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Preface

The aim of this book is to develop a unified approach to a wide class of equations.
Previously, these equations were studied without any connection. We demonstrate
how this general theory can be applied to specific classes of functional differential
equations.

The equation

ẋ = Fx, (1)

with an operator F defined on a set of absolutely continuous functions, is called
the functional differential equation. Thus (1) is a far-reaching generalization of the
differential equation

ẋ(t) = f
(
t, x(t)

)
. (2)

It covers also the integrodifferential equation

ẋ(t) =
∫ b

a
K
(
t, s, x(s)

)
ds, (3)

the “delay differential equation”

ẋ(t) = f
(
t, x
[
h(t)

])
, t ∈ [a, b], h(t) ≤ t,

x(ξ) = ϕ(ξ) if ξ < a,
(4)

the “equation with distributed deviation of the argument”

ẋ(t) = f
(
t,
∫ b

a
x(s)dsR(t, s)

)
, (5)

and so on.
Some distinctive properties of (2) used in investigations are defined by the

specific character of the so-called “local operator.” An operator Φ : X → Y, where
X and Y are functional spaces, is called local (see Shragin [209], Ponosov [176])
if the values of y(t) = (Φx)(t) in any neighborhood of t = t0 depend only on the
values of x(t) in the same neighborhood.
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It is relevant to note that most hypotheses of classical physics assume that the
rate (d/dt)x of change of the state x of the process at the time t0 depends only on
the state of the process at the same time. Thus the mathematical description of
such a process takes the form (2). The operator d/dt of differentiation as well as
the Nemytskii operator

(Nx)(t)
def= f

(
t, x(t)

)
(6)

are the representatives of the class of local operators. The property of being local
of

(Φx)(t)
def= ẋ(t)− f

(
t, x(t)

)
(7)

does not allow using equation (2) in description of processes where there is no way
to ignore the past or future states of process. Thus some problems are in need of a
generalization of (2), consisting in replacement of the local Nemytskii operator N
by a more general F.

Here another principal generalization of (2) should be reminded of, where the
finite-dimensional space Rn of the values of solutions x is replaced by an arbitrary
Banach space B. On the base of such generalization, there has arisen recently a
new chapter of analysis: “the theory of ordinary differential equations in Banach
spaces.” This theory considers certain partial differential equations as the equation
(2), where the values of x(t) belong to an appropriate Banach space. But, under
this generalization, the operator (Φx)(t) = ẋ(t) − f (t, x(t)) still remains to be
local. Theory of equation (1) is thoroughly treated by Azbelev et al. in [32]. The
following fact is of fundamental importance: the space D of absolutely continuous
functions x : [a, b] → Rn is isomorphic to the direct product of the space L of
summable functions z : [a, b] → Rn and the finite-dimensional space Rn. Recall
that the absolutely continuous function x is defined by

x(t) =
∫ t

a
z(s)ds + α, (8)

where z ∈ L, α ∈ Rn. The space D is Banach under the norm

‖x‖D = ‖ẋ‖L +
∥
∥x(a)

∥
∥

Rn . (9)

In the theory of (1), the specific character of the Lebesgue space L is used only in
connection with the representation of operators in L and some of their properties.
Only the fact that L is a Banach space is used, and most of the fundamentals of
the general theory of (1) keep after replacement of the Lebesgue space L by an
arbitrary Banach space B. Thus there arises a new theory of the equations in the
space D isomorphic to the direct product B×Rn (D � B×Rn). The generalization
consists here in replacement of the Lebesgue space L by an arbitrary Banach space
B and in replacement of local operators by general ones acting from D � B × Rn
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into B. The present book is devoted to the theory of such generalization and to
some applications. The central idea of applications of the theory of abstract dif-
ferential equation lies in the proper choice of the space D for each new problem.
With the general theory, such a choice permits applying standard schemes and
theorems of analysis to the problems which needed previously an individual ap-
proach and special constructions. The boundary value problem is the main point
of consideration.

This theory was worked out during a quarter of century by a large group of
mathematicians united by the so-called Perm Seminar. The results of the members
of the seminar were published in journals as well as in the annuals “Boundary
Value Problems” and “Functional Differential Equations” issued in 1976–1992 by
the Perm Polytechnic Institute.

In the book, only the works closely related to the questions under considera-
tion are cited.

It is assumed that the reader is acquainted with the foundations of functional
analysis.

Let us give some remarks on the format. Each chapter is divided into num-
bered sections, some of which are divided into numbered subsections. Formulas
and results, whether they are theorems, propositions, or lemmas, as well as re-
marks, are numbered consecutively within each chapter. For example, the fourth
formula (theorem) of Chapter 2 is labeled (2.4) (Theorem 2.4). Formulas, proposi-
tions, and remarks of appendicies are numbered within each section. For example,
the third formula of Section A is labeled (A.3).

