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for the MIMO MAC

Eduard A. Jorswieck

21.1. Introduction

In wireless point-to-point links, one applies multiple antennas to increase the
spectral efficiency and the performance of wireless systems [1, 2]. On the other
hand, in multiuser scenarios, multiple antennas at the base or even at the mobiles
require the development of new transmission strategies in order to achieve the
benefits of using the spatial domain. In multiple-input multiple-output (MIMO)
multiple access channels (MAC), the optimum transmission strategy depends on
the objective function, the power constraints, the channel statistics or the channel
realization, the type of channel state information (CSI), and the SNR range.

The analysis of multiuser MIMO systems is very important since usually more
than one user are involved in cellular as well as ad hoc systems. Up to now, only
little has been found out about MIMO multiuser systems. The achievable rates and
the transmission strategy depend at least on the following.

(i) Structure of the wireless MIMO system. In the common cellular approach,
many mobiles share one base station which controls the scheduling and trans-
mission strategies, for example, power control in a centralized manner. In cellular
systems the inter- and intracell interference can be controlled by spectrum and
time allocation. In MIMO systems an additional dimension, namely the space, is
available for allocation purposes.

(ii) Transmit strategies. Obviously, the transmit strategies of the participating
mobiles influence the achievable rate and the properties of the complete system.
In turn, the transmit strategies depend on the type of CSI at the transmitter, that
is, the more CSI is known about the own channel as well as about the other users
and the interference, the more adaptive and smart transmission strategies can be
applied. If no CSI is available at the transmitter, it is the best to use multiuser
space-time (-spreading) codes.

(iii) Receiver strategies. Different decoding and detection strategies can be used
at the receiver. The range leads from single-user detection algorithms which treat
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the other users as a noise up to linear and even nonlinear multiuser detection
algorithms. Of course, the receiver architecture depends on the type of CSI, too.

(iv) System parameters. In general, an important factor is the scenario in which
the wireless system works. In home or office scenarios, the system parameter heav-
ily differs from parameters in public access, hot spots, or high velocity scenarios.
User parameters, resource parameters, and especially channel parameters have to
be taken into account. The achievable performance and throughput depend on
those system parameters.

The optimization problems which arise in multiuser MIMO wireless systems
are divided into two classes. In the first one, the objective function measures a
global performance criteria of the system. In order to increase the throughput
of the MIMO MAC, the sum capacity can be maximized [3, 4, 5, 6] or the nor-
malized mean-square error can be minimized [7]. The solution of this class opti-
mization problems leads to transmission strategies which can be unfair for some
users. If users experience poor channel conditions for long periods of time, they
are not allowed to transmit. Therefore, the other class of optimisation problems
deals with the fulfilment of rate [8], SINR [9], or MSE [10] requirements with
minimal power. We study performance criteria for one user subject to fulfilment
constraints. In order to solve this class of problems, it is necessary to understand
the geometry of the achievable rate, SINR, or MSE region. In both classes of op-
timization problems, the constraints can be either individual power constraints of
each user or a sum power constraint. The second class of programming problems
are nonconvex nonlinear programming problems which are notoriously compli-
cate to analyze. The large number of degrees of freedom in the temporal as well as
the spatial domain increases the number of parameters which can be controlled.
In order to simplify the analysis, it is of advantage to divide the programming
problem into parts which can be solved in an iterative fashion.

In this chapter, we motivate and analyze important representative problems of
both classes. The development from the single-antenna MAC to the MIMO MAC
is shown and the differences and common ground between the single-antenna and
the multiple-antenna cases are stressed. Furthermore, we focus on the connections
between the different objective functions and their corresponding programming
problems. We show which results of recent literature can be reused and which re-
sults must not be reused. Finally, we illustrate the optimum transmission strategies
by examples.

21.2. Preliminaries

21.2.1. System model

Consider the multiple access channel in Figure 21.1. The communication channel
between each user and the base station is modelled by a quasistatic block flat fading
MIMO channel.

