence, Theorem 7.37
yields

}Lnolo up, (t) = u'(t) locally uniformly on (0, T).

Let us choose an arbitrary interval [a, b] C (0, T). Then there exists €y € N such that for
each € > ¢, the inequality ux, > 1/¢ is valid on [a, b] and

e (6 1k, (), 1z, (£)) < (T — t)‘sw(é) +g0(0)(2+ "+ 1) =: (1)
for a.e. t € [a,b]. Using Criterion A.1 and the fact that ¢ € L;[a, b], we get that the
sequence { fi, (f, ug, (1), u,'q(t))} is uniformly integrable on [a, b]. This yields that condi-
tion (7.55) holds and consequently, u € ACIIOC(O, T) is a w-solution of problem (7.2).
Moreover, condition (7.56) is also satisfied because the inequality 0 < fi, (£, ug, (1), u,’Q (1))
holds for a.e. t € [0, T] and for all ¢ € N. Due to Theorem 7.37, u is a solution of problem
(7.2). O

Example 7.40. Let hy,h, € L[0,T] be nonnegative. For a.e. t € [0,T] and all x,y €
(0, 0) X R define a function

t3/2(T _ t)3/2

fltxy) = 1+ == (1) VX + HONE

The second term of f has a space singularity at x = 0. Further, f satisfies the conditions
of Theorem 7.39 withe = 1, a = f=1/2,y =6 =3/2, y(x) =x %, and gy = 1 + hy + h,.
Therefore, by Theorem 7.39, the problem

t3/2(T _ t)3/2
u?

12

u +1+

+h(OVa+ha(O\lwl =0, u(0) = u(T) =0,

has a solution positive on (0, T').
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Now, we will present conditions ensuring solvability of problems with space singu-
larities in the variables x and y and with singular points both of type I and of type II.
The main difficulty in the study of singular points of type II is the fact that their location
in [0, T] is not known. This is why there are only few papers concerning solvability of
such problems in mathematical literature and no results about w-solutions are known.

Consider problem (7.2) under the assumption that f satisfies

feCar([0,T] x D), whereD = (0,00) x (R {0}),
7.60
f has space singularities at x = 0 and y = 0, (7.60)

that is,

limsup | f(t,x,y)| = forae.t € [0,T] and some y € R\ {0},
x—0+
limsup | f(t,x,y)| = o forae.t € [0,T] and some x € (0, ).
y—=0
Conditions for solvability of problem (7.2), provided f(t,x, y) is positive and has one-
sided linear growth in x and y, are formulated in the next theorem which extends
Theorem 7.12.

Theorem 7.41. Let (7.60) hold and let €,y,6 € (0, o). Assume that there are nonnegative
functions g, hy, hy € L1[0, T and functions yy, y, € C(0, o) positive and nonincreasing on
(0, 00) satisfying Tlhy|l1 + lh2lly < 1 and

T T
J (" + %)y, (t)dt < oo, J Yo (t)dt < oo,
0 0

e< f(t,x,y) = (T = )°yi(x) +ya(lyl) + g() + i ()x + ha ()| y|
fora.e.t €[0,T] andallx € (0,), y € (R\ {0}).

Then problem (7.2) has a solution positive on (0, T).

Proof. Due to condition (7.60), f has also a space singularity at its last variable y and
hence, we cannot use Theorem 7.37, where condition (7.51) is involved. We will use some
arguments from the proof of Theorem 1.8.

Step 1. Construction of approximate regular problems.
Choose an arbitrary k € Nand fora.e. t € [0, T] and all x, y € R define the auxiliary
functions

[ . 1
N f(tIxl,y) iflx| = o
felbxy) =1 1

tai) 1f|x| <7,
Yy
L k k
(7.61)

(> . 1

fk(t)x,)’) 1f|)/| > E,
fk(fax))/) = k[~ 1 1 o 1 1 . 1

Z(R(en ) 0o ) = Rlexg) =) i<
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We see that fi € Car([0, T] x R?) fulfils

fi(t,x, ) = f(t,x,y) forae.t e [0,T]andallx € [%,00), lyl € [%,00). (7.62)

Further,
e < fi(t,x,y)
< 0(T - 0y, (%) ; WZG) Lg()+ hl(t)<|x| ; i) ; hz(t)<|y| + %)

fora.e.t € [0,T] and allx, y € R. Puta(t) =0, ¢(y) = y,and

ho(t) = /(T — )y, (%) + M%) () + () + ho(e).

Then, by Theorem 7.12, problem (7.58) with fi defined by (7.61) has a solution .

Step 2. Convergence of the sequence {ux} of approximate solutions.

Lemma 7.38 gives 7 € (0,1) such that u; satisfies estimate (7.59). Clearly, ux > 0
on (0,T) and ux has a unique maximum point #, € (0, T). Integrating the inequality
€ < —uy (1) we get

et —t) <u(t) = |u ()| fort e [0,4],

(7.63)
e(t—tr) < —up(t) = |up(t)| forte [t T].
Denote
(T = 0y (nt) ift e [0, %]
Ui () = T
O(T - 0y (g(T - 1)) it e [E’ T],
N ety — 1)) ift € [0, %],
lllzk( ) =
va(e(t—t)) ift e[, T
Then

(T — )%y (e (t)) < 91 (t),  wa(|up(0)]) < Pak(t)

for a.e. t € [0, T]. Since y;(1/k) < yy(x) if x € (0,1/k] and y,(1/k) < yu(lyl) if [y] <
1/k, we have

fitx,y) < (T = %y (x) + ya(lyl) + g() + () (x + 1) + ha () 1y + 1)
fora.e.t € [0,T] and all x € (0, ), y € R. Therefore,

—u (1) < Y1 (8) + Yok (1) + g(8) + by () (uie(t) + 1) + ha(8) (| u (1) | + 1)
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for a.e. t € [0, T]. Without loss of generality we may assume that ¢ < 1 and we can find
21, 26 € (0, 00) such that

T T
j (0t < 3, J Fu(Ddt < 50, keN.
0 0

Thus, |91 + Yok + gll1 < 501 + 302 + ligll1 =: 5. Consider the sequence {u} of solutions
of problems (7.58), k € N. The functions uy, k € N, satisfy condition (7.12) for a(t) = 0,
¢(y) = y,and hg = U1 + Yok + g + hy + hy. By Lemma 7.7 there exists r € (1, %) such
that [luglle + [yl < r for k € N. By the Arzela-Ascoli theorem, we can find a function
u € C[0, T] and a subsequence {ug,} C {ux} such that

}im uk,(t) = u(t) uniformly on [0, T].

So, we have u(0) = u(T) = 0 and u satisfies estimate (7.57). By estimate (7.59), ux(T/2) =
(nT)/2 for k € N. Since the inequality |lu; ||~ < r holds for k € N, we have (4yT)/(2r) <
tr < T — (nT)/(2r) for k € N. Therefore, we can choose the above subsequence so that
limp—o tx, = t, € (0, T).

Step 3. Convergence of the sequence { fr} of approximate nonlinearities.
Let us choose an arbitrary interval [a,b] C (0, T) \ {t,}. By virtue of estimates (7.59)
and (7.63), there exists £y € N such that for each £ > ¢

W) = U, (0] =~ forae t e [abl, (7.64)
AELAOLE

Fio (6, (8,1, (D) < /(T — )y, (%) " 1,/2%) () + (O + hy(Dr = o(t)

fora.e. t € [a, b].
(7.65)

Since ¢ € L,[a, b], the sequence {”1,@} is equicontinuous on [a, b]. Having in mind that
[a, b] is arbitrary and using the Arzela-Ascoli theorem and the diagonalization theorem,
we can choose the subsequence {uy,} in such a way that

}im u, (t) = ' (t)  locally uniformly on (0, T) \ {t,}.

By estimate (7.63), u'(t) # 0 for t € (0,T) \ {t,}. Denote § = {0,t,,T} and U
Vi UV, U 4, where

Vi={tel[0,T]: f(t,-,-): D — Ris not continuous},
V, = {t € [0, T] : the equality in condition (7.62) is not fulfilled}.
Choose an arbitrary t € [0,T] \ U. Then there exists £, € N such that for each ¢

¢ estimates (7.64) hold. Since t &€ V; U V,, we have equality fi, (¢, ukf(t),u,'(z(t))
f(t, ug, (t), 'k, (¢)) and consequently,

v

}ijgfke(t’ uk, (1), uy, (1)) = f(tut),u'(1)). (7.66)

Since meas(U) = 0, equality (7.66) holds for a.e. t € [0, T].
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Step 4. The function u is a solution of problem (7.2).

First, we will prove that u is a w-solution of (7.2). Choose an arbitrary interval
[a,b] € (0,T) \ {t,}. Since condition (7.65) holds for each ¢ > £, we get by equality
(7.66) and the Lebesgue dominated convergence theorem on [a, b] that f(t, u(t),u'(t)) €
L,[a, b] and if we pass to the limit in

¢
u, (1) — u,(a) + L Sro (55 uk,(s), 1, (s))ds = 0, t € [a,b],

we get

u'(t) —u'(a) + th(s,u(s),u’(s))ds =0, t€]ab].

Having in mind that [a,b] € (0, T) \ {t,} is an arbitrary interval, we conclude that u is a
w-solution of problem (7.2).
Finally, we will show that u is a solution of (7.2). For each ¢ > ¢;, we have

T
JO fke(t) ukz(t),u;(e(t))dt = u]/{g(o) - ulrcg(T) <2r,
fio (6 ug, (8), 1, (1)) = & forae. t e [0,T].

Hence, by (7.66) and the Fatou lemma, we have f(t, u(t), u'(t)) € L; [0, T]. Consequently,
u € AC'[0, T1, that is, u is a solution of problem (7.2). O

Remark 7.42. Notice the fact that the point t, in the proof of Theorem 7.41 is a singular
point of type II, because we do not know its position in (0, T).

Example 7.43. Let c € (0,0). Fora.e.t € [0,T] and allx, y € R\ {0}, define a function

flt,x,y) = \/ﬁ(l+;j) +\/ﬁ+ 6\/1t7T<%+ |)/|)-

The first term has a space singularity at x = 0 and the second at y = 0. We can see that f
satisfies the conditions of Theorem 7.41 if we put

1
y=2 8==, w@w== =",
2 Iyl
1 1
g(t) =T -t h(t) = 6T ViT’ hy(t) = 6T

and choose ¢ > 0 sufficiently small.

7.4. Dirichlet problem with mixed singularities

In this section, we will study problems having the so-called mixed singularities, that is,
both time and space ones. Moreover, in some theorems we omit the assumption that the
nonlinearity f in the differential equation is positive. In literature we can find results
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about the solvability of singular Dirichlet problems with sign-changing nonlinearities
which mostly concern w-solutions. Here, we will prove the existence of solutions to prob-
lem (7.1) provided f has mixed singularities. We assume that -4, 4, are closed intervals
containing 0 and

f€Car((0,T) x D), where D = (A;\ {0}) X (A2 )\ {0}),

f has time singularitiesat t = O and at t = T, (7.67)

and space singularities at x = 0 and at y = 0,

that is, there exists (x, ) € D such that

JOS | f(t,x,y)|dt = o, JTT | f(t,x,y)|dt = o fore € (0,%),

—&

limsup | f(t,x,y)| = fora.e.t € [0,T] and some y € #4, \ {0},
x—0

limsup | f(t,x,y)| = 0 fora.e. t € [0,T] and some x € A; \ {0}.
y—0

Since problem (7.1) contains ¢-Laplacian and has mixed singularities, we cannot use
theorems of Sections 1.2 and 1.3. Hence, we will prove their new generalized version.
In order to do it we will consider the sequence of regular problems

(p(u)) + filtyuyu') = 0,  u(0) = ax, u(T) = by, (7.68)
where fi € Car([0, T] X R?), ax, by € R, k € N.

Theorem 7.44 (principle for ¢-Laplacian and mixed singularities). Let (7.67) hold, let
& >0, yx > 0 for k € N and assume that

115?0 & =0, 1113)10 Nk = 0; (7.69)
1 1 2
filt,x,y) = f(t,x,y) forae te [*, T — f], foreach k > -
k k T
(7.70)
and for each (x, y) € A1 X Az, x| = &, |y = nis
there exists a bounded set QO ¢ C'[0, T] such that
the regular problem (7.68) has a solution uy € Q (7.71)

and (ug(), (1)) € AL X As fort € [0,T], k> %
Then there exist u € C[0, T] and a subsequence {uy,} C {uy} such that

}im ug, (1) = u(t) uniformly on [0, T].
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Further assume that there is a finite set 8 = {s1,...,s,} C (0,T) such that

the sequence {¢(uy)} is equicontinuous

on each interval [a,b] € (0,T) \ 4. (7.72)
Thenu € CH((0,T)\ 8) and
}lfg up, (t) = u'(t) locally uniformly on (0,T) \ 8.
Assume, in addition, that limy_.. ar = 0, limy_. . bx = 0 and that
8=1s€(0,T):u(s) =0o0ru'(s) =0oru'(s) does not exist}. (7.73)

Then ¢p(u') € ACoc((0,T) \ 8) and u is a w-solution of problem (7.1).
Denote sy = 0 and sy41 = T. Moreover, let there be 1 € (0, T/2), Ao, pho> A i1 - - > Ayt
pvs1 € {=1,1}, €y € Nand y € L,[0, T such that

Aifiep (s g, (), uz,, () signug (t) = y(t)

7.74
forae.t € (si—n,s) N (0, T), andallie {0,...,v+1}, €= ¢, (7.74)
.Uifke(t, ukg(t))u],q(t)) sign u,’(e(t) > y(t)

7.75
fora.e t € (si,si+n)N(0,T), andalliec{0,...,v+1}, €= &. ( )

Then ¢(u') € AC[0,T] and u is a solution of problem (7.1). Moreover, (u(t),u'(t)) €
A1 X A, holds for t € [0, T].

Proof

Step 1. Convergence of the sequence {ug, }.
Assume that conditions (7.67), (7.70), and (7.71) hold. By (7.71) there exists r > 0
such that the sequence {u;} of solutions to problem (7.68) satisfies

2
llukl|co <7 fork > T
Hence, the sequence {ux} is bounded and equicontinuous on [0, T]. Due to the Arzela-
Ascoli theorem, this yields the existence of a function u € C[0, T] and a subsequence
{uk,} C {ur} such that lime_. . ug, (£) = u(t) uniformly on [0, T].

Step 2. Convergence of the sequence {uy,}.

Assume, in addition to step 1, that condition (7.72) holds and choose an arbitrary
interval [a,b] € (0,T) \ 4. Then {¢(u;)} and consequently {u}} is equicontinuous on
[a,b]. Since {u;} is also bounded on [4, b], we can use the Arzela-Ascoli theorem and
choose a subsequence {u, } such that it uniformly converges on [0, T] and lim,_.« ul’w (t)=
u/(t) uniformly on [a,b]. Using the diagonalization theorem we deduce that we can
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choose the uniformly converging on [0, T'] subsequence {uy,} so that
}1}2 u, (t) = u'(t) locally uniformly on (0, T) \ 4.

Therefore, u € C((0,T) \ 8).

Step 3. Convergence of the approximate nonlinearities { fi, }.
Assume, in addition to step 2, that lim_« ax = 0, lim_« bx = 0, and that condition
(7.73) holds. Then u(0) = u(T) = 0. Define U = V; U V, U &, where

Vi={te€(0,7T): f(t,-,-): D — Ris not continuous},
V, = {t € (0, T) : the equality in condition (7.70) is not fulfilled}.

Choose an arbitrary t € (0,T) \ U. Then there exists £y € N such that for all £ > £, we
have t € [1/ke, T — 1/ke], lug, ()| = &k, Iu,'q(t)\ > 1k, and

i (6 i, (8), 3, (8)) = f (&, w, (£), wg, (1)),
Since ¢ is an arbitrary element in (0, T') \ U and meas(U) = 0, we get
}Lnolo Sro (G ug, (1), (1) = f(tu(t),u'(t)) ae onl0,T]. (7.76)
Step 4. The function u is a w-solution.
Now, choose an arbitrary interval [a, b] C (0, T) \ 4. Then there exist £* € N, ¢* > 0,
and n* > 0 such that for all £ > €*
| fuo (£, u, (£), 1, (1)) | < h(t) forae. t € [a,b],
where
h(t) =sup{| f(t,x,y)| :e* <|x| <r, y* < |yl <r} € L[a,b].

Therefore, we can apply the Lebesgue dominated convergence theorem and get f (¢, u(t),
u'(t)) € Li[a,b] and

b b
L!LIB:J' fke (S’ ukg(s)’u;(g(s))ds = J f(s,u(s), u'(s))ds.
Integrating the equality

($(up, () + fieo (1, (1), 11, (1)) =0 forae. t € [0, 7], (7.77)

we get

¢ (uy, (1) — ¢(u,(a) + L fieo (8, uk, (5), 1, (5))ds = 0 fort € [a,b],

which for £ — o leads to

¢(u' (1)) - st, ),u'(s))ds =0 fort € [a,b].
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Since [a, b] can be an arbitrary interval in (0, T') \ 8, we deduce that ¢(u") € ACioc((0, T)\
4) and u is a w-solution of problem (7.1).

Step 5. The function u is a solution.

Assume, in addition to step 3, that there exist 7 € (0, T/2), Ags .. . s Ayt1, Hos - - - > Yv+1 €
{—1,1}, & € N, and v € L;[0,T] such that conditions (7.74) and (7.75) are valid.
Since u is a w-solution of problem (7.1), it remains to prove that ¢(u') € AC[0, T].
By step 3, f(t,u(t),u'(t)) € Li[a,b] for each [a,b] C (0,T) \ 8. So, it suffices to prove
f(t,u(t),u' (t)) € Lilci,di] fori = 0,...,v + 1, where (¢;,di) = (si — #,si + 1) N (0, T).
Choose an arbitrary i € {0,...,v+ 1} and ¢t € (¢;,d;) \ 8. Then v’ (t) # 0. If we use
equality (7.76) and the fact that {u,’cg} locally uniformly converges to u’ on (0,T) \ 4, we
obtain

}1}2 fr (8, uke(t),u,'w(t)) signuy (t) = f(t,u(t),u'(¢)) signu'(¢)

for a.e. t € [c;, di]. If we multiply equality (7.77) by signuy, (¢) and then integrate over
[ci» di], we get for £ > £,

d;
[ o0, 9 sign 05| = 1, () ) + 911, e ) =200,

Therefore, the Fatou lemma yields f (¢, u(t),u'(t)) € Li[c;, d;], by conditions (7.74) and
(7.75). Hence, f(t,u(t),u'(t)) € L;[0, T] and ¢(u") € AC[O, T]. O

Remark 7.45. (i) Theorem 7.44 guarantees the existence of a solution u which can change
its sign.

(ii) According to Step 4 of the proof of Theorem 7.44, we can claim that Theorem 7.44
remains valid if we replace (7.75) with

e (i, (), 1, (1)) = y(8)
forae.t € (si—n,si+1n) N (0,T) (7.78)
andalli € {0,...,v+ 1}, € > ¢,.

(iii) If f has no singularity at y = 0, then we put 7 = 0 for k € N in Theorem 7.44.
Moreover, due to step 3 of the proof of Theorem 7.44, the set § in (7.73) consists only of
the zeros of u. This will be accounted for in the next theorem. We will assume that

f € Car ((0, T) X D) can change its sign, D = (0,0) X R,

. . .. (7.79)
and f has mixed singularitiesatt =0, t = T, x = 0.

Theorem 7.46. Let (7.79) hold. Let o, and o, be a lower function and an upper function of
problem (7.1) and let

0<o01(t) <0a(t) forte (0,T).
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Assume that there exist ai,a; € [0, T], a; < a, a nonnegative function h € L,[0, T], and a
positive function w € CI0, oo) fulfilling conditions (7.17), (7.45) and

ft,x, y)signy < w(|p(y)]) (h(t) +|y|)

fora.e. t €[0,ax] and allx € [0y 1], yeR,
. (7.80)
fltxy)signy = —w([¢(y)|) (h(t) + Iyl)
fora.e. t € (a1, T] and all x € [0y 0], yeRr.

Then problem (7.1) has a solution u satisfying estimate (7.16).
Proof. Choose an arbitrary k € N such that k > 2/T, and denote
1 1
= [og)u(r-or]
Ap = {teA:o(t) =oa(t)}, A= {t € Ac:o(t) <or(t)).
Further, define

{al(t) if x < o1 (1),
a(t,x) =

X ifo1(t) < x
fort € [0,T] and x € R,

(¢(a3(1)))’ ifx > 0y(1),

gilt,x) = 1 (x=01(0)($(05(1))" + (0a(t) = ) ($(0](1))’
0y (t) — o1 (1)

ifO’l(t) <x= Uz(t),
(¢(ai (D))’

fora.e.t € Ay and x € R, and

f(talt,x),y) ifte[0,T]\ Ag,
filt,x,y) =1 —(¢(a1(1)))" ift € Axy (7.81)
fgk(t,x) ift € A

forae. t € [0,T] and x, y € R. Then fi € Car([0,T] x R?) and f; satisfies inequalities
(7.27) where g(t,x,y) = fi(t,x,¥), y1 = y2 = 0, ¢ = 1+ 1/b with b given by (7.45)
and ho(t) = h(t) + 1(¢(a1 (1)) + 1(¢(a5(t)))’|. Consider problem (7.40) with fi defined
by (7.81). We see that 01 and o, are also lower and upper functions to problem (7.40).
Hence, for each k € N, Theorem 7.22 gives a solution uj of problem (7.40). Moreover,
each solution wuy satisfies estimate (7.16) and |||l < 7, where r > 0 is the constant
found in Lemma 7.19 for ry = max{||01|l«, |02l }. Define

Q={xeC'0,T]:o1 <x<0on[0,T], [|X|le < r}.
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Let us put A; = [0,0), A, = R,ex = max{o,(1/k),01(T — 1/k)} and, according to
Remark 7.45(iii), we have #x = 0 for k € N. Then conditions (7.70) and (7.71) are valid
and, by Theorem 7.44, we can find a subsequence {uy,} C{ux} uniformly converging on
[0, T] to a function u € C[0, T'].

Choose [a,b] C (0,T). Then there exists ky € N such that for k > ko we have
la,b] C [1/k, T — 1/k] and

| fic(t, uk(£), up (£)) | < h(t) forae.t € [a,b],
where

h(t) =sup {| f(t,x, y)| : 11 < x < aa(2), |yl <7}

and r; = min{o(t) : t € [a,b]} > 0. Since h € L,[a,b], we see that the sequence
{¢(u,)} is equicontinuous on [a,b]. Further, ar = 0, by = 0, k € N. According to
Remark 7.45(iii), the set 8 C (0, T) consists only of the zeros of u. Since u is posi-
tive on (0, T'), 4§ is empty and we see that conditions (7.72) and (7.73) hold. Hence, by
Theorem 7.44, u is a w-solution of problem (7.1).

Denote wy = max{w(s) : s € [0,¢(r)]} and

() = =[(9(01(0))'| = [(¢(e3(0))"| = wol () +7].
The first inequality in (7.80) implies that
— fio (1, g, (), 1, (1)) signi, (£) > w(2)
fora.e. t € [0,ay] and all € > £, and similarly the second inequality in (7.80) gives
Jre (2, ukl(t),u;(e(t)) sign uy, (t) = y(t)

fora.e.t € [a;, T] and all £ = &. So,if weputv = 0,40 = —1,50 = 0and A, = 1,5 = T,
n = min{a,, T — a1}, we get inequalities (7.74) and (7.75). Therefore, by Theorem 7.44,
u is a solution of problem (7.1). O

Example 7.47. Suppose thata, B € [1,0),a € R, b € (0,1/+/2),¢c € (0,0),d € (0,1/b—
2b). Consider problem (7.1) where ¢(y) = y and

t(T —t)
X

ftx,y)=((T-t)P—t%+a)(x—bt(T —t))y+cy> —d+

for a.e. t € [0,T] and all x, y € R. The first term of f has time singularities at t = 0,
t = T and the last term of f has a space singularity at x = 0. Let us put 01(¢) = bt(T — 1),
0(t) =1 = (T*>/4)(1/d +b), w(s) = (c+ 1)(s+1),a; = T/3, a, = T/2. If we choose a
sufficiently large positive constant K and put h(t) = K, we can check that all conditions
of Theorem 7.46 are fulfilled. Therefore, our problem has a solution u satisfying (7.16).

The next theorem deals with problem (7.1) provided f has singularities in all its
variables.



128 Dirichlet problem

Theorem 7.48. Letv € (0,T/2), e € (0,9(v)/v), c1,¢2 € (v, ), and let assumption (7.67)
hold with A, = [0, ), A, = [—c1,c2]. Denote

o(t) = min {ct, ¢, (T — )} fort € [0, T]
and assume that
f(t,o(t),0'(t)) =0 forae te[0,T],
0< f(t,x,y) foraete[0,T]andallx € (0,0(t)], y €[ —c1,cal, (7.82)
e < f(t,x,y) forae te[0,Tlandallx € (0,0(t)], y € [—-v,v].
Then problem (7.1) has a solution u satisfying

O<u(t)<o(t), —c=<u(t)<c forte(0,T). (7.83)

Proof

Step 1. Existence of approximate solutions.
Choose k € N, k > 2/T and put ¢, = min{o(1/k),o(T — 1/k)}. For x, y € R define

1) ify >c,

x ife <x,
ak(x) = Bly) =1y it —c<y=<o,

& ifx < e, .
—c ify<—c,

€ if |yl <,
0 ify<-—coryzc,
YD) =9 o -
eu ifv<y<c,
[0 i
+
g1 if —ci<y<—w
L C1 —V

Further, for a.e. t € [0, T] and all x, y € R define auxiliary functions

( - 1 1
fk(t,x,y) = ") e [(1) k) UI(T k)T]) (7.84)
F(bax(),B(y) e [E,T— E]’
(it y) i1yl = 7,
X, V) =1 7.85
B O e B e [ I IR

Then fi € Car([0, T] x R?) and we can find a function my € L;[0, T] such that

| fi(t,x,y)| < mi(t) forae. t€[0,T]andallx € [0,0(f)], y €R.
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Moreover, fi satisfies condition (7.70) with & = min{o(1/k),o(T — 1/k)} and ;. = 1/k.
Due to (7.82), we have

fi(to(8),0'(£)) =0, fi(£,0,0) >0 forae.te [0,T],

and 01 = 0 and o are, respectively, lower and upper functions of problem (7.58) with f
defined by (7.85). Hence, by Theorem 7.16, this problem has a solution uj and

0 <u(t) <o(t) fortel0,T]. (7.86)

Step 2. A priori estimates of approximate solutions.
Since fi(t,x,y) = 0 fora.e. t € [0, T] and all x, y € R, we have

(¢(u (1)) <0 forae. te[0,T].
This yields that ¢(u;) and u are nonincreasing functions on [0, T]. Moreover,
—ca su(t)<c, fortel0,T], (7.87)

because ux(0) = 0(0) = ur(T) = 6(T) = 0and ¢’ (0) = ¢, 0’ (T) = —¢;. Let tx € (0, T)
be a point of maximum of u. Then u; (fx) = 0 and

u(t) =0 forte [0,],
u(t) <0 forte [t T].

(i) Let tx — v = 0. Then there exists ax € [0, #) such that u;(t) < v for t € [ay, tx].
Assuming ai < t; — v and integrating the last inequality in assumption (7.82), we get

e(te —t) < ¢p(u(t)) fort e [t — v, t]. (7.88)
If ar >t — vand u(t) > v for t € [0, ax), then similarly
e(t —t) < ¢p(up(t)) fort € [ag, ti].

Since ¢(up(t)) > ¢(v) > ev > e(ty — t) for t € [tx — v, ax], we get estimate (7.88) again.
Integration of (7.88) over [#; — v, t;] yields the estimate

v
ur (t) = J ¢ (es)ds = vy > 0. (7.89)
0
(ii) Let ty — v < 0. Then #; + v < T and there exists bx € (#, T] such that —u () < v
for t € [t, br]. Assuming by > t; + v and integrating the last inequality in assumption
(7.82), we obtain
e(t —t) < —p(up(r)) fort € [t tx +v]. (7.90)

If by < tx +vand u(t) < —v for t € (bx, T, then similarly

e(t —te) < —¢p(u(t)) fort e [t bil.
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Since —¢(uy (1)) > ¢(v) > ev > e(t — ti) for t € [by, ti +v], we get inequality (7.90) again.
Integration of (7.90) over [f, tx + v] yields estimate (7.89). Using this estimate and the
fact that u is nonincreasing on [0, T] we conclude that

ar(t) < u(t) <o(t) forte0,T],

where

Vo
—t
T
Vo

?(T —t) forte (4, T].

fort € [0, tx],

Step 3. Convergence of the sequence of approximate solutions.
Consider the sequence of solutions {ux}, k > 2/T. Define

Q={xeC0,T]:0<x<0(t), —c; <x <con[0,T]}.

Then condition (7.71) is valid and by Theorem 7.44 we can choose a subsequence {u,} C
{ur} which is uniformly converging on [0, T] to a function u € C[0, T]. By estimates
(7.87) and (7.89) we get 0 < vo/cy < trand tx < T — w/c; < T for k € N. So, we can
choose a subsequence {uy,} in such a way that lime_.. tx, = t, € (0, T) and

a,(t) <u(t) <o(t) fortel0,T], (7.91)
where
Vo
Tt for t € [0,t,],
‘xu(t) = Yo

T (T—1t) forte (t,T].

Put 8 = {t,} and choose [a,b] C (0,t,). Then there exists kg € N such that for k > kg we
have |t — t,| < (t, — b)/2, [a,b] C (1/k, t;),

ur(t) = # =:mo, ¢(u(t)) = = (t, — b) =:my on [a,b].

[NSRNY

Thus, for a.e. t € [a, b]
| fie(t, uk(£), up (£)) | < h(t) € Ly[a,b],

where h(t) = sup{|f(t,x,y)| : my < x < o(t), ¢71(m) < y < c}. If we choose
[a,b] C (t,, T), we argue similarly and obtain also a Lebesgue integrable majorant for f,
k = ko, on [a, b]. So, we have proved that condition (7.72) holds. By Theorem 7.44, we
getu € C'((0,T)\ 4) and lim,-.« uy, (t) = u'(¢) locally uniformly on (0, T) \ 4.
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Step 4. The function u is a solution.
Since u;, is nonincreasing on [0, T'] for k = ko, u is nonincreasing on (0, t,) and on
(ty, T). Therefore,

0<u'(t)<c, fortel0,t,), —c<u(t)<0 forte (t,T] (7.92)

and the limits lim,_, _ u'(¢) and lim,_, + v’ (¢) exist.

(i) Let limy—,,— u'(¢t) = 0. Assume that there exists t* € (0, t,) such that u'(t*) = 0.
Then /' (t) = 0 for t € [t*,t,]. On the other hand, by the last inequality in assumption
(7.82), we get

0<¢'(e(ty—1)) <u'(t) forte [t5t,),

a contradiction. Similarly for lim;_, + u'(t) = 0.

(ii) Let lim;_;,— ' (t) > 0. Since u’ is nonincreasing, we have u’(t) > 0 for t € [0, t,,).
Similarly for lim,_;+ u'(t) < 0. Hence, t, is the unique point in [0, T] where either
u'(t,) = 0 or u'(t,) does not exist. By estimate (7.91), u is positive in (0, 7). This implies
that & satisfies condition (7.73). Having in mind that ay = by = 0, k € N, we get by
Theorem 7.44 that ¢(u') € ACi,((0,T) \ 4) and u is a w-solution of problem (7.1).
Finally, by assumption (7.82) and definition (7.85), we have

S (5 ug, (£), 1, (t)) 20 forae. t € [0,T], £ €N.

Hence, condition (7.78) holds. According to Theorem 7.44 and Remark 7.45, u is a solu-
tion of problem (7.1). Estimates (7.91) and (7.92) yield the required estimate (7.83). [

Example 7.49. Let a1, a2, 81, B2 € (0, 00), and let functions h; € Lioc(0,T), i = 1,2,3,4,
be nonnegative. For a.e. t € [0, T] and all x € (0, ), y € R{0} define

fltxy) = (1=y) (21t F 0 + () 1% + hs(0) +h4(t)|yl|ﬁz).

We can check that f satisfies the conditions of Theorem 7.48.
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The main goal of this chapter is to present existence results for singular periodic problems
of the form

(¢() = flt,u,u), (8.1)
u(0) = u(T), u'(0) = u'(T), (8.2)

where 0 < T < o, ¢ : R — R is an increasing and odd homeomorphism such that
¢(R) = Rand

f € Car ([0, T] x ((0,0) XR)),
] ) (8.3)
f has a space singularity at x = 0.

In accordance with Section 1.3, this means that

limsup | f(t,x,y)| =« fora.e.t € [0,T] and some y € R.

x—0+

Physicists say that f has an attractive singularity at x = 0 if

limggff(t,x,y) =—o0 fora.e.t€[0,T] andsome y € R

since near the origin the force is directed inward. Alternatively, f is said to have a repulsive
singularity at x = 0 if
limsup f(t,x,y) = o fora.e. t € [0,T] and some y € R.
x—0+

Second-order nonlinear differential equations or systems with singularities appear
naturally in the description of particles subject to Newtonian-type forces or to forces
caused by compressed gases. Their mathematical study started in the sixties by Forbat and
Huaux [93], Huaux [108], Derwidué [70-72], and Faure [89], who considered positive
solutions of equations describing, for example, the motion of a piston in a cylinder closed
at one extremity and subject to a periodic exterior force, to the restoring force of a
perfect gas and to a viscosity friction. The equations they studied may be after suitable
substitutions transformed to

p

u’ +eu == +e(t),
u
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where ¢ # 0 and § # 0 can be either positive or negative. Equations of this form are
usually called Forbat equations and their Liénard-type generalizations like

u” +h(u)u' = g(t,u) +e(t)

are sometimes also referred to as the generalized Forbat equations.