The authors would like to thank the members of the Perm Seminar for the
useful discussion and especially T.A. Osechkina for the excellent typesetting of
this manuscript. We would also like to acknowledge the support from the Russian
Foundation for Basic Research and the PROGNOZ Company, Russia.

N. V. Azbelev
V. P. Maksimov

L. F. Rakhmatullina





1
Linear abstract functional
differential equation

1.1. Preliminary knowledge from the theory of linear equations
in Banach spaces

The main assertions of the theory of linear abstract functional differential equa-
tions are based on the theorems about linear equations in Banach spaces. We give
here without proofs certain results of the book of Krein [122] which we will need
below. We formulate some of these assertions not in the most general form, but in
the form satisfying our aims. The enumeration of the theorems in brackets means
that the assertion either coincides with the corresponding result of the book of
Krein [122] or is only an extraction from this result.

We will use the following notations.
X, Y, Z are Banach spaces; A, B are linear operators; D(A) is a domain of

definition of A; R(A) is a range of values of A; and A∗ is an operator adjoint to A.
The set of solutions of the equation Ax = 0 is said to be a null space or a kernel of
A and is denoted by kerA. The dimension of a linear set M is denoted by dimM.

Let A be acting from X into Y. The equation

Ax = y (1.1)

(the operator A) is said to be normally solvable if the set R(A) is closed; (1.1) is said
to be a Noether equation if it is a normally solvable one, and, besides, dim kerA <∞
and dim kerA∗ <∞. The number indA = dim kerA−dim kerA∗ is said to be the
index of the operator A (1.1). If A is a Noether operator and indA = 0, equation
(1.1) (the operator A) is said to be a Fredholm one. The equation A∗ϕ = g is said
to be an equation adjoint to (1.1).

Theorem 1.1 (Krein [122, Theorem 3.2]). An operator A is normally solvable if and
only if (1.1) is solvable for such and only such right-hand side y which is orthogonal
to all solutions of the homogenous adjoint equation A∗ϕ = 0.

Theorem 1.2 (Krein [122, Theorem 16.4]). The property of being Noether operator
is stable in respect to completely continuous perturbations. By such a perturbation,
the index of the operator does not change.
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Equations in traditional spaces

2.1. Introduction

The first two sections of the chapter are devoted to the systems of linear func-
tional differential equations and the scalar equations of the nth order. The the-
ory of this generalization of the ordinary differential equations has been worked
out by a large group of mathematicians united in 1975 by the so-called “Perm
Seminar on Functional Differential Equations” at Perm Polytechnic Institute. The
primary interest of the seminar arose while trying to clear out the numerous pub-
lications on the equations with deviated argument. Most parts of the publications
were based on the conception accepted by Myshkis [163], Krasovskii [121], and
Hale [98]. This conception was reasoned from a special definition of the solution
as a continuous prolongation of the “initial function” by virtue of the equation.
In the case of retarded equations, such a definition met no objection while the
initial Cauchy problem was considered. The complications began to arise in stud-
ies of Cauchy problem with impulse impacts and particularly while studying the
boundary value problems. In the case of general deviation of the argument, even
simple linear equations have entirely no solution under such a definition. There
is a considerable survey by Myshkis [165] of very extensive literature based on the
conception above.

In [23, 34], a slight generalization of the notion of the solution was suggested.
This generalization led to a more perfect conception which met no contradiction
with the traditional one but simplified essentially some constructions. The new
conception is natural and effective due to the description of the equation with
deviated argument using the composition operator defined on the set of functions,
x : [a, b] → Rn, by

(
Shx
)
(t) =

⎧
⎨

⎩

x
[
h(t)

]
if h(t) ∈ [a, b],

0 if h(t) �∈ [a, b].
(2.1)

The new conception has led the seminar in a natural way to a richness in
content general theory of the equation

Lx = f , (2.2)
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Equations in finite-dimensional
extensions of traditional spaces