We have K mobiles with nT antennas. We can easily extend the results to the
case in which every mobile has a different number of transmit antennas. The base
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Figure 21.1. MIMO MAC system.

station owns nR receive antennas. In the discrete time model, the received vector y
at one time slot at the base station can be described by

y =
K∑
k=1

Hkxk + n (21.1)

with the receiver noise n ∈ CnR×1 which is additive white Gaussian noise (AWGN),
flat fading channel matrices Hk ∈ CnR×nT , and transmit signals xk ∈ CnT×1. We
assume uncorrelated noise with covariance σ2

nInR . The inverse noise power is de-
noted by ρ = 1/σ2

n .
Equation (21.1) can be rewritten in compact form as

y = Ĥx̂ + n (21.2)

with Ĥ = [H1, H2, . . . , HK ] and x̂ = [xT
1 , . . . , xT

K ]T . We collect the transmit covari-
ance matrices in

Q̂ =


Q1 0 0 · · · 0
0 Q2 0 · · · 0

0 0
. . . 0

0 0 0 0 QK

 . (21.3)
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21.2.2. Performance metrics

Under the assumption that the receiver knows the channel realization Hk, the mu-
tual information for user k is given by

I
(

y; xk|Hk
) = log det

I + ρ
K∑
l=1

HlQlHH
l


− log det

I + ρ
K∑

l=1, l �=k
HlQlHH

l

 (21.4)

with SNR ρ and transmit covariance matrices Qk. The transmit signals of the users
are assumed to be zero-mean independent complex Gaussian distributed with co-
variance matrix Qk. This probability density function (pdf) maximizes the indi-
vidual mutual information of each user. Obviously, the individual mutual infor-
mation of user k depends on the multiuser interference and noise, that is, it is a
function of all transmission matrices Hk between the users and the base, the SNR
ρ and the transmit strategies Qk of all users,

Rk(Q, H , ρ) = log det

(
I + ρ

∑K
l=1 HlQlHH

l

I + ρ
∑K

l=1, l �=k HlQlHH
l

)
(21.5)

with the set of covariance matrices Q and the set of channel realizations H

Q = {
Q1, Q2, . . . , QK

}
, H = {

H1, H2, . . . , HK
}
. (21.6)

The achievable rate of user k is denoted by Rk. It is possible that the receiver first
detects the signals of a set of users and subtracts them from the received signal
before detecting the user k. As long as the users transmit at a rate smaller than
or equal to their achievable rate, their signals are detected with arbitrary small
probability of error and are therefore correctly subtracted. We assume that the
signals of users 1 to k − 1 are correctly subtracted. In this case, the individual
mutual information of user k is given by

RSIC
k (Q, H , ρ) = log det

(
I + ρ

∑K
l=1 HlQlHH

l

I + ρ
∑K

l=k+1 HlQlHH
l

)
. (21.7)

The receiver starts with user one, detects its data, and subtracts it from the received
signal. The received signal for user one is interfered by all other users. Then the
second user is detected and subtracted. The second user gets interference from all
but the first user. This procedure continues until the last user is detected without
any interference. This approach is called successive interference cancellation (SIC).
Usually, one assumes that the data of all users are detected without any errors
because the users transmit with rate below their capacity.
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If we assume that the receiver detects the user signals in a linear fashion, the
optimal choice is the linear multiuser MMSE receiver. If we apply the linear MMSE
receiver, the performance metric is the normalized MSE [11]. The linear MMSE
receiver weights the received signal vector y by the Wiener filter

x̂k = QkHH
k

 K∑
l=1

HlQlHH
l + σ2

nI

−1

y. (21.8)

The covariance matrix of the estimation error Kε is given by

Kε = EH

[(
x̂ − x

)(
x̂ − x

)H]
. (21.9)

The normalized MSE is defined as the trace of the normalized covariance matrix
of the estimation error in (21.9). The corresponding performance metric is the
individual normalised MSE of user k which is given by

MSEk = tr
(

Q−1/2KεQ−1/2)
= nT − tr

ρHkQkHH
k

ρ K∑
l=1

HlQlHH
l + I

−1
 .

(21.10)

In contrast to the capacity, it is not possible to perform SIC without error propa-
gation, since the argument of error free reception is missing. Therefore, each user
k experiences interference from all other users. The achievable MSE region is given
by all MSE tuples (m1, . . . ,mK ) for which (m1 ≥ MSE1, . . . ,mK ≥ MSEK ) holds.