In the setting of Section 1.3, problem (8.1), (8.2) is investigated on the set [0, T'] X +,
where A = [0,00) X R. In contrast to the Dirichlet problem (7.1), where each solution
vanishes at t = 0 and ¢ = T and hence enters the space singularity x = 0 of f, all known
existence results for the periodic problem (8.1), (8.2) under assumption (8.3) concern
positive solutions which do not touch the space singularity x = 0 of the function f.

Definition 8.1. A function u : [0,T] — R is called a solution of problem (8.1), (8.2) if
¢(u') € AC[0, T, (u(t),u'(t)) € Afort € [0,T],

(' (1)) = f(tu(t),u' (t)) forae.te[0,T]

and condition (8.2) is satisfied. If u > 0 on [0, T'], then u is called a positive solution.

By Definition 8.1 and assumption (8.3) and with respect to the choice A = [0, ) X
R, we see that each solution of problem (8.1), (8.2) must be nonnegative and can vanish
just on a set of zero measure. The restriction to positive solutions causes that the general
existence principles in Theorems 1.8 and 1.9 about the limit of a sequence of approximate
solutions need not be employed here. On the other hand, the singular problem (8.1),
(8.2) will be also investigated through regular approximate periodic problems governed
by differential equations of the form

(¢(u) = h(t,u,u'), (8.4)

where h € Car([0, T] x R?). As usual, by a solution of the regular problem (8.4), (8.2) we
understand a function u such that ¢(u") € AC[0, T], (8.2) is true, and

(p(u' (1)) = h(t,u(t),u'(t)) forae.te [0,T].

Notice that the requirement ¢(u’) € AC[0, T] implies that u € C'[0, T].

In this chapter, we will extensively utilize the Leray-Schauder degree and its finite
dimensional special case—the Brouwer degree. For the definitions and basic properties
of these notions we refer to Appendix C. In particular, see the Leray-Schauder degree
theorem, the Borsuk antipodal theorem, and Remark C.4.

We will also discuss various special cases of equation (8.1) including the classical one
with ¢(y) = y or those with f not depending on #" or with f depending on u’ linearly.
Let us notice that the assumption that ¢ is an odd function is only technical. We employ
it just to simplify some formulas occurring in this section.
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8.1. Method of lower and upper functions
Regular problems

First, we will consider problem (8.4), (8.2), where h € Car([0, T] x R?). We bring some
results which will be exploited in the investigation of the singular problem (8.1), (8.2).
The lower and upper functions method combined with the topological degree argument
is an important tool for proofs of solvability of regular periodic problems.

Definition 8.2. A function o € C[0, T] is a lower function of problem (8.4), (8.2) if there is
an at most finite set £ C (0, T) such that ¢(¢”) € ACc([0, T] \ %),

o' (t+) := Tliﬂrﬂﬁ'(r) eR, o (t-):= Thf}]_ o'(r) €R foreachte X, (8.5)
((a’ (1)) = h(t,a(t),0'(t)) forae.te [0,T], (8.6)
0(0) =o(T), o' (0)=0(T), o' (t+)>0'(t—) foreachte . (8.7)

If the inequalities in (8.6) and (8.7) are reversed, o is called an upper function of problem
(8.4), (8.2).

Remark 8.3. Tt follows immediately from Definition 8.2 that [0} ||« < o and ||}l < o
hold for each lower function ¢, and each upper function o, of problem (8.4), (8.2).

The role of lower and upper functions is demonstrated by the following maximum
principle.

Lemma 8.4. Let 01 and o, be lower and upper functions of problem (8.4), (8.2) and let
01 < 03 on [0, T]. Then for each f € Car([0,T] x R?) and each d € [61(0),0,(0)] such
that

~

f(t,x,y) < h(t,01(£),0((t)) forae t € [0,T], allx € (— o0,01(t))

o Ul(t) - X
and all y € R such that |y — o1(t)] < ORISR
~ (8.8)
f(t,x,y) > h(t,02(t),05(t)) forae t €[0,T], allx € (02(t), )
’ X — Gz(t)
and all y € R such that |y — a5(1)| < ot
any solution u of the problem
(¢(u)) = fltouu), () =u(T)=d (8.9)

satisfies 0y < u < oy on [0, T1.
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Proof. Let u be a solution of the auxiliary Dirichlet problem (8.9). Denote v = u —0; and
assume that

v(ty) = min {v(¢) : t € [0, T]} < 0.

Since d € [01(0), 02(0)] and thanks to property (8.7), where o = 0, we may assume that
tho € (0, T)\ 2, v (ty) = 0, and there is t; € (ty, T] such that (f5, ;] N2 = & and

—v(t)

v(t) <0, [V ()] < v

for each t € [to, 11 ].

Using property (8.6) and the first inequality in (8.8), we obtain

(¢ (1) = $(a7(1))" < h(t,01(8),0{(t)) — ($(a](1))) <0

for a.e. t € [ty, t1]. Hence,

0> [ (6(u(6) - plof() ds = p(a' (1) ~ (i (0)

0

for a.e. t € [fy, t1], which leads to a contradiction with the definition of ¢y, that is, u > o7
on [0, T]. Similarly we can show that u < 0, on [0, T]. |

Remark 8.5. Let h € Car([0,T] x R) and let 01,0, € C[0, T] be such that o7 < 0, on
[0, T]. Furthermore, assume that there is ¢ € L,[0, T] such that

|h(t,x, y)| < w(t)

fora.e.t € [0, T],and all (x, y) € [01(t), 02(t)] X R. Then it is always possible to construct
a function f € Car([0, T] x R?) having the following properties:
(i) f(t,x,y) = h(t,x, y) whenever x € [01(t), 02(t)],
(ii) thereis ¥ € L;[0, T] such that If(t,x,y)l < y(t) for ae. t € [0,T] and all
(x,y) € R?,

(iii) f satisfies inequalities (8.8).

Indeed, let us define
wit,) = sup  [h(t0i(t),0](1)) — h(t, 0:(1), 2) |

z€R, |0} (1)—z|<(

fori=1,2and (t,{) € [0,T] x [0,1] and

ol(t) — x > - 001@ X iftx<ay(b),
1

h(t,01(1),y) — w <t, o

() —x+1 () —x+1
ft,x, y) = {h(t,x, ) ifx € [01(t), 02(1)],
h(t,0:(8), y) + w3 <t, xi;;(ji)(ti 1) + x:ﬁg? [ ifx> o),

for a.e. t € [0, T] and (x, y) € R2. One can verify that the functions w;,i = 1,2, belong
to the class Car([0, T'] x [0, 1]) and map the set [0, T] X [0, 1] into [0, o). In particular,
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f € Car([0, T] x R?). Furthermore, it is easy to verify that f has properties (i) and (ii).
We will show that f satisfies the first inequality in (8.8). Indeed, let

o1(t) — x

x<al), |ly-a0l< T T

Then, since w; is nondecreasing in the second variable, we have

|h(t) Ul(t), G'{(t)) - h(ta ol(t),y) | < w (t) %),
that is,
h(t,01(), y) < h(t, 01(1), () + wl(t,%)
fora.e. t € [0, T]. Consequently,
7 _ oi(t) —x o1(t) — x
flbxy) =hit.or(®)y) - “’1<t’ o1 (t) —x+ 1) T o) -x+1

< h(t,o1(t),0/(t)) forae.te[0,T].
Similarly, we can show that f satisfies also the second inequality in (8.8).

Now we will transform problem (8.4), (8.2) to a fixed point problem. Having in mind
that the periodic conditions (8.2) can be equivalently written as

u(0) = u(T) = u(0) +u'(0) — u'(T),

we can proceed similarly to the proof of Theorem 7.4.
Let us consider the quasilinear Dirichlet problem

((/)(x’))’ =b(t) ae.on[0,T], x(0)=x(T)=d (8.10)

with b € L;[0,T] and d € R. A function x € C'[0, T] is a solution of (8.10) if and only
if there is y € R such that

Xt = d+ Lt ¢! (y N JO b(r)dr)ds for t € [0, T],

LT ¢! (y n JO b(T)dT)ds —o.

As in the proof of Theorem 7.4, we can see that for each ¢ € C[0, T] there is a uniquely
determined ¢ := y(¢) € R such that

T
[ ¢ Hc+e(s)ds=0.
0
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The functional y : C[0,T] — R is continuous and maps bounded sets to bounded sets
(see steps 3 and 4 of the proof of Theorem 7.4). Thus, we can define an operator X :
Clo,T] — C'[0, T] by

(K@) (1) = L -1 (y(0) + £(s)) ds. (8.11)

Due to the continuity of y and of ¢!, the operator KX is continuous as well. Let N :
C'[0,T] — C[0,T] and F : C'[0,T] — C'[0, T] be given by

t
(N () (E) = L h(s, u(s), u' (s))ds, (8.12)
(F () (1) = u0) + ' (0) — ' (T) + (K (N (w))) (1) (8.13)

In view of the definition of F, a function u € C'[0, T] is a solution to problem (8.4),
(8.2) if and only if it is a fixed point of . Furthermore, since the operators KX and N
are continuous, it follows that # is continuous. The properties of the operator ¥ are
summarized by the following lemma.

Lemma 8.6. Let F : C'[0,T] — C'[0,T] be defined by (8.13). Then F is completely
continuous and u € C'[0, T] is a solution to problem (8.4), (8.2) if and only if F (u) = u.

Proof. It remains to show that ¥ is completely continuous. Let {u,} be an arbitrary
sequence bounded in C!'[0, T]. Denote v, = F (u,) for n € N. Then

vi(8) = ¢~ (p(N (un)) + (N () (1)) fort €[0,T], n€N.

We can see that the sequences {v,} and {v,} are bounded on [0, T]. In particular, the
sequence {v,} is equicontinuous on [0, T]. Further, since h € Car([0, T] x R?), there is
m € L;[0, T'] such that

|h(t,un(t), u, ()| <m(t) forae te€[0,T], alln € N.

So, for t, 1, € [0, T] we get

[904,0)) = 604 (20)] = | (A ) (1) = (W ) ()] = | [ misyas]

Therefore, the sequence {¢(v},,)} is bounded and equicontinuous on [0, T']. Making use
of the Arzela-Ascoli theorem, we can find subsequences {vk,} and {gb(v,'cn)} uniformly
convergent on [0, T']. Then {v,;n} is also uniformly convergent on [0, T'], and so, {vk,} is
convergent in C'[0, T']. We have proved that the operator £ maps any sequence bounded
in C'[0,T] to a set relatively compact in C'[0, T]. Since we already know that F is
continuous, we can conclude that it is completely continuous in C'[0, T']. O

The next lemma describes the relationship between lower and upper functions and
the Leray-Schauder degree. We will consider the class of auxiliary problems

(6())" = n(W)h(t,v,v'), v(0) =w(T), v (0) =v(T), (8.14)

where 7 is a continuous function mapping R into [0, 1].
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Lemma 8.7. Let 0, and o, be lower and upper functions of problem (8.4), (8.2) and let
01 < 0y on [0, T'). Furthermore, assume that there exists r* > 0 such that

IV llw < 7™  foreach continuous 1 : R — [0, 1] and

8.15
for each solution v of (8.14) such that o1 < v < 0, on [0, T]. ( )

Finally, assume that ¥ : C'[0, T] — C'[0, T] is defined by (8.13) and, for p > 0, denote
Q,={ueC0,Tl:o1 <u<aon[0,T] |« <p}. (8.16)
Then
deg (4 — F,Q,) =1 foreachp = r* such that ¥ (u) # u on 0Q,,.

Proof

Step 1. The Leray-Schauder degree of an auxiliary operator F .
Denote Q = Q,+ and assume

F(u)#+u forue . (8.17)

Furthermore, since 01,05 € L [0, T] (see Remark 8.3), we can define

1 if [y| < R*,
R* = tllofllo +llosller  m=12= 0 ieRe < py1 < 2m¥, (8.18)
R*
0 if [y > 2R*.

Then 0, and o, are lower and upper functions for problem (8.14) and there exists a
function v € L, [0, T] satisfying

[n(y)h(t,x, p)| < w(t)

forae. t € [0,T] and all (x, y) € [01(t),02(¢)] X R. Now, let f € Car([0, T] x R?) and
¥ € L,[0, T] be such that

f(t, X% y)=n(yh(t,x,y) forae. t€[0,T]andall (x,y)€ [01(t),02(t)] xR, (8.19)

|f(t,x,y)| <y(t) forae te[0,T], all (x,y) € R? (8.20)
and fN satisfies inequalities (8.8) with 5(y)h(t,x, y) in place of h(t, x, y). Such a function
can be certainly constructed, see Remark 8.5.

Let an operator % : C'[0, T] — C'[0, T] be given by

F(u) = a(u(0) + ' (0) — u'(T)) + K (N(w)), (8.21)
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where

~

(N(u)(t) = th(s,u(s),u'(s))ds foru e C'[0,T], t € [0,T],
0

01(0) ifx < 01(0),
alx) =4x if 01(0) < x < 0,(0),
0,(0) ifx > 0,2(0)

and X : C[0,T] — C'[0, T] is defined by (8.11). According to Lemma 8.6, the operator
F is completely continuous. Moreover, it follows from the definition of the operator ¥
that the problem

~

() = flt,uu'),  u(0) = u(T) = a(u(0) +u'(0) — &/ (T)) (8.22)

is equivalent to the operator equation ?(u) = u. Due to relations (8.20) and (8.21) we
can find ry € (0, ) such that for any A € [0, 1], each fixed point u of the operator AF
belongs to the set

B(ry) = {x € C'[0, T : lIxlloo + Ix"[lc < 70}, and B(ro) > Q

So, by the normalization property and the homotopy property from the Leray-Schauder
degree theorem, we get

deg (1 — F,B(ro)) = deg (4, B(ry)) = 1. (8.23)

Step 2. Fixed points of the operator & .
Denote

Q={ueQ:0(0)<u0)+u(0)—u'(T) < 0(0)}.

Obviously, F = F on @ and 01(0) < u(0) = u(0) + u'(0) — u'(T) < 0,(0) whenever
F (u) = uand u € Q. In other words, we have

(Fw=uuecQ)=uec@. (8.24)
We will show that the implication
(Fw=u)=uea@ (8.25)
is true, as well. To this end, assume that ’f(u) = y. Then
01(0) < u(0) = u(T) = a(u(0) +u'(0) — u'(T)) < 02(0). (8.26)
This, together with Lemma 8.4, proves that the estimate

or<u<o, onl0,T] (8.27)
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holds. Furthermore, taking into account relation (8.19), we conclude that

~

Fu(t), ' (t) =n(u' (t)h(t,u(t),u'(r)) forae.te[0,T]. (8.28)

We already know that 4(0) = u(T). We will show that u satisfies the second condition
from (8.2), that is, u'(0) = ¥'(T) holds. By virtue of (8.21), this is true whenever

a1(0) < u(0) +u'(0) — u'(T) < 02(0). (8.29)

If the inequality u(0)+u'(0) —u'(T) > 0,(0) were valid then, in accordance with property
(8.7) of lower functions, with inequality (8.26) and with the definition of «, we would
obtain

u(0) = u(T) = 02(0) = 0»(T), u' (0) > u'(T).

However, this together with the already justified estimate (8.27) can hold only if ¢5(0) >
u'(0) > u'(T) = 05(T), which contradicts property (8.7) of lower functions. Therefore,
u(0) + 4 (0) — ¥ (T) < 02(0). Similarly we could prove that u(0) + u’'(0) — u'(T) >
01(0) is true as well. Consequently, relation (8.29) and hence also the equality »'(0) =
u'(T) holds. To summarize, if ?(u) = u, then u solves problem (8.22), satisfies the
periodicity condition (8.2) and relation (8.28). Therefore, it is a solution to problem
(8.14). Furthermore, having in mind that (8.27) holds and by virtue of relations (8.15)
and (8.18), we conclude that

I/l < 7% < R, (8.30)

Therefore, #(u'(t))=1 on [0, T] and u is a solution to problem (8.4), (8.2) (cf. (8.18)).
In other words, £ (1) = u and u € Q due to relations (8.17), (8.27), and (8.30). Now,
recalling that 0, (0) < u(0) + 4’ (0) — ' (T) < 02(0) holds whenever ¥ (1) = uand u € Q,
we conclude that u € @. This completes the proof of implication (8.25).

Step 3. The Leray-Schauder degree of the operator ¥ .
Having in mind implication (8.24) and applying the excision property of the Leray-
Schauder degree we get

deg(1 — F,Q) = deg(d — F,0Q).

The equality F=Fon@ implies that deg({ — ¥, @) = deg(d — 7, @). On the other
hand, by the definitions of r,, implication (8.25) gives

deg(d — F,Q) = deg (4 — F, B(r0)).
Therefore, by (8.23),
deg(d — F,Q) = deg(d — F,Q) = deg (4 — F,B(ry)) = L.

Finally, notice that due to assumption (8.15) the implication

(F(u)=u, 01 <u<o,0on[0,T]) = uch
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is valid. So, we have proved that
deg (4 — F,Q,) =degd - F,0) =1

for each p > r* such that () # u on 0€),. O

Lemma 8.7 offers a possibility to get existence results for problems having a pair of
lower and upper functions 0, and o5 satisfying

oy <0, onl0,T]. (8.31)
In such a case, we say that oy and 03 are well ordered and the existence of a constant r*
with property (8.15) is usually ensured by conditions of Nagumo type. A suitable version
of such conditions is provided by the next lemma.

Lemma 8.8. Let a, 5 € C[0, T] be such that a« < 5 on [0, T'] and assume that

v € Li[0, T] is nonnegative, €1,& € {—1,1},

O dt (™ dt (8.32)
comyisposiin, [ [T,
W (R) is positive (D o
Then there is an r* > 0 such that
' |l < 7* (8.33)

holds for each function u € C'[0, T] fulfilling the periodicity conditions (8.2) and, in addi-
tion, possessing the following properties: ¢(u’") € AC[0, T],

a<u<f on[0,T], (8.34)

el(¢p(u' (1) < (W) +u' (D) w(dW (1)) ifu' (1) >0,

’

e (o' (1) < (wt) — ' (1)) w(d(' (1)) ifu'(t)<0 (8.35)
fora.e. t € [0,T].

Proof. Denote

Q ={ueC'[0,T]: ¢(u')€ACIO, T], u(0)=u(T),u'(0)=u'(T), a<u <fon [0,T]},
N, ={t€[0,T]:u'(t) =0} forue @.

Let a function u € @ fulfilling inequalities (8.35) be given. We want to show that then the
a priori estimate (8.33) holds with r* independent of the choice of u € @. Without any
loss of generality, we may assume that |||l > 0. Let t, € [0, T] be such that |u/(t,)] =
|t || . Since u(0) = u(T), we have N, # O.

(i) First, let u'(#,) > 0 and & = 1. We may assume that t, € (0, T]. Moreover, let
N, N [0,t,) # @. Then thereis t; € N, N [0, t,) such that &’ (¢) > 0 on (¢, t,]. Hence, in



Method of lower and upper functions 143

view of estimates (8.35), we have

(p(u' (1) < () +u(®)w(u' (t)) forae. te [t,t,].

Consequently,
(A [ OWON )
0 w(t) ty w(u’(t)) B h
<yl +2llulle < llylli+2(llallo + 1Blls),
that is,
(lwll=) g
L o) = Iyl +2(llalle + 1B1lw)- (8.36)

On the other hand, if /,N[0,t,) = &, thenu’ > 0on [0, t,]. Therefore, ' (T) = u'(0) >0
and there is t, € N, such that 4" > 0 on (t, T]. Using estimates (8.35), we get

= t
$(w (1) w(t)

0 w(t)

| | J, "oy

T
< j (w(8) + u(®)dt < [yl +2(lalle + [Bll),

J¢(u'(tu)) dt iju Mdt

ooy ) Jo w((®)

< [ vty ut)dr < Iyl + 200l + 111,

0

Thus,
ng(nu'uw) dt J«xu'(o» dt ng(u'(m) dt
= — + -
0 w(t)  Jo w(t)  Jow o) w(t)
<2(llylh +2(lalleo + 11Blle))s
that is,
pUlwlle) g
—— <2 2 o ©)). 8.37
), o = 20w+ 201l + 1BI1)) (8.37)
(ii) Now, let u'(t,) > 0 and ¢, = —1. Since u(0) = u(T), we may assume that ¢, €

[0, T). Moreover, let N,N(t,, T]#<. Then there is t; € N,N(t,, T] such that ¥’ > 0 on
[t4, t3). Using estimates (8.35) we obtain

(' (1) = =(y() +u(t)w(u' (1)) forae. te [t,L].
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Therefore,

waw dt __r(fﬁ(“’(m)'

w(t) w(u (1)

0 w(t) dt < L (w(t) +u(t))dt

<yl +2(lallw + 11Blle)

that is, (8.36) holds also in this case.
If Mun(t,, T] = &, then v’ > 0 on [t,, T]. Furthermore, u'(0) = u'(T)>0 and there
is ty € N, such that 4’ > 0 on [0, ;). Using estimates (8.35), we obtain
(p(' (1)) = —(w(t) + u(t)w(u/ () forae. t e [0,t4] U [t, T].

Hence,

J‘b(\lu’\lw) dt J¢(u’(0)) dt J(b(u’(tu)) dt
o () (t)

o w® o e

(M w®) (T (e ®)
- L w(uw@®) J w(uw@®)
< 2(llyll + 2(llalles + 1B11))

that is, (8.37) is again true.
To summarize, inequality (8.37) is true whenever u'(#,) > 0. Analogously we can
prove that

JO . <2(llylh +2(llallee + 118llw)) (8.38)
—p(lulle) @(t)

holds provided u'(t,) < 0.
On the other hand, conditions (8.32) imply that we can choose r* > 0 such that

0 dt ) gt
m”_(p(mm’ o) > 220l 1BI)).

However, this may hold simultaneously with inequalities (8.37) and (8.38) only if esti-
mate (8.33) is true for all u € @ fulfilling (8.35). O

In the case that the given problem possesses only lower and upper functions o, and
0, which are not well ordered, that is, if

01(t) > 0r(1) forsomert € [0, T], (8.39)

the following a priori estimate is available.

Lemma 8.9. Let v € Li[0,T], r* = ¢ '(llylh), and ¢ € {—1,1}. Then the estimate
|/l < r* holds for each u € C'[0, T fulfilling the periodicity conditions (8.2) and such
that ¢(u") € AC[0, T] and

e(¢p(u' (1) = y(t) foraetel0,T].
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Analogously, |u' |« < r* holds for each u € C'[0,T] fulfilling the periodicity conditions
(8.2) and such that ¢(u') € AC[0, T] and

e(p(u' (1)) >y(t) forae tel0,T).
Proof. Letu € C'[0, T] fulfill ¢(u") € ACI[0, T], the periodicity conditions (8.2) and let
(p(u' (1)) >y(t) forae te[0,T].

Put v = ¢(u'). Then v € AC[0,T], v(0) = v(T), v > y a.e. on [0, T] and there is a
t, € (0, T) such that v(t,) = 0. We have

s < —L ly(s)|ds < v(t) forte (4,T), (8.40)

< - LV ly(s)|ds < —v(t) fort e [0,1,). (8.41)

In particular, since v(0) = v(T),
T ty
=yl < - L lw(s)[ds < v(T) = v(0) < L ly(s)[ds < llylh. (8.42)
Furthermore, if t € [0, t,], then using (8.40) and (8.42), we obtain
t T t
y(t) > v(0) — L y(s)| ds > - L y(s) | ds — L lw(s)|ds = —lwlh.  (8.43)

Similarly, for t € [¢,, T], we get

T t, T
v(t)<v(T)+L |1//(s)|ds<jo |1//(s)|ds+L lw(s)|ds < v,

Summarizing, we can see that the estimates [|[v|l« = [[¢(t)]lw < ¥} and [t/ ]l <
¢~ (lwlly) are satisfied.

In the cases (¢(v' (1)) < y(t) or e(¢p(v'(¢))) = w(t) the proof follows a similar
argument. ]

The next assertion provides an existence principle which covers also the case (8.39).

Theorem 8.10. Let 0, and o, be lower and upper functions of problem (8.4), (8.2) and let
assumption (8.39) hold. Furthermore, let there be m € L,[0,T] and ¢ € {—1, 1} such that

eh(t,x,y) >m(t) forae te€[0,T]andallx,y € R

and let v = —(Im| +2).
Then problem (8.4), (8.2) has a solution u satisfying

'l < ¢~ (lwlh), (8.44)

min {0y (7,),02(7,)} < u(7,) < max{oi(z,),02(7,)} forsomer, € [0,T]. (8.45)
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Proof. Lete = 1.

Step 1. Auxiliary problem and operator representation.
Put r* = ¢~ !(|lyll;). By Lemma 8.9, we have

lu']l < r* for each u € C'[0, T] fulfilling (8.2) and such that

’ (8.46)
¢(u') € AC[0,T], (¢(u'(2))) >wy(t) forae.te[0,T].

Furthermore, put ¢* = [|0] || + 1|02 || + Tr* and define for a.e. t € [0, T] and all (x, y) €
]RZ

[—(Im(1)] +1) ifx < —(c*+1),

h(t,x, y) + (x+c*)(|m(t)| + 1+ h(t,x, ) if = (c*+1) <x< —c*,

f(t,x,y)z«h(t,x,y) if —c* <x<c*,
h(t,x, y) + (x — ¢*) | m(t)| ifc* <x<c*+1,
|t x, y) + [m(t)| ifx>c*+1.

Let us consider the auxiliary problem

(@) = Ftwu), u(0) =u(T), u'(0)=u(T) (8.47)
We have
f(t,x,y)<0 if x<-—(c*+1),
ftx,y) >0 if x>ct+1,
(8.48)

f(t,x,y) =h(t,x,y) if xe|[—c*c*]

fora.e.t € [0,T] andallx, y € R;

~

f(t,x,y) >y(t) forae.te[0,T]andallx,y € R. (8.49)

Furthermore, 0, and o0, are lower and upper functions of (8.47) and, moreover, o3(t) =
—c* —2and 04(t) = ¢* + 2 form another pair of lower and upper functions for (8.47).
We have

03 <min {01,0,} < max{o1,0,} <oy on[0,T].
Denote
Qo={ueC0,T):05<u<ogon[0,T], It |l <r*},
O ={ueQ:03<u<o,onl0,T]},
Q={ueQ:0o <u<oonl0,T]}

Q=00\QUQ,.
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Let # be given by (8.13). Clearly, Q is the set of all u € Qg for which the relations
||l < r* and

u(t,) <oi(t,), ul(sy) >o0x(s,) forsomet,,s, € [0,T] (8.50)

are satisfied. Furthermore, Q; N O, = @ and 0Q = 0Q U 0Q1 U 0Q);.
By Lemma 8.6, problem (8.47) is equivalent to the operator equation ¥ (1) = u in
C'[0, T], where

~~ t ~
W (u)(t) = L Fs,u(s), ' (s))ds,
F(u)(t) = u(0) + 1/ (0) — /' (T) + K (N (1)) (¢)

and X : C[0, T] — C'[0, T] is given by (8.11). Let F be given by (8.13). Clearly, ?(u) =
F (u) for u € C'[0, T] such that || ul|« < c*.

Step 2. First a priori estimate.
We will prove the implication

(F(u) = u,u € Q) = u € Q. (8.51)
To this aim, first notice that by (8.46) and (8.49) the implication
(Fw) =u) = llullo<r* (8.52)

holds. Now, assume that ;‘E‘J(u) = yand u € 9Q). Taking into account (8.52), we can see
that this can happen only if

u(a) = max u(t) =c*+2 or wu(a)= min u(t) = —(c* +2) (8.53)
te[0,T] te[0,T]

for some « € [0, T). In the former case, we have v/’ («) = 0 and u(t) > ¢* + 1 on [a, ] for
some 3 € (a, T]. Due to (8.48), we have also

((/S(u’(t)))’ = f(t,u(t),u'(t)) >0 forae.te [af],

that is, ' (¢) > 0 on (e, ], a contradiction. Similarly we can prove that the latter case in
(8.53) is impossible. This shows that u satisfies the estimate

lullow < c* +2, (8.54)
wherefrom, with respect to (8.52), implication (8.51) follows.

Step 3. Second a priori estimate.
Next, we will prove that the implication

(Fw) = u,ueQ) = llulle < c* (8.55)

is true. Indeed, let %(u) = yand u € JO. By (8.52), we have ||t/[|» < r* and (8.54).
Consequently, either u € 9Q; or u € dQ;. This means that there is a 7, € [0, T] such
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that either u(t,) = o1(7,) or u(t,) = 0>(1,). In both these cases, we have |u(t,)| <
llo1lle + 021l . Consequently,

¢
lu(t)| < |u(ry) | +J | v/ (s)|ds < ||o1]|, + ||oa]| + Tr* = c*.

u

This completes the proof of estimate (8.55).

Step 4. Existence of a solution to problem (8.4), (8.2).

(1) Let %(u) = yand u € Q. By (8.55), we have ¥ (u) = ?(u) =wuand uisa
solution to problem (8.4), (8.2).

(i1) Let ?(u) # u on 0Q). Then using successively Lemma 8.7 for three well-ordered
couples: {03,04}, 103,02}, and {01, 04} of lower and upper functions for problem (8.4),
(8.2), we get

deg (1 —?,Qo) = deg (4 —?,Ql) = deg (4 —?,Qz) =1

Since by (8.39), we have Q; N Q, = I, the additivity property of the degree yields that
the equalities

deg (1 — F,Q) = deg (4 — F, Q) —deg (4 — F, Q) —deg (4 — F,0,) = -1

hold. So F has a fixed point u in Q. Moreover, by step 3, we have [|u|| < ¢* and hence

~

ftut),u'(t) = h(t,u(t),u' (1))

holds for a.e. t € [0, T]. This means that u is a solution to (8.4), (8.2).
We can proceed analogously when ¢ = —1. O

Singular problems

Now we are going to consider problem (8.1), (8.2), where f satisfies condition (8.3).
We will present sufficient conditions in terms of lower and upper functions for the exis-
tence of positive solutions to the singular problem (8.1), (8.2). Lower and upper func-
tions 0; and o0, are defined similarly to those for the regular problem (8.4), (8.2) (see
Definition 8.2). However, since problem (8.1), (8.2) is investigated on [0, T] X 4 where
A = [0, ) X R, only such 01 and 0, which are positive a.e. on [0, T] make sense.

Definition 8.11. A function o € CI0, T] is a lower function of problem (8.1), (8.2) if o(t) €
(0, 0) fora.e. t € [0, T] and there is a finite set X C (0, T') such that ¢(0") € ACioc([0, T]\
¥) and (8.6) and (8.7) are satisfied.

If the inequalities in (8.6) and (8.7) are reversed, o is called an upper function of
problem (8.4), (8.2).

The first existence result concerns problem (8.1), (8.2) possessing well ordered lower
and upper functions.
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Theorem 8.12. Let there exist lower and upper functions o1 and o, of problem (8.1), (8.2)

such that 0, = o1 > 0 on [0, T]. Furthermore, let for a.e. t € [0,T] and each (x,y) €
[01(t), 02(1)] X R the inequalities

aftxy) < (y(t)+y)w(¢(y) ify >0,

. (8.56)
af(tbxy) = (y@) - ylo(g(y)) ify<o0
hold with ¢), &, w and y satisfying (8.32).
Then problem (8.1), (8.2) has a positive solution u such that
oo<u<o, onl0,T]. (8.57)

Proof

Step 1. The case 0, < 0.
Assume that 01 < 0, on [0, T]. Consider the auxiliary regular problem (8.4), (8.2)
with & defined for a.e. t € [0, T] and (x, y) € R? by

f(tou(t),y) ifx<o(t),
h(ﬁ%}’) = f(t,x))’) ifx e [Ul(t)) UZ(t)],
f(to(t), y) ifx>ox(t).

Clearly, h € Car([0, T] X R?) and ¢ and 0, are lower and upper functions of problem
(8.4), (8.2), respectively. Choose an arbitrary continuous function # : R — [0,1] and let
v be an arbitrary solution of problem (8.14) fulfilling 07 < v < 0, on [0, T]. Since (8.56)
is satisfied with h instead of f, we have for a.e. t € [0, T

el(¢(v' (D)) = ein(v' () h(tv(1),v (1))
<n(v' () () +v () w($(v' (1))
< (O +v(1)w(d( ()) ifv () >0,

(' (1)) < (y(t) = v ())w(¢(v' (1)) ifv'(t) <O0.

Hence we can apply Lemma 8.8 to deduce that (8.15) is satisfied. Let & : C'[0,T] —
C'10, T] and Q = Q,« be defined by (8.13) and (8.16), respectively. Then there are two
possibilities: either F has a fixed point u € dQ or F (1) # u on 9Q.

(1) Let F (1) = u for some u € 0Q). In view of Lemma 8.6 and of the definition of A,
it follows that u is a solution to (8.1), (8.2) fulfilling (8.57).