3.1. Introduction

Sections 3.2 and 3.3 of this chapter are concerned with equations known as impul-
sive equations (equations with impulses). Steady interest in such equations arose
in the mid-twentieth century. These equations work as the models for systems
characterized by the fact that the state of the system may vary step-wisely at dis-
crete times, whereas the state on the intervals between mentioned times is defined
by a differentiable function being the solution of a differential equation in the ordi-
nary sense. The systematic study of impulsive differential equations and their gen-
eralizations, differential equations in distributions, is related to many well-known
scientists (see, e.g., [97, 154, 199, 200, 212, 217, 230]). The contemporary theory of
impulsive systems is based on the theory of generalized functions (distributions)
whose heart was created by Sobolev [210] and Schwartz [204, 205]. A somewhat
different approach to the study of differential equations with discontinuous solu-
tions is associated with the so-called “generalized ordinary differential equations”
whose theory was initiated by Kurzweil [133–135]. Nowadays this theory is highly
developed (see, e.g., [13–15, 202]). According to the accepted approaches impul-
sive equations are considered within the class of functions of bounded variation.
In this case the solution is understood as a function of bounded variation satisfy-
ing an integral equation with the Lebesgue-Stiltjes integral or Perron-Stiltjes one.
Integral equations in the space of functions of boundary variation became the
subject of its own interest and are studied in detail in [203]. Recall that the func-
tion of bounded variation is representable in the form of the sum of an absolutely
continuous function, a break function and a singular component (a continuous
function with the derivative being equal zero almost everywhere). The solutions
of the equations with impulse impact considered below do not contain the singu-
lar component and may have discontinuity only at finite number of fixed points.
We consider these equations on a finite-dimensional extension of the traditional
space of absolutely continuous functions. Thus the theorems of Chapter 1 are ap-
plicable to these equations. This approach to the equations with impulse impact
does not use the complicated theory of generalized functions, turned out to be
rich in content, and finds many applications in the cases where the question about
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Singular equations

4.1. Introduction

The set of functions, in which the solutions of an equation under consideration are
to be looked for, sometimes is chosen without a proper reason. An unsuccessful
choice of such a set may cause much trouble. We discuss below some reasons and
examples related to the question of choosing the proper Banach space, in which it
would be suitable to define the notion of the solution of the given equation.

Let Lx = f be an equation with a linear operator L : D0 → B0, let D0 be
isomorphic to B0 × Rn, and let J0 = {Λ0,Y0} : B0 × Rn → D0 be the isomor-
phism. If the principal part LΛ0 : B0 → B0 of L is not a Fredholm one, we do not
have available standard schemes for investigation of the equation. In this case it is
reasonable to call the equation “singular.” Nevertheless one may try to construct
another space D � B × RN with the isomorphism J = {Λ,Y} : B × RN → D,
so that the principal part LΛ of the operator L : D → B will be a Fredholm or
even invertible operator. Then the equation ceases to be singular (with respect to
the chosen space) and one may apply to this equation the theorems of Chapter 1.

Let us note that the property of the principal part of being Fredholm char-
acterizes many intrinsic specifics of the equation. For instance, this property is
necessary for unique solvability of any boundary value problem

Lx = f , lx = α (4.1)

for each { f ,α} ∈ B×Rn.
Considering the given equation in various spaces, we change correspondingly

the notion of the solution of this equation. The classical theory of differential equa-
tions does not use the notions of spaces and operators in these spaces and, in this
theory, the investigation of singular equations begins with the definition of the
notion of solution as a function that satisfies the equation in one or another sense
and possesses certain properties. Thus, the set is chosen, to which the solutions
belong. In our reasoning we do, in the same way, choose a Banach space being
the domain of the operator L. In addition we offer some recommendation about
constructing the space D such that the operator L possesses necessary properties.
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Minimization of square functionals

5.1. Introduction

The problem of minimization of functionals is unsolvable in the frame of the clas-
sical calculus of variations if the given functional has no minimum on the tradi-
tional sets of functions. The question about the suitable choice of the set on which
the functional must be defined was posed by Hilbert and, as it was emphasized by
the authors of the book of Alekseev et al. [3], therewith each class of functionals
must be studied in its own proper space.

The classical calculus of variations usually deals with the functionals of the
form

∫ b

a
(Φx)(s)ds (5.1)

with a local operator Φ : Wn → L. The results of Chapter 1 enables us to study the
functional with more general operator Φ : Wn → L and replace the space Wn by a
more suitable “own” space D � B×Rn.

The scheme proposed below permits approaching a new fashion to the prob-
lem of minimization, it extends the capabilities of the calculus of variations and
leads to sufficient tests of the existence of the minimum for some classes of func-
tionals in the terms of the problem.

The scheme has been developed on the base of the theory of abstract func-
tional differential equations in the works of the Perm Seminar.

5.2. The criterion for the existence of the minimum of
the square functional

Let D be a Banach space of functions x : [a, b] → R1, which is isomorphic to the
direct product L2 ×Rn, let L2 be the Banach space of square summable functions

z : [a, b] → R1, ‖z‖L2 = {
∫ b
a z

2(s)ds}1/2.