Using the individual rate or the individual MSE, each user can require its
quality-of-service (QoS) by giving a minimum rate rk or a maximum MSE mk

which has to be achieved. The problem of the fulfilment of service requirements
consists of computing a transmit strategy which fulfills for all 1 ≤ k ≤ K that
Rk ≥ rk or MSEk ≤ mk by minimizing the individual pk ≤ Pk or sum transmit
power

∑K
k=1 pk ≤ P. The transmit power pk of user k corresponds to the trace of

its transmit covariance matrix pk = trace(Qk).
Another performance metric is the sum of the individual performance met-

rics. The sum capacity is simply defined as the sum of the individual capacities∑K
k=1 R

SIC
k (Q, H , ρ), that is, with SIC, we obtain

C(Q, H , ρ) = log det

I + ρ
K∑
k=1

HkQkHH
k

 . (21.11)

The normalized sum MSE is defined in the same manner, that is, MSE=∑K
k=1 MSEk

and it is given by

MSE(Q, H , ρ) = KnT − nR + tr


ρ nT∑

k=1

HkQkHH
k + I

−1
 . (21.12)
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The sum capacity and the sum MSE describe the performance of the complete
MAC. The system throughput can be measured by the sum capacity in (21.11) or
by the sum MSE (21.12).

21.2.3. Assumptions and constraints

We assume that the transmitter as well as the receiver know the channel perfectly.
This ideal leads to an upper bound on the achievable performance. The channel
between each mobile and the base station is frequency flat. The coherence time of
the channel is large enough

(i) to encode over a sufficiently large number of blocks for achieving ap-
proximately the capacity conditioned on one channel realization if the
capacity is considered as the performance metric, or

(ii) to transmit one symbol which could be even a space-time symbol if the
MSE is considered as the performance metric.

SIC without error propagation at the base station is assumed for capacity opti-
mization. For MSE minimization, no SIC is performed.

The transmit power of the mobiles can be constrained in various ways de-
pending on the scenario considered. The most constrained scenario corresponds
to a power constraint on each single antenna of each mobile. This constraint is
relevant from a transmit antenna amplifier point of view.

Less restricted constraints are individual power constraints of the users, that is,

pk = tr(Qk) ≤ pmax
k . (21.13)

Individual power constraints are important in regard to public health conditions.
A less restricted constraint is a sum power constraint for all mobiles in one

cell, that is,

K∑
k=1

pk =
K∑
k=1

tr(Qk) ≤ P. (21.14)

The sum power constraint is important if the power can be distributed across the
users in one cell, but the cell sum power is limited in order to keep the intercell
interference under control. In addition to this, the sum power constraint can be
motivated by the downlink transmission in which the base station has a power
constraint.

Usually, two different temporal power allocation constraints are applied on
top of the sum, individual, and antenna constraint, namely, the short-term and
long-term power constraint. The short-term power constraint operates on the
power allocated to the transmitted signal vector over one constant channel real-
ization, that is, the individual short-term power constraint is the one given above
in (21.13). If it is allowed to distribute the power amount over ergodic many chan-
nel fading blocks, the transmit policy is a function of the channel realization Hk.
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The long-term individual power constraint for user k is given by

EHk

[
tr Qk

(
Hk

)] ≤ Pk (21.15)

and the corresponding long-term sum power constraint is given by

K∑
k=1

EHk

[
tr Qk

(
Hk

)] ≤ P. (21.16)

The optimum transmit policy under short-term and long-term power constraints
differs in the additional degree of freedom for the long-term power constraint
which leads to some kind of temporal water-filling with perfect CSI at transmitter
and receiver. Since we are interested in the impact of the spatial dimension (and
not in the temporal), we assume only short-term power constraints in this section.

21.3. Sum performance optimization

The first problem is as follows. Assume that the channel realizations Hk are known
and fixed. Solve the sum capacity optimization under the sum power constraint,
that is,

max log det

I + ρ
K∑
k=1

HkQkHH
k


subject to

K∑
k=1

tr Qk ≤ P, Qk % 0, 1 ≤ k ≤ K.

(21.17)

The second problem is given as follows. Assume that the channel realizations
Hk are known and fixed. Solve the normalized sum MSE1 minimization under the
sum power constraint, that is,

min tr


I + ρ

K∑
k=1

HkQkHH
k

−1


subject to

K∑
k=1

tr Qk ≤ P, Qk % 0, 1 ≤ k ≤ K.