(ii) If F(u) # u on 0Q, then by Lemma 8.7 we have deg(d — F,Q) = 1, which
implies that # has a fixed point u € Q. As in (i), this fixed point is a solution to (8.1),
(8.2) fulfilling (8.57).



150 Periodic problem

Step 2. The case 01 < 0,.

For each k € N, the function 6x = 0, + 1/k is also an upper function of problem
(8.4), (8.2), and a7 < 0k on [0, T]. Hence, in the general case when the strict inequality
between o, and 0, need not hold, we can use step 1 to show that for each k € N there
exists a solution uy to (8.4), (8.2) such that

1
w(t) € [a0,0:0+ | foreeio Tl gl <,
where r* > 0 is the constant given by Lemma 8.8 where & = 07 and § = 0, + 1. Using
the Arzela-Ascoli theorem and the Lebesgue dominated convergence theorem for the
sequences {ur} and {h(t, ux(t), u(t))} we get a solution u of (8.1), (8.2) as the limit
of a subsequence of {uy} on C'[0, T]. O

Remark 8.13. Let functions « and 8 continuous on [0, T'] and such that 5 > a > 0 on
[0, T] be given. We say that a function f satisfies the Nagumo conditions with respect to
the couple a, f if there are €;,&, € {—1, 1} and functions w, ¥ having properties (8.32)
and such that (8.56) is satisfied for a.e. t € [0, T] and all (x, y) € [a(?), 5(#)] X R. Notice
that the Nagumo conditions with respect to «, f3 are satisfied in particular if f(t,x, y) =
—h(x)y + g(t,x), where h € C[0, ) and g € Car([0, T] X (0, 0)). Indeed, for a.e. t €
[0, T] and each (x, y) € [a(t), B(£)] X R we have

[ ftx )| < [hG) |1yl + [g(tx)| < K(y(0) +1yl),
where
K =1+max{|h(x)| :x € [dBl]}
y(t) =sup {[g(t,x)[ : x € [5,1IBll~]}
and & = min{a() : ¢ € [0, T]}. (By assumption, we have & > 0.)

Example 8.14. Theorem 8.12 provides the existence of a positive solution to problem
(8.1), (8.2) also for

f(t,x,y) = g(t,x)y*" 1 + h(x)yp(y) — ax™M + bx*

fora.e. t € [0,T] and all (x, ¥) € (0,0) X R, where g € Car([0, T] x R) is nonnegative,
neN,a,b,A,A, € (0,0)and h € C[0, ).

The last result of this section concerns the case when the given problem possesses
lower and upper functions, but no pair of them is well ordered. We will restrict ourselves
to the equation

(o)) = glu) + p(t,u, '), (8.58)

where p is a well-behaved function (p € Car([0,T] x R?)) and g has a singularity at
the origin. Recall that problem (8.58), (8.2) is investigated on the set [0, T] X »4, where
A =[0,00) X R.
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The key assumption is that

1
lim | g(s)ds = co. (8.59)

x—0+ Jx

Clearly, condition (8.59) implies that

limsup g(x) = oo, (8.60)

x—0+

which means that g has a space repulsive singularity at the origin. Repulsive singularities
having property (8.59) are called strong singularities and the function g is then usually
said to be a strong repulsive singular force. We will refer to condition (8.59) as to the
strong repulsive singularity condition. On the other hand, if condition (8.60) is satisfied
together with

1
lim | g(s)ds e R,

x—0+ Jx

then the singularity of f at x = 0 is called a weak singularity and g is said to be a weak
repulsive singular force.

The meaning of the strong repulsive singularity condition is revealed by the following
lemma.

Lemma 8.15. Let p € Car([0, T] X R?) and let g € C(0, o). Furthermore, let g satisfy the

strong repulsive singularity condition (8.59) and let there be a function m € L0, T] such
that

glx)+p(t,x,y) >m(t) forae te[0,T]andallx >0, y € R (8.61)
Then each lower function o1 of problem (8.58), (8.2) is positive on the whole interval [0, T].

Proof. Let a1 be a lower function for (8.58), (8.2) and p := |0} ]|w. Then p < co and, by
virtue of the property (8.6) for 0 = 0y, we have

(6(01(1)) (a1(t) = p) < g(a1(1)) (0] (t) — p) + p(t, a1 (1), 07 (1)) (0] (t) — p)

for a.e. t € [0, T]. Furthermore, due to (8.59) there is § > 0 such that

5
lim | g(s)ds =00 ford” € (0,0). (8.62)

x—0+ Jx

Let an arbitrary ¢ > 0 be given. Since in view of Definition 8.11 we have o7 > 0 a.e. on
[0, T], we can choose t; € (0, ¢] in such a way that g, (fp) > 0. Put t* = sup{t € [y, T] :
01(s) > 0on [ty, t]}. Let 01(t*) = 0. Then thereisa t’ € (o, t*) such that

o1(t) € [0,8) forte [t,t*]. (8.63)
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Let t, € (t',t*) be an increasing sequence such that lim,—.. t, = t*. Then

lim O'l(tn) = Gl(t*) =0, (864)

n—oo

[ @loio)) (01t - pyas

tn ty

< | gla®)(ai(t) —p)dt+ | " p(t,01(1),01(D) (01(8) - p)dt

oi(t) tn tn
| g9ds—p | @) +p(tanoiw)des | | plton,oiw)oindr

o1(ty)
Therefore, for each n € N, we have
o1(t") tn , tn
[ s@ds= | 1@ Tai) = plde+ | 1p(tore)ai(e) ot dr

a1 (ty

- @@ o) +pltar(onciv)dr <

where ¢ = p(2l¢(a7)’ |1 +f0T [p(t,01(t), 01(8))|dt+Imll1) < co. On the other hand, thanks
to relations (8.62)—(8.64) we have
a1(t")

lim g(s)ds = oo,

= Jo(t,)
a contradiction. Thus, o1(t*) > 0. It follows that t* = T, since otherwise we would get a
contradiction with the definition of ¢*. In particular, we can see that o3 (¢) is positive on
any interval (&, T], € > 0, and, as we also have ¢1(0) = 01(T) > 0 in view of the periodicity
condition (8.7), this completes the proof of the lemma. O

Remark 8.16. Lemma 8.15 says, in particular, that under assumptions (8.59) and (8.61),
where m € L [0, T, each solution u € C'[0, T] of problem (8.58), (8.2) must be positive
ateacht € [0, T].

Theorem 8.17. Let p € Car([0, T] X R?) and g € C(0, ). Furthermore, let the strong
repulsive singularity condition (8.59) and condition (8.61) with some m € L,[0,T] be
satisfied. Finally, let there be lower and upper functions o, and o, of problem (8.58), (8.2)
such that relation (8.39) is true and o, > 0 on [0, T].

Then problem (8.58), (8.2) possesses a positive solution u having properties (8.44) and
(8.45).

Proof. Putr* = gb‘l(lll//\ll),wherel// = |m| + 2. Let us define
R =|lall|, +]lo2lls 7=7"+]|01|lo» B=R+7r*T. (8.65)
Since p € Car([0, T] X R?), thereis p € L;[0, T] such that

|p(t,x,y)| < p(t) forae.te[0,T]andall (x,y) € [0,B] X [-r,7]. (8.66)
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By Lemma 8.15, g; > 0 on [0, T']. Since we assume o, > 0 on [0, T'], it follows that § :=
min{{o,(t),0:(t)} : t € [0, T]} > 0. Now, put
N B
K = Bl + L 1g(s)|ds.

By (8.59) there exists ¢ € (0, §) such that g(¢) > 0 and

é
J g(s)ds > K. (8.67)

Fora.e. t € [0, T] and all (x, y) € R?, define

~ N gle) ifx<e,
h(t,x,y) = g(x) + p(t,x,y), whereg(x) =
glx) ifx=e

Then h € Car([0, T] X R?), 01 and 0, are lower and upper functions of problem (8.4),
(8.2), respectively, and by assumption (8.61),

h(t,x,y) >m(t) forae te[0,T]andallx >0, y e R.

By Theorem 8.10, problem (8.4), (8.2) has a solution u satisfying estimate (8.44) and
d < u(t,) < R forsome t, € [0, T]. In particular, u < B for all t € [0, T]. It remains to
show that u > ¢ on [0, T]. Let ty, t; € [0, T] be such that

u(ty) = min{u(t): t € [0, T]}, u(t)) = max{u(t):t € [0, T]}.

We have v/ (ty) = u'(t;) = 0 and u(t;) € [4,B]. Put v(t) = ¢(u/'(t)) for t € [0, T]. Then
u'(t) = ¢~ (v(t)) on [0, T], v(ty) = v(t1) = ¢(0) and

h , f v(t)
L (@(u'(5))) ' (s)ds = J V' (s)p ™ (v(s))ds = » ¢~ (y)dy = 0.

to

Thus, multiplying both sides of the equality
(' (0))" = (e, u(0),u' (1))

by v’ (¢) and integrating from ¢, to t;, and using (8.65), (8.66) and Lemma 8.9, we get

u(tr) t
J gN(s)dsﬁL | p (6, u(t),u’ ()| | (1) | dt < [Flr*.

u(to)

Therefore

5

)
2@ = (o) + | g(s)ds = | §ods

u(to

u(ty) B
< J §(s)ds+J 1g(s) | ds
) 5

u(to
B
8

s||ﬁ||1r*+j 1g(s)|ds = K.
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Since g(e) > 0, this contradicts inequality (8.67) whenever
u(ty) = min{u(t): t € [0, T]} <e.

Hence, u(t) > € on [0, T'], which means that u is a solution to problem (8.58), (8.2). [

Example 8.18. Let
g(x) = ax™M + bx™  forx € (0, 0),

where a,b,1; € (0,00) and A; = 1. Then Theorem 8.17 provides the existence of a
positive solution to problem (8.58), (8.2) if p € Car([0, T] x R?) is bounded below, that
is, there is m € L1 [0, T] such that p(t,x, y) > m(t) fora.e. t € [0, T] and all (x, y) € R2.

8.2. Attractive singular forces

This section is devoted to the singular problem (8.1), (8.2), where f has an attractive
singularity at x = 0, which means that, in addition to (8.3), it has also the following

property:

limglff(t,x,y) = —o0 fora.e.t €[0,T]and some y € R.

Such a situation can be treated by means of lower and upper functions associated with
the problem. We can decide whether the problem has constant lower and upper functions
and to find them provided they exist. In general, however, it is easy neither to find lower
and upper functions which need not be constant nor to prove their existence, which
can make the application of theorems like Theorem 8.12 difficult. A simple possibility
how to find nonconstant lower or upper functions to problem (8.1), (8.2) is offered by
the following lemma. In what follows we use the standard notation for mean values of
integrable functions: for y € L,[0, T], the symbol ¥ stands for

1 (T
7 ?JO (bt

Lemma 8.19. (i) Let there exist A > 0 and b € L, [0, T] such that b = 0,
f(t,x,y) = b(t) forae te[0,T]andallx € [A,B], |yl < ¢ '(lIbllh), (8.68)

where B— A > 2T¢~(||bll1).
Then problem (8.1), (8.2) possesses an upper function o, such that

A<o,<B onl0,T].
(ii) If A, B and b € L,[0, T| satisfy analogous conditions but with b < 0 and
f(t,x,y) <b(t) forae te[0,T]andallx € [A,B], |yl < ¢ (lIbll), (8.69)
then problem (8.1), (8.2) possesses a lower function o, such that

A<o,<B onl0,T].
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Proof. (i) Assume that b > 0 and relation (8.68) is true. For a given d € R, let x4 be a
solution of the quasilinear auxiliary Dirichlet problem (8.10). Then

(x,(1)) = $(x, (1)) Jb(s s fortto € [0,T].

Since b > 0, it follows that x5(T) = x,(0). Since x4(0) = x4(T), thereisa t; € (0, T') such
that x(t4) = 0. Thus

d(xy(1)) = t b(s)ds fort e [0,T]

and o Il < ¢~'(Ibll) for cach d € Rand xoll < T9~'(lblh). Put o, = A+
T¢~'(lIbll1) + xo. Then

A<o, <A+2T¢ 7 '(Ibl) <B  on[0,T].

Having in mind assumption (8.68) and the definition of x4, we can see that 0, is an upper
function of problem (8.1), (8.2).

(i) Ifb < 0 and assumption (8.69) is valid, then g1 = A+ T (|[bll1) + xo is a lower
function of problem (8.1), (8.2) and A < g1 < Bon [0, T]. |

Corollary 8.20. Let there existr >0, A > r, and b € L,[0, T] such that b > 0, (8.68) with
B—A>=2T¢ " '(lIblly) and

f(t,r,0) <0 fora.e te[0,T]

hold. Furthermore, let for a.e. t € [0, T] and each (x, y) € [r, B] X R inequalities (8.56) be
true with €1, &, w, Y satisfying (8.32).
Then problem (8.1), (8.2) has a positive solution u such that

r<u<Bon[0,T]. (8.70)

Proof. By Lemma 8.19, problem (8.1), (8.2) has an upper function o, such that o, €
[A,B] on [0, T']. Furthermore, 0; = r is a lower function of (8.1), (8.2) and 0 < 07 <
0, on [0, T]. By Theorem 8.12, problem (8.1), (8.2) has a positive solution u satisfying
(8.70). 0

Now, let us consider the Liénard equation
(@) +h(wu' = g(u) +e(), (8.71)
where
he Cl[0,0), geC(0,0), eecL[0,T] (8.72)
and g has an attractive space singularity at x = 0, that is,

hggrlfg(x) = —00, (8.73)
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The next lemma shows that problem (8.71), (8.2) possesses an upper function when-
ever

“&Tlio?f [g(x) +¢] >0. (8.74)

Lemma 8.21. Let conditions (8.72) and (8.74) hold. Furthermore, assume that there exists
a € (0, o) such that

> 0. (8.75)

Then for an arbitrary r € (0, ), problem (8.71), (8.2) possesses an upper function o, such
that o, > r on [0, T].

Proof

Step 1. Construction of operator F).
Choose r € (0, ). By assumption (8.74) there is R > r such that

gx)+e>0 forx=R (8.76)

Take an arbitrary ¢ € R and consider the auxiliary Dirichlet problem
(¢(v)) +Ah(v+ )V = Ab(t), v(0) = v(T) =0, (8.77)
where b(t) = go +e(t) fora.e. t € [0,T], go = inf{g(x) : x € [R,0)} and A € [0,1] isa
parameter. For a given A € [0, 1] define an operator ) : C'[0, T] X R — C'[0, T] X R by

Fi:(v,a) — ( Lt ¢! (a +) L [b(r) - h(v(r) + c)v'(‘r)]d‘r)ds,

a- JOT ¢! (a ) L [b(r) - h(v(z) + c)v’(r)]dt)ds).

Taking into account that the second component of #; has a finite dimensional range and
using an argument analogous to those applying to the proof of Lemma 8.6 (see also the
proof of Theorem 7.4) we can show that the operator #, is completely continuous for
each A € [0, 1]. Furthermore, v is a solution of the Dirichlet problem (8.77) satisfying
¢(v'(0)) = aifand only if Fi(v,a) = (v,a).

Step 2. A priori estimates of fixed points of F).
Choose A € (0,1] and assume that (v,a) € C'[0,T] X R is a fixed point of the
operator ). We have

(¢(v’(t)))’ +Ah(v(t) +c)v' (t) = Ab(t) fora.e.t € [0,T], (8.78)

v(0) = v(T) = 0 and ¢(v'(0)) = a. Multiplying equality (8.78) by v(¢) and integrating
over [0, T'], we get

T T
—J $(v' () (1t =AJ b(t)v(t)dt. (8.79)
0 0
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Let & € (0, ) be such that relation (8.75) holds. Then there are k > 0 and y; > 0 such
that

for y = y. (8.80)

Next, since ¢ is odd, we have ¢(y) y = 0 and |¢(y)| = ¢(|y|) for each y € R. In
particular, ¢(|y|) |y| = ¢(y) y for all y € R. Relation (8.79) can be now rewritten as

T T
—kllv' 1% — jo BV (D)) v (1) |dt = A jo b(t)v()dt. (8.81)

Denote ] = {t € [0, T] : [v'(t)| = yo} and M = max{f(y) : y € [0, yo]} and assume that
V]l = 1. Then relations (8.80) and (8.81) imply

kv g < 16l vl + MyoT — L WW(tﬂwdt

k.
< (IIblly + MyoT) vl + EIIV [Fas
that is,
7 latl 2
IV NI5T < = (1l + My T) V]l .

ot+1—k

Further, as the Holder inequality yields
T
VIl < L [V (s)|ds < TY Vv || g1, (8.82)
we conclude that
2 1/
1V llast < (G (Wbl + MyoT) ) TV,
Now, using (8.82) once more, we get
2 1/«
Wl < (2161 + MyoT) )

Thus, including into our consideration also the case ||v]|« < 1, we conclude that v satisfies
the estimate

2 1/«
Wllw < d i T(E(an1 +My0T)> i1, (8.83)
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As v(0) = v(T), there is 19 € (0, T) such that v'(79) = 0. Hence, integrating equality
(8.78) we obtain

v(t) t
SV (1) +A h(x +c¢)dx = )LJ b(s)ds forte [0,T],

v(7o)

wherefrom the estimate
[¢(v' (1)) | < s:= bl +2dmax {|h(x)| : |x| < |c| +d} fort € [0,T]
follows. Consequently,
1V |0 < ¢~ 1 (50), lal = [¢(v'(0)] < s (8.84)

On the other hand, it is easy to see that ¢(v,a) = (v,a) if and only if (v,a) = (0,0). This,
together with (8.84), imply that if we choose

p>d+¢ () + 5,
we get (v,a) € B(p), where
B(p) = {(v,a) € C'[0, TI xR : ||vllw + |al < p}.

Step 3. Properties of the Leray-Schauder degree of F).
By step 2 and by the homotopy property from the Leray-Schauder degree theorem,
where #(A,x) = (I — F)(x) and Q = B(p), we get

deg (4 — F1,B(p)) = deg (L — Fo, B(p)).
Moreover, %y is an odd mapping, and hence by the Borsuk antipodal theorem we see that
deg (4 — Fo, B(p)) # 0.

Therefore, by the existence property of the Leray-Schauder degree, we deduce that for
each ¢ € R the operator #; has a fixed point (v, a.). It follows from the construction of
the operator #; that v. is a solution of the auxiliary Dirichlet problem (8.77) with A = 1
and a. = ¢(v.(0)). Moreover, || V|l < d on [0, T] holds due to (8.83).

Step 4. Construction of an upper function o,.
Putc = R+dand 0, = v, + ¢. Then 0,(0) = 0>(T) = c and, due to (8.76), we have

¢(05(T)) — ¢(03(0)) = Th = T(go +€) = 0.
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Furthermore, 0,(t) > ¢ — d = Ron [0, T]. Therefore, due to inequality (8.76),
(¢(a3(0))" = ~h(02(1) 03(1) + go + e(1)
< —h(02(1)) 0y (£) + g(02(¢)) +e(t) forae. t € [0,T].

This shows that ¢, is an upper function for (8.71), (8.2). O

The following alternative assertion can be proved by an argument analogous to that
used in the proof of the previous lemma.

Lemma 8.22. Assume (8.72) and

limsup [g(x) + €] < 0.

X— 00

Then for an arbitrary r € (0, o), problem (8.71), (8.2) possesses a lower function o1 such
that o1 > r on [0, T1.

A straightforward application of Theorem 8.12 and Lemma 8.21 gives the following
result.

Theorem 8.23. Assume (8.72)—(8.75) and let there exist r € (0, o) such that
gir)+e(t) <0 forae te[0,T]. (8.85)
Then problem (8.71), (8.2) has a positive solution u such that u = r on [0, T].

Proof. Let r € (0, ) be such that g(r) + e(t) < 0 for a.e. t € [0,T]. Then 01(¢) = r
is a lower function of problem (8.71), (8.2). Furthermore, due to Lemma 8.21, problem
(8.71), (8.2) has an upper function o, such that o > r = o1 > 0 on [0, T]. Thus, by
Theorem 8.12 and Remark 8.13, problem (8.71), (8.2) has a positive solution u such that
u(t) € [r,05(t)] foreach t € [0, T]. O

Example 8.24. Let g € C(0, o) satisfy (8.73). Then we can guarantee the existence of a
positive constant r for which the inequality g(r) + e(t) < 0 holds a.e. on [0, T'] provided

limnf (g(x) + llell) <.

This occurs, for example, if supess{e(t) : t € [0,T]} < co. In particular, Theorem 8.23
applies to problem (8.71), (8.2) if

¢=1¢p pe(l,o), e>0, supessie(t):te[0,T]} <o
and g(x) = —ax™M + bx*, where a, b,A;,A; € (0, ).

Further, notice that condition (8.75) is satisfied, for example, by

¢(y):(|y|y+y)ln(l+ﬁl|) or ¢(y) = y(exp(y*) —1).
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8.3. Strong repulsive singular forces

In this section, we study the singular problem (8.1), (8.2) with f having a repulsive
singularity at x = 0. Recall that this means that, in addition to (8.3), the relation

limsup f(t,x,y) = o forae.t € [0,T] and some y € R

x—0+

is true. In general, in this case, the existence of a pair of associated lower and upper
functions having the opposite order is typical. This causes that such a case is more difficult
and more interesting than that of an attractive singularity.

The next assertion deals with (8.58) and is a direct corollary of Theorem 8.17.

Theorem 8.25. Assume that g € C(0,0) and p € Car([0, T] x R?) satisfy the strong
repulsive singularity condition (8.59) and inequality (8.61) with some m € L;[0, T]. Fur-
thermore, let there be a function b € L, [0, T] and constantsr, A, B € (0, o) such thatb < 0,
A>r,B—A>2T¢ '(lIblly), and

g(r)+p(t,r,0) =0 forae te|0,T],
gx) + p(t,x, y) < b(t) forae te[0,T]andallx € [A,B], |yl < ¢ 1 (IIbllh).
Then problem (8.58), (8.2) has a positive solution u such that

u(t,) € [r,B] forsomet, € [0, T].

Proof. By Lemma 8.19(ii) there is a lower function o, of problem (8.58), (8.2) such that
A < 01 < Bon [0, T]. Moreover, by our assumptions, 0>(f) = r is an upper function of
problem (8.58), (8.2). Using Theorem 8.17, we complete the proof. O

In particular, Theorem 8.25 provides for the Duffing equation with the ¢-Laplacian

(p(u)) = g(u) +e(t) (8.86)

the following immediate corollary.

Corollary 8.26. Let e € L,[0,T], infess{e(t) : t € [0,T]} > —co and let g € C(0, )
satisfy the strong repulsive singularity condition (8.59). Further, let

g« = inf {g(x) 1 x € (0,00)} > —o0
and let there be A > 0 such that
g(x)+e<0 forx € [AB], whereB—A>2T¢ '(lle—ell).
Then problem (8.86), (8.2) has a positive solution u such that u(t,) < B for somet, € [0, T].

Proof. By the strong singularity condition (8.59), we have (8.60). Since, moreover, we
assume infess{e(t) : t € [0,T]} > —oo, we can certainly find an r € (0,A) such that
g(r) +e(t) = 0 fora.e. t € [0, T]. The assertion then follows by Theorem 8.25 if we put
b(t) = e(t) —eand m(t) = g« +e(t) a.e.on [0, T]. O
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In the remaining part of the section we will consider the Liénard equation
(¢p () +h(w)u' = g(u) +e(t) (8.87)

with the p-Laplacian ¢,(y) = [y|?~%y. To this aim, the following continuation-type
principle will be helpful.

Lemma 8.27. Let p € (1,0), h € C[0,»), g € C(0, ) and e € L,(0, T]. Furthermore,
assume that there existr > 0, R > r, and R" > 0 such that

(i) the inequalitiesr < v < Ron [0, T] and [|[V' || < R" hold for each A € (0, 1] and
for each positive solution v of the problem

($p(v))" = A( = h(»)v' +g(v) +e(t)),

(8.88)
v(0) = v(T), v'(0) = v(T),

(ii) (g(x)+e=0)=>r<x<R,
(iii) (g(r)+#e) (g(R) +e) < 0.
Then problem (8.87), (8.2) has at least one solution u such thatr < u < Ron [0, T].

Proof

Step 1. Construction of the operator F;.
First, notice that integrating the differential equation in (8.88) over the interval [0, T']
and taking into account the periodicity conditions we arrive at

T
0= I g(v(s))ds+ Te, for all solutions u of problem (8.88). (8.89)
0

Let us consider the problems

($p(v)) = At V(@®),  v(0) =v(T), v (0)=v(T), (8.90)
where A € [0,1] and

Atv)() = A(=h(v(0)v' (1) + g(v(t)) +e(t)) + (1 — D)wo(v),

wo(v) = 1 ( JOTg(v(s))ds + TE)

T
for v € C'[0, T] and for a.e. t € [0, T]. Due to (8.89), we can see that for each A € [0, 1]
problems (8.88) and (8.90) are equivalent. Furthermore, for A = 1 problem (8.90) reduces
to problem (8.87), (8.2) (with v instead of u).
As in the proof of Theorem 7.4 (see also the introduction to Lemma 8.6 in Section
8.1), we denote by y the functional on C[0, T] which is uniquely determined by the
relation

JT¢‘WYM)+€6»ds=O. (8.91)
0
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Similarly, the operator X : C[0, T] — C'[0, T] is defined by (8.11), that is,

) = J ¢~ (y(0) +€(s))ds
Recall that both y and X are continuous. Denote
Q={ueC10,T]:r<u<R|u| <R on[0,T]}

and, for A € [0, 1], define operators N, : Q — C[0, T] and %, : Q — C[0, T] by

t
M) () = L fils,u)(s)ds,

Fr(u)(t) = u(0) +u'(0) — u'(T) + K (M () (D).

(8.92)

Arguing as in the proof of Lemma 8.6, we can show that for each A € [0, 1] the operator
F) is compact. Moreover, a function u € Q solves problem (8.90) if and only if it is a fixed
point of F,. In particular, u € Q is a solution of (8.87), (8.2) if and only if F;(u) = u.

Step 2. Properties of the fixed points of F.
We state that

Flv) #v ford e [0,1], v € 0Q. (8.93)

Indeed, if A > 0, then relation (8.93) follows from assumption (i), while for A = O itis a
corollary of the following claim.

Claim. v € Q is a fixed point of % if and only if there is x € (r, R) such that v(t) = x on
[0, T] and

gx)+e=0. (8.94)

Proof of Claim. For each v € Q and each t € [0,T] we have fo(t,v)(t) = wo(v) and
(No(W))(t) = two(v). Let ¢ € R. If wy(v) # 0, then

lc+ Two(v)|? - Icld
qwo(v)

b

T T
JO ¢, (c+ Mo(v)(1))dt = L ¢q(c+two(v))dt =
where g = p/(p — 1). In particular,
T T
J 85" (4 M) =0 = €= ~Zwo(v)
0
On the other hand, if wy(v) = 0, then
T
| 8" e+ Mor®)de = 19, (@) = 0 = =0,
0
Since y(Ny(v)) is the only solution of (8.91) with £ = Ny(v), we can summarize that
T

=y(MW)) = —EWO(V) forv € C'[0, T).
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Inserting this into the definition of %, we get

T

Fo)() = v(0) +7'(0) — v/(T) + Lt 85" (o) (s - 3 ) )as

=v(0) +v'(0) = v/(T) + é‘ﬁq(WO("))('t_ g - <§>q>

Consequently, v € Q is a fixed point of % if and only if

T T

v(t) = v(0) +v/'(0) — v/ (T) + ésbq(wO(v)) ( ' b=~ ‘ - <E>q>

for t € [0, T]. In particular, for t = 0, this relation reduces to v(0) = v(0) +v'(0) —v'(T),
which yields v'(0) = v/(T). Similarly, inserting t = T gives v(T) = v(0). On the other
hand,

v (0= gy |- 2| sign (- 1) pore# T,

T

q-1
V(T) = V(0 = 29y (3) -

Thus, v'(0) = v'(T) can hold if and only if wy(v) = 0, which gives v(¢) = v(0) on [0, T].
Denoting x = v(0), we can see that wo(v) = 0 if and only if g(x) + e = 0. However, by
assumption (ii), any x € R satisfying this equation must belong to the interval (r, R). On
the other hand, if g(x) +e = 0 and v = x on [0, T], then v is obviously a fixed point of
Fo. This completes the proof of the claim.

Step 3. Properties of the Leray-Schauder degree of F.
By (8.93) and by the homotopy property of the degree we have

deg (I — F1,Q) = deg (4 — F0,Q). (8.95)
Denote
X ={ve C'0,T]:v(t) = v(0)on [0, T]}, Qo =0nX

Then Qp = {v € X:r <v(0) < R} and, by Claim in step 2, each fixed point of ¥, belongs
to Q0y. Consequently, the excision property of the topological degree yields

deg (1 — F,Q) = deg (4 — Fo, Q). (8.96)

Step 4. Construction and properties of the operator ﬁ
For u € [0,1] deﬁneﬁ : Qo — C'[0, T] by

FL(0)() = (0) + ¢y (g (v(0)) +z)[1 —u+ g(‘t— %‘q - (g)q)]
We have

Fov) = v(0) + ¢4 (g(v(0) +2), Fi(v) = Fo(v) forve Qo
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Similarly to ¥, the operators :’;‘;, u € [0, 1], are also completely continuous. By Claim in
step 2, 32'/1(1/) # v for all v € 0Qy. Let i be the natural isometrical isomorphism R — X,
that is,

i(x)(t) =x forx eR, i“'(v) =v(0) forveX

Assume that y € [0,1), x € (0, ), v = i(x), and ﬁ(v) = v. Then

T <§>q)] =0 fortel0,T].

¢q(g(x)+5)[l—y+g<‘t_%

If t = 0, this relation reduces to g(x) + e = 0, which is due to assumption (ii) possible
only if x € (r, R). To summarize,

;‘E';(v) #v forveodQ andallye]l0,1]

Therefore, using the homotopy property of the degree and taking into account that
dim X = 1, we conclude that

deg (4 — Fo, Qo) = deg (4 — F1,Q0) = dp (4 — Fo, Q), (8.97)

where dg(4 — %, Q) stands for the Brouwer degree of I — F, with respect to Q.

Step 5. The Brouwer degree of J — F.
Define @ : (0, 0) — R by ®(x) = g(x) +e. Then

(4 - %) (i(x)) = i(®(x)) for each x € (0, o0).

In other words, ® =i ! o ({ — ?0) o ion (0, ). Consequently, by Remark C.4, we have

dg (1 — Fo, Qo) = dp (D, (r,R)). (8.98)
Put
R—x X—r
Y(x) = O(r) ®(R)

+ .
R-r R-r
Then V¥ has a unique zero xy € (r,R) and

¥ (x) = P20

Hence, by the definition of the Brouwer degree in R we have
dp (¥, (r,R)) = sign ¥’ (x) = sign (P(R) — O(r)).
By the homotopy property and thanks to our assumption (iii), we conclude that

dp(®, (r,R)) = dp (¥, (r,R)) = sign (B(R) — D(r)) # 0. (8.99)
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Step 6. Fixed point of F7.
To summarize, by (8.95)—(8.99), we have

deg (4 — #1,Q) # 0,
which, in view of the existence property of the topological degree, shows that #; has a
fixed point u € Q. By step 1 this means that problem (8.87), (8.2) has a solution. O
Lemma 8.27 enables us to prove the following result, where we meet the symbol 7,
defined for p € (1, ) by
2n(p — 1)Vp
T[p = .
psin(n/p)

Clearly m; = n. Furthermore, (71,/T)? is the first eigenvalue of the quasilinear Dirichlet
problem

(¢p(u) +Agp(u) =0, u(0) = u(T) =0
(see Appendix D).

Theorem 8.28. Assume that p € (1,0), h € C[0,0), e € L[0,T]. Furthermore, let
g € C(0, co) satisfy the strong repulsive singularity condition (8.59) and the conditions

liminf [g(x) + €] >0 > limsup [g(x) + €], (8.100)

x—0+ X—00
there exist nonnegative constants a,y such that

7\ P (8.101)
a< (?p) and g(x)x = —(axP +y) forx >0.

Then problem (8.87), (8.2) has a positive solution.

Proof. We will verify that the assumptions of Lemma 8.27 are satisfied.

Step 1. One-point estimate.
First, we will show that

there are Ry > 0 and R; > Rg such that
v(t,) € (Ro,R,) forsomet, € [0, T] (8.102)
holds for each A € (0, 1] and each positive solution v of (8.88).

So, assume that A € (0, 1] and that v is a positive solution to the auxiliary problem (8.88).
By the first inequality in assumption (8.100), there is Ry > 0 such that

g(x)+e>0 wheneverx € (0,Ro). (8.103)
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If g(v(t)) +e > 0 were valid on [0, T'], we would have
T

LT (g(v(D)) + e(t))dt = L (g(v(H) +2)dt >0,

which contradicts (8.89). This shows that max{v(¢) : t € [0, T]} > Rq.
Similarly, by the second inequality in assumption (8.100), there is R; > Ry such that

g(x)+e<0 wheneverx >R (8.104)
and min{v(¢) : t € [0, T]} < R;. This proves (8.102).
Step 2. Upper estimate of solutions to the auxiliary problem (8.88).
We claim that
there is R > 0 such that v < R on [0, T'] holds

.. . (8.105)
for each A € (0, 1] and each positive solution v of (8.88).

Indeed, assume that A € (0, 1] and v is a positive solution to the auxiliary problem (8.88).