6
Constructive study of linear problems
(using computer algebra in the study of
linear problems)

6.1. Introduction

In the theory of functional differential equations, the equations possessing the
property that a solution set of the equation admits a finite-dimensional param-
eterization are of special interest. Such a parameterization provides a way to re-
duce many of the problems of functional differential equations to the problems of
finite-dimensional analysis. The principal problem with the practical implemen-
tation of this idea is the lack of an exact and explicit description of the finite-
dimensional object to analyze. The situation is more simple in case we are in-
terested in rough properties of the original problem (say, the unique solvabil-
ity of a Fredholm boundary value problem), which are preserved under small
perturbations. In this case we can use an approximate description of a solution
set if the approximation is reasonably accurate. The basis of the constructive study
of linear problems we are concerned with in this chapter is the special technique
of an approximate description of the solution set to the linear functional
differential equation with a guaranteed error bound. This technique is used in
parallel with the special theorems, the conditions of which can be verified in
the course of the reliable computing experiment due to the modern mathemat-
ical packages (Maple, Mathematica, e.g.). Notice that sometimes (e.g., when
known sufficient conditions of the solvability of the boundary value problem
are inapplicable) the constructive approach can give only a chance to obtain the
result.

In Section 6.2, a constructive scheme of testing the abstract linear bound-
ary value problem for the unique solvability is proposed. Next some details of
computer aided implementation are described as applied to the boundary value
problems in the space of absolutely continuous functions (Section 6.3); in the
space of piecewise absolutely continuous functions (the case of impulse boundary
value problems)—Section 6.4; and to a class of singular boundary value problems
(Section 6.5). Sections 6.6, 6.7 are devoted to some other problems, the efficient
study of which uses the modern computer-assisted technique.
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Nonlinear equations

7.1. Introduction

Let, as previously, D be a Banach space that is isomorphic to the direct product
B×Rn, and let isomorphism J−1 : D → B×Rn be defined by J−1x = [δ, r]x.

The study of the equation δx = Fx with nonlinear operator F defined on the
space D or on a certain set of this space meets a lot of difficulties and any rich in
content theory is possible to develop only for special narrow classes of such equa-
tions. The second part of the book [32] in Russian is devoted to the boundary value
problems for nonlinear equations. We will restrict ourselves below to a survey of
the results of the mentioned book and by the proofs of some assertions which are
most actual from our point of view.

The first section of the chapter is devoted to equations with monotone op-
erators. The theorems of solvability of quasilinear problems in the section are
based on the reduction of the boundary value problem to the equation x = Hx
with monotone (isotonic or antitonic) operatorH on the appropriate semiordered
space. Some suitable choice of such a space permits investigating certain singular
boundary value problems. The schemes and constructions of this section are based
on the results of Chapters 1, 2, and 4.

In case F : D → B is continuous compact, the equation δx = Fx allows us
to apply some theorems of functional analysis. This is why such equations may be
studied by certain standard methods. It should be noted that some equations quite
different at first sight may have one and the same set of solutions. By various trans-
formations, keeping the set of solutions, one can come from a given equation to
another which is equivalent to the initial one. The reduction of the given equation
to the equivalent one, but more convenient for investigation, is an ordinary mode
for studying new equations. Such a mode however demands solving some compli-
cated auxiliary equations. Nevertheless the aim of investigation may be attained by
only establishing the fact of the solvability. In other words, it suffices sometimes
to establish only the fact of the reducibility of the equation to the desired form.
Due to such circumstance, the class of “reducible” equations as well as the prob-
lem of “reducibility” of equations have a special place in the theory of functional
differential equations.
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Appendices

A. On the spectral radius estimate of a linear operator

Consider the problem on the estimate of the spectral radius ρ(A) of a linear opera-
torA in the space C of continuous functions x : [a, b]→R1, ‖x‖C=maxt∈[a,b] |x(t)|.

Since ρ(A) < 1 if ‖A‖C→C < 1, for the isotonic A the estimate ρ(A) < 1 follows
from

‖A‖C→C = max
t∈[a,b]

(
A[1]

)
(t) < 1. (A.1)

A sharper estimate may be obtained due to the following well known assertion.

Lemma A.1. Let a linear bounded A : C → C be isotonic. The estimate ρ(A) < 1 is
valid if and only if there exists a v ∈ C such that

v(t) > 0, r(t)
def= v(t)− (Av)(t) > 0, t ∈ [a, b]. (A.2)

Proof. Necessity is rather obvious if we take as v the solution of the equation x −
Ax = 1.

Sufficiency. Define in the space C the norm ‖·‖vC equivalent to the norm ‖·‖C

by

‖x‖vC = max
t∈[a,b]

∣
∣x(t)

∣
∣

v(t)
. (A.3)

Since

‖A‖vC→C = sup
‖x‖vC≤1

‖Ax‖vC ≤ max
t∈[a,b]

(Av)(t)
v(t)

< 1, (A.4)

ρ(A) ≤ ‖A‖vC→C < 1. �
The requirement of the strict inequalities v(t) > 0, r(t) > 0 on the whole of

[a, b] involves certain difficulties in some applications of Lemma A.1, for instance,
as applied to multipoint boundary value problems. Thus it is natural that some
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[204] L. Schwartz, Théorie des distributions. Tome I, vol. 9, Hermann & Cie., Paris, 1950.
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