(21.18)

The optimal transmit strategies in sum capacity maximization as well as sum
MSE minimization have a very interesting intrinsic structure. This leads to one
algorithmic structure which solves both programming problems. We start with

1For convenience, we omitted the constant terms KnT − nR in the normalized sum MSE.
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Figure 21.2. Sum performance optimization algorithm.

a top-down approach and present the signal processing structure which achieves
the sum capacity or minimizes the normalized sum MSE, at first. The original
problem of transmit strategy optimization is decomposed into two subproblems,
namely the power allocation and the covariance matrix optimization under indi-
vidual power constraints. This scheme is illustrated in Figure 21.2.

The transmit strategies of the K users are divided into two parts, namely,
the power allocation and the transmit covariance matrix optimization for fixed
power allocation. The outer loop is between power allocation p1, . . . , pK and co-
variance matrix Q1, . . . , QK optimization under individual power constraints. The
covariance matrix optimization can be decomposed into an inner loop in which
single-user covariance matrix optimization with respect to the effective channel is
performed. In the case in which the sum performance is measured by the sum ca-
pacity, the inner single-user waterfilling algorithm can be derived in closed form
[4]. Then, the covariance matrix optimisation corresponds to iterative waterfill-
ing. In the following, the two parts of the iterative algorithm are described in more
detail.

21.3.1. Power optimization with fixed transmit covariance matrices

The programming problem for fixed transmit covariance matrices Q1, . . . , QK re-
duces to a convex vector-valued optimization problem [12], that is, for the sum
capacity optimization. The channel realizations Hk of all users k are assumed to
be known. Keep the transmit covariance matrices fixed Q′

1, Q′
2, . . . , Q′

K . Distribute a
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fixed amount of transmit power P across the mobiles, that is, solve

max log det

I + ρ
K∑
k=1

pkHkQ′
kHH

k


subject to

K∑
k=1

pk ≤ P, pk > 0, 1 ≤ k ≤ K

(21.19)

or for sum MSE minimization, solve

min tr


I + ρ

K∑
k=1

pkHkQ′
kHH

k

−1


subject to

K∑
k=1

pk ≤ P, pk > 0, 1 ≤ k ≤ K.

(21.20)

Since, the programming problems in (21.19) and (21.20) are convex prob-
lems, they can be effectively solved by convex optimization techniques like interior
point methods [12]. Especially for the sum capacity optimization, a tool called
MAXDET [13] can be used. By analyzing the necessary and sufficient Karush-
Kuhn-Tucker (KKT) optimality conditions, the optimal power allocation p1,
. . . , pK can be characterized in the following way: for small SNR values, that is,
for small P, only one user is supported, that is, pk = P and pl �=k = 0. If we increase
the available transmit power (and the SNR), more and more users obtain partial
transmit power. The first user which is supported has the maximum channel ma-
trix eigenvalue, that is, λmax(HkHH

k ) ≥ λmax(Hl �=kHl �=k). This has been shown in
[7] for the sum MSE minimization and in [14] for the optimal transmit covari-
ance matrices.

21.3.2. Transmit covariance matrix optimization
under individual power constraints

We have the following two problems. For sum capacity optimization: in order
to maximize the sum capacity for fixed and known channel realizations Hk, and
for fixed power allocation p1, . . . , pK , find the optimal transmit covariance matrices
Q∗

1 , . . . , Q∗
K , that is, solve

max log det

I + ρ
K∑
k=1

HkQkHH
k


subject to

tr Qk ≤ pk, Qk % 0, 1 ≤ k ≤ K

(21.21)
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or for sum MSE minimization:

max tr


I + ρ

K∑
k=1

HkQkHH
k

−1


subject to

tr Qk ≤ pk, Qk % 0, 1 ≤ k ≤ K.

(21.22)

The optimization problems in (21.21) and (21.22) are convex with respect to the
transmit covariance matrices Q1, . . . , QK . However, since the objective function
is matrix valued, the optimization is not as easy as in the power allocation case.
Therefore, the optimization is further split into a series of single-user optimiza-
tion problems which are to be solved one after the other. In each single-user op-
timization step, the other users and their received signals HlQlHH

l are treated as
additional colored noise. This reduces the complexity of the algorithm from si-
multaneously optimizing K transmit covariance matrices to K succeeding single
transmit covariance matrix optimizations. Especially for a large number of users
K in the cell, the complexity is reduced. Hence, we arrive at the following two
single-user optimization problems with colored noise. We treat the two cases sum
capacity optimization and sum MSE minimization separately. For the kth user, we
write the noise plus interference as