Multiplying the differential equation in (8.88) by v(¢) and integrating over [0, T] we get
T T

I = | g visids+ | etomisias,

0

and using assumption (8.101) we arrive at the inequality
V115 < allvlip + llell vl +yT. (8.106)

Further, by (8.102), we have
t
0<v(0) = () + [ Vds<Ri+ TV, fort e [0,T] (8.107)

where g = p/(p — 1). Now put

v(t+t,) —v(ty) ifo<t<T-t,
y(t) =

v(it+t, —T)—wv(t,) ifT-t, <t<T

Since y € Ccl[o, T], ¥(0) = y(T) = 0,and ||y + V(tv)Hg = IIVIIf;, we can apply the sharp
Poincaré inequality (see Lemma D.2) to show that

T, , T, ,
lyll, < —ly'll, = — 1Vl
TTp TTp

Now, we can see that for arbitrary positive numbers ¢ and ¢y we can always find a
positive constant ¢, such that (x + ¢o)? < (1 + €)xP + ¢; holds for each x > 0. Indeed,
the inequality (x + ¢o)? < (1 + &)x? holds whenever x > xo := ¢o((1+¢&)"? — 1)~! and the
expression |(x + co)? — (1 + €)xP| is certainly bounded on the interval [0, x]. As a result,
we can state that for an arbitrary € > 0 there is ¢; > 0 such that

T\’ ,
Ivlip < (Iyllp +v(8) TV < (1 +e)(ﬂ—) Iv'llp + 1.
P
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Inserting this into inequality (8.106), choosing & € (0, (1/a)(n,/T)? — 1) and having in
mind estimate (8.107), we deduce that we can choose ¢, > 0 such that

allv' Iy < TV lelly V1l + c2

a= <1 —a(l +e)(7z;>p> > 0.

However, this is possible only if there is R, € (0, ) independent of A and v and such that
V'l < R,. Therefore

holds with

0<v(t) <R +T"R,+1 on|0,T]

for each A € (0, 1] and each positive solution v of (8.88), that is, statement (8.105) is true
with R = Ry + TVR, + 1.

Step 3. Estimate of the derivatives of solutions to problem (8.88).
Now we show that

thereis R" > 0 such that [v'| <R" on [0, T]

- . (8.108)
for each A € (0, 1] and each positive solution v of (8.88).

Let A € (0,1] and let v be a positive solution to the auxiliary problem (8.88). In particular,
we have v(0) = v(T) and, therefore, there is t' € [0, T] such that v'(¢') = 0. Integrating
the differential equation in (8.88) over the interval [#',¢] and taking into account state-
ment (8.105), we obtain

R t
P < A(L |h(x) [dx + llelly + Ht | g(v(s)) |ds

) fort€[0,T].  (8.109)

Thanks to assumption (8.100), we can choose a positive constant b in such a way that
inf{g(x) : x € (O,R]} = —b and, by (8.105), also g(v(¢)) = —b on [0, T]. Therefore,
lg(v()| =< g(v(¥)) + 2b holds for all t € [0, T]. From this inequality, using (8.89), we
deduce that

t
' J |g(v(s))|ds| <2bT +|lell, forte [0,T],
v

which inserted into (8.109) yields (8.108) with

X 1/(p-1)
R = <L |h(x)|dx+2(bT + ||€H1)> > 0.

Step 4. Lower estimate of solutions to problem (8.88).
Choose A € (0, 1] and let v be a positive solution of problem (8.88). Put

H = max{|h(x)| : x € [0,R]},

R
K - R’ZTH+J |g(x) | dx + R [lell:.

0
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By (8.59) there is r € (0, Ry) such that

Ry
glx)dx >K forx € (0,r]. (8.110)

Let t1,t, € [0, T] be such that
v(t;) = min{v(t) : t € [0, T]}, v(ty) = max{v(t):t € [0,T]}.

Inv1ewof(8 2) we have v/ (1) = v'(£,) = 0. Denotew (t) = ¢p(v' (1)) for t € [0, T]. Then
‘/’p )on [0, T] and w(t;) = w(tz) = ¢,(0) = 0. Let, as before,q p/(p—1).
Then ¢q = gb;l and we have also

w(tz)

t , t
J, @Oy e = | “w @y (w0)d = | gydx =0

Thus, multiplying the differential equation in (8.88) by v/ () and integrating from ¢, to £,
yields

t Ry v(ty) t
0- —J W)W Wdi+ [ gdet | gxdx+ f e(t)v' (1)dt.
t v(tr) Ry H

It follows that

Ry R
J g(x)dst'zTH+J |g(x) | dx + R [lell1,
Ro

v(t1)
which is, owing to (8.110), possible only when v(#;) > r.

Step 5. Final conclusion.
To summarize, there are r, R, and R’ such that assumption (i) from Lemma 8.27 is
satisfied. Furthermore, since by step 1, we have

glx)+e>0 if0<x<Ry, glx)+e<0 ifx>R;

and 0 < r < Ry < R; < R, itis easy to see that also assumptions (ii) and (iii) of Lemma 8.27
are satisfied. Hence, applying Lemma 8.27, we complete the proof of the theorem. O

The following two results are consequences of Theorem 8.28 and its proof.

Corollary 8.29. Let all assumptions of Theorem 8.28 be satisfied but with (8.101) replaced
by

4
hf}l{.?f? > — (%) .

Then problem (8.87), (8.2) has a positive solution.

Proof. Let

)4
hmmfL >—a> —(ﬂ—]}:) .

x—co  xP
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Then there exists A > 0 such that
gx)x = —ax? forx € [A, o).

Furthermore, by (8.100), we have g, = inf{g(x) : x € (0,A)} > —oo. Therefore, g(x)x =
—|g«lA > —co forall x € (0,A). So, we can summarize that condition (8.101) is satisfied.
The proof is completed by means of Theorem 8.28. O

Corollary 8.30. Let all assumptions of Theorem 8.28 be satisfied but with (8.101) replaced
by

e € [[0,T], h(x)=hs >0 (orh(x)<—hy<0) forxe[0,c).

Then problem (8.87), (8.2) has a positive solution.

Proof. Assume that the dissipativity condition
h(x) = hy >0 forx € [0, 00)

is satisfied. Then the proof is analogous to that of Theorem 8.28, just estimate (8.105) is
now obtained more easily. Indeed, let A € (0, 1] and let v be a positive solution of (8.88).
Let Ry, Ry, and ¢, be found as in (8.102), that is, Ry is such that (8.103) is true, Ry > Ry,
g(x)+e < 0forx = Ry and v(t,) € (Ro,Ry). Put w(t) = ¢(v'(¢)) for t € [0, T]. Then
v'(t) = ¢~ (w(t)) on [0, T], w(0) = ¢(v'(0)) = ¢(v'(T)) = w(T) and

T

JOT G0 &) V)= |

w(T)

W ()6~ (w(s))ds = j L 4y =0

w

Thus, multiplying the differential equation in (8.88) by v" and integrating over the inter-
val [0, T'], we obtain h4[|v'|l> < llell, and, consequently,

t
v(t) = v(t,) +J v'(s)ds < Ry + ﬁ”;”z +1 forte[0,T].
v *

Thus, (8.105) is true with R = Ry + +/Tllell2/hy« + 1. Now, we can repeat steps 3-5 of the
proof of Theorem 8.28. O

Examples 8.31. (i) Clearly, if g € C(0, o) fulfills condition (8.100) and, in addition,
also liminf,_« g(x) > —oo, it satisfies also condition (8.101) and, hence, in such a case
Theorem 8.28 ensures the existence of a positive solution to problem (8.87), (8.2). In
particular, Theorem 8.28 implies that problem (8.87), (8.2) with g(x) = fx~* on (0, o),
B >0,0 >1,h e C[0,),and e € L;[0, T] has a positive solution if e < 0. Moreover,
integrating both sides of the differential equation in (8.87) over [0, T] and taking into
account that g is positive on (0, o), we can see that the condition e < 0 is also necessary
for the existence of a positive solution to (8.87), (8.2).
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(ii) Let p € (1,0), h € C[0,0), 0 < a < (mp/T)?, B > 0, and & = 1. Then, by
Corollary 8.29, the problem

(' 1P72u) + h(w)u' = —auP™' + % +sinu + e(t),
u(0) = u(T), u'(0) = u'(T)

has a positive solution for each e € L, [0, T].
Similarly, if in addition p > 2, m is the integer part of p — 2 and

m

g(x) = —ax1 + zcixi + ﬁa for x > 0,
, X
i=0

then, by Corollary 8.29, problem (8.87), (8.2) has a positive solution for arbitrary coeffi-
cientsc; € R,i=0,1,...,m,and eache € L;[0, T].
(iii) Let p € (1,00), ¢ # 0,a > 0, 3 > 0, « = 1. Then, by Corollary 8.30, the problem

(I 1P72u) + e’ = p aexp(u) +e(t),

ue

u(0) = u(T), u'(0) = u'(T)
has a solution for each e € L,[0, T].

8.4. Weak repulsive singular forces

Here, unlike the previous section, we do not assume the strong singularity condition. We
will restrict ourselves to the case that f does not depend on u’, that is, we consider the
equation

(¢p(u))" = f(t,u), (8.111)
where f € Car([0, T] X (0, %)) can have a weak repulsive singularity at the origin, that is,

limsup f(t,x) = 0 forae. t € [0,T]

x—0+

can hold.
The next existence principle relies on the comparison of the given problem with the
related quasilinear problem fulfilling the antimaximum principle.

Theorem 8.32. Let f € Car([0,T] X (0,0)) and p € (2, 00). Further, letr € (0,0),A €
[r,00) andu € L,[0,T], B € Li[0, T] be such that u(t) = 0 fora.e.t € [0, T], i >0, B <0,

f(t,x) <B(t) forae te[0,T]andallx € [A,B], (8.112)
ftx) +ut)pp(x —7r) =0 forae t € [0,T]andallx € [r,B], (8.113)
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where

T
B~ A= ¢ (Imlh);

(8.114)
m(t) = max {sup { f(t,x) : x € [r,A]}, B(t),0} forae te€[0,T];
v > 0 on [0, T] holds for each v € C'[0, T] such that
6,(v) € AC[0, T],
7 ’ (8.115)
(¢p (V' (1)) +u()py(v(t)) 20 forae te[0,T],
v(0) = v(T), v'(0)=v'(T).
Then problem (8.111), (8.2) has a solution u such that
r<u<B onl0,T], I Il < ¢, (lmlly). (8.116)
Proof
Part I. First, assume that 8 < 0.
Step 1. Upper and lower functions of an auxiliary regular problem.
Put
ft,r) —ut)pp(x—r) ifx<r,
ft,x) =1 f(£,x) ifx € [r,B], (8.117)
f(t,B) ifx > B
and consider an auxiliary problem
(¢p()) = flt,w),  w(0) = w(T), w'(0) = (T). (8.118)

We have ]? € Car([0, T] x R). Furthermore, by (8.112), (8.113), and (8.117), the inequal-
ities

f(t,x) < B(t) ifx e [A, o), (8.119)
Ft,x) +u®)px—1r) =0 forxeR (8.120)
are valid for a.e. t € [0, T']. In particular, in view of (8.117) we have
fN(t,x) > h(t) := —u(t)¢p,(B—r) forae.t€[0,T]andallx € R, (8.121)
with h € L, [0, T]. _
By (8.120), 0, = r is an upper function of (8.118). Further, if b = f — f3, then

b € L,[0,T] and b = 0 and, similarly to the proofs of Lemma 8.6 or of Theorem 7.4,
we can see that there is a uniquely defined gy € C'[0, T'] such that ¢,(0y) € AC[0, T,

(¢p(a(1)) = b(t) foraete[0,T],  ay(0) = 0o(T) = 0.
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Now, let us choose ¢* > 0 such that c* + 0y = A onlO, T] and define o1 = ¢* + gp. We
have 01(0) = 01(T) = ¢*, ¢,(0o(T)) — ¢,(05(0)) = Tb = 0 and, by (8.119),

(¢5(01(1)) = b(t) = B(t) = B> B(t) = f(t,o1(t)) forae.t e [0,T].

Consequently, oy is a lower function of (8.118). Therefore, by (8.121) and by Theorem
8.10, the regular problem (8.118) has a solution u such that u(t,) > r for some t,, € [0, T].

Step 2. A priori estimates of the solution u of the regular problem.
We will show that

u(t)=r forte0,T]. (8.122)
To this aim, set v = u — r. By virtue of (8.120), we have

(8, (V' (D)) + (), (v(1)) = F(t,ult)) +u(t)d, (u(t) =) = 0

for a.e. t € [0, T]. By (8.115), it follows that v(¢) = 0 on [0, T'], that is, (8.122) is true.
Now, we show that

u(t)<B forte[0,T]. (8.123)
Indeed, by the definition of m and by (8.117) and (8.119) we have
f(t,x) <m(t) forae.te[0,T]andallx > r.
Hence, we can use Lemma 8.9 to get the estimate
14l < " (llmlly). (8.124)

If u > A were valid on [0, T], then taking into account the periodicity of #" and (8.119)
we would get

~

T T _
0= j Ft,ult)dt < J B(t)dt = T <0,
0

0

a contradiction. Hence,
min {u(s) :s € [0, T]} < A.
Now, assume that
u* ;= max {u(s):s € [0,T]} >A
and extend u to be T-periodic on R. There are s, s; and s* € R such that
s1<s¥<sy, s5—s51<T, u(s)) =u(sx) =A, u(s*)=u*>A

In particular, due to (8.124),

2(u(s*) —A) = JS u'(s)ds + JS u' (s)ds < T¢;1(||m||1),

S1 $2
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wherefrom the estimate
T
u) —A =< ¢, (Imlh) <B-A on[0,T]

follows. Thus, (8.123) is true.
Estimates (8.122) and (8.123) mean that r < u < B holds on [0, T]. In view of
(8.117), we conclude that u is a solution to (8.1), (8.2).

Part II. Now, let B = 0. Put ny = max{1/r,1/(B — A),3}. For an arbitrary n € N, define

-

F(t,7) ifx <r,
f(tx) ifx € [r,Al],
O fo e (LA treawm,
(t.B) - pt(t)(bp(%%) ifx> B,
If x € [A + 1/n, B], then using (8.112) we deduce that
Jut 0 = 60 - gy (0
< B0 - o)ty (255

n(n
1
= A0 =00y 35
is true for a.e. t € [0, T] and all n € N such that n > ny. Similarly, if x > B, then

¥ 1 B-A 1
ttx) = 1068~ p0p (57 57 ) = B0~ 08 (,5)

Thus,

Jutt ) < B0 — 08y (5,5 ) = Bal)
(8.126)
forx > A+ %, fora.e.t € [0, T] and all n > ny.

Clearly,

B,<0, Bu(t)<p(t) forae tel0,T] (8.127)
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Furthermore, by (8.113) and (8.125) we have

ﬁ,(t,x)+y(t)¢p<x— (r— %)) = f(t,r) =0 ifxe [r— %,r],

~

F(t,x) +u(D), (x - (r - %)) > F(tx) +p(Ddp(x—1) 2 0 ifx € [r,A]

and, taking into account that £€271 + nP~! < (& + #)P~! holds for all &, > 0 and each
p=2

Falt,x) + )y (x - (T - %)) = f(t,x) - H(ﬁ%(%%) +u)¢, <x —r+ %)

> f(t,x) +u(t)p,(x —r) =0 ifx € [A,B],

Jut0 + sy (x = (7= 3)) = £6B) - w0y (520 ) +urgy(x -+ )

> f(t,B) +u(t)¢p,(B—-r) =0 ifx=>B.
To summarize,
Fot,2) + u(t)g, (x - <r - %)) >0 ifx=r— % (8.128)

Fora.e.t € [0,T] and all n € N, put

M, (t) := max { sup {fn(t,x) 1x € [r - %,A + %] },ﬁn(t),o}.
In view of (8.125) and (8.127) we have
0 <m,(t) <m(t) forae.te[0,T], n= n.

This together with (8.126)—(8.128) means that, for n € N large enough, Part I of this
proof ensures the existence of a solution u, to the auxiliary problem

(0p () = Fultiun),  a(0) = un(T),  u(0) = 1 (T)

which satisfies the estimates

1 1 , -
r—;sun(t)sB+; on [0, T], lunll < 65" (limlly).

Now, notice that
| F(6,%) = h(t,x)| = y(t)(ﬁp(%) forac.t € [0,T], allx € Randall n € N,
where
f(t,r) ifx <r,

h(t,x) = 1 f(t,x) if x € [r, B],
f(t,B) if x > B.
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In particular, h € Car([0, T] X R),

513)10 fy,(t,x) = h(t,x) forae.te[0,T]andallx € R

and the sequence {ﬁ(t, un(t))} has a Lebesgue integrable majorant on [0, T']. Thus, using
the Arzela-Ascoli theorem and the Lebesgue dominated convergence theorem for the
sequences {u,} and {fN'n(t, un(t))}, we can show that the sequence {u,} contains a subse-
quence which converges in C'[0, T] to a solution u of the problem

(¢p(u)" = ht,u), u(0) =w(T), u'(0)=u'(T)

Since u satisfies estimate (8.116), u solves also problem (8.1), (8.2). O
The next supplementary assertion concerning the case p € (1,2) follows immedi-
ately from the first part of the previous proof.

Theorem 8.33. Let all assumptions of Theorem 8.32 be satisfied, with the exceptions that
1 < p < 2isallowed and § < 0 is required in (8.112). Then problem (8.111), (8.2) has a
solution u such that (8.116) is true.

It is well known that the function

G(t,s) = %sin (%It—sl), t,s € [0,T],

is the Green function for the linear periodic problem

2
van (%) y=0, w0)=v(T), v(0)=v(T)
and G(t,s) is nonnegative on [0, T] X [0, T]. Therefore, each T-periodic function v €
AC'[0, T] fulfilling the inequality

2
V(1) + (%) W(t) =0 forae te[0,T]

must be nonnegative on [0, T']. More generally, for linear periodic problems the following
antimaximum principle is valid.

Let y € L1[0,T] be such that 0 < u(t) < (n/T)? for a.e. t € [0, T] and i > 0 and let
v € AC'(0, T] satisfy the periodic conditions (8.2) and

V() +ut)v(t) =0 forae. .t e[0,T].

Then v is nonnegative on [0, T].
Next, we will show that for quasilinear periodic problems an analogous assertion
holds although, in general, no tools like the Green function are available.

Theorem 8.34. Let 1 < p < 0 and p € L[0, T] be such that

@>p fora.e. t € [0,T] (8.129)

>0, 05y(t)s<T
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and letv € C'[0, T] be such that ¢,(v') € AC[0, T),
(¢, (V' (1) +u®)¢p(v() =0 forae te[0,T], (8.130)
v(0) = v(T), v (0) = v'(T). (8.131)
Thenv > 0 on [0, T].

Proof. Let v € C'[0,T] be such that ¢,(v') € AC[0,T] and (8.129)—(8.131) hold.
Without any loss of generality we may assume that v is not trivial.

Step 1. First, we show that
v¥ = max{v(t): t € [0, T]} >0. (8.132)
Assuming, on the contrary, that v < 0 on [0, T'], we get by (8.130)
(6p(v' (1) = —ut)p,(v(t)) =0 forae. te [0,T].

Therefore, v’ is nondecreasing on [0, T'] and, taking into account (8.131), we deduce that
v' = 0on [0, T]. Consequently, v(¢) = v(0) < 0 on [0, T]. Hence, (8.130) reduces to

—u(t)( - v(0)?'20 forae.te[0,T).

However, as 4 = 0 a.e. on [0, T] and g > 0, this is possible if and only if v(0) = 0, that is,
v = 0 on [0, T], which contradicts our assumption that v does not vanish identically on
[0, T]. Thus, (8.132) is true.

Step 2. Assume that min{v(t) : t € [0,T]} < 0. Let us extend v and y to T-periodic
functions on R. In view of step 1, there are a,b € R such that v > 0 on (a,b), v(a) =
v(b) =0, and

0<b-a<T. (8.133)

In virtue of (8.129) and (8.130), we have

’ P 4
S + (2] 95 (0(0) = (9p(v' () + 01y (v(0) 2 0 forae.t € [a,b]
(8.134)

Furthermore, put

a():af%(be+a), by=ag+ T >0,

oy (t) = d; sin, ((%{’) (t - a0)> fort e R

with d > 0 such that 0,(t) > v(¢t) = 0 on [a, b]. We have

, 4
(6 (05(1))) +("—Tp) $,(02(1)) =0 forae.t € [a,b]. (8.135)
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Thus, 0, is an upper function for the problem

(¢p(u)" +Agp(u) = 0, u(a) = u(b) = 0. (8.136)

Moreover, in view of (8.134), 0, = v is a lower function for (D.3). It follows easily from
Theorem 7.16 where we put g(t,x, y) = —(71,/T)P¢,(x) for t, x, y € R, that there exists a
nontrivial solution u to (8.136). This, due to (8.133), contradicts Lemma D.2. O

Theorems 8.32—8.34 yield the following new existence criterion.

Theorem 8.35. Let f € Car([0,T] X (0,0)) and 1 < p < oo. Furthermore, let r €
(0,0),A € [r,), and B € L[0,T] be such that estimates (8.112) and (8.114) hold,
where f<0ifl<p<2andf <0if2 < p< o,

Finally, let y € L,[0, T] be such that g > 0;

0<u(t) < (ﬂ—j‘f’)p fora.e. t € [0,T]

and estimate (8.113) is true.
Then problem (8.111), (8.2) has a solution u such that (8.116) is true.

In particular, for the Duffing equation (¢,(u'))" = g(u) + e(t), we have the following
corollary.

Corollary 8.36. Let 1 < p < oo. Suppose that f(t,x) = g(x) + e(t) for x € (0, 00) and a.e.
t € [0, T], whereg € C(0,0), e € L]0, T],

e+ limsupg(x) < 0; (8.137)

X— 00

there exists r > 0 such that

e(t) +g(x) + (”T{’)P(x Pl 0 (8.138)
fora.e.t € [0, T] andall x > r.

Then problem (8.1), (8.2) has a solution u such that u(t) = r on [0, T].

Proof. Denote f(t,x) = g(x) + e(t). Due to (8.137), we can find A > r such that

(E+limsupg(x)) <0 forx € [A, ).

X— 00

N | —

glx)+e<
Consequently,

Flt,x) = glx) +e+e(t) e < %(E+ lim Supg(x)> fe(t)—e
fora.e. t € [0, T] and all x € [A, o). Therefore (8.112) holds with
Bt) = e(t) + % (hrn sup g(x) — z),

X— 00
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B < 0and B > A arbitrarily large. Furthermore, by virtue of (8.138), we have

f(t,x)+ (%{J)P(x —r)P1>0 forx e [r, o).

The assertion now follows by Theorem 8.35. O

Remark 8.37. Notice that the assertion of Corollary 8.36 remains valid also when assump-
tion (8.137) is replaced by a slightly weaker assumption that there is an A > r such that
gx)+e=<0forx = A.

Example 8.38. Consider the problem
(6p(u)" = g(u) +e(r), u(0) =u(T), u'(0)=u(T), (8.139)

with 1 < p < 00, e € L;[0, T] essentially bounded below and
g(x) = —kxP1 + x% forx € (0,0),a>0, a >0, k> 0.

We will apply Corollary 8.36. To this aim we need to verify that conditions (8.137) and
(8.138) are satisfied.
It is easy to see that if k > 0, then assumption (8.137) of Corollary 8.36 is satisfied for
alle € L;[0, T], while in the case k = 0 this condition holds whenever e < 0.
Furthermore, denote ey = infess{e(t): t € [0, T]}, u = (7m,/T)?,

h(x,r) = x%+/4(x—r)1’*l—kxp’1 forr>0, x>rorr=0,x>r,
»#(r) = inf {h(x,r) : x € (r,0)} forr = 0.

Condition (8.138) is satisfied if and only if there is » > 0 such that e, + s(r) = 0. We can
show that this occurs if e + 2(0+) > 0 where 2(0+) = lim,_q; 22(r). Notice that

_ _ _ o/ (a+p—1)
%(0+)—a<a;€11)<(‘b lo)a(f k)) ifk e [0,u), 1<p < oo,

#(0+)=0 ifk=u Il<p=<2

Thus, making use of Corollary 8.36, we can summarize that problem (8.139) has a posi-
tive solution if

k=0, 1<p< o, e<0, ex >_a(06+p—]><(p_ 1)#)a/(a+p1)

p—-1 aa
or
o0 _ a+p—1)<(p—1)<u—k)>“/<“ﬂ’-”
O<k<py l<p<oo, ey> a( p—1 s
or

k=u, 1<p=<2, ex>0.
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Notice that limy_.. h(x,7) = —c0ifk >y, p > 1,and r = O and also if k = y, p > 2,
and r > 0. We have s(r) = —oo in these cases. In particular, condition (8.138) cannot be
satisfied when

k>u, p>1 or k=u, p>2

8.5. Periodic problem with time singularities
In this section, we will study the periodic problem (8.1), (8.2) under the assumption
f € Car ((0, T) x R?) has time singularities at t = 0, t = T, (8.140)

that is, there exist x, y € R such that

e T
[Clrtapld=o, [ |ftxpld=o

for each sufficiently small ¢ > 0.

We will provide conditions for the existence of solutions to problem (8.1), (8.2)
which can change their sign on [0, T]. Solutions of problem (8.1), (8.2) are understood
in the sense of Definition 8.1 where A = R2.

Theorem 8.39. Let (8.140) hold. Assume that there exist a1,a; € [0,T], a1 < a, &, 9,711,
r, € R, a nonnegative function hy € L, [0, T], and a positive function w € C[0, oo) fulfilling
condition (7.17) such that

n+tp<as<nr+tp fortel0,T],

(8.141)
ft,ri+tp,p) <0, f(t,ra+tp,p) =20 forae te[0,T];
ftx, y)sign(y —p) = —w([¢(y) = ¢(p) |) (ho(t) + |y = pl) . 1io
fora.e.t € [0,a;) andallx € [r1 +tp,ra +tp], y € Ry (8.142)
f(t,x, y)sign(y — p) < w(|p(y) = ¢(p) |) (ho(t) + 1y — pl)

(8.143)

forae. t € [a),T]andallx € [r +tp,r +1tp], y € R

Further assume that r is the constant given by Lemma 7.19 for y, = y, = p, ro = max{|n|,
|21} + Tlpl, 5¢ = 1 and that there exist n € (0,1/2),yy € L]0, T] and a nonnegative
function h € Lioc(0, T) satisfying (A.21), (A.25),

ft,x, y)sign(y —p) = h(t) | ¢(y) — ¢p(p) | + wo(t)

(8.144)
forae. t € (0,)andallx € [ry +tp,r, + tp], y € [-1,7];

f(t,x, y)sign(y — p) < —h(t) [ ¢(y) — ¢(p) | + yo(t)

(8.145)
forae t e [T —n,T]andallx € [r; +tb,r, +1tb], y € [-1,7].
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Then problem (8.1), (8.2) has a solution u satisfying
u(0) =u(T) =a, u'(0)=u(T)=np. (8.146)

Proof

Step 1. Approximate regular problems.
Choose an arbitrary k € N, k > 2/T, and for x, y € R define the auxiliary function

—f(tx, for a.e. , T ,
fk(t,x,y)={ f(t,x,y) forae.te[0,T]\ A (8.147)

0 forae. t € Ay,
where Ax = [0, 1/k)U(T—1/k, T]. We see that fi € Car([0, T]xR?) fulfills the inequalities

fi(t,x, y)sign(y — p) < w([¢(y) — d(p)|) (ho(t) + |y — pl)

forae.t € [0,a;] and allx € [r) +tp, 72 + 1p], y € R, and

fi(tsx, ) sign(y — p) = —w([(y) = ¢(p)|) (ho(t) + |y — pl)

fora.e.t € [a), T]andallx € [r+tp,ry+tp]l, y € R.Puto,(t) = r1+1tb, 02(t) = ry+1tb for
t € [0, T]. Then f satisfies condition (7.27) with ¢ = fi, y1 = y» = p, 3¢ = 1. Moreover,
by assumption (8.141) and Definition 7.15, the functions 0, and o5 are, respectively, lower
and upper functions of the regular Dirichlet problem

(p(u)) + filtbu,u') =0,  u(0) = w(T) = a. (8.148)
Hence, by Theorem 7.22, problem (8.148) has a solution uy satisfying
rn+tp<u(t) <m+tp forte[0,T], lulle <r (8.149)

Step 2. Convergence of the sequence of approximate solutions {uy}.

Condition (8.149) implies that the sequence {ux} is bounded and equicontinuous on
[0, T]. By the Arzela-Ascoli theorem this yields a function u € C[0, T] and a subsequence
uniformly converging to « on [0, T']. Therefore the limit u satisfies

u(0) = u(T) = a. (8.150)

Choose an arbitrary interval [a,b] C (0,T). Since the sequence {u} is also bounded,
assumption (8.140) and formula (8.147) provide a function m € L;[0, T] such that for
eachk >2/T

| fic (£, uk(2),up (1)) | <m(t) forae.t € [a,b]. (8.151)

Hence (8.148) yields

t

m(s)ds

t

¢ (ui(2)) = ¢u (1)) | <

for k > 2/T, t1,t, € [a,b], which implies that the sequence {¢(u})} is equicontinuous
on [a, b]. By virtue of the uniform continuity of ¢! on compact intervals, the sequence
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{u,’c} is also equicontinuous on [, b]. The Arzela-Ascoli theorem guarantees that for each
compact subset X C (0, T) a subsequence of {u;} uniformly converging to 4" on X can
be chosen. Therefore, using the diagonalization theorem, we can choose a subsequence
{ug, } satisfying

{lim ug, (t) = u(t) uniformly on [0, T],

. ’ , . (8.152)
glm uy, (t) = u'(t) locally uniformly on (0, T).

By (8.149) the limit u fulfills
rnttp<u(t) <n+tp forte[0,T], [ule=<r
Step 3. Convergence of the sequence of approximate nonlinearities { fi}.
Let V) be the set of all ¢ € [0, T] such that f(t,-,-) : R? — R is not continuous and
let 'V, be the set of all ¢ € [0, T'] such that the equality in (8.147) is not satisfied. Then,

meas(V; U V,) = 0. Choose an arbitrary & € (0, T) \ (V; U V,). Then there exists £, € N
such that for € > €, we have

Jio (& 1k, (8), ug, (8)) = = £ (& e (§), 141, (8)
and, by (8.152),
lim fi, (8, e, (), 1y, (8)) = = f (&, u(8), ' (5))-
Hence,
(lijgfk[(t, uk, (1), uy, (1)) = —f(t,u(t),u'(t)) forae.te[0,T]. (8.153)
Step 4. The function u is a w-solution of problem (8.1), (8.150).
Choose an arbitrary t € (0, T). Then there exists an interval [a, b]C(0, T') such that

t,T/2 € [a, b]. Integrate the equality

($(up, () + fieo (£, (B), 11 (1)) =0 fora.e. t € [0, T].
We get

3, 0) = 9w, (3)) + [, o9 ) ds =

According to conditions (8.151), (8.153) and the Lebesgue dominated convergence theo-
rem on [a, b], we can deduce that the limit u solves the equation

o' (1) - ¢<u' (g)) - J;/Zf(s,u(s),u’(s))ds =0 forte(0,7T), (8.154)

¢(u') € ACoc(0, T) and u is a w-solution of problem (8.1), (8.150).
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Step 5. The function u is a solution of problem (8.1), (8.2).
First we prove that

f(hu(t),u' () € Li[0,7], f(u(t),u' (t)) € Li[T —#,T].
Assumption (8.144), formula (8.147), and estimate (8.149) imply
— fie(t, uic (), u (1)) sign (i (8) = p) = = | yo(t) |

fora.e. t € (0,77) and all k > 2/T. By conditions (8.152) and (8.153), we have
}LH; Jieo (8 u, (), u, (8) sign (uy, (t) — p)) = — f (¢, u(t), u'(t)) sign (u'(t) — p)

fora.e. t € [0, T] and all k > 2/T. Finally, having in mind that sign(y — p) = sign(¢(y) —
¢(p)) for y € R, we compute

[ ot 0,5, 0 sigm (a0 = | < [ 1 u 00) = (o) "l
< §( L, (1) +26 (1) + 9, (0)])
<2¢(r)+2¢(lpl)

for each ¢ € N. Therefore, the Fatou lemma implies f (¢, u(t),u'(t)) € L;[0,#]. The
condition f(t,u(t),u’(t)) € L1[T—#, T] can be proved similarly. Hence f (¢, u(t),u'(t)) €
L]0, T] and u € AC'[0, T].

In order to prove that u fulfills condition (8.2) we put

g5t) = |w()|, h*(t)=0 forae.te]l0,T],
vi(t) = ¢(u (1)) — ¢(p) fort € [0,T].
Then, according to (8.147) and (8.148),

[t ue(t),u () forae.te[0,T]\ A,
v (t) =

fora.e. t € Ay.
By estimate (8.149) there exists 3y € (0, ) such that

[vi(n) | < Pos |vi(T = )| < Po.

Further, due to assumption (8.144), we have

vi(t) signvi(t) = h(t) |v(t)| —g*(t) forae.te [%,11].