Zk = I + ρ
K∑
l=1
l �=k

HlQlHH
l . (21.23)

21.3.2.1. Sum capacity

In the case in which the performance metric is the sum capacity, the single-user
problem which is iteratively solved is the waterfilling with respect to the effective
channel Z−1/2

k Hk. For each user k ∈ [1 · · ·K], we solve the optimization problem

max log det

(
I + ρ

H̃k︷ ︸︸ ︷
Z−1/2
k Hk QkHH

k Z−1/2
k

)
subject to

tr
(

Qk
) ≤ pk, Qk % 0.

(21.24)

The next result shows that the single-user covariance optimizations for all users
1 ≤ k ≤ K in (21.24) mutually solve the optimization problem (21.21). This result
corresponds to [4, Theorem 3].

If all covariance matrices Q∗
k mutually solve the optimization problem in (21.24)

for Zk in (21.23), then they solve optimization problem in (21.21) for the sum capac-
ity, too.
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The result follows from the fact that the optimization problem in (21.24) has
the same optimality conditions as the original problem in (21.21).

In order to prove convergence of the iterative single-user water filling, note
that the objective in (21.24) differs from the objective in (21.21) only by a con-
stant which is independent of Qk. Therefore, in each single-user water filling step
the sum capacity is increased. The channel matrix H̃k = Z−1/2

k Hk in (21.24) is the
effective channel which is weighted by the inverse noise plus interference. The iter-
ative single-user performance algorithm in (21.24) solves the original optimization
problem in (21.21).

21.3.2.2. Sum MSE

In the case in which the performance metric is the sum MSE, the single-user prob-
lem which is iteratively solved is the original sum MSE problem for fixed transmit
strategies of the other users. For each user k ∈ [1 · · ·K], we solve the optimization
problem

min tr
([

I + Zk + ρHkQkHH
k

]−1
)

subject to

tr
(

Qk
) ≤ pk, Qk % 0.

(21.25)

The next result shows that the single-user covariance optimizations for all users
1 ≤ k ≤ K in (21.25) solve the optimization problem (21.22).

If all covariance matrices Q∗
k mutually solve the optimization problem in (21.25)

for

Zk = σ2
nI +

K∑
l=1, l �=k

HlQlHH
l , (21.26)

then they solve optimization problem in (21.22), too.
Note that the single-user optimization problem in (21.24) has an interesting

interpretation: assume the single-user MSE optimization with colored noise Zk =
UZΛZUH

Z . We can write

tr
([

Zk + ρHkQkHH
k

]−1
)
= tr

(
ΛZ

[
I + ρH̃kQkH̃H

k

]−1
)

=
nR∑
l=1

λ−1
Z (l)

([
I + ρH̃kQkH̃H

k

]−1
)
l,l
.

(21.27)

The channel matrix H̃k = Z−1/2
k Hk in (21.27) is the weighted effective channel.

The iterative single-user MSE algorithm solves the original optimization problem
in (21.22). However, in contrast to the iterative water filling algorithm, we cannot
derive a simple algorithm which solves the single-user MSE problem because of
the dependence on the noise eigenvalues in (21.27).
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Figure 21.3. Example MIMO MAC, power allocation over SNR for sum capacity maximization, for
MIMO K = 3,nt = 2,nr = 2.

21.3.3. Illustration of iterative algorithm

In Figure 21.3, the optimal power allocation for the three users of a MIMO sys-
tem with three users with two transmit antenna each and a base with two receive
antennas, is shown.

In Figure 21.3, it can be observed that SNR values up to 0 dB, only one user
is active (user one). Then for SNR values up to 7 dB two users are active. For SNR
values above 7 dB all three users are active. In contrast to the SIMO scenario, for
SNR values approaching infinity, equal power allocation is not optimal. It is worth
mentioning that the second user who is active for SNR values greater than zero,
gets less transmit power than the third active user for SNR values above 15 dB. The
roles of the users change in MIMO MAC due to the additional degree of freedom
in choosing the transmit covariance matrices. Furthermore, the optimal power al-
location does not converge to equal power allocation for SNR approaching infinity.

21.4. Performance region analysis

In contrast to the sum performance of multiuser MIMO systems, very little is
known up to now about the complete performance region and how to achieve re-
quired points in the interior of the region. The difference between the sum perfor-
mance and the complete region will be illustrated by an example for the capacity
region and the sum capacity. We focus in this section on the mutual information as
the performance metric. However, the results can be applied to other performance
metrics as the individual MSEs or SINRs as well.
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Figure 21.4. Example of a MAC capacity region.

In Figure 21.4, an example capacity region of a MAC is shown. It can be ob-
served that the “atom” element which constitutes the whole region is one penta-
gon. For each power allocation p1, p2 and fixed pair of transmit covariance ma-
trices Q1, Q2, the rate tupels inside one pentagon can be achieved. Since the base
station performs SIC, there are two permutation orders in which the users signals
can be decoded. The edge points in the interior of the capacity region correspond
exactly with the two different decoding orders. For fixed transmit covariance ma-
trices of user one Q1 and of user two Q2, respectively, the two rate tupels with the
sum rate Rs = log det(I + ρH1Q1HH

1 + ρH2Q2HH
2 ) are given by

(
R1

1,R1
2

) = (
log det

(
I + ρH1Q1HH

1

)
,Rs − R1

1

)
,

(
R2

1,R2
2

) = (
Rs − R2

2, log det
(

I + ρH1Q1HH
1

))
.

(21.28)

In (R1
1,R1

2), the second user is decoded first without errors and subtracted since he
is communicating with rate less than or equal to his capacity. For K users the re-
sulting region is no longer a two-dimensional pentagon but a polymatroid. Poly-
matroids were introduced by Edmonds in [15]. This important structure of the
achievable region has been used in [16, 17] for analyzing the ergodic and delay-
limited capacity region for SISO multiuser channels under long-term power con-
straints.

In order to illustrate the recent results on the capacity region of multiple-
antenna multiple-user channels and their achievability, we will assume in the fol-
lowing that the K users have rate requirements2 γ1, . . . , γK which has to be fulfilled.

2In general, the users have some QoS requirements depending on their service. The QoS require-
ment can be expressed in terms of rate requirements, SINR requirements, MSE requirements, or even
in bit error rate (BER) requirements. We will focus on rate requirements.
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Figure 21.5. Example of a MIMO MAC capacity region.

The rate requirements should be fulfilled with minimum total transmit power,
that is,

minP subject to Rk ≥ γk ∀1 ≤ k ≤ K. (21.29)

It is well known for the SISO MAC that the region created by all achievable
polymatroids is itself convex. In multiple antenna systems this in general is not the
case. We show a typical MIMO MAC capacity region in Figure 21.5.

In Figure 21.5, it can be observed that the union of the achievable rate re-
gions with decoding orders π = {1, 2} and π = {2, 1} is not convex. The line on
which the sum capacity is achieved is missing (point-dashed line). Using the stan-
dard time sharing argument, the convex hull of the both so-called spatial (S) rate
regions is the complete capacity region [18]. It turns out that all points on these
S-rate regions can be achieved by convex optimization. However the points under
the sum capacity area are only achievable by a linear combination of K ! corners of
the sum capacity area. An efficient algorithm which computes the set of optimal
transmit covariance matrices that achieve given performance requirements with
minimal sum transmit power is still missing.

21.4.1. SISO MAC

First, we consider the SISO MAC channel with perfect CSI at the receiver and at the
transmitter. The scalar channels of the users are given by h1, . . . ,hK . The following
approach solves the programming problem in (21.29).

(1) First, order the users according to their channel realizations in descending
order, with permutation π, that is, hπ1 ≤ hπ2 ≤ · · · ≤ hπK .
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(2) Start with the first user and allocate power pπ1 , such that his rate require-
ment γπ1 is fulfilled with identity

pπ1 = 2γπ1 − 1
ρhπ1

. (21.30)

(3) Treat the interference which is created by undetected users as noise and go
on for the next user in a similar manner.

In the SISO MAC the performance metrics of user k rate Rk, SINRk, MSEk are
closely related by

Rk = log
(
1 + SINRk

) = log
(

1
MSEk

)
. (21.31)

The described procedure solves the general problem of QoS requirement fulfill-
ment. This result is included in [16, 17] for the multiple access channel and in
[19, 20] for the broadcast channel with long-term power constraint and the opti-
mization with respect to ergodic and delay-limited and outage capacity. If a long-
term power constraint is applied, the power is distributed across the users as well
as across time.