So, we see that conditions (A.22), (A.23), and (A.24) hold and, by Criterion A.12, the
sequence { vk} is equicontinuous at 0 from the right and limk—.. vk(0) = 0. Similarly, due
to (8.145) we have

1

vi (1) signvi(t) < —h(t) | v(£)| +g*(t) forae.te [T -n,T - E]
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Hence, conditions (A.18), (A.19), and (A.20) hold and Criterion A.11 guarantees that the
sequence {vx} is equicontinuous at T from the left and limy_ vk(T) = 0. Consequently,

the sequences {¢(u;)} and {u; } are also equicontinuous at 0 from the right and at T from
the left and

gim 1, (0) = p, llim w(T)=p
This yields that for each € > 0 there exists § > 0 such that for each ¢ € (0, ) we can find
k: € N such that
|/ (t) = p| < [u'(t) = w ()| + [ug () — . (0) | + | (0) = p| < 3e.

So, lim;.o4+ 4'(t) = p. The relation lim;_7_ u'(t) = p can be proved similarly. This to-
gether with (8.150) yields that u satisfies the periodic conditions (8.2). O

Corollary 8.40. Let all assumptions of Theorem 8.39 be fulfilled and let « = 0 and p # 0.
Then problem (8.1), (8.2) has a sign-changing solution.

Example 8.41. Assume that A,y € (1,0), p,c,r € R, n € N and that y € L,[0,T] is
positive. For a.e. t € [0, T] and all x, y € R define the function

1

fltxy) = (t% - m) () = d(p)) +ch(y)y +y(B)(x —r)*"".

Then for an arbitrary « € R the conditions of Theorem 8.39 are satisfied. Indeed, choose
« € Rand aj,a, € (0,T), a1 < a,. Then we can find a large positive number r, and a
negative number r; with a large modulus such that condition (8.141) holds. Denote, for
ae. t€[0,T],

vi(t) =y max {|x —r[*" Vir +tp <x <1y +1p}
(T —t)* ift € [0,a1),
v(t) ={(T-t)#+t* iftela,al,
A ift € (ay, T].
Then y1,y» € L,[0, T] are positive and

f(tx, y)sign(y — p)
= f(t,x, y)sign (¢(y) — ¢(p))

(T i 1900 = () [ —1el[9(y) = (p) [ Iyl = Iel [(p) [yl =y (1)
- |¢>(y —¢(P) |+ 1) (Il +1)([¢(p) | +1) (1 (1) + ya(t) + 1)
fora.e.t € [0,a;] and for each x € [r; + tp,ry + tp], y € R. So, if we put
w(s) = (s+ (Il +1)([o(p)| +1),  ho=y1+yn,

we get inequality (8.142). Similarly we can derive inequality (8.143).
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Finally, let us assume that r is the constant given by Lemma 7.19 for y; = y, = p,
ro = max{|r|,r} + Tlpl, s« = 1, and put

(¢ for a.e. t € (0,7),

h(t) =40 forae.t €[y, T —nl,

(T —t)* foraete(T—-nT),
ys(t) = lclo(r)r +ya () (¢(r) + [ d(p) | ) + ya (2),

r—1//3(1,‘) fora.e. t € (0,%),
Yo(t) =40 forae.t €[y, T —nl,

Lys3(t)  forae.te (T—yT).

Then yy € L1[0,T], h € Lioc(0, T) and h is nonnegative and satisfies conditions (A.21)
and (A.25). Further, for a.e. t € (0,7) and for each x € [ + tp,r, +tpl, y € [—1,1] we
obtain

f(tx, y)sign(y = p) = f(t,x, y) sign (¢(y) — ¢(p))
> 21600~ $(p)] = 1elg(rIr — (DB + [$(p)]) ~ ya (0
= K090~ 6(p) | + (1)

Hence condition (8.144) is valid. Similarly we show that condition (8.145) holds. There-
fore, by Theorem 8.39, problem (8.1), (8.2), where f is defined at the beginning of this
example, has a solution u satisfying (8.146). Since « is chosen arbitrarily, problem (8.1),
(8.2) has infinitely many solutions. In particular, if we choose &« = 0 and p # 0, the
corresponding solution of problem (8.1), (8.2) changes its sign on [0, T].
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The singular periodic problem for ordinary differential equations (when ¢, is the
identity operator) has been studied for about 40 years and many papers have been writ-
ten till now. However, the attention paid to this problem considerably increased after
1987 due to the paper [124] by Lazer and Solimini. Motivated by the model equation
u' = au®+e(t) with @ > 0, a # 0 and e integrable on [0, T], they investigated the
existence of positive solutions to the Duffing equation 1" = g(u) + e(t) using topolog-
ical arguments and the lower and upper functions method. The restoring force g was
allowed to have an attractive space singularity or a strong repulsive space singularity at
origin. The results by Lazer and Solimini have been generalized or extended, for example,
by Habets and Sanchez [103], Mawhin [137], del Pino, Mandsevich and Montero [68],
Omari and Ye [148], Zhang [204, 206], Ge and Mawhin [97], Rachtinkovd and Tvrdy
[170] or Rachiinkova, Tvrdy, and Vrko¢ [174]. All of these papers, when dealing with
the repulsive singularity, supposed that the strong force condition is satisfied. For the
case of weak singularity, first results were delivered by Rachtnkovd, Tvrdy, and Vrko¢
in [173]. Further results were delivered later also by Bonheure and De Coster [45] and
Torres [194]. For more historical details and more detailed description of some of the
above results, see also Rachtinkova, Stanék, and Tvrdy [165].






Various mathematical models of phenomena from physics, chemistry, and technical prac-
tice take on the form of partial differential equations subject to initial or boundary condi-
tions. For the investigation of stationary solutions many of these models can be reduced
to singular ordinary differential equations of the second order, especially when, due to
symmetries in the geometry of the problem data, polar, cylindrical, or spherical coordi-
nates can be used. We can refer to the Thomas-Fermi equation occuring in problems from
quantum mechanics and astrophysics in Chan and Hon [57] and the Ginzburg-Landau
equation describing ferromagnetic systems and arising in superconductivity models in
Rentrop [176]. Further examples are singular Sturm-Liouville eigenvalue problems in
Reddien [175], problems in the theory of diffusion and reaction according to Langmuir-
Hinshelwood kinetics in Bobisud [43, 44], problems from chemical reactor theory in
Parter, Stein, and Stein [151] and applications from mechanics, especially from the buck-
ling theory of spherical shells in Drmota, Scheidl, Troger, and Weinmdiller [81]

In this chapter, we will study a class of nonlinear singular boundary value problems
whose importance is derived, in part, from the fact that they arise when searching for
positive, radially symmetric solutions to the nonlinear elliptic partial differential equation

Au+g(r,u)=0 onQ, ulr=0,

where A is the Laplace operator, Q) is the open unit disk in R” (centered at the origin), I
is its boundary, and r is the radial distance from the origin. Radially symmetric solutions
to this problem are solutions of the ordinary differential equation

”

+ W +g(tbu)=0

with mixed boundary conditions u'(0) = 0,u(1) = 0. (See, e.g., Berestycki, Lions, and
Peletier [36] or Gidas, Ni, and Nirenberg [98].)

9.1. Problem with singularities in all variables

Similar to Chapter 7, we will assume that ¢ is an increasing odd homeomorphism with
¢(R) = R and consider now the singular mixed problem of the form

(p(u)) + f(t,uu’) =0, 4'(0) = u(T) = 0. 9.1)
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We will investigate problem (9.1) on the set [0, T] X #, where s is a closed subset of R?,
and we will assume that f has singularities, that is, f does not satisfy the Carathéodory
conditions on the whole set [0, T'] x +4. Singularities of f will be specified later for each
problem under consideration. Since the mixed and the Dirichlet problems are close to
each other, a lot of results and comments are valid for both of them. In accordance with
Chapters 1 and 7, we have the following definitions.

Definition 9.1. A function u : [0, T] — R with ¢(u") € AC[0, T] is a solution of problem
(9.1) if u satisfies

(p(u' (1)) + f(t,u(t),u' (t)) =0 forae. te [0,T]

and fulfills the boundary conditions u'(0) = u(T) = 0. If A # R?, then (u(t), v’ (t)) € A for
t € [0, T] is required.

A function u € C[0, T] is a w-solution of problem (9.1) if there exists a finite number
of singular points t, € [0, T],v = 1,...,r, such that if we denote ] = [0, T]\ {#,},_;, then
¢(u') € ACioc(]), u satisfies

(p(u' (1)) + f(t,u(t),u' (t)) =0 forae. te [0,T]

and fulfills the boundary conditions v’ (0) = u(T) = 0. If A # R?, then (u(t),u’(t)) € #4
for t € ] is required.

First, we consider the auxiliary regular mixed problem of the form
() +gt,u,u’) =0, w'(0)=0, u(T)=0, (9.2)

where g € Car([0, T] xR?). In the previous chapters, we have defined solutions of regular
problems in the same way as those of singular ones. In particular, we have the following
definition.

Definition 9.2. A function u : [0, T]—=R with ¢(u") € AC[0, T] is a solution of problem
(9.2) if u satisties (¢(u'(t))) +g(t,u(t),u’(¢)) = 0 a.e. on [0, T'] and fulfills the boundary
conditions ' (0) = 0,u(T) = 0.

All theorems of Section 7.1 can be modified to suit problem (9.2). However, we
present here only one of them which is based on the existence of lower and upper func-
tions to problem (9.2) and will be used further in the investigation of the singular mixed
problem (9.1).

Definition 9.3. A function o € C[0, T] is a lower function of problem (9.2) if there exists
a finite set £ C (0, T) such that ¢(0") € AC([0,T] \ ), o' (7+) := lims—..1 0'(¢) € R,
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o' (t—):=lim;.,_0'(t) € Rforeacht € X,

(p(a’ (1)) +g(t,o(t),a'(t)) =0 forae.t e [0,T],
9.3
0'(0)=0, o(T)<0, o' (r—)<0o'(r+) foreacht €. )

If the inequalities in (9.3) are reversed, then o is called an upper function of problem (9.2).
The next theorem can be proved similarly to Theorem 7.16.

Theorem 9.4. Let 01 and o, be a lower function and an upper function of problem (9.2) and
let 01(t) < 02(¢) for t € [0, T]. Assume that there is a function h € L,[0, T satisfying

lg(t,x, y)| <h(t) forae te€[0,T]andallx € [01(t),0:(t)], y € R.
Then problem (9.2) has a solution u such that

o1(t) < u(t) < 0y(t) forte[0,T]. (9.4)

We will apply Theorem 9.4 to the singular mixed problem (9.1) under the assump-
tion

feCar((0,T)Xx D), D =(0,00)x(—00,0),
f has time singularitiesatt =0, t = T (9.5)

and space singularitiesatx = 0, y = 0.

We are interested in the existence of a solution positive and decreasing on [0, T') and so
we will investigate problem (9.1) on the set [0, T] X #, where A = [0, ©) X (—c0,0].

Theorem 9.5. Let (9.5) hold. Assume that there exist ¢ € (v,00),v € (0,T) and ¢ €
(0, ¢(v)/v) such that

f(t,e(T—1t),—c) =0 foraetec|0,T],
0<f(t,x,y) foraete[0,Tlandallx € (0,c(T —1)], y € [—c,0), (9.6)

e < f(t,x,y) forae te€[0,v]andallx € (0,c(T—1)], y € [-v,0).
Then problem (9.1) has a solution u € AC'[0, T] satisfying

O<u(t)y<c(T—t), —-c=<u(t)<0 forte(0,T). (9.7)
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Proof

Step 1. Approximate solutions.
Choose k € N such thatk >2/T.Fort € [1/k, T — 1/k], x, y € R put

(¢(T —1t) ifx>c(T—1t),

ar(t,x) =1x if%sxsa(T—t),
c .
L% if x < o
e . €
% 1fy>—E,

Be(y) =1y if—csys—%,

£ ify=-v,
y(y)=*eit if—c<y<-v,
0 ity <—c

Forae.t € [O,l]and allx,yERdeﬁne
’ (y) ifte [0 71)
yy )k b

filtxy) = | fhart . fen) ifte |11

Then f; € Car([0, T] x R?) and there is yx € L;[0, T] such that
| fi(t,x, y)| < wi(t) forae.t€[0,T]andallx,y € R. (9.8)
Moreover, assumption (9.6) yields
fie(t,e(T —1),—¢) =0, fk(t,0,0)>0 forae.te[0,T].
We have arrived at the auxiliary regular problem
(p(u)) + filtbu,u') =0, 4'(0)=0, u(T)=0. (9.9)

Put 0,(t) = 0, 0»(t) = ¢(T — t) for t € [0,T]. Then o7 is a lower function and o, is an
upper function of problem (9.9). Hence, by Theorem 9.4, problem (9.9) has a solution uy
and

0<u(t) <c(T—-t) forte[0,T].
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Step 2. A priori estimates of the approximate solutions uy.

Since f(t,x,y)=0 fora.e. t € [0,T] and all x, y € R, we get that ¢(u;(£)) as well as
u;(t) are nonincreasing on [0, T]. Therefore, u;(0) = 0 implies u; () < 0 on [0, T]. By
ur(T) = 0 we get ux(T) — ug(t) = —c(T — t), which yields u;(T)= — c and

—c=<u(t)<0 fortel0,T]. (9.10)
Due to u;(0) = 0, there is t; € (0, T] such that

—v=<u(t)<0 forte [0,t].
If . > v, the last inequality in assumption (9.6) implies

¢(u (1)) < —et fort e [0,v]. (9.11)
Assume that # < v and u;(t) < —v for t € (#,v]. Then

d(u(t)) < —et fort e [0,t].
Since ¢(up(t)) < —¢p(v) < —et for t € (#,v], we get inequality (9.11) again. Integrating

(9.11) over [0, v] and using the fact that u; is nonincreasing on [0, T'] and so uj is concave
here we deduce that

”—;’(T D<) <c(T—1t) onl0,T], (9.12)

where vy = [y ¢! (es)ds > 0.

Step 3. Convergence of the sequences {ux} and {u} }.
Consider the sequence {uy}. Choose an arbitrary interval [a,b] C (0, T). By virtue
of estimates (9.10)—(9.12) there is ky € N such that for each k € N, k > ko,
c

Socmt) <c(T—1), —c<u(t)<-— forte [abl, (9.13)
ko kO

and hence there is y € L;[a, b] such that
| fie (£, u(2),up (£)) | < y(t) forae.t € [a,b]. (9.14)

The sequences {u} and {u} } are bounded on [0, T] and, due to inequality (9.14), {u,} is
equicontinuous on [a, b]. Therefore, using the Arzela-Ascoli theorem and the diagonal-
ization theorem, we can choose u € C[0, T] N C'(0, T') and a subsequence of {u} (which
we denote for the sake of simplicity in the same way) such that

%im ux = u uniformly on [0, T],

L, . (9.15)
]11m u, = u' locally uniformly on (0, T').

Consequently, we have u(T) = 0.
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Step 4. Convergence of the sequence of approximate nonlinearities { fi}.

Let £ € (0, T) be such that f(¢, -, -) is continuous on (0, ©) X (—00,0). By estimate
(9.13) there exist an interval [ag, bg] C (0,T) and ks € N such that & € [ag, b¢] and for
each k > ki,

o(T =& = u(§) > k%, —c=u(é) < —k%, [ag, be] © [%,T— %]
Therefore, fi(&, uk(&), u (&)= £ (&, ur(&), u;(&)) and, by virtue of property (9.15), we get

Il{m Se(tue(t), u () = f(tu(t),u'(t)) forae.te[0,T]. (9.16)

Step 5. The function u is a solution.

Choose an arbitrary t € (0, T). Then there exists an interval [a, b]C(0, T') such that
t,T/2 € [a, b] and inequality (9.14) holds for all sufficiently large k with v € L,[a, b]. By
(9.9), we get

7 T ! t 4
¢<”’<<E)) = ¢(u () = J fie (s, uk(s), uy (s)) ds.
/2
Letting k — oo and using conditions (9.14), (9.15), (9.16) and the Lebesgue dominated

convergence theorem on [a, b], we get

(/)(u'(%)) —¢(u'(1) = I;/Zf(s,u(s),u'(s))ds for each t € (0, T).

Therefore, ¢(u") € ACioc(0, T') satisties
(6(u' (1)) + f(t,ult),u'(t)) =0 forae.t e [0,T]. (9.17)

Further, according to (9.9), we have

T
L Sie (s, u(s), up(s))ds = —¢p(u(T)) < ¢(c) foreach k > %,

which together with the nonnegativity of fi and equality (9.16) yields, by the Fatou
lemma, that f(t,u(t),u’(t)) € L[0, T]. Therefore, by equality (9.17), we have ¢(u') €
ACJ[0, T]. Moreover,

[¢(up ()] < L | fic (s, uk(s), up(s)) — f(s,u(s),u'(s)) | ds + L | f(s,u(s)u'(s))|ds
for each k > 2/T and t € (0, T). So, by (9.16), for each & > 0 there exists § > 0 such that

16(i(1) | <& forte [0,8], k> %

Then
(' ()] < [ (1) — P(u (1) | + [ (1)) |
<19 (D) - p(, (D) | +e0 fort e (0,8], k> %
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Hence, by property (9.15),
lo(u' (1) ] < %Lngo |p(u' (1) — ¢(up (1) | +e& =€ fort € (0,6).

It means that u'(0) = lim;_¢4+ ¢/ () = 0. We have proved that u is a solution of problem
(9.1). a

Example 9.6. Let « > 0, 3,7, > 0 be arbitrary numbers. By Theorem 9.5 the problem

w4 ﬁ(% +uf + 1)(1 +@W)) =0 u'(0)=u(1)=0

has a solution u € AC'[0, 1] satisfying
O<u(t)<1-t, —-1=<u'(t)<0 forte (0,1).

Note that Theorem 9.5 guarantees solvability of our problem even for the nonlinearity

X

1 1
S S (I 3
fltx,y) tV(lft)‘?( +x +1>(1+y)
having a strong space singularity (« > 1) atx = 0.

9.2. Problem arising in the shallow membrane caps theory
Now we will investigate solvability of the singular differential equation

, 1
(FPu') + t3<@ - “—; - botZV—‘*) =0 (9.18)

subject to the mixed boundary conditions

lim £/ (t) = 0, u(l) =0, (9.19)

t—0+

where ag > 0, by > 0, y > 1, arising in the theory of shallow membrane caps, see Baxley
and Robinson [34], Dickey [74], Johnson [114], Kannan and O’Regan [115]. For close
problems see Agarwal and O’Regan [13, 14], Baxley [32], Goldberg [99].

Our aim is to prove existence of a positive w-solution to problem (9.18), (9.19) which
is defined as follows.

Definition 9.7. A function u is a positive w-solution of problemindexsolution!w-solution
(9.18), (9.19) if u satisfies the following conditions:

(i) u e C[0,1] N C%(0,1),

(ii) u(t) >0forallt e (0,1),
(iii) u satisfies (9.18) for t € (0, 1) and the boundary conditions (9.19).



194 Mixed problem

Note that problem (9.18), (9.19) is singular and exhibits both the time and space
singularities. We can see this by transforming (9.18) into the first-order system by means
of the substitution x;(¢) = u(t), x2(t) = £>u/(¢), namely,

x1 = filtx,x2) := =

X = fo(t,x1,x) =

|
|
~
)
~/
‘ —
|
_
o
|
jopl
S
—
)
I
o~
~——

Because of the term 1/#* in the first equation, we see that the function f; is not integrable
in ¢t on any right neighborhood of + = 0 and so f; has a time singularity at t = 0.
Moreover, the function f, is not continuous in x;, having a space singularity at x; = 0.
In particular, since the powers of x| in f, are —2 and —1, f, has strong singularities at
X1 = 0.

The present investigation of problem (9.18), (9.19) is strongly motivated by the
results given in Kannan and O’Regan [115], where the second boundary condition in
(9.19) has the form u(1) = u; > 0. It turns out that in this case the solutions of problem
(9.18), (9.19) are positive on [0, 1] and consequently, the problem has no space singulari-
ties. As a technical tool in the existence proof, the lower and upper functions method has
been used in [115]. In our case, since u; = 0, we need to cope with a space singularity at
u = 0 and therefore it is necessary to generalize the approach. To this aim we consider the
following auxiliary boundary value problem:

(p(thu') + p(t)q(t) f (t,u) = 0, (9.20)
}irorlp(t)”’(t) =0, u(T) =0, (9.21)

where p : [0,T]-R, g : (0,T]-R are continuous and f satisfies the Carathéodory
conditions on the set (0, T) X D, where D C R.

Definition 9.8. A function u € C[0,T] n C'(0,T] with pu’ € AC[0,T] a solution of
problem (9.20), (9.21) if it satisfies (9.20) for a.e. t € [0, T] and if the boundary conditions
(9.21) hold.

We now define a lower function and an upper function of problem (9.20), (9.21).

Definition 9.9. A function ¢ € C[0,T] is a lower function of problem (9.20), (9.21) if
there is a finite set X C (0, T) such that ¢’(7+),0'(7—) € R for each 7 € ¥ and po’ €
ACioc((0,T) \ X). Moreover, ¢ has to satisty

(p(t)a’(t)), +p()g(t)f(t,o(t)) =0 forae. t e [0,T],

}gg}p(ﬂo (t)=0, o(T) =<0, (9.22)

o'(r—)< o' (r+) foreacht e 2.

If the inequalities in (9.22) are reversed, then o is an upper function of problem (9.20),
(9.21).
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Note that, in contrast to Definition 9.3, Definition 9.9 admits lower and upper func-
tions having first derivatives unbounded at the endpoints t = 0and t = T.

For the subsequent analysis we make the following assumptions:

peC[0,T], qeC(0,T], p(t)>0, q(t)>0 forte(0,T], (9.23)
T

J p()q(s)ds < oo, J (J (s ds) dt < oo, (9.24)
0

f satisfies the L -Carathéodory conditions on [0, T] X R, (9.25)

that is, f € Car([0,T] X R) and for each compact set X C R there is a constant mx > 0
such that

| f(t,x)| <mx forae. t€[0,T]andallx € K.

To prove the existence of a solution u to problem (9.20), (9.21), we use the lower and
upper functions method. The related fundamental statement is given in Theorem 9.10.

Theorem 9.10. Let 01 and 0, be a lower function and an upper function of problem (9.20),
(9.21). Assume that 01(t) < 05(t) for t € [0, T]. Let us also assume that conditions (9.23),
(9.24), and (9.25) hold. Then problem (9.20), (9.21) has a solution u satisfying estimate
(9.4). If, moreover,

J p(s)gq(s)ds = (9.26)
then
ue C'o,T], u'(0) = 0. (9.27)

Proof

Step 1. Existence of a solution u of an auxiliary problem.
Fora.e.t € [0,T] and all x € R, define

x — 0(t) .
f(toa(t)) - oD +1 if x > 05(t),
f*(tx) = ftx) ifoi1(t) < x < 0o(t),
U](f) — X .
f(t) Ul(t)) + m if x < Ul(t),
and consider the equation
(p()) + p(t)q(t) f* (£, u) = 0. (9.28)

Define an operator ¥ : C[0, T] — C[0, T] by

T T
(Fu)(t) = L (ﬁ JO 2(9)9(5) f*(s,u(s))ds)dr. 9.29)
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Since condition (9.25) holds, we can find m* € (0, o) such that
| f*(t,x)| <m* forae.t€[0,T]andallx € R. (9.30)

Therefore, due to assumption (9.24), ¥ is continuous and compact, and the Schauder
fixed point theorem guarantees that a fixed point u € C[0, T] of ¥ exists. According to
(9.29), we now have

u(t) = LT (ﬁ LT P()q(s) f* (s, u(s))ds) dr forte [0,T].

Hence, u satisfies (9.28) a.e. in [0, T'], the boundary conditions (9.21) hold, and pu’ €
ACI0, T]. The assumptions p € C[0,T] and p > 0 on (0, T] result in u € C*(0, T]. This
means that u is a solution of problem (9.28), (9.21).

If, additionally, assumption (9.26) holds, we can use inequality (9.30) to conclude

i W1 =t

_ ﬁ L 2()9() F* (s, u(s)) ds

t—0+

< m* lim ﬁ JO p(5)q(s)ds = 0.

Finally, we set 4’ (0) = lim;_o+ ¢/(¢) = 0, and assertion (9.27) follows.

Step 2. The function u solves (9.20).
To this end we verify that estimate (9.4) holds. Let us set v = u — 0, and assume that

max {v(t) : t € [0, T]} = v(ty) > 0.

Since 0»(T) = 0 and u(T) = 0, it follows that t, € [0, T)). Moreover, Definitions 9.8 and
9.9 imply that ¢, ¢ X, because v'(7—) < v'(7+) for 7 € X. Let fp = 0. We have from
(9.21) and the inequality lim;_.o+ p(£)o5(¢) < 0 (see (9.22)) that lim,_o4 p(£)v'(t) = 0.
Let lim;.o4 p(£)v'(t) > 0. Then lim;_¢+ v'(t) > 0, which contradicts the assumption that
v has its maximum value at t, = 0. Therefore, lim;_q+ p(t)v'(f) = 0 holds. Now, let
to € (0, T) \ 2. Then v'(ty) = 0. So, we have t; € [0, T) \ ¥ and we can find a § > 0 such
that v(t) > 0 on (ty, ty + ) C (0, T) and

(Pt (1) = (p(u' (1) = (p(Das(1)’

> ~p(0q(0) (£ (1.0:(0) - ZHI= BN 4 plo)a() £ (6.0
B v(t)
RAROE R

a.e. in (fo, tp + 6). This yields

! V(S) ! ’ 4 _ 7
0< . p(s)q(s) o)+ 1ds < L) (p(s)v'(s)) ds = p(t)v'(t)
for t € (ty, to+0), contradicting the fact that v has its maximum at fy. We have shown that
u(t) < 0,(t) for t € [0, T']. The inequality o1(¢) < u(t) for t € [0, T] follows analogously.
The definition of f* finally implies that u is also a solution of (9.20). O
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Example 9.11. Leta > 0, ¢ > 0, p(t) = % g(t) = t*~1. Then p and q satisfy conditions
(9.23), (9.24), and (9.26).

The main difficulty in applying Theorem 9.10 is to find a lower function ¢; and an
upper function o, for problem (9.20), (9.21) which are well ordered, that is, 0, (¢) < 05(¢)
fort € [0, T]. If f(-,x) in (9.20) changes its sign on [0, T], for instance, then lower and
upper functions of problem (9.20), (9.21) have to be nonconstant and therefore their
computation can be difficult. In Lemmas 9.12 and 9.13 we present two pairs of well-
ordered lower and upper functions for problem (9.18), (9.19), where f(t,x) = 1/(8x?) —
ao/x — bot?¥~* changes its sign on (0, 1) X (0, «).

Lemma 9.12. Let y = 2. Then there exist constants vy,cx € (0, 00) such that for each
v € (0,v«] and ¢ = cx, the functions

a(t)=v(t+v) (1 —1), ot)=cvl—-1t> forte[0,1], (9.31)

are a lower and an upper function of problem (9.18), (9.19).

Proof. Tt follows from (9.31) that ¢/(¢) = v(1 — 2t — v) and 05(¢) = —ct/~/1 — ¢ for
t € [0,1). Thus,

lim £0;(t) =0, lim £o;(t) =0, o1(1) =02(1) = 0. (9.32)
-0+ -0+
By inserting o7 into (9.18) we obtain

(Foi(®) + t3<80;(t) - ala(ot) - b°t2r4>

t
=2 (V(P](t, V) + mq)z(t, V)) fort € (0, 1),

where

e1(t,v) =3 —3v -8,
02(1,v) = % agv(1 = )(t+ ) — bt A(1 — D2t + )2,
Let us choose vy € (0,3/11) such that

a()V()(l + V()) + bové(l + V())2 < T6

Then for all v € (0, v), we have ¢;(t,v) > 0, g,(t,v) > 0 for t € [0, v]. Moreover, we can
find v4 € (0, 1) such that

1
V@1 (tve) + —————— >0 fort € [vy,1],
O e (1 vs)? .
and consequently, for all v € (0, v, ], we have

1 _ ao
80%(t) oi(t)

By properties (9.32) and (9.33), 0, is a lower function of problem (9.18), (9.19).

(Bol (1) + t3< - bot%‘*) >0 forte[0,1). (9.33)
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We now insert ¢, into (9.18) and obtain

— 4o
803(t) 0y(t)

(Pol(t) +t3< - b0t27‘4> <Pos(t,c) fort e [0,1),

where

gs(t,c) = —c(1 —tz)fm(l - m) <—c(1- tz)’m(l - ) <0

8c3 8c3

for t € [0,1) and ¢ > 1/2. Hence, for all ¢ € [1/2, ) in the definition of 0, (cf. (9.31)),
we have

1 _ ao
805(t) 0a(t)

(Bay(t) + t3< - botZH) <0 forte[0,1). (9.34)

Finally, we conclude from properties (9.32) and (9.34) that 0> is an upper function of
problem (9.18), (9.19), which completes the proof. O

Lemma 9.13. Assume y € (1,2). Then there exist constants v, cyx € (0, c0) such that for
eachv € (0,v4] and ¢ = ¢y, the functions

o1(t) =vt*7(1—1), () =cVl—t2 forte [0,1] (9.35)
are a lower and an upper function of problem (9.18), (9.19).

Proof. We first calculate the derivatives of 07 and o:

ol(t) =vt! 72 -y-=0B-p)t), a(t)=- fort € [0,1).

ct
J1-22

Clearly, 01 and o, satisfy condition (9.32). By inserting o into (9.18) we obtain

(Foi ()’ +t3<80121(t) - o?(ot) - botzﬂ)

2y—1
(- P2y~ G- )G -] + mlﬂt, v)

for t € (0,1), where y(t,v) = 1/8 — agv(l — t)t>7 — byv*(1 — t)>. We now find a
constant vy > 0 such that y(t,v) > 0 for t € [0,1] and v € (0,v]. Furthermore, if
to=[4—-y)2—-I/I(5-y)(3—7y)],wehave (4 —9y)2—y)—(5—-y)(3—y)t =0 for
t € [0, tp]. Further, we get
. 2y-1
W (e =

uniformly on [#y, 1). Therefore, we are able to provide a constant vy € (0, vo] such that
for any v € (0, v«] in the definition of gy, see (9.35),

1 _ aop
8a2(t) oi(t)

(Bl (1) + t3< - botZH) >0 forte (0,1)
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holds. This means that, by condition (9.32), 0, is a lower function of problem (9.18),
(9.19). Since o is as in Lemma 9.12, we can similarly show that it is an upper function,
and the result follows. O

The main results characterizing solvability of problem (9.18), (9.19) are contained in
the next two theorems. We begin with considering the case y > 2. This study will utilize
results provided by Lemma 9.12.

Theorem 9.14. Let y = 2. Then there exists a positive w-solution u of problem (9.18),
(9.19). Moreover, this solution satisfies

u(0) >0, lim u'(t) = 0. (9.36)

=0+
Proof

Step 1. Construction of auxiliary functions fi.
Our arguments are based on Theorem 9.10. We set

1 ap _
T=1, :3) :1) 5 =5 5 - 2)’4'
p(t)y =t q(t) f(t,x) o x bot
It is easily seen that p and g satisfy conditions (9.23), (9.24), and (9.26), but condition
(9.25) does not hold for f. To remedy the situation, we introduce a sequence of functions
fr» k € N, k > 3. Let 0y and 0, be specified by formulas (9.31), where v < v, < 1/9 and
c>=cy >1,andfort € [0,1], x € R, define

0 ift e [0%)
filtx) = Fhattx) ifte [%1 - %] (9.37)
1 ift e (1 - %1]
where
a(t) ifx > (D),
alt,x) =1« ifo1(t) < x < 0y(1),

Jl(t) ifx < Ul(t).

Note that all functions f satisfy condition (9.25).

Step 2. Lower and upper functions.
By Lemma 9.12, 07 is a lower function and o, is an upper function of problem (9.18),
(9.19). For k € N, k > 3, consider the equation

(Bu') + fillt,u) = 0. (9.38)
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Since k > 3, we have

(Poj(t)) =v(3-3v—8t) =0 forte [0, i),

(Pol(t) +£ =(v(3-3v—8t)+1t) >0 forte (1 - %, 1].
Similarly,

(Bay(1) = —cB(1-2) 7 (4-312) <0 forte [o,%),

(Boy(t) +£ = F(=c(1—2) 2 (4=32) +1) <0 forte (1 - % 1).

Therefore, 01 and 0, are also lower and upper functions of problem (9.38), (9.19). With
no loss of generality, we can choose v € (0, v4) and ¢ > ¢ in such a way that v(1+v) < ¢
holds. Then 01 < 0, on [0, 1] and, by Theorem 9.10, problem (9.38), (9.19) has a solution
ur € C'0,1] for k > 3 satisfying

o1(t) < ur(t) < op(t) forte[0,1], u.(0) =0. (9.39)

Step 3. Convergence of the sequence of approximate solutions {uy}.

We regard the sequence {u;} of solutions to problem (9.38), (9.19) as a sequence of
approximations to u, and first discuss the convergence properties of {u}. Let us choose
an interval [0, b] C [0, 1). Then there exists an index k; € N such that [0, 5] C [0,1—1/k]
for k = ki, and due to the boundary conditions (9.19) and (9.38), we have

t
tu(t) +I s fi(s,uk(s))ds =0 fort € [0,b],k > k. (9.40)
0
Let
o . _ 1l
rp = min {o1(t) : t € [0,b]}, my = 52

It follows from the first formula in (9.31) that r, > 0 and hence, (9.37) and (9.39) yield
| £ fi(tuk (b)) | < mpt® + bot? 1 fort € [0,b], k > k. (9.41)

Consequently, by equality (9.40),

1B ()] < %# + ;’—;HV for t € [0,b], k = ki. (9.42)

Due to estimates (9.39), (9.42) and the condition y > 2, the sequences {u;} and {u;} are
bounded on [0, b], which implies that {uy} is equicontinuous on [0, b]. Furthermore, for

each ¢ > 0, there exists § > 0 such that for any #;,#, € [0,b] and k > ky, if [t — 2| < &
holds, then

+bo <E.