21.4.2. SIMO MAC

In the SIMO case, we concentrate on the performance metric SINR which is closely
related to the rate and MSE (compare to (21.31)). Therefore, the time sharing
argument cannot be applied, since we have stringent delay constraint. The results
from this section can be found in [21, 22]. The SINR for the SIMO MAC with
beamforming vectors u1, . . . , uK and power allocation p1, . . . , pK is given by

SINRk = pkuH
k hkhH

k uk

uH
k Zkuk

(21.32)

with Zk = ∑k−1
l=1 plhlhH

l + σ2
nI as interference plus noise for the kth user. It is as-

sumed that the base station performs SIC beginning with user K , then K − 1 and
so on. For fixed transmit powers p1, . . . , pK the optimal beamformers are scaled
MMSE receivers, that is,

u∗
k = Z−1

k hk

‖Z−1
k hk‖2

. (21.33)

It remains to find the optimal power allocation that achieves the targets γ1, . . . , γK .
The cascaded interference structure facilitates efficient computation of the optimal
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power allocation. Start with k = 1 and solve

p∗
k hH

k Z−1
k hk = γk (21.34)

for all k = 1, 2, . . . ,K . The optimal decoding order is not known in general. It
depends on the channel realizations as well as on the correlation between them.
The interested reader is referred to [22, Section III].

21.4.3. MIMO MAC

In the MIMO case the problem in (21.29) has to be solved for rates RSIC
k (Q, H , ρ)

defined in (21.7). The approach in [18, Section IV B] provides the complete achiev-
able S-rate region for the MIMO MAC. By solving the following optimization
problem:

max
Q

K∑
k=1

qkR
SIC
k (Q, H , ρ) (21.35)

under the constraint that the sum transmit power is constraint and all transmit
covariance matrices are positive definite for a decoding order which corresponds
to q1 ≥ q2 ≥ · · · ≥ K . The optimization problem in (21.35) is convex and can be
efficiently solved by convex optimization methods [12].

In [7] it has been shown that the two-user region of unachievable individual
MSEs is convex. It follows that the two-user region over 1−MSE1 and 1−MSE2 is
convex, too. Because no SIC can be applied for MSE optimization, the optimiza-
tion in (21.35) can be performed in order to achieve all points on the boundary
of the achievable MSE region. The question remains, whether the K user region
of unachievable individual MSEs is convex, or not. In general, it is a philosophical
question what kind of performance measure to use and how to scale it properly.

Multiuser MIMO performance analysis and fulfillment of QoS requirement is
a very active research area with many interesting puzzles and problems.

21.5. Open problems and further research topics

This section provided an overview of recent results in the area of information the-
oretic and performance analysis of multiple-user multiple-antenna systems. Re-
cently, one of the big open problems in information theory was solved, namely,
the capacity region of the nondegraded MIMO broadcast channel [23, 24, 25].
Nevertheless, there are many open problems in this area and we list a few of them.

(i) How to find all points on the boundary of the capacity region? This has
been discussed in Section 21.4.

(ii) What happens if the perfect CSI assumption is relaxed? The case in which
the mobiles have partial CSI, for example, covariance knowledge is discussed in
[26, 27].
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(iii) Duality theory: the capacity region of the MIMO MAC and the MIMO
BC are equal under perfect CSI at transmitters and receivers [28]. Therefore, the
results for the MIMO MAC can be transferred to the MIMO BC. What happens
without the perfect CSI assumption?

(iv) Incorporating cross layer design issues, the queues, their arrival rates,
and length at the mobiles, have to be taken into account. One established per-
formance metric is the stability of the overall wireless communication system. Re-
cently, many results were presented regarding this interesting topic [29, 18, 30].

Abbreviations

MIMO Multiple-input multiple-output

MAC Multiple access channels

CSI Channel state information

SNR Signal-to-noise ratio

SINR Signal-to-interference and noise ratio

MSE Mean Squared error

AWGN Additive white gaussian noise

pdf Probability density function

SIC Successive interference cancellation

MMSE Minimum mean square error

QoS Quality-of-Service

BER Bit error rate

SISO Single-input single-output

SIMO Single-input multiple-output

BC Broadcast channel
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