5]
J s 1ds
t

t
[Bu(t) — Bup ()] < mb‘ J s> ds
t
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Hence the sequence {¢ u,} is equicontinuous on [0,b] and, by inequality (9.42), it is
bounded on [0, b]. The Arzela-Ascoli theorem now implies that there exists a subsequence
{uk,} C {ux} such that

}im uk, = u uniformly on [0, b],

lim fuy, = £u’ locally uniformly on (0, b].

Finally, by the diagonalization theorem, we find a subsequence (for simplicity we denote
it by {u}) satisfying

lim ux = u  locally uniformly on [0, 1),

— 00

lim £u;, = £’u’ locally uniforml 0,1 (9.43)
lim £ y uniformly on (0, 1).

Step 4. Properties of the function u.
We conclude the proof by establishing the properties of the limit function u. By (9.42)
and (9.43), we obtain

1w @] < Mo B forie (o).
4 2y

Therefore,

lim 4/ (t) = 0 (9.44)

t—0+

and due to (9.39) and (9.43), we have u € C[0, 1) and
o1(t) < u(t) < o0y(t) forte[0,1). (9.45)
Since 01(1) = 02(1) = 0, we get

tlirlll u(t) = 0. (9.46)

Moreover, (9.37) and (9.43) imply

gm £ fi(t,uk(t)) = £ f(t,u(t)) forte (0,1).

Consequently, due to (9.41) we can use the Lebesgue dominated convergence theorem on
[0, b]. Having in mind that b € (0, 1) is arbitrary and letting k — oo in equality (9.40),
we conclude that

t
Pl (1) + I SF(su(s)ds =0 forte (0,1). (9.47)

0
Thus u € C?(0,1) and u satisfies (9.18) for t € (0,1). Setting u(1) = lim,—;_ u(¢),
we obtain u(1) = 0 and u € CJ0, 1]. These smoothness properties of u together with
properties (9.44)—(9.47) guarantee that u is a positive w-solution of problem (9.18),
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(9.19). It remains to show that assertion (9.36) holds. The first condition in (9.36) follows
from 0, (0) > 0. The second condition results by noting that

i ’ . . b
lim |4/(t)] < lim @t+ lim 2223 =
t—0+ t—0+ 4 0+ 2)/

due to (9.42) and (9.43). O

Now, we apply Lemma 9.13 in order to cover the case y € (1,2).

Theorem 9.15. Lety € (1,2). Then there exists a positive w-solution u of problem (9.18),
(9.19). If y > 3/2, then assertion (9.36) holds and for y = 3/2 the w-solution u satisfies

u(0) >0, lim u/(t) = @ (9.48)
t—0+ 3

Proof

Step 1. The arguments for the construction of the auxiliary sequence {fi} and of the
upper function o, are analogous to those given in steps 1 and 2 of the proof of Theorem
9.14. The only difference is the definition of the lower function o, which is now specified
by the first formula in (9.35), with v < v, < 1/8. By Lemma 9.13, 0, is a lower function
of problem (9.18), (9.19). Choose kg € N, ko > 4/(2 — y). For k = ko we have

(Poj(1) =vP((4-9)2-9) = (5-p)B-y)t) =0
ift € [0,1/k), and
(Bo](t) +£ =vE (4 -2 -y) =G =p)B-pPt) +£ >0

if t € (1 — 1/k, 1], which implies that o; is also a lower function of problem (9.38),
(9.19). Since o, is the same as in the previous proof, it is an upper function of problem
(9.38), (9.19). Now, arguing as in the proof of Theorem 9.14, we get the sequence {uy} of
solutions to problems (9.38), (9.19), k € N, k > ko. Furthermore, u; € C'[0,1] and it
satisfies conditions (9.39).

Step 2. Consider an interval [0, b] C [0, 1) and the sequence {ux}, k € N, k > ko. Then
equality (9.40) holds. If we put

_ ao b _ 1
Tv(1-b) ' 8v2(1-b)?

a) + bo,

we get

£ +a0t3
8at(t)  o1(t)

Assume that k; > ko. Thus, (9.39), (9.40), and (9.49) yield

+ bt <"+ bt fort € [0,b]. (9.49)

a1 2y ﬁ 12y

| £ fie(t,ur() | < ™+ 0827, | Pug(t)] < 2 2
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for t € [0, b] provided that k > k;. Hence, for each ¢ > 0 there exists § > 0 such that for
any t),t, € [0,b] and k = k,

t
| —t| <8 = |Hu,(t1) - Bu ()| < U (a1t7+1+b1tzy’1)dt’ <e
t

tz( Mgy y bltZV 3>dt‘
n \y+2 2y

|t —t] <0 = |u(t) —u(2)| <
Therefore, the sequences {ux} and {#*u;} are bounded and equicontinuous on [0, b] and
condition (9.43) results due to the arguments given in the proof of Theorem 9.14.

Step 3. Properties (9.45), (9.46), (9.47) and u € C[0, 1] n C?(0, 1) can be shown as in the
proof of Theorem 9.14. Equality (9.47) leads to

t3
£u(t) = J s (aou(s) - l)ds+ @tzy fort € (0,1). (9.50)
o0 u%(s) 8 2y

Assume that u(0) > 0. Having in mind that y > 1 and lim,_o4 4/ () = 0, equality (9.50)
yields

t
lim s3<&— ! )ds=0.

t—0+ Jo u(s)  8u?(s)

Hence, by the 'Hospital rule, we have

hm u'(t) = hm 1 Jt 3<& - >d$+ lim @1‘27’3
0+ 13 u(s)  8u?(s) t50+ 2y

1 A

3 lim w2 (1) (a"”(t) - 8) + 2y Jim ¢

= bo lim 273,

yi -0+
that is,

. 7 b() . 29—3
lim u'(t) = — lim 77", (9.51)
t—0+ 2y -0+

On the other hand, since 07(0) = 0 and lim;_¢4 07(t) = o0, we conclude that

u(0) =0= limu'(t) = (9.52)

t—0+

by virtue of the first inequality in (9.45).
Now, assume that y > 3/2. If u(0) = 0, then there is §y € (0, 1) such that

b 1
I (aou(s) - §>ds <0 forte (0,0)

0 u(s)
and consequently, by (9.50),

bo

u' (t) < yt2y3 co forte (0,80),



204 Mixed problem

where ¢y = (170/2)/)63%3 € (0, 0). This contradicts (9.52). So we have proved that if
y = 3/2, then u(0) > 0. If y > 3/2, relation (9.51) gives lim;_o, u'(t) = 0 and if y = 3/2,
we get from (9.51) that lim;_¢4 u'(¢) = bo/3. This completes the proof. O

Remark 9.16. Consider a positive w-solution u of problem (9.18), (9.19) for y > 1. We
first recapitulate the behavior of " at the singular point t = 0.

If y € (3/2, ), then, by (9.36), we know that #'(0+) = 0 holds.

If y = 3/2, then, by (9.48), the derivative satisfies u'(0+) = by/3.

If y € (1,3/2), then u'(04+) = co. This follows from (9.52) for 4(0) = 0 and from
(9.51) for u(0) > 0.

Now, let us consider the singular point # = 1. Since u(1) = 0, there exists £ € (0, 1)
such that aou(t) < 1/16 for t € [&,1]. Let 0, be an upper function given by the second
formula in (9.31) and let u(¢) < 0,(t) for t € [0, 1]. Then it follows that

_ < — < —
¢ u2(s) ¢ 03 (s) 22 )il —s  2¢2

t t t .
ds - ds 1 ds 1 n(;_;)’ fe (1),

Integration of (9.18) yields
3

Pu'(t) = Eu' (&) + L[ u;i(s)<aou(s) - %>d5+ bo J:szy‘lds

, P (1-t) b
<&u (E)+@ln<l_£)+ﬁ fort € (1),

and therefore, lim;_._ £u/(t) = u'(1-) = — 0.
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lems. Let us mention here the monographs Kiguradze and Shekhter [120], O’Regan [150],
Rachtnkova, Stanék, and Tvrdy [165] and references contained in them.



Nonlocal problems

In this chapter, we discuss problems for second-order differential equations with

¢-Laplacian and with nonlinearities which may have singularities in both their space

variables. Boundary conditions under discussion are generally nonlinear and nonlocal.

Using regularization and sequential techniques, we present general existence principles

for the solvability of regular and singular nonlocal problems and show their applications.
We consider singular differential equations of the form

(p() = f(tuu'), (10.1)
where
¢ is an increasing and odd homeomorphism and ¢(R) = R. (10.2)

Here, f € Car([0, T]XD), D C R? is not necessarily closed, and f may have singularities
in its space variables.

Let A denote the set of functionals « : C'[0, T] — R which are

(a) continuous,

(b) bounded, that is, a(Q) is bounded for any bounded Q c C'[0, T].

For a, § € A, consider the (generally nonlinear and nonlocal) boundary conditions

a(u) =0, p(u) =0, (10.3)

where o and f3 satisty the compatibility condition requiring that, for each y € [0, 1], there
exists a solution of the problem

(p(u) =0, a(u) —pa(—u) =0, Bu) — pup(~u) = 0.
This is true if and only if the system
a(A + Bt) — pa(—A — Bt) = 0,

B(A+Bt) —uB(—A—Bt) =0 (104)

has a solution (A, B) € R? for each u € [0,1].

Definition 10.1. A function u : [0,T] — R is said to be a solution of problem (10.1),
(10.3) if ¢(u') € ACIO, T], u satisfies the boundary conditions (10.3) and (¢(u'(¢)))" =
f(t,u(t),u' (t)) holds for almost all r € [0, T'].
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Special cases of the boundary conditions (10.3) are the Dirichlet (Neumann, mixed,
periodic, and Sturm Liouville type) boundary conditions which we get setting alx) =

x(0), B(x) T) (a(x) = x'(0), B(x) = x'(T); a(x) = x(0), f(x) = x'(T); a(x) =
x(0) — x( ﬁ(x =x"(0) —x'(T) and a(x ) = apx(0) +a1x'(0), f(x) = box(T)+b1x'(T)).

Existence principles

In order to give an existence result for problem (10.1), (10.3), we use regularization
and sequential techniques. For this purpose, consider the sequence of regular differential
equations

() = fult,u, i), (10.5)
where f,, € Car([0, T] X R?), n € N. Each function f, is constructed in such a way that
fut,x,y) = f(t,x,y) forae.t€[0,T], (x,y) € @y,

where @, C D and, roughly speaking, @, converges to D as n — .
Let h € Car([0, T] x R?) and consider the regular differential equation

(o))" = h(t,u,u'). (10.6)

The next result is an existence principle which can be used for solving the nonlocal
regular problem (10.6), (10.3).

Theorem 10.2 (existence principle for nonlocal regular problems). Assume (10.2), h €
Car([0, T] X R?) and a, B € . Suppose there exist positive constants Sy and Sy such that

lulleo < So, Ml < S1,
for each A € [0, 1] and each solution u to the problem
(p(u))" = Ah(tyu,u'),  a(u) =0, P(u) = 0. (10.7)
Also assume that there exist positive constants Ay and A, such that
Al < Ao, [Bl <Ay, (10.8)

for each p € [0, 1] and each solution (A, B) € R? of system (10.4).
Then problem (10.6), (10.3) has a solution.

Proof. Set
Q= {x € C0,T] : lIxlle < max {Sp, Ao + A1 T}, [|x" || < max {S;,A;}}.

Then Q is an open, bounded, and symmetric with respect to 0 € C'[0, T] subset of the
space C'[0, T]. Define an operator & : [0, 1] x Q — C'[0, T] by the formula

t S
PLx)(E) = x(0) + alx) + L 61 ($(x'(0) + Bx)) + A L h(v, x(v),x' (v))dv) ds.
(10.9)
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It follows from h € Car([0, T] x R?), the continuity of «, B, ¢, and the Lebesgue domi-
nated convergence theorem that & is a continuous operator. We claim that the set 2 ([0,
1] x Q) is relatively compact in C' [0, T]. Indeed, since Q is bounded in C'[0, T], we have

la(x)| <7, IBx)| <, |h(t,x(t),x' ()] < o(t),
fora.e. t € [0, T] and all x € Q, where r > 0 is a constant and ¢ € L,[0, T]. Then
|?(A,X)(t)| < max{So,Ao + A]T} +r+ T¢71(¢( max {SI,AI} + T’) + ||Q||1),

| PLx) ()] < ¢ (p(max {1, A1} +7) +lelh),

18[PMx) ()] - B[P Mx) (1)] \ j o(t)dt

for t,t;,t, € [0,T] and (A, x) € [0,1] x Q. Here, P (A, x)'(¢t) = (d/dt)P (A, x)(t). Hence
the set 2([0,1] x Q) is bounded in C'[0, T] and the set

{p(P(x)) : (Ax) € [0,1] x O}

is equicontinuous on [0, T]. Using the fact that ¢! is an increasing homeomorphism
from R onto R and

[P Lx) () = PAx) (1) | = [ (P Nx) (1)) — ¢~ ($(LAx) (1)) |,

we deduce that {2 (A, x)" : (A,x) € [0,1] X Q} is also equicontinuous on [0, T']. Now, the
Arzela-Ascoli theorem shows that £ ([0, 1] x Q) is relatively compact in C'[0, T]. Thus
P is a compact operator.

Suppose that xy is a fixed point of the operator (1, -). Then

t s
xo(t) = x0(0) + () + L(p-l (¢(x;,(0) FB(x)) + JO h(v, xo(v),xé(v))dv>ds.

Hence, a(xg) = 0, B(x9) = 0 and x is a solution of the differential equation (10.6).
Therefore, xj is a solution of problem (10.6), (10.3), and to prove our theorem, it suffices
to show that

deg (4 — P(1,-),Q) #0, (10.10)

where { is the identity operator on C'[0, T]. To see this, let us define a compact operator
X :[0,1] x Q — C'[0, T] by

K (4, x)(1) = x(0) + a(x) — pa(—x) + [x/(0) + B(x) — up(—x)]t.
Then KX (1, -) is odd (i.e., X (1, —x) = =K (1,x) for x € Q) and
K(0,-) = P(0,-). (10.11)
If K (1, x1) = x1 for some yy € [0,1] and x; € Q, then

x1() = x1(0) + a(x1) — (= x1) + [x7(0) + B (x1) — i B(—x1) ]2,
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for t € [0, T]. Thus x1(¢) = Ay + B;t, where A; = x1(0) + a(x1) — pyae(—x;) and By =
x1(0) + B(x1) — w1 f(=x1), so

a(xy) = pa(—x1) =0, B(x1) = wmP(—x1) = 0.
Hence

OC(AI +B1t) — //l](X( —A1 — Blt) =0,
ﬁ(A] +B1t) —‘141‘8( —A - Blt) =0.

Therefore, [A1] < Ag, |B1] < A and |[x1lle < Ao + A1T, lIxille < Ay, which gives
x1 & 0Q. Now, by the Borsuk antipodal theorem and the homotopy property (see the
Leray-Schauder degree theorem),

deg (L — K(0,-),Q) =deg (4 — K(1,-),Q) #0. (10.12)

Finally, assume that (A, x4) = x, for some A, € [0,1] and x, € Q. Then x, is
a solution of problem (10.7) with A = A, and, by our assumptions, [lx«ll« < So and
llx; |l o < S1. Hence x4 ¢ 0Q and the homotopy property yields

deg (4 — £(0,-),Q) = deg (L — P(1,-),Q).

This, together with (10.11) and (10.12), implies (10.10). We have proved that problem
(10.6), (10.3) has a solution. O

Remark 10.3. 1f functionals «, 8 € # are linear, then they satisfy the compatibility condi-
tion. Indeed, system (10.4) has the form

for each p € [0, 1], and we see that it is always solvable in R?. The set of all its solutions
(A, B) is bounded if and only if a(1)B(#) — a(£)(1) # 0. In such a case, system (10.4)
has only the trivial solution (A, B) = (0, 0). This is satisfied, for example, for the Dirichlet
conditions but not for the periodic conditions.

Let us consider the singular problem (10.1), (10.3). By regularization and sequential
techniques, we construct an approximate sequence of the regular problems (10.5), (10.3)
for which solvability, Theorem 10.2 can be used. Existence results for problem (10.1),
(10.3) can be proved by the following existence principle which is based on a combination
of the Lebesgue dominated convergence theorem with the Fatou lemma.

Let I and ] be intervals containing 0. Assume that

feCar([0,T] x D), whereD = (I\{0}) x (J\{0}),

10.13
f may have space singularities at x = 0 and y = 0. ( )
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Theorem 10.4 (Existence principle for nonlocal singular problems). Assume (10.2) and
(10.13). Let f, € Car([0, T] x R?) satisfy

0 < fult,x,y) < p(t, Ix],|y])
fora.e.t € [0,T] andeachx,y € R\ {0}, n € N, (10.14)

where p € Car ([0, T] x (0, 0)?).

Suppose that, for each n € N, the regular problem (10.5), (10.3) has a solution u, and there
exists a subsequence {u,} of {u,} converging in C1[0, T] to some u. Then u is a solution of
problem (10.1), (10.3) if u and v’ have a finite number of zeros, and

%E‘}Ofkn(t’ ug, (), uy (1)) = f(t,u(t),u'(t)) forae te[0,T]. (10.15)

Proof. Assume that (10.15) istrueand 0 < §; < & < - - - < &, < T are all zeros of u and
u'. We have |lug, |l < L and Hu,’cn l < L for each n € N, where L is a positive constant,
and

T
¢’(“;<,,(T)) - ¢(”Ln(0)) = JO S, (8 ukn(t),u;(n(t))dt, neN.

It follows from assumptions (10.14), (10.15) and from the Fatou lemma that

T
J f (6 u(t),u' (t))dt < 2¢(L).

0

Hence f(t,u(t),u'(t)) € Li[0,T]. Set & = 0, and &,,+1 = T. We claim that, for all j €
{0,1,...,m} such that {; < &1, the equality

o(u' (1)) = gb(u'(%)) + J’;ﬁ%mf(s,u(s),u'(s))ds (10.16)

is satisfied for t € [{},&;41]. Indeed, let j € {0,1,...,m} and &; < &;;;. Let us look at the
interval [&; + 8, &j1 — 8], where § € (0, (& + &j4+1)/2). We know that |u| > 0 and |u/] >0
on (j,&j+1), and consequently, there exists a positive € such that [u(t)| = ¢, [u' ()] = ¢
fort € [§;+0,&;+1 — &]. Hence there exists ny € N such that [u, (£)| = /2, |uy (t)] = &/2
fort € [ + 6,811 — 8] and n = ny. This yields (see (10.14))

0 < fi, (t, ur, (t),up (1) < (1),
fora.e.t € [ +6,&11 — 8] and all n > ny, where
w(t) = sup {p(t, u,v):te [§+8,& -6, uve [%,L]} € L&+, - 6]

Letting n — oo in

¢ (uy, (1) = ¢(uLn (%)) + L;ﬁfm)/z Fe, (5, Uk, (), 1, () ds
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gives (10.16) for t € [&; + 8, &;41 — 8] by the Lebesgue dominated convergence theorem.
Since 8 € (0, (§; + &;41)/2) is arbitrary, equality (10.16) is true on the interval (£}, &;11),
and using the fact that f(t,u(t),u’'(t)) € Li[0,T], (10.16) holds also at t = &; and &jy;.
From equality (10.16), for t € [{;,&;11] and 0 < j < m, it follows that ¢(u") € ACI0, T]
and that

’

(p(u' (1)) = f(t,u(t),u'(t)) forae.te[0,T].

Finally, a(ug,) = 0 and S(ur,) = 0 and the continuity of « and f3 yields a(u) = 0 and
B(u) = 0. Hence u is a solution of problem (10.1), (10.3). O

Application of existence principles

The next part of this chapter is devoted to an application of the above existence principles.
We consider equation (10.1) where f satisfies the Carathéodory conditions on a subset
of [0, T] X R? and f(t,x, y) may have space singularities at x = 0 and y = 0. Along with
(10.1), we discuss the nonlocal boundary conditions

min {u(t) : t € [0, T]} =0, yu')=0, yeB, (10.17)

where B denotes the set of functionals y : C[0, T] — R which are
(a) continuous, y(0) = 0,
(b) increasing, thatis, x, y € C[0, T] and x < y on (0, T) = y(x) < y(y).

Example 10.5. Letn € N,0<a<b<T,{€(0,T),and0< t; < - - - <t, < T. Then the
functionals

b
yi(x) = x(§) + max {x(D) : £ € [a,b]},  yalx) = j 2 (1),

a

T n
y3(x) = L cOdr — T, yalx) = > x(t))
izl

belong to the set B. The functionals ys(x) = x(0), ys(x) = x(0) + x(T') satisfy condition
(a) of B but do not satisty condition (b). Hence ys, ys & B.

Notice that the boundary conditions (10.17) satisfy the compatibility condition. In-
deed, if we put a(x) = min{x(t) : t € [0, T]} and B(x) = y(x’) in (10.4), we obtain the
system

max{A+Bt:t€[0,T]} —ymax{—A—-Bt:t<[0,T]} =0,
y(B) —uy(=B) =0,
having the solution (A, B) = (0,0) € R? for each u € [0, 1].
We are interested in conditions on the functions ¢ and f in (10.1) which guarantee

solvability of problem (10.1), (10.17) for each y € B. Notice that, if f is positive, then
solutions of problem (10.1), (10.17) have singular points of type II.



Nonlocal problems 211
We will need the following result.

Lemma 10.6. Let y € B and y(u) = 0 for some u € C[0,T]. Then u vanishes at some
point of (0, T).

Proof. To obtain a contradiction, suppose that u(¢)#0 for all t € (0, T). Then u > 0 or
u < 0on (0,T). Therefore, y(u) > y(0) = 0 or p(u) < p(0) = 0, contrary to y(u) = 0.
Consequently, u(§) = 0 for some & € (0, T). a

We state an existence result for problem (10.1), (10.17).

Theorem 10.7. Let (10.2) hold. Further, assume that f € Car([0,T] X D), where D =
(0, 00) X (R\{0}), and that the following conditions are satisfied:

o(t) < f(t,x, y) < (hi(x) + ha(x)) [w1 (¢ (Iy])) + w2 (S (ly]))]
fora.e. t € [0,T] and each (x, y) € D, where
¢ € Lo, [0, T] is positive,
hy,w, € C[0, ) are positive and nondecreasing, (10.18)

hy, w, € C(0, 00) are positive and nonincreasing,

1
J hy(s)ds < oo
0

>1, (10.19)

where

ds,

B $(x) ¢~(s)
Vi) = Jo wi(

s+ 1)+ wy(s) (10.20)

Hix) = J:[hl(s+ 1) + o (s)]ds

for x € [0, c0).
Then, problem (10.1), (10.17) has a solution u such that ¢(u’) € AC[0, T].

In order to prove Theorem 10.7, we use regularization and sequential techniques. To
this end, for each n € N’ = {n € N: ¢(1/n) < 1}, define f, € Car([0, T] X R?) by the
formula

fltx,y) for t€ [0, T], xZ%, IyIZ%,

1 1 1

falt,x,y) = f(t,;,y) forte[0,T], x< P [yl ZE’
1

(t,x, %) (y+%) —fn<t,x,—l) (y—%)] forte[0,T], xeR, |y|<;.

n
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Then assumption (10.18) gives

o(t) < fult,x,y) < [ (x| +1) + ha (IxD ][wi (¢ (Iy]) +1) + w2 (¢ (Iy1) ], (10.21)

forae.t € [0,T] andeachx,y € R\ {0},n e N".
Consider the regular differential equation

(p() = fult,u,u), (10.22)

where n € N'.
For the proof of Theorem 10.7 the following lemma is essential.

Lemma 10.8. Let the assumptions of Theorem 10.7 be satisfied. Then for each n € N’,
problem (10.22), (10.17) has a solution u, such that ¢(u;) € AC[0, T] and

—u;<r>z¢l(f"q><s>ds), unmzjf"gbl(f’“wdv)ds, te[0,8],

(10.23)
t

u;(t)z¢-l(J;<p(s)ds), u,,(t)zjn(p_l(J;(p(v)dv)ds, te[£,T),

¢
where &, € (0, T) is the unique zero both of u, and u,,. In addition, the sequence {uy}en is
bounded in C'[0, T], and {u),} ,en is equicontinuous on [0, T].

Proof. Let n € N'. First, using Theorem 10.2 with
a(u) =min {u(t): t € [0, T]}, P(u) =ypW’) forue C'0,T],

we prove existence of a solution of problem (10.22), (10.17). To this end, we consider the
family of regular differential equations

() = At u, i), (10.24)

depending on the parameter A € [0, 1]. Let u be a solution of problem (10.24)), (10.17)).
If A = 0, then (¢(u))" = 0 a.e.on [0, T'], and consequently, u(t) = A+ Bt where A,B € R.
Since y(u’) = 0, Lemma 10.6 shows that u'(£) = 0 for some & € (0, T), and therefore,
B = 0. Now, the condition min{u(¢) : t € [0,T]} = 0 gives A = 0. Hence u = 0. Let
A € (0,1]. Then (¢(u'(£))) = Agp(t) > 0 for a.e. t € [0, T]. Therefore, ¢(u”) is increasing
on [0, T], and since ¢ is increasing on R, ’ is increasing on [0, T']. Due to Lemma 10.6,
u' (&) = 0 for a unique & € (0,T), and from min{u(t) : 0 < t < T} = 0, we see that
u(&) = 0. Obviously, u > 0 on [0, T] \ {&}, v’ < 00on [0,&), ' > 0on ({,T] and (see
inequality (10.21))

(@' ()" < [ (w(®) + 1) + ha (@) @ ($([u (]) +1) + w2 (¢(|u (D)]))],

for a.e. t € [0, T]. Integrating

(¢ (' (1)) u' (1) . :
a1 pla () + o~ gy - MO DO 1025)
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over [t,&] C [0,&] and
(¢(w' (1)) w' (1)

G O) + D)+ G@ D)) = [y (u(t) + 1) + hy (u(t)) o' (t) (10.26)

over [&,t] C [§, T], we get
V(|u'(@)|) <H(ut) forte 0], (10.27)
V(' (t)) < H(u(t)) forte [&T], (10.28)

respectively, where the functions V and H are given in formula (10.20). From u(t) =
jg u'(s)ds for t € [0,T], it follows that ||ull« < T|lt'|l~, and therefore, (10.27) and
(10.28) imply V(lu/' (£)|) < H(T||t' ||« ) for t € [0, T]. Hence

V(llu'lleo) = H(T W [lo).- (10.29)
By assumption (10.19) we can find a positive constant S such that
V(x) >H(Tx) wheneverx > S.

This, together with relation (10.29), implies that [|u' || < S, and consequently, [|ulle <
Tllu'llo < ST. We have proved that || u]l < ST and ||t/ || < S for all solutions of problem
(10.24), (10.17) and each A € [0,1].

We are now looking for all solutions (A, B) € R? of the system

min{A+Bt:t € [0,T]} —pmin{ - A—-Bt:t<[0,T]} =0, (10.30)
y(B) — py(-=B) =0, (10.31)

where p € [0,1]. Fix u € [0,1] and suppose that (A,B) € R? is a solution of system
(10.30), (10.31). If B # 0, then Lemma 10.6 shows that y(B) # 0, and since y is an
increasing functional and y(0) = 0, we have y(—B)y(B) < 0, contrary to (see (10.31))
y(=B)y(B) = uy*(—B) > 0. Hence B = 0. Therefore, A = 0, which follows immediately
from (10.30). We have proved that (A, B) = (0, 0) is the unique solution of system (10.30),
(10.31) for each y € [0, 1].

By Theorem 10.2, for each n € N, there exists a solution u, of problem (10.22),
(10.17). From the above consideration, we have u,(§,) = u;(§,) = 0 for a unique &, €
(0, T). Furthermore, {u,},en is bounded in C'[0, T] since ||unllo < ST and [|u), |l < S
for n € N'. Integrating, for each n € N', the inequality (¢(u;,(t)))" = ¢(¢) which holds
for a.e. t € [0, T] and having in mind that u,(&,) = u;,(£,) = 0, we obtain (10.23).

It remains to verify that {u;,} ,env is equicontinuous on [0, T']. We know that {u,} sen
is bounded in C'[0, T]. Thus {u,},en is equicontinuous on [0, T] and so is {H ()} nen
since H € C[0, o). Hence, for each ¢ > 0, we can find § > 0 such that

|H(un(t)) — H(un(t1))| <&, neN,
whenever 0 < t; <t < Tandt, — t; < 8. Put

1V(v) forv € [0, )
V¥(v) =
—V(-v) forv e (—,0).
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Let0 <t <t <Tandt, — ; < 8. If f, < &,, then integrating the inequality

(¢(u, (1)) 1, (1)
w1 (1= ¢(up (1)) + w2 (= P(u (1))

(see (10.25)) from t; to t, yields

> [y (un(8) + 1) + o (0, (0) Ju, () (10.32)

0< V*(u,(2)) = V*(up (1)) < H(un(t1)) — H(ua(2)) <&,

and if t; > &,, then integrating the inequality

wl(gb(u;(t)) + 1) +w2(¢(u;(t))) = [hl(un(t) + 1) +h2(un(t))]un(t) (1033)

(see (10.26)) from t; to t; gives
0< V*(uy(t2)) = V*(uy,(t1)) < H(un(t2)) — H(us(t1)) <&

Finally, if t; < &, < t,, then integrating inequality (10.32) over the interval [t;,¢,] and
inequality (10.33) over the interval [£,, f,], we obtain

0<=V*(u,(t1)) < H(ua(t1)) = H(un(t1)) = H(un(84)) <&,
0< V*(u,(2)) < H(ua(2)) = H(un(t2)) = H(un(84)) <e.
We have proved that
0 < V*(ul () — V* (i, (1)) < 26 forn e N.

Consequently, the sequence {V*(u;,)},en is equicontinuous on [0, T], and since V* €
C(R) is increasing and the sequence {u),} e is bounded in C[0, T'], we conclude that
{u;, }nen is equicontinuous on [0, T]. O

We are now in a position to prove Theorem 10.7.

Proof of Theorem 10.7. Due to Lemma 10.8, for each n € N’, there exists a solution u, of
problem (10.22), (10.17), satisfying inequalities (10.23) where &, € (0, T) is the unique
zero both of u, and of u},, the sequence {u,},en is bounded in C'[0, T] and {u}} senv is
equicontinuous on [0, T]. By the Arzela-Ascoli theorem and the Bolzano-Weierstrass the-
orem, we may assume without loss of generality that {u,},cn is convergent in C'[0, T]
and {£,} . is convergentin R. Let lim,— t, = uandlim,_« &, = &. Thenu € C'[0, T]
satisfies the nonlocal boundary conditions (10.17), and letting n — oo in inequalities
(10.23), we get

W) ¢1(f<p(s)ds), ue) > JE¢*1(JE¢(v)dv)ds, te (0,8,

t N
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S
©
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Ego(v)dv)ds, fe[ET).
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Hence ¢ is the unique zero both of u and of #’ and since y(u') = 0, Lemma 10.6 yields
& € (0, T). Moreover,

%{ngofn(t,un(t),u;(t)) = f(tu(t),u'(t)) forae.te[0,T]
and (see inequality (10.21))
0< fultx,y) < p(tIxl,1yl) forae.te[0,T]andallx,y € R\ {0},
where p(t,z,v) = (hi(z+1) + hy(2))[w1(¢(v) + 1) + wa(¢d(v))] is continuous on [0, T'] X

(0, )2. Hence Theorem 10.4 guarantees that ¢(u’) € AC[0,T] and u is a solution of
problem (10.1), (10.17). O

Example 10.9. Let p € (1,00), B € (0,1), &,y A,¢cj € (0,00), j = 1,2,3,4,a+u<p-—1,
and let ¢ € L [0, o) be positive. By Theorem 10.7, the differential equation

(Iu'lp_zu')’ = go(t)(l +cu® + %) (1 +oslu' |+ ‘:,4”)

has a solution u satisfying conditions (10.17) and |u/’ P2y € AC[0, T].

Bibliographical notes

Theorem 10.2 was taken from Agarwal, O’'Regan, and Stanék [20] and from Rachinkova,
Stanék, and Tvrdy [165]. Theorem 10.4 was adapted from [165] and Theorem 10.7 from
Stané¢k [188]. Other singular nonlocal problems for (10.1) may be found in [20] and
Stané¢k [186, 187]. The paper [186] deals with the nonlocal boundary conditions

u(0) = u(T), max{u(t):t€[0,T]} =c (cE€R),
whereas [187] discusses conditions
u(0) = u(T) = —ymin{u(t) : t € [0,T]} (y € (0,)).

In [20], conditions min{u(t) : t € [0, T]} = 0, a(u) = 0 are considered, where a belongs
to the set of functionals & : C'[0, T] — R which are continuous, bounded, and for ¢ €
{—1,1} satisfy (x € C'[0, T],ex’ > 0o0n [0, T]) = ea(x) > 0.
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This chapter is devoted to a class of singular boundary value problems with the ¢-
Laplacian

(p(u) = uf(t,u,u’), (11.1)
ues, (11.2)

depending on the parameter y. Here, ¢ is an increasing homomorphism from R onto R,
f is a Carathéodory function on a set [0, T] X D, D C R?, f may have singularities in
both its space variables, and 4 is a closed subset in C' [0, T]. Usually, the set 4 is described
by three boundary conditions. Such conditions have, for example, the form

u(0)=0, wu(T)=0, max{u(t):0<t<T}=A, (11.3)

or

T
w(0) =0, u(T) =0, I\/1+(u'(t))2dt=B, (11.4)
0

where A,B € R. We note that problems (11.1), (11.3) and (11.1), (11.4) are singular
boundary value problems, depending on the parameter g, and we are looking for a value
psx of the parameter y for which the Dirichlet problem (11.1), u(0) = u(T) = 0, has
a solution u € C'[0, T], satisfying the third (nonlocal) condition in (11.3) or (11.4),
¢(u') € AC[0,T] and (¢(u' (1)) = s f(t,u(t),u'(t)) for a.e. t € [0, T]. If problem
(11.1), u(0) = u(T) = 0, has a unique solution for each y from a subset of R, then the
shooting method can be applied for solving problems (11.1), (11.3) and (11.1), (11.4).
However, in our considerations, such assumption is not introduced. Our method for
establishing the solvability of problem (11.1), (11.2) is based on a regularization and a
sequential technique. We present an existence principle for solving problem (11.1), (11.2)
and give its application to problem (11.1), (11.3).

Existence principle

Consider the family of auxiliary regular differential equations,

(6(u)" = ufult,u,ut'), (11.5)
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depending on the parameters y € R and n € N. Here, f, € Car([0, T]xR?). The next
existence principle for solving problem (11.1), (11.2) is closely related to the principle
which is presented in Theorem 10.4.

Definition 11.1. A function u : [0, T] — R with ¢(u') € AC[0, T] is a solution of problem
(11.1), (11.2) if there exists g, € R such that (¢(u'(t))) = puf(t,u(t),u'(t)) for a.e.
te [0, T]and u € 4.

Let I and J be intervals containing 0. Assume that

fe€Car([0,T] x D), whereD = (I\{0}) x (J\{0}),

11.6
f may have space singularities at x = 0, y = 0. (1L.6)

Theorem 11.2 (existence principle for singular problems with a parameter). Let f satisfy
(11.6) and let f, € Car([0, T] x R?) satisfy the inequality

0<—fult,x,y) < p(tIxl,lyl), neN, (11.7)

fora.e t € [0,T] and all x,y € R\ {0}, where p € Car([0,T] x (0, ®)?). Suppose that
there exist positive constants sy, u*, ps < u* such that for each n € N, the regular problem
(11.5), (11.2) has a solution u, € C'[0,T], ¢(u;,) € AC[0, T] with yu = py € [ps, u*]. Let
{u,} be bounded in C'[0, T] and {u),} be equicontinuous on [0, T].

Then the following assertions are true:

(i) there existu € C'[0,T], po € [ps,u* ] and subsequences {uy,}, {p,} such that
llug, — ullcr — 0 and |uk, — pol — 0 asn — oo,
(ii) if u and u’ have a finite number of zeros and

rllif?ofk"(t’ uk, (), uy (1)) = f(tu(t),u'(t)) forae te[0,T], (11.8)

then ¢(u') € AC[0, T'] and u is a solution of problem (11.1), (11.2) with u = yy.

Proof. Assertion (i) follows from the Arzela-Ascoli theorem and the Bolzano-Weierstrass
theorem.

In order to prove assertion (ii), assume that equality (11.8) is true, 0 < & < - -+ <
&n < T areall zeros of u and u', and put &, = 0, &1 = T. Since the next part of the proof
uses similar procedures as the proof of Theorem 10.4, we show only the main differences.
We have ||y, llcr < L for each n € N, where L is a positive constant, and

T
(0 (T0) = 905, 0) + i, || o b, (0, (0)dt, e
It follows from p,, € [ps,pu™], conditions (11.7), (11.8), and the Fatou lemma that

_ JTf(t,u(t),u'(t))dt < ¢(L);¢(—L)
’ *
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Hence f(t,u(t),u'(t)) € L;[0, T]. We can also verify that

o(u' (1) = ¢<u'<%)) + o Lt f(s,u(s),u'(s))ds

&i+&jn)2

for t € [§;,&+1], provided j € {0,...,m} and §; < ;1. Hence ¢(u') € AC[0, T] and

(gb(u'(t))), =uof(t,u(t),u'(t)) forae.te[0,T].

Since {uk,} C 4 and 4§ is closed in C'[0, T] we have u € §. Therefore, u is a solution of
problem (11.1), (11.2) for u = po. O

Application of the existence principle
We now present an application of Theorem 11.2 to the singular problem (11.1), (11.2).

Definition 11.3. A function u : [0, T] — R with ¢(u') € AC[0, T] is a solution of problem
(11.1), (11.3) if there exists 4, € R such that

(p(u' (1)) = puf (t,u(t),u'(t)) forae. te [0,T]
and u fulfils the boundary conditions (11.3).
We will use the following assumptions:

¢:R — R isan increasing and odd homeomorphism,

¢(R) =R and there exists § > 0 such that (11.9)

o(v) < v forv e [0, ®);

feCar([0,T]x D), D =(0,00)x(R\{0}),

there exists a > 0 such that (11.10)
as<—f(t,x,y) forae.te[0,T]andeach (x,y) € D;

the inequality

— ) < (o) + ma)] e (1) + @ (p(y1)]

holds for a.e. t € [0, T] and each (x, y) € D, (11.11)
where h;, w; € C[0, ) are positive and nondecreasing,

hy, w; € C(0, ) are positive and nonincreasing,

[t
0

o=

1
J hy(s)ds < oo,
0



220 Problems with a parameter

For each n € N, define ¢, € C(R) and f, € Car([0, T] x R?) by

Qn(v) =

[ £(t, 00(x),y) for (t,x,) € [0,T] X R x (R\ [ - 1,1]),

nn

Sty =157t 1) (4 2) = rseato =) (v- )]

for (1,x, y) € [0, T] X R x [— 1,1].
n n

By assumptions (11.10) and (11.11),
as<—fut,x,y), (11.12)
—fu(t,%,y) < [ (x+ 1) + ha(x) ][0 ((I¥]) + 1) + w2 (P (1)) ] (11.13)

hold for a.e. t € [0, T] and each (x, y) € D,n € N.
Consider the family of regular differential equations

(@) = pfultyuu) (11.14)

depending on the parameters 4 € R and n € N along with the boundary conditions
u(0) =0, u(T) =0, (11.15)
max {u(t):0<t<T}=A (11.16)

A priori bounds for solutions of problem (11.14)—(11.16), and the corresponding
values of the parameter y are given in the next three lemmas.

Lemma 11.4. Let assumptions (11.9) and (11.10) hold. Let A > 0 and let u be a solution of
problem (11.14)—(11.16) with some u = y,. Then y, > 0, 1 is decreasing on [0, T,

> ¢! —
u,(t){_ ¢ ~1)  forte[0,E], (1117)
< —¢ Napu(t=8)) forte[§T],
where & € (0, T) is the unique zero of u’,
%t fort € [0,8],
u(t) > A (11.18)
m(T—t) fort € (&, T],

w0 2)" 119
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Proof. If p, < 0, then (¢('))" = —ap, = 0a.e. on [0, T]. Hence ¢(u’) is nondecreasing
on [0, T] which implies that of u". Due to (11.15), u'(ty) = 0 for t; € (0, T), and therefore,
u' < 0on [0,t] and ¥’ = 0 on [ty, T']. This and (11.15) yield u < 0 on [0, T], contrary
to equality (11.16). Hence y,, > 0, and then from (¢(u'))" < —ay, < 0 a.e. on [0, T], we
see that u’ is decreasing on [0, T], and u’ has a unique zero £ € (0, T). Using ¢(0) = 0,
u'(§) = 0 and integrating (¢(u'))" < —apy, we obtain inequality (11.17).

Since u(0) = u(T) = 0, u(¢) = A and u is concave on [0, T'], which follows from the
fact that " is decreasing on [0, T'], we see that (11.18) holds.

It remains to prove inequality (11.19). By (11.9), we have ¢(v) < v for v € [0, ©)
and consequently,

¢l (v) = ¥v forv e [0,0). (11.20)

This and inequality (11.17) give

3 &
w(®) = [ windes | 97 (au( - 0)de

0

1 J’aﬂuz B
aly Jo

_ ﬂ\/mflﬂ/ﬁ
1+p

& T
A= uf) = L (D)t > L ¢~ (apu(t - £))dt
1 al‘u(T_g) B 1 aﬂu(T_E)
- L 67 (s = - L ¥sds

_ﬁ\/m +1/B
_1+ﬂ(T &‘11/

A

Hence

1+1/B
A> ﬁl\ﬁ/f?max {EVE (T - §)1FY > /31@(;) | ’

then we see from the inequality

1 2 1+1/B
= 2)(3)
that inequality (11.19) is true. O

Lemma 11.5. Let assumptions (11.9)—(11.11) hold and let A > 0. Then there exists a
positive constant P independent of n € N and A € (0,1] such that for any solution u of
problem (11.14), (11.15) with some y = p,, satisfying

max{u(t):0<t<T} =14, Ae(0,1], (11.21)
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the inequalities ||t || < P, 0 < py, < p* are valid, where

)

Proof. Let u be a solution of problem (11.14), (11.15) with some ¢ = y,. Let u satisfy
condition (11.21) for some A € (0, 1]. Then it follows from Lemma 11.4 (with A A instead
of A) that u is positive on (0, T), u’ is decreasing on [0, T], 4" has a unique zero & € (0, T),

and
B 1+
o<t (10 2)'(2) " <u

Hence
llu' |l = max {u'(0), —u'(T)}, (11.23)
and u(£) = AA. In addition, by inequality (11.13),
(@' (1) = —ppu[ 1 (u(t) + 1) + o (u(®) w1 (B(| & (1)) +1) + w2 (¢ (| (1)]))]
fora.e. t € [0, T]. Thus

(¢(u' (1)) ' (1)
w (¢(u' (1) +1) + wa(¢(u' (1))

fora.e. t € [0,&], and

(¢ (1) ' (1) o
0 (1= ¢ (®) + (- gw()) = ™

fora.e. t € [, T]. Integrating (11.24) over [0,&] and (11.25) over [£, T], we get

J(ﬁ(u’(o)) ¢~ (s)

0 wi(s+ 1)+ wy(s)

> —p [l (u(t) +1) + o (u(®) ]/ (1) (11.24)

[P (u(®) + 1) + ha (u(®)) Ju' (1) (11.25)

u(é)
ds < WJ (h(s+ 1) + ha(s))ds
0

A
< (s 1)+ () ds (11.26)

A
< y*J (I (s +1) + ha(s))ds,
0

J'¢(—u’(T)> ¢~ (s)

u(é)
D a e s ) ds

(11.27)
A
< y*L (hi(s+ 1)+ hy(s))ds.

We now show that

Jm 2 O N N (11.28)
0 601(

s+1)+ wy(s)
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Due to assumption (11.11), we have

S ©
L w\l/(i)d.s: 0o, consequently, L w\/E ds = oo,

From assumption (11.9) and from the properties of the functions w; and w,, it follows
that ¢~!(s) > s fors € [0, %) and

wi(s+1)+w(s) <wi(s+1)+wy(1) < Lwi(s+1) forse [1,0),

where L = 1+ w>(1)/w(2).

Hence
[ = P
2 wi(s s—1 wi(s
O P e
_ﬁL w1(5+1)ds_ﬁL,[1 w1(5+1)+w2(s)d5
- ¢7'(s)
vaL 1 w1(5+1)+w2()
Therefore,

J“’&ds:w,
1 wi(

s+ 1)+ wy(s)

and consequently, (11.28) holds. Equality (11.28) guarantees the existence of a positive
constant Q such that

JQ O e J (s 1) + ha(s)) ds.

0o wi(s+1) +w2(s

Now, inequalities (11.26) and (11.27) give max{¢(u'(0)),¢(—u'(T))} < Q, and from
(11.23), we see that || || < P holds with P = qS’l(Q O

Lemma 11.6. Let conditions (11.9)—(11.11) hold and let A > 0. Then there exists a positive

constant ys. independent of n € N such that for any solution u of problem (11.14)—(11.16)
with some y = y,, the inequality

Pu = Us (11.29)
is satisfied.

Proof.. Let u be a solution of problem (11.14)—(11.16) with some p = y,,. Then u(&) = A,
where & € (0, T) is the unique zero of ', and therefore,

A=ul@)-u0)=u(m)s,  A=ul)-ul)=-u(np)(T-97,
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where 0 < 71 < & < u2 < T. Hence u'(1) = A/, —u'(n2) = A/(T — &) and since

min{&, T — &} < T/2, we have max{u/'(11), —u'(n2)} = 2A/T. Thus ||/ ||« > 2A/T and
it follows from (11.23), (11.26), and (11.27) that

I¢(2A/T) ¢71(5) J‘P(Hx’Hm) ¢’1(s) p
R S A— s

0 wi(s+1) + wy(s) 0 wi(s+1) + wy(s)
A
< MJ (s + 1) + ha(s))ds.
0
We see that (11.29) holds with

AT 101 (5)/ (i (s + 1) + ws(s)) ] ds
[ (hy(s + 1) + hy(s))ds )

* =

O

We are now in a position to show that the regular problem (11.14)—(11.16) has a
solution for each n € N.

Lemma 11.7. Let conditions (11.9)—(11.11) hold and let A > 0. Then problem (11.14)—
(11.16) has a solution for each n € N.

Proof. Fixn € Nand let P > 0 be given by Lemma 11.5. Set

1 1\ 72\
Q:{(u,,u)ECI[O,T]XR:IIullm<A+1, ||u'||oo<P,|y|<;<A<l+E>> (?) +1}.

Then Q is an open, bounded, and symmetric with respect to (0, 0) subset of the Banach
space C'[0, T] X R.
Define an operator # = (#;, #,) : [0,1] X Q — C'[0, T] x R by

J{(A’ u, [4) = (](1 (A’ u, [")) ﬂZ(A) “)."4)))

t

Hi (A, u,p) = J ¢! <B +y<(A - 1)5+)LLS fn(‘r,u(r),u'(r))dr»ds,

0

FHr(A, u,p) = A max {u(t):0<t<T}+minf{u(t):0<t<T} +(1 —A)u(g) + s

where the constant B = B(A, u, u) is the unique solution of the equation
p(BsAd,u,u) =0 (11.30)

with

T

p(Bs ), ) = j ¢! (B +;4<(A - l)t+ALtf,,(s,u(s),u’(s))ds))dt. (11.31)

0
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The existence and uniqueness of a solution for (11.30) follows from the fact that p(-;4,
u, p) is continuous and increasing on R and

ma p(Bs A, u,u) = +oo
for each (A, u, ) € [0,1] X Q.
Since

H(0,u,pu) = (ngl(B us)ds, u ( ) y)

where B is the unique solution of the equation fOT ¢~1(B — ut)dt = 0, the mean value
theorem for integrals gives B = ut, for some t, € (0, T). Hence

H (0, u,u) = <J ¢ u(to—s)) ds,u(%) +/,t>,

and therefore, #(0, —u, —u) = —H (0, u, u) for (u,u) € Q, which shows that #(0, -, -) is
an odd operator.
We claim that # is a compact operator. To this aim, let

{ (Ao thns i) } € [0, 1] X Q,

r}llzl;lo (Ama umr,um) = (A'OJ uO)HO) in [0) 1] X Cl [0) T] X R

Let By, be the solution of the equation p(B; A, um, 4m) = 0. Since the sequence {u,,}
is bounded in C'[0,T] and f, € Car([0, T] x R?), there exists ¢ € L;[0, T] such that
[ fu(t, um(t), u, (1))l < q(t) for a.e. t € [0,T] and each m € N. Consequently, {B,,} is
bounded, otherwise

lim sup | p(Bus Ams s i) | = 00,
m— 00
a contradiction.

We will show that {B,,} is convergent. Let {By,} be a convergent subsequence of
{Bn} and » = lim,, .. B, . Then

0= lim p(Bx,; Ak, ttk,» i, ) = P (56 Ao, tos po)

by the Lebesgue dominated convergence theorem, and consequently, s = By, where By
is the unique solution of the equation p(B;Ag, ug, o) = 0. We have proved that any
convergent subsequence of {B,} has the same limit By. Therefore, lim,,—.c By, = Bo.
Then

t

lim [ ¢! (Bm +ym<()tm —1)s+ Ay LS fulT, um(r),u;n(f))dr>)ds

m— oo 0

= Lt ¢! (Bo +y0(()t0 —1)s+Ag J;fn(r, uo(r),u{)(r))dr))ds
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in C'[0, T]. This, together with

lim ()Lm[max{um(t) :0<t<T}+min {u,(t):0<t< T}]+(1—/\m)um(§>+ym>

m— oo

= do[ max {up(t):0 <t < T}+min{ue(t):0<t < T}]+ (1 —Ao)u()(%) + Uos

implies that J is a continuous operator.
In order to verify that the set #([0, T] X Q) is relatively compact in C'[0, T] X R, let
us consider a sequence {(A;,u;,u;)} C [0,1] X Q. Then the sequence

{Aj[max{uj(t) :0<t<T}+min{u;(t):0<t=<T}]+(1 —/\j)uj<§> +[/lj}

is bounded in R and there exists r € L, [0, T'] such that the inequality
| fult,u;(0),u(t)) | <r(t) forae te[0,T]andall j €N

holds. Let p(Bj;Aj,uj,uj) = 0 for j € N. Then the sequence {B;} is bounded in R and
the sequence

{Lt ¢! <Bj +‘uj<(lj —1)s+1; J:fn(r, W(T),u}(r))dr))ds}

is bounded in C'[0, T]. Moreover, the sequence

{Mj((lj —1)t+A; Ltfn(s, uj(s),u}(s))ds)}

is equicontinuous on [0, T']. Therefore, {# (A}, u;, u;)} is relatively compact in C'[0, T] x
R by the Arzela-Ascoli theorem and the Bolzano-Weierstrass theorem.
Let # (Ao, to, o) = (1o, o) for some Ay € [0, 1] and (uo, yo) € 0Q. Then

((up(6))) = polho — 1+ Ao fu (£, uo(£), up(t))]  fora.e. t € [0,T], (11.32)
uy(0) = 0, uy(T) =0, (11.33)

Xo[ max {uo(£) 10 < ¢ < T} +min {uo() : 0 < £ < T}] + (1 —/Xo)u()(%) —0. (11.34)

If o > 0, then (11.12) and (11.32) give (¢(uy))" < 0 a.e. on [0, T], and (11.33) implies
that up > 0 on (0, T). Therefore, min{uy(t) : 0 < t < T} = 0 and by virtue of (11.34),

0= )Lomax{uo(t) 0<st< T} + (1 —Ao)u0(§> >0,
which is impossible. Let yg < 0. Then (11.12) and (11.32) yield (¢(ug))" > O a.e.on [0, T,
which, together with (11.33), implies that uy < 0 on (0, T') and

0 =Agmin {up(t): 0 <t <T}+(1 _AO)%(%) <0
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a contradiction. Hence gy = 0 and then we see from (¢ (1)) = 0 a.e. on [0,T] and
(11.33) that uy = 0. We have proved that (ug, o) € 0Q, and therefore, H (A, u, ) #
(u,pu) for A € [0,1] and (u,u) € 9Q. Now, by the Borsuk antipodal theorem, deg({ —
F(0,-,+),Q) # 0, where { is the identity operator on C'[0, T] X R. In addition,

deg (‘Z - Jf(la ) )aQ) = deg (‘1 - ‘%(0) ) ))Q)
by the homotopy property (see the Leray-Schauder degree theorem. Consequently,
deg (4 — H#(1,-,-),Q) #0. (11.35)

Finally, define an operator X = (X, K3) : [0,1] x Q — C'[0, T] X R by the formulas

s = [ 97D [ fulesuto,u (e,
Fohu,pu) = max{u(t):0 <t < T}+min{u(t):0<t < T} - A+,
where the constant D = D(u, i) is the unique solution of the equation
r(Dsu,p) = 0 (11.36)

with
T t
r(Dsu,p) = L ¢! (D +;,¢L fa (s,u(s),u'(s))ds) dt. (11.37)

Essentially, the same reasoning as for (11.30) and for the operator # shows that there
exists a unique solution of (11.36) and that X is a compact operator. Assume that K (1,
Uss Uy ) = (U, ) for some Ay € [0, 1] and (uy, 44) € 0Q. Then

(p(u (1)) = s fru (£ us (), 1, (1)) forace. t € [0,T], (11.38)
us(0) =0, us(T) =0, (11.39)
max {u(£):0 <t < T}+min{uy(£):0 <t < T} =LA (11.40)

If gy < 0, then (¢p(ul))” = 0 a.e. on [0, T] and from (11.39) we deduce that uy < 0 on
[0, T]. Then (11.40) gives

0<AsA=max{u,(t):0<t<T}+minfu,(t):0<t=<T}
=min{u.(t):0<t<T},
which leads to u, = 0. Consequently, by (11.38), s = 0, and therefore, (uy,us) =
(0,0), contrary to (ux,ps) € 0Q. It follows that g, > 0, and then (¢(u}))" < 0 a.e. on
[0, T]. From this inequality and from (11.39), we get u4 > 0 on (0, T), and (11.40) gives

max{u,(t) : 0 <t < T} = A A. Thus u, is a solution of problem (11.14), (11.15),
(11.21) (with g = py in (11.14) and A = A, in (11.21). Therefore, [|ux|l» = AxA and, by

Lemma 11.5,
’ 1 1 B 2 1+8
Il < o< =2 (a(ieg)) (7)
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Hence (us, py) ¢ 0Q, and we have proved that K (A, u,u) # (u,p) for all A € [0,1] and
(u, 1) € Q. By the homotopy property,

deg (4 — X(0,-,-),Q) = deg (4 — K(1,-,-),Q).

Since #(1,-,-) = K (0, -, -), relation (11.35) gives deg(d — K (1, -, -), Q) # 0. Therefore,
there exists a fixed point (%, zi) of the operator K (1, -, +), and it is easy to check that # is a
solution of problem (11.14)—(11.16) with y = f. O

Our next result is needed for applying Theorem 11.2 to the solvability of problem
(11.1), (11.3).

Lemma 11.8. Let conditions (11.9)—(11.11) hold and let A > 0. Let u, be a solution of
problem (11.14)—(11.16) with some y = p,, n € N.
Then the sequence {u,,} is equicontinuous on [0, T].

Proof. By Lemmas 11.4-11.6, for each n € N, we have 0 < u,(t) < Afort € [0,T], u,,
is decreasing on [0, T], and u,, vanishes at a unique &, € (0, T'). Furthermore, there exist
positive constants P, piy, and p* such that

lupll, <P, meEN, (11.41)
P < pp <p*, mnelN (11.42)
Put
GW) = JM O e by - J (i (s + 1) + ho(s)) ds
0o wi(s+1)+ws) 0

forv € [0, o),

G ) = {G(v) forv € [0, ),

—-G(-v) forv e (—,0).

Since {u,} is bounded in C![0, T], the sequence {H(u,)} is equicontinuous on [0, T],
and therefore, for each ¢ > 0, there exists 6 > 0 such that

|H(un(t2)) — H(ua(t1)) | <&, (11.43)

whenever 0 < t; <t < Tandt, —t; < 8. Choose 0 < t; <t, < T.If t, < ¢,, then
integrating (see (11.24))

¢ (1, (1)) . (1)
w1 (¢ (u,() + 1) + w2 (¢ (u,(1)))

from t, to t; yields

> — [ By (un () + 1) + by (un(8)) Ju, (1) (11.44)

0<G(u,(t1)) — G(u,(t2))

< pn[H (un(t2)) = H(un(t1))] (11.45)
)
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while if &, < #;, then integrating (see (11.25))

—ptn[h1 (un(t) + 1) + o (un(8)) Juy, (2)
(11.46)

01 (= @, (0) + 1) + w02 (- B, (D)) =

over [t1, 1] gives
0<G(~uy(tr)) = G(—u,(t))
< pn[H (tn (1)) — H(un(12))] (11.47)
< [H(us(t1)) — H(un(t2))].
Finally, if t; < & < t, then integrating (11.44) over [t1,&,] and (11.46) over [&,, t2] gives
0<G(uy(t1)) < pn[H(un (&) — H(un(t1))]
< W [H(un(§)) = H(un(t1)) ],
0<G(—uy(t2)) = pu[H(un(§4)) — H(un(2))]
< ¢ [H(un(84)) = H(un(t2))].

Now, inequalities (11.45) and (11.47)—(11.49) imply that

(11.48)

(11.49)

0<G*(u,(t1)) = G*(up(t2)) < p* [H(un(t1)) — H(un(t2)) |
if0 < h <t anorfn <h<h< T and
0<G*(uy(t1)) = G*(u(t2)) < p*[2H (un(§1)) — H(un(t1)) — H(un(12))]
if0 <t <&, <t <T.This and inequality (11.43) give
0<G*(u,(t1)) = G*(u, (12)) < 2u™e,

whenever 0 < t; < f, < Tand t; — t; < 8. Hence {G*(u;,,)} is equicontinuous on [0, T],
and since G* € C(R) is increasing and {u;,,} is bounded in C[0, T], we see that {u},} is
equicontinuous on [0, T]. O

The following theorem gives an existence result for problem (11.1), (11.3).

Theorem 11.9. Let assumptions (11.9)—(11.11) hold. Then for each A > 0, there exists y > 0
such that problem (11.1), (11.3) has a solution u € C'[0, T] such that ¢(u") € AC[0,T]
andu > 0on (0,T).

Proof. Fix A > 0. By Lemma 11.7, for each n € N, there exists a solution u, of problem
(11.14)—(11.16) with some y = p,,. Lemmas 11.4-11.6 yield that

0<u,(t)y<A forte[0,T], (11.50)
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u;, is decreasing on [0, T] and vanishes at a unique &, € (0, T),

ét fort e [O)Eﬂ])
. g”A (11.51)
W(T_ t) forte [&,T],

(11.52)

’ (t) == ¢_1(a/"n (En - t)) fort e [O) fn]>
un
= _(p_l(a,“n(t_fn)) fort e ['fn) T]:

and there exist positive constants P, y, and y* such that inequalities (11.41) and (11.42)
are satisfied for all n € N. In addition, by Lemma 11.8, {u,,} is equicontinuous on [0, T].
Using the Arzela-Ascoli theorem and the Bolzano-Weierstrass theorem, we can assume
without loss of generality that {u,} is convergent in C'[0,T] and {u,} and {&,} are
convergent in R. Let lim,—w 4y = 4, limy_wpy = @, and limy— & = & Then u €
C'[0, T] fulfils (11.3), u'(§) = 0. Letting n — oo in inequalities (11.42) and (11.50)—
(11.52), we get 0 < u(t) < Afort € [0,T],

ét fort € [0,&],
§

u(t) > A
m(T—t) fort e [E, T],

u,(t){m—l(au*(f—t)) fort € [0,¢],
< —¢ Naps(t - &) forte[&T),

and p, <y < p*. Hence £ € (0, T) is the unique zero of ', > 0 on (0, T) and
iijgf,,(t, un (), u,(t)) = f(t,u(t),u'(¢)) forae. te[0,T].
By inequality (11.13),
0<as<—fitbx,y) < [(lxl+1) +ha(Ix]) [[wi (¢(Iy]) +1) + w2 ($(Iy1))]
fora.e. t € [0,T] andallx,y € R\ {0}. Put
ptx,y) = [h(x+1) + b ()] [0 ($(y) +1) + w2(¢(y)) ]

for (t,x,y) € [0,T] x (0,)2. Then f, satisfies inequality (11.7) and, consequently,
Theorem 11.2 guarantees that ¢(u') € AC[0,T] and u is a solution of problem (11.1),
(11.3). 0

Example 11.10. Let p € (1,), y1,71,42 € (0,00), y2,93 € (0,1), and 3 € (0, p). By
Theorem 11.9, for all A > 0, there exist 4 > 0 and a solution u of the differential equation

’ 1 1 1
(lu'1P72u") +y<1 U+ — +

) =
o e T ) 0,

satisfying the boundary conditions (11.3) and 4 > 0 on (0, T').
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Bibliographical notes

Theorem 11.2 is taken from Stanék [189], Theorem 11.9 was adapted from Agarwal,
O’Regan, and Stanék [19]. Another singular problems for (11.1) depending on a param-
eter were considered in Stanék [189] and Stanék and Ptibyl [190]. The paper [189] deals
with the boundary conditions u(0) = 0, u(T) = 0, (') = A (A > 0), where ¢ €
A. Here, 4 is the set of functionals ¢ : C[0, T]—R which are (i) continuous, ¢(0) =
0, ¢(x) = @(lx]) for x € C[0, T], (ii) increasing, and (iii) unbounded in the following
sense: lim, . ¢(ux) = oo for each x € C[0,T], x # 0. We note that the boundary
conditions (11.4) are a special case of the conditions discussed in [189]. In [190] the
authors considered the boundary conditions u(0) + u(T) = 0, u'(0) + u'(T) = 0, and
max{u(t) :0 <t < T} =A (A >0). The method of implementation of parameters to a
singular Lidstone problem for higher order differential equations with the extra condition
max{u(t):0 <t < T} = A was studied in Agarwal, O’Regan, and Stanék [17].






Appendices

A. Uniform integrability/equicontinuity

Here we present three criteria guaranteeing uniform integrability of sequences in L; [0, T']
which are applied in our proofs.

A sequence {¢,} C Li[0,T] is called uniformly integrable on [0, T] if for any ¢ > 0,
there exists & > 0 such that if M C[0, T] and meas(.M) < &, then

J lom(t)|dt <e formeN.
M
An immediate consequence of the definition is the following simple criterion.

Criterion A.1. Let ¢, « € L0, T] be such that
lom(t)| < a(t) forae te[0,T]andallme N.

Then {@} is uniformly integrable on [0, T].
In order to prove more sophisticated criteria the following auxiliary result is useful.

Lemma A.2. Let {¢,,} C L[0, T]. Suppose that for every € > 0, there exists § > 0 such that
for any at most countable set {(a;, b)) };cy of mutually disjoint intervals (a;, b;) C [0, T],
Yic(bi — a;) < 8, the inequality

b;

ZJ lom(t)|dt <& formeN

el 7%

holds. Then {¢@,,} is uniformly integrable on [0, T].

Proof. Fix € > 0 and let § > 0 be from the assumption. Let M C[0, T] be a measurable
set, meas(M) < &/2. Then there exists an open set M;C[0,T], M N (0,T) C M; such
that meas(M;) < §. From the structure of open and bounded subsets in R, it follows
that /M is the union of at most countable set {(a;,;)} jel, of mutually disjoint intervals
((Xj,ﬂj) C [0,T]. Then

Bj
[Ml|¢m<t>|dt= S [V lpuoldt<e, men,

jel, "%

by our assumptions. Hence

[ lonwlar<[ lpuld<e, men
M My
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Consequently, {¢,,} is uniformly integrable on [0, T']. O

Criterion A.3. Let {u,,} C C[0,T] and £ € N. Let there exist ¢,, + 1 disjoint intervals
(dmj>Amps1), 0 < k < €y, €y < €, such that

Om
U [dm,k) dm,k+1] = [Oa T]>
k=0

and for k € {0,...,¢,} and m € N, one of the inequalities
|t (t)| = b(t — dpy)™  fort € [dmp> dmpi1]
or
|t ()| 2 b(dmjers =)™ for t € [dmg, dmps] (A1)

is satisfied where b > 0, 1 < rx < r. In addition, assume that g is a nonincreasing and
positive function on (0, o) and

1
J g(s")ds < 0.
0

Then the sequence {g(|um(¢)])} is uniformly integrable on [0, T'].
Proof. Put ¢ = min{1/T, min{b""* : 0 < k < €,,,m € N}}. Then
b(t—dmi)™ = [c(t = dmi)]’, b(dmpsr — )™ = [c(dmpr1 — 1)1
for t € [dmk> dmp+1]. Therefore, for k € {0,...,¢,} and m € N, one of the inequalities
lum(@) | = [c(t = dmp)]" fort € [dum> dmis1] (A.2)
or
lum(t)| = [c(dmpsr = 1)]" fort € [dms dmps] (A3)

is satisfied.
Let {(aj, bi)};cy be an at most countable set of mutually disjoint intervals (a;, b;) C
[0, T]. Put

u]]m,k = {l S J: (ai) bz) - (dm,k) dm,k+1)}

forme Nandk € {0,...,€,}. Ifi € J,x, then

b; b; , 1 c(bi—dmy)
J, glune e = [ gllete=dp)de = [ " glar
ai ai clai—amk
if (A.2) holds or
bi b; . 1 (C(dmrsr—ai)
[ st = [ gletdmgr — 01t =2 [ glerya
a; a; € Je(dmps1—bi)
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if (A.3) holds. Hence

b;
D J g(lum(®)|)dt < 1J g(f)dt, 0<k<bnmeN,  (Ad)
i, € J Mo

where My, C [0,cT] and meas(Mni) < ¢ D icy(bi — ai).
Letig € J\ Ui’io Jm for some m € N. Then

dm b = aj, = dm B+l < - < dm,l* = big = dm,l*+l>
where Iy, I, € {0,...,€n}, lo+1 < Iy, and
dm,l* - dm,lo+1 < big - aio < dm,l*+1 - dm,lo'

Notice that there exist at most £, positive integers iy having the above property. Thus

Ii—1

Jbb e |)dt_Jdm’l° (um(®) i+ S J ([t (D)| )dt+J:i0 (| um(®) ) dt

%o %o k=lp+1 il

mk+1

(here 22*;1;“ =0iflp + 1 = I). Since

1 C(dm,ln-H _dm,l() ) . p
. L T e i 0] = (e da)]
blp+1 c(aig —dm,ly

[ glumto) e <

aiy 1 c(dmig+1—aiy) ) .
,J g()dt, i |um(®)] > [c(dmis — D]

cJo

1 C(bio —dmy ) ) .
b LT e)de i L) = 1l - du)Y
J, sllmwnar= {0 | r
| ] gt if [1(0)] = [l — 0],
c C(dm,l*ﬂfbig)

it follows that

biy _ clbig—aiy)
J g(|um(t)])dt < %J g(t")dt

io 0

c(biy—aiy)

cJo

< fj g(¢")dt,

c
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where My C [0,cT] and meas(My) < ¢ >;c](bi — a;). Due to (A.4) and (A.5), we have
that

Cm

b; €2
ZJ g(|um()])dt < % > IM g(t")dt + - JM g(t")dt. (A.6)
iEJ a; k=0 mk *

Since g(t") € L,[0, 1] for every & > 0, there exists § > 0 such that

. ce
ng(t Yt < oD (A7)

whenever M C [0, 1] is measurable and meas(M) < §. Hence for every € > 0 there exists
0 > 0 such that for any at most countable set {(a;, b;)} ;. of mutually disjoint intervals
(ai, bi) C [0, T], 2.icp(bi — ai) < 8/c, we have (see (A.6) and (A.7))

bi ce

ee+1)

e, meN,

2
gllm®Ddr< (5+%)

>

el "%

So, {g(lum(t)])} is uniformly integrable on [0, T] by Lemma A.2, where we put r,,(f) =
glum(t)1). O

In particular, for €, = 1 and ., = r we get the following.

Criterion A.4. Let {u,,} C C[0,T] and let there exist {£,,} C (0,T) andb >0, r = 1 such
that

lum(t)| = bt —&,|" fort €0, T].

Suppose that g : (0, 00) — (0, ) is nonincreasing and

1
J g(s")ds < 0.
0

Then the sequence {g(|um(¢)])} is uniformly integrable on [0, T'].

Equicontinuity

Consider a sequence of functions v € Cla,b], k € N, [a,b] C R. We say that {v,} is
equicontinuous on [a, b] if for each ¢ > 0 there exists § > 0 such that for each t1, , € [a, b]
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and each k € N,
[h—t| <86 = |n(h) —wt)| <e

Similarly, we say that the sequence {vi} is equicontinous at a point ty € [a, b] if for each
¢ > 0 there exists § > 0 such that for each t € (ty — 8,1ty + ) N [a,b] and each k € N, the
inequality |vk(t) — vi(to)| < € holds. If £y = 0 (fp = T), we talk about equicontinuity at 0
from the right (at T from the left).

It is well known that if {vi} C C'[a, b] and there exists ¢ > 0 such that |v,(¢)| < con
[a,b] for k € N, then {vx} is equicontinuous on [a, b].

Here we provide conditions which imply the equicontinuity of {v,} at the singular
point ¢y € [0, T] and which are not generally available in literature.

Lemma A.5. Letty € (0, T). Assume that there exist 1 > 0 such that [ty —n,to+n] C [0, T]
and nonnegative functions « € Clty — 1ty + nl, B € Clty — 1, ty) such that a(ty) = 0,
B(ty—) = 0. Further assume that for each k € N, k > 1/y,

()] < Bt forte [to St - %] (A.8)
[vi(t) — v (to) | < alt) forte [to - %,to + %] (A.9)

[vi(t)| < ﬁ(to - %) +0c<to - %) +oc(to + %) +a(t) forte [to+ %,to +11].
(A.10)

Then limy_« vk(ty) = 0 and the sequence {vi} is equicontinuous at t.

Proof. Choose an arbitrary ¢ > 0. Then there exists § € (0,#) such that
te(to—0,t0+08) = |a(t)| < %, te (to—0,) = |B)] < g.
Choose an arbitrary k € N, k > 1/0. Let t € [ty — 1/k, t; + 1/k]. Then by (A.9),
[v(®) = (o) | =a(n) < ¢ <.

Lett € (ty — J,t) — 1/k). Then by (A.8) and (A.9),

[vie(t) = vie(to) | < [we(D)] +

o)

s/j’(t)+a(t0—%)+[5<to—%) <%<£.

vk (to) — v (to - %) ‘ +
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Lett € (to + 1/k,to + &). Then by (A.9) and (A.10),

[vi(t) = v (to) | < |wi(t)| +

vi(to) — vk(to - %) ‘ + Vk<t0 - %) '

ol D) v 1) ol

+oc(t)+oc(t0 - %) +[3<t0 - %) <e.

Hence, we have proved that {v} is equicontinuous at t,. Further,

oo )| el D rsle ).

Therefore, limy . vk () = 0. O

vk (to) —vk(t — %) ‘ +

|vic(to) | <

Similarly we can prove the following.

Lemma A.6. Letty € (0, T). Assume that there exist 1 > 0 such that [ty —n,to+n] C [0, T]
and nonnegative functions « € Clty — n,ty + 3, p € Clto, ty + 1] such that a(ty) = 0,
B(to+) = 0. Further assume that for each k € N, k > 1/y,

[vi(t)| < B(t) forte [to+%,t0+r1],
[vi(t) — vk (to) | < alt) forte [to— %,to+%],
[vi(®)| < ﬁ<t0+ %) +(x(to+ %) +oc<to - %) +a(t) forte [to — 1t — %]

Then limg_« vk(ty) = 0 and the sequence {vi} is equicontinuous at t,.

In particular, for fp = T and f, = 0 arguing as before we get the following two
lemmas.

Lemma A.7. Assume that there exist n € (0, T) and nonnegative functions« € C[T—#, T],
B e CIT —n,T) such that «(T) = 0, B(T—) = 0. Further assume that fork € N, k > 1/n,

>

)

Then limy_.« vi(T) = 0 and the sequence {v} is equicontinuous at T from the left.

[vie(®)| < B(t) forte [T—ﬂ’to—%

T

lv(8) = (T)| < alt) fort e [T—
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Lemma A.8. Assume that there exist § € (0,T) and nonnegative functions « € C[0, ],
B € C(0,#] such that «(0) = 0, B(0+) = 0. Further assume that fork € N, k > 1/y,

1

O] <pe) foree|nl,

[vi(t) = w(T)| <alt) forte [O, %]
Then limg_« vk(0) = 0 and the sequence {vi} is equicontinuous at 0 from the right.

Now we provide criteria of equicontinuity of {v} at the point #, € (0, T).

Criterion A.9. Let ty € (0,T), o1 € (0,) be such that [ty—n, ty+n] C [0, T]. Assume
that there exist nonnegative functions h*,g* € Li[0,T] and a nonnegative function
h € Lioc([0, TT\ {to}) such that for each k € N, k > 1/#, there is a function v € AC[0, T]
fulfilling conditions

lvie(to — 1) | < Po, (A.11)

vi(t) signvi (1) < —h(t)|vi(t)| +g*(t) forae t € [to —n,to+n]\ (to - %,to + %),

(A.12)

|vi(t)| <h*(t) foraete [to - %,to + %], (A.13)
where

Ltois h(s)ds = oo for each sufficiently small ¢ > 0. (A.14)

Then limy_« vk(ty) = 0 and the sequence {vi} is equicontinuous at t.

Proof. We will construct functions a and 3 of Lemma A.5. Consider the auxiliary prob-
lem

B(t) = —h(t)B() +g* (1),  Blto—1) = Po. (A.15)

Problem (A.15) has a unique solution and this solution has the form

t T

B(t) = exp ( - LM h(s)ds) (/30 N L:” 2" (2) exp (LM h(s)ds) dT)
fort € [ty — 1, ty). Then € C[ty — 1, ty) and, by (A.14), we get

lim B(£) = o exp ( - Jto h(s)ds) " g mexp ( - t h(s)ds)d‘r —o,

t=to— to—n to—n

because

to
J h(s)ds = 00 fort € [ty — 1, y).
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Let us prove that (A.8) is satisfied. On the contrary, assume that there exist t; € [ty —
n,to — 1/k) and t, € (t;, ty — 1/k] such that

lvie(t) | = B(tr), |w(®)] >Bt) fort e (t,12].

Then, by (A.12) and (A.15), we get
t
0< |w(tr)| —B(tr) = L (v (t) signvi(t) — B/ (¢))dt

< LZ he) (| ve(e) | - B(D)dt <0,

a contradiction. So, (A.8) is proved.
Further, due to (A.13), we have

t
() — ve(to) | =< ‘ W (s)ds| fort e [to - %,to+ %] (A.16)
ty
and integrating (A.12) we obtain
1 ‘ N 1
[vi(t)| < vk(to+f> +J g*(s)ds forte [to+f,t0+11]. (A.17)
k to+1/k k
Let us put
t t
alt) = max{ h*(s)ds|, g (s)ds } fort € [ty —n,to + 1.
to to

Then a € C[ty — 1, to + 1] and a(ty) = 0. Moreover, (A.16) and (A.17) imply

(0 - wet)| < a(t) forte [t-1t0+ 1],

()] < vk<to+%> ‘ +a(t)
< Vk(tO'f’%)_Vk(tO) + Vk(to)—vk(to—%>‘+ Vk(to—%)’-ﬂx(t)

< (t+1)+ (t—1>+ <t—1)+(t) f te[t+lt+]
<alty p al to p Blto p o or 0t polo 7.
Thus (A.9) and (A.10) are satisfied and, by Lemma A.5, the proof is completed. O

Using Lemma A.6 instead of Lemma A.5 we get a modified form of Criterion A.9.

Criterion A.10. Letty € (0,T), By € (0, ) and > 0 be such that [ty —n, ty+n] C [0, T].
Assume that there exist nonnegative functions h*, g¢* € L, (0, T] and a nonnegative function
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h € Lo ([0, TT\ {to}) such that for each k € N, k > 1/y, there is a function vy € AC[0, T]
fulfilling conditions

|Vk(t0+’7)| S[80y
1

. 1
vi (1) signvi(t) = h(t) [vi(t)| —g*(t) forae t € [to—nto+n]\ (to - E’to + E)’

|vi.(t)| <h*(t) foraete [to - %,to + H

where

to+e
J h(s)ds = oo for each sufficiently small € > 0.
11

0

Then limy_ vk (ty) = 0 and the sequence {vi} is equicontinuous at t.

In particular, Lemmas A.7 and A.8 yield criteria which are used in our proofs and
which guarantee the equicontinuity of {v¢} at T from the left and at 0 from the right,
respectively.

Criterion A.11. Let By € (0,00) and n € (0, T). Assume that there exist nonnegative
functions h*,g* € L,[0, T] and a nonnegative function h € Lioc[0, T) such that for each
k € N, k > 1/n, there exists a function v € AC[0, T] fulfilling conditions

[vi(T =) | = o, (A.18)
V(1) signvi(t) < —h(t) | w(8)| +g*(t) forae te [T T %] (A.19)
()] < B () foraete [T— %T] (A.20)

where
L: h(s)ds = oo for each sufficiently small & > 0. (A21)

Then limy_« vk(T) = 0 and the sequence {v} is equicontinuous at T from the left.
Criterion A.12. Let By € (0,0) and n € (0, T). Assume that there exist nonnegative
functions h*,g* € Li[0, T] and a nonnegative function h € Lioc(0, T] such that for each
k € N, k > 1/#, there exists a function vi € AC|0, T] fulfilling conditions
[vi(m) | < Bo, (A.22)
Vi(t) signvi () = h(t) | ve(t)| — g* (1) forace.t € Hq] (A.23)

|vi ()| <h*(t) forae te [0, %], (A.24)



242 Appendices

where
J h(s)ds = oo for each sufficiently small ¢ > 0. (A.25)
0

Then limy_« vk (0) = 0 and the sequence {vi} is equicontinuous at 0 from the right.

B. Convergence theorems

The main tool for proving solvability of singular problems is a regularization and a se-
quential technique. In this way, solutions of singular problems are obtained by limit
processes. Classical arguments here are convergence theorems in spaces of integrable
functions and differentiable functions.

Integrable functions

The following three theorems for integrable functions can be found, for example, in Bar-
tle [30], Hewitt and Stromberg [107], Lang [121], Natanson [145], Shilov and Gurevich
[180].

Theorem B.1 (Lebesgue dominated convergence theorem). Let ¢, & € Ly[0, T] be such
that

om(t)| < a(t) foraete[0,T]andallm € N,
r}’li—rvlolo om(t) = @o(t) forae t €[0,T].

Then ¢ € L,[0, T] and

T T
lim L om(t)dt = L o(1)dt.

m— oo

If the sequence is bounded by a Lebesgue integrable function only from one side, we
often use the theorem which is known in literature as the Fatou lemma.

Theorem B.2 (Fatou lemma). Let ¢ € (0, c0) and ¢, € L]0, T] be such that
a(t) < eu(t) forae t€[0,T]andallm e N,
JOT om(t)dt <c foreachm € N,
nlglgo om(t) = @(t) forae t e [0,T].
Then ¢ € Li[0,T].
If we do not know the localization in [0, T] of singular points corresponding to
solutions of singular problems, that is, problems have singular points of type II, then it

often happens that we cannot find a Lebesgue integrable majorant function. In such cases,
the Vitali convergence theorem is used in limit processes since the existence of a Lebesgue
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integrable majorant function is replaced in this theorem by a more general assumption
about the uniform integrability.

Theorem B.3 (Vitali convergence theorem). Let ¢,, C L1[0, T] for m € N and let

lim ¢,,(t) = o(t) forae. t e [0,T].

m— oo

Then the following statements are equivalent:
(1) [ € LI[O) T] and limmaoo ”(Pm - (P”l = 0:
(ii) the sequence {@,,} is uniformly integrable on [0, T].

Differentiable functions

First, we will consider the space C([a, b];R™), m € N, which is the space of continuous
m-vector-valued functions on the interval [a, b]. It is well known that all norms on R™

are equivalent (see, e.g., Lang [121]), that is, if || - ||« and || - ||+« are two norms on R",
then there exist positive constants Cy, C, such that for all x € R™, x = (x1,...,%n), we
have

Cilxls < |xlsx < Colx|s.
Hence without loss of generality, we will use in R” the norm
x| = max {|xj] :1<j<m}.

We say that a subset H of C([a, b]; R™) is relatively compact if from each sequence { f,,} C
H we can select a subsequence { fi,} converging in C([a, b]; R™}, that is, we can select a
subsequence which is uniformly convergent on [a, b].

In order to give conditions guaranteeing that a subset H of C([a, b]; R™) is relatively
compact, we introduce the notions of a uniformly bounded on [a, b] and equicontinuous
on [a, b] subset of C([a, b]; R™).

A subset H of C([a, b]; R™) is said to be uniformly bounded on [a, b] if there exists a
positive constant L such that

| f(t)| <L foreach f € H, t € [a,b].

It is equicontinuous on [a, b] if for each ¢ > 0, there exists § > 0 such that for any f € H,
we have

[ f(t) - f(t)| <e

whenever t1,t, € [a,b] and |t; — 1] < 6.

Sufficient and necessary conditions for a subset H of C([a, b];R™) to be relatively
compact are given in the following vector version of the Arzela-Ascoli theorem (see, e.g.,
Hartman [105] or Piccinini, Stampacchia, and Vidossich [154]).

Theorem B.4. A subset H of C([a, b]; R™) is relatively compact if and only if H is uniformly
bounded on [a, b] and equicontinuous on [a, b].
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We use the following scalar version of the Arzela-Ascoli theorem which describes
compact subsets in C"[a, b].

Theorem B.5 (Arzela-Ascoli theorem). Let m € N be fixed. Assume that {u,} C C"|a,b],
the sequence {u,(f”)} is equicontinuous on [a, b, and there exists a positive constant S such
that

|u||. =S forneN, 0<j<m (B.1)
Then there exist a subsequence {uy,} of {u,} and u € C"[a, b] such that

lim |[ug, — ul|cn =0, (B.2)
that is, lim,, . uk '(£) = uli)(t) uniformly on [a,b] for 0 < j < m.

Proof. Put f,(t) = (un(t),u,(t),...,us(t)) for t € [a,b] and n € N. Then {f,} C
C([a, b];R™*') and since | f,(t)| < S for t € [a,b] by (B.1), the sequence {f,} is uni-
formly bounded on [a, b]. As {u,(qm)} is equicontinuous on [a, b] by assumption, for each
& > 0, there exists 8, > 0 such that for n € N, we have Iu(m)(tl) - u;m)(tz)l < & whenever
ti,t; € [a,b] and |t — ] < 8. Due to (B.2), | (t1) — u ()| = S|ty — to] forn € N,
ti,t, € [a,b] and 0 < j < m — 1. Choose ¢ > 0 and let 0 < § < min{d,, ¢/S}. Then

| fu(t1) — fu(t2) | <& foreachn €N, t1,, € I |t —ta] <6,

which shows that the sequence { f,} is equicontinuous on [a, b]. Hence { f,} is relatively
compact by Theorem B.4 and therefore there exist a subsequence { fi,} of {f,} and g €
C([a,bl;R™1), ¢ = (g0,&1>--->8m)> such that {fi,} converges in C([a,b];R™"1) to g,
which is equivalent to

lim ! (t) = g(#) uniformly on [a,b] for 0 < j < m.
We now show that

g =g/ () fortelabl,1<j<m. (B.3)

Letting n — oo in

’ 1
ukn(t):ukn(0)+ukn(0)t+---+ (]_1)! +(j—1)!

yields

i—1(0) . t )
20(t) = g0(0) + (0} + - - - + fj{ _1(1))! 0 ! b | a=origoas e

fort € [a,b] and 1 < j < m. The validity of (B.3) follows from (B.4). Putting u = g, we
see that (B.2) holds. O
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The next theorem about locally uniform convergence on an open and bounded inter-
val is proved by means of Cauchy diagonalization principle and, hence, we call it the
diagonalization theorem.

Theorem B.6 (diagonalization theorem). Let a < v, < T, < b, where {v,} is decreasing
and converges to a, {1, } is increasing and converges to b. Let {u,} C C'[vy, 1,] be a sequence
such that for each ¢ € (0, (a + b)/2), there exist S, > 0 and n, € N such that

\ul(6)| <S8, fortela+ob—ol, n=ny j=0,1

and {u;}nzne is equicontinuous on [a + ¢, b — 0].
Then there exist a subsequence {uy,} of {u,} and u € C'(a, b) such that

21330 u,(ci)(t) = ul(t) locally uniformly on (a,b), j =0, 1. (B.5)
Proof. Let {g,} C (0,} (a+b)/2) be decreasing and lim,—. 0, = 0. Then there exists
n; € N such that Iui,])(t)l < S fort € [a+o1,b — 1], n = ny, j = 0,1, and, in
addition, {u,} =, is equicontinuous on [a + ¢1,b — ¢;]. Hence, by Theorem B.5, there
is a subsequence {ug,,} of {uy}y=p, for which { u,(cjl l(t)} is uniformly convergent on [a +
01,b—g1]for j = 0, 1. Next, there exists a subsequence {uy,, } of {ug,,} such that {u,({i?n} is
uniformly convergent on [a+ 0, b—0,] for j = 0, 1. We can proceed inductively to obtain
asubsequence {uy,, } of {u,_,, } such that {u,((]ij} is uniformly convergent on [a+g;, b— ;]
for j = 0,1. Put k, = ky,, for n € N and consider the diagonal sequence {u, }. Choose
[a, B] C (a,b). Then [a, B] C [a+ @, b — @] for some m € N. Since {uk, } n>m is chosen
from {u,,} and we know that {u,(gm) n} is uniformly convergent on [a + @, b — @] for
j = 0,1, we see that {u,(i)}nzm is uniformly convergent on [a, ] for j = 0,1. We have

proved that {uij )} is locally uniformly convergent on (a, b). Let limy, .o ug, (t) = u(t) and
lim, .o u;n(t) =v(t) fort € (a,b). Then u,v € C(a, b) and letting n — o in

t
ug, () = uy, (M) +J u, (s)ds, te vk, ] nEN,
( .

2 a+b)/2
yields
t
u(t) = u(a+b) +J v(s)ds, t€ (a,b).
2 (a+b)/2
Hence u € C'(a,b) and v = v’ on (a, b), which shows that (B.5) holds. O

C. Some general existence theorems

We present here the Schauder fixed point theorem (see Deimling [64], Granas and
Dugundji [101]), the Leray-Schauder degree theorem, and the Borsuk antipodal theorem
(see Deimling [64], Mawhin [136]), and the Fredholm-type existence theorem (see Lasota
[123], Vasiliev and Klokov [196]). These theorems we use in the proofs of solvability of
auxiliary regular problems. Since the formulation of Theorem C.5 differs from those in
the references cited above, we provide its proof.
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Let X and Y be Banach spaces. We say that a set M C X is relatively compact if from
each sequence {x,,} C M a convergent subsequence can be chosen.

Let U be a subset of X. We say that ¥ : U — Y is a compact operator if F is
continuous and the set ¥ (U) is relatively compact.

We say that ¥ : U — Y is completely continuous if for each bounded set V C U, the
restriction of ¥ on 'V is a compact operator.

Theorem C.1 (Schauder fixed point theorem). Let X be a Banach space, O C X a
nonempty, closed, and convex set, and ¥ : Q — Q a compact operator. Then F has a

fixed point.

Theorem C.2 (Leray-Schauder degree theorem). Let X be a Banach space, O C X be an
open and bounded set. Let F : QO — X be a compact operator and F (x) # x for x € 0. Let
{ be the identity operator on X.
Then there exists an integer deg(d — F, Q) which has the following properties.
(i) Normalization property. If 0 € Q, then deg(4,Q) = 1.
(ii) Existence property. If deg(d — F,Q) # 0, then F has a fixed point xy € Q.
(iii) Homotopy property. If ¥ : [0, 1] X Q — X is a compact operator and J (A, x) # x
for A € [0,1] and x € 9Q, then

deg (£ — #(0,-),Q) = deg (4 — H(1,-),Q).

(iv) Additivity property. If Q1 C Q is an open set and Q, = Q \ Q and if F (x) # x
for x € 021 U 0Q,, then

deg(d — F,Q) =deg (4 — F,Q1) +deg (4 — F,Q,).
(v) Excision property. If Q1 C Q is an open set and F (x) # x for x € Q\ Q, then
deg(d — F,Q) =deg (4 — F,Qy).
Theorem C.3 (Borsuk antipodal theorem). Let X be a Banach space, let Q2 C X be an
open, bounded, and symmetric set with respect to 0 € Q. Let ¥ : Q) — X be a compact

operator, odd in 0Q), and F (x) # x for x € 0Q. Then deg(d — F,Q) is an odd (and so
nonzero) number.

The integer deg(d — F,Q) is the Leray-Schauder degree of the operator ¥ (with
respect to the set Q) and the point 0). If dimX < oo, then the corresponding degree is
usually called the Brouwer degree (with respect to Q and 0) and denoted by dg(4 — F, Q).

Remark C.4. Let X be a linear normed space with dimX = k < oo and let h be an
isometrical isomorphism from X onto R¥. Let Q be a bounded open set in X and F :
Q — X a continuous mapping. Suppose F(x) # 0 on 0Q. Then

dp(F,Q) =dg(hoFoh™ ', h(Q)),

where ko F o h™! stands for the composition of mappings h, F, and h™!. See, for example,
Fucik, Necas, Soucek, and Soucek [94] or Deimling [64].
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In order to formulate the Fredholm-type existence theorem, we consider the differ-
ential equation

u™ + Z (Ou? = g(t,u,...,u"V) (C.1)
and the corresponding linear homogeneous differential equation
n—1 ]
u™ + > a(tut? =0, (C2)

where a; € L[0,T],0 <i <n-1,g € Car([0, T] x R"). Further, we deal with boundary
conditions

Liju)=rj, 1<j<mn, (C.3)
and with the corresponding homogeneous boundary conditions

Li(u) =0, 1=<j=<mn, (C.4)
where o£; : C""'[0, T] — R are linear and continuous functionalsand rj € R, 1 < j < n.
Theorem C.5 (Fredholm-type existence theorem). Let the linear homogeneous problem
(C.2), (C.4) have only the trivial solution and let there exist a function v € L[0, T] such
that

|g(t,x0,-. ., xn-1)| <w(t) forae te[0,T]andall (xo,...,%,-1) € R" (C.5)

Then problem (C.1), (C.3) has a solution u € AC"~'[0, T].
Proof. Let uy,...,u, be the fundamental system of solutions of (C.2). We will denote

by Ai(t) the cofactor of the element uE"ﬁl) in the Wronskian W (t) of uy,...,u,. Define
[:C"10,T] — C"'[0, T] by the formula

(Tx)(t) = zu JWSs (s,x(s),...,x"V(s))ds

Then

(Tx) ) () = u,?”(t) Jt Bil9) o (6 x(s),. . x D (s)) ds
1

0 W(s)g

fort € [0,T],x € C"![0,T],and 0 < j < n — 1. Hence (see (C.5))

(TP, < ZH J)||ooJ |{ ))|| (Hdt, 0<j<n-—1,
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and therefore,

PR T la)| _.
ITxllonr < izzl||ul||cn_1 L Y=V (C.6)

for x € C"7'[0, T]. Because of (C.5), T is a continuous operator. From the inequalities
(for0<t; <t <Tandx € C"1[0,T])

[(Tx) "D (1) — (Tx) "V (1) |

S0 [ )00, 00
i-1

- izzl“f'nfl)(tl) 01 ﬁ;((ss))g(s,x(s),...,x(”*“(s))ds

n t T n t
e | Ai(s) | m-ny (7 1AiG) ]
<3, I les |, e S

i=1

y(s)ds

and from u; € AC"1[0, T], (Ai(t)/W(£))w(t) € Li[0, T], we see that the set {(Tx)" 1 :
x € C"'[0,T]} is equicontinous on [0, T]. This fact and (C.6) show that the set
[(C" 1[0, T]) is compact in C"~'[0, T] by the Arzela-Ascoli theorem. Hence T is a com-
pact operator.

Since, by assumption, problem (C.2), (C.4) has only the trivial solution, the n X n
matrix (on(uk))?,k:l is regular, that is, det(£;(ux)) # 0. Consequently, for each x €
C"1[0, T], the linear system

M=

C,'(X)OC]' (Lli) =rj— on(rX), 1< ] =n,
1

with the unknown vector (¢;(x),...,c,(x)) € R” has the unique solution

£1(u1) e =Ly(ITx) - oCl(un)
. : : :
90 = et (g | ) B )
ocn&ul) o Ty — oén(rx) ' °€n(‘”n)
i=1,2,...,n

The continuity of «£; and I implies that the functional ¢; : C"~![0, T] — R is continuous
and the inequality (see (C.6))

n!A"1B

<—" —_ forxeC"0,T], 1 <i<n,
| det (£ (ux)) |

|Ci(x)|
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where
A=max{|Lj(u)|:1=j, k<n},
B=max{|rj]| :0<j<n}+sup{|Ljx)|:lxllc1 =V, 1=<j<n}],

implies that the set cj(C”’1 [0, T]) is compact on R for 1 < j < n. Hence¢;, 0 < j < n,
are compact functionals.
Finally, define the operator KX : C""1[0, T] — C""'[0, T] by the formula

n

(Kx)(t) = > ci(x)ui(t) + (Tx)(2).

i=1

Suppose that u is a fixed point of the operator K. Then

Lj(u) = Zc,-(u)on(u,') +LiTu)=r;, 1=<j=<mn

u(t):i Wyt +Zu(tj (), () ds

for t € [0, T]. Therefore, u satisfies the boundary conditions (C.3) and u € AC*"'[0, T,

— n n—1 .
Z (D) (1) Zci<u>(2aj<t>u£”<t>)

j=0 i=1 j=0

i n—1 )
+ ZL:L(SS)g(s, u(s),..., u‘””(s))ds(Zaj(t)uf.”(t)) (C.7)

j=0

- —Zc,-(u)u,(")(t) - Zu?”(t)L ﬁ;((?)g(s,u(s),...,u("*l)(s))ds
i-1 i1

fort € [0, T] and

n

um(t) = > ci( u)u )+ Zu(" J i(ss)g(s,u(s),...,u(”*l)(s))ds

i=1

(C.8)
+g(tyu(t),...,u™ ()

fora.e.t € [0, T]. From (C.7) and (C.8), it follows that

Z (U (1) + g(tult),...,u"(t)) forae.te[0,T]

and therefore, u is a solution of (C.1). We have verified that any fixed point of X is a
solution of problem (C.1), (C.3). In order to prove our theorem, it suffices to show that
K has a fixed point. Since I' is a compact operator and ¢; (1 < i < n) is a compact
functional, the operator K is compact as well. Therefore, there exists a fixed point of
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X by the Schauder fixed point theorem since there exists a closed ball Q in C""1[0, T]
centered at 0 such that K (Q) C Q. O

Sometimes, we can apply Theorem C.5 in the following form.

Corollary C.6. Let problem (C.2), (C.4) have only the trivial solution. Let there exist a
positive constant S such that ||ullc < S for all solutions u of the problem

n—1

ut + 2 (Dul) = y( > u® |>(g(t, Uy, u™ D) = o() + o(t),

b (C.9)
Li(u)=rj, 1<j<mn,

where ¢ € L[0,T] and

1 for0 <x <S§,
y(x) = 2—% for S < x <28,
0 for x > 28.

Then problem (C.1), (C.3) has a solution u € AC"7'[0, T] and |lullci-1 < S.

Proof. Since g € Car([0, T] x R"), there exists y € L;[0, T] such that

n—1
y(ZIxA)Ig(t,xo,---,xnl O]+ o] < y(®)
i=0

for a.e. t € [0,T] and all (xo,...,x,—1) € R". Hence, by Theorem C.5, there exists a
solution u E AC” 170, T] of problem (C.9). Because of our assumption [|ullc1 < S, we
have y(315, Hud(8)]) = y(llullcr1) = 1, which shows that

n—1
y( > u ()| ) (g(tu(®),...,u" V(1) — o(t) +o(t) = g(t,u(t),...,u" V(1))
i=0
for t € [0, T]. Therefore, u is a solution of problem (C.1), (C.3). O

D. Spectrum of the quasilinear Dirichlet problem

Here we recall some basic useful facts from the half-linear analysis.
First, let us consider the initial value problem

($p(u)) +A¢y(u) = (D.1)
u(to) =0, Ll,(to) = d, (DZ)

where p € (1,0), ) € R, € R, and d € R. As in del Pino, Elgueta, and Manasevich
[66] (see also, e.g., Binding et al. [42], del Pino, Drébek, and Manésevich [65], Dosly [77],
Dosly and Rehdk [78], Manésevich and Mawhin [135], and Zhang [205, 207]), let us put

1

mp, =2(p — 1)1/PJ (1-s)""Pds.

0
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Clearly, m, = 7. Furthermore, it is known that

>

p p

—(p— 1)VP _
mp=2p—1) sin(7/p) 2 p

(See [78, Section 1.1.2], but take into account that our definition differs from that used in
(78], where 71, = 2 fol(l — sP)~Vrds.) Tt is known (see [78, Theorem 1.1.1]) that for each
th € R,A € R,and d € R, problem (D.1), (D.2) has a unique solution # on R which can
be, by [66, Section 3]), expressed as

u(t) = d\VPsin, AP (t—ty)) fort € R,

where the function sin, : R — [—(p — 1)V2, (p — 1)"/P] is defined as follows.
Let w: [0,7,/2] — [0, (p — 1)?] be the inverse function to

x ds
2lx) = L (1-se/(p—1)"F

Further, put w(t) = w(m, — t) for t € [n,/2,7,] and w(t) = —w(—t) for t € [—m,,0].
Finally, define sin, : R — R as the 27,-periodic extension of w to the whole R. In
particular, if d = 0, then u = 0 on R. Obviously, we have

siny(t) =0 < t =nmy, n € NU {0},
T
sing(t) = (p— )P = t= (2n+1)7P, neNu {0},

siny(t) >0 fort € (2nmpy, 2n+1)m,), n € Nu {0}.

As a corollary, we immediately obtain that for given a,b € R, a < b, the corresponding
quasilinear Dirichlet problem

(¢p()) +A¢p(u) =0, u(a) = u(b) =0 (D.3)

possesses a nontrivial solution, that is, A is an eigenvalue for (D.3) if and only if

Ae{(b”fpa)P;neNu{O}}. (D)

In particular, (77,/T)? is the first eigenvalue for (D.3) with b — a = T, wherefrom the
following assertion follows.

Lemma D.1. Let p € (1,), a,b € R, a < b, and let A = (n,/T)?. Then problem (D.3)
has a nontrivial solution if and only ifb —a > T.
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The following lemma gives the variational definition of the first eigenvalue for (D.3).

It follows from the embedding inequalities (cf. e.g. Drdbek and Mandasevich [80, Theorem

5.1], Zhang [205], or Talenti [191]).

Lemma D.2 (sharp Poincaré inequality). Let p € (1, o). Then

T
lull, < —llu'll,
TTp

holds for all u € AC[0, T] such that u’ € L, [0, T] and u(0) = u(T) = 0.
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