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Abstract. 
Given an arbitrary function, we may construct symmetric and antisymmetric functions under a certain operation. Since statistical isotropy and homogeneity of our Universe has been a fundamental assumption of modern cosmology, we do not expect any particular symmetry or antisymmetry in our Universe. Besides fundamental properties of our Universe, we may also figure our contamination and improve the quality of the CMB data products, by matching the unusual symmetries and antisymmetries of the CMB data with known contaminantions. If we let the operation to be a coordinate inversion, the symmetric and antisymmetric functions have even and odd-parity respectively. The investigation on the parity of the recent CMB data shows a large-scale odd-parity preference, which is very unlikely in the statistical isotropic and homogeneous Universe. We investigated the association of the WMAP systematics with the anomaly, but did not find a definite non-cosmological cause. Besides the parity anomaly, there is anomalous lack of large-scale correlation in CMB data. We show that the odd-parity preference at low multipoles is, in fact, phenomenologically identical with the lack of large-angle correlation. 



1. Introduction
 In an inflationary paradigm, the CMB anisotropy pattern is expected to follow a random Gaussian distribution with the statistical isotropy and homogeneity, due to the nature of the quantum fluctuation during the cosmic inflation [1–5]. Passing through the period of the inflation and cosmological evolution from very early stages till the present day, the quantum fluctuations turn into classical fluctuation, in which all information about the beginning of the inflation, the ionization history of the cosmic plasma, and the formation of the large-scale structure have been well preserved. Therefore, the observation of the CMB anisotropy allows us to investigate the extreme states of matter and radiation well beyond the limit, obtainable by modern particle accelerators and shed light on the problem of “darkness” of the Universe, in which the present mass density mainly consists of the cold dark matter and the dark energy.
For the past years, there have been great successes in measurement of CMB anisotropy by ground and satellite observations [6–16]. Since release of the data from the orbital observations [17–19], the issue of statistical anisotropy and non-Gaussianity has been given very significant attention. Several hints of statistical anisotropy and non-Gaussianity have been reported [20–43]. In particular, many of the reported anomalies are associated with low multipoles (
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) of the CMB, including the low amplitude of the quadrupole [44] and the striking alignment between the quadrupole and octupole, dubbed the “axis of evil” [27, 28, 44], and some other features of the CMB map [42] and the power spectrum [37, 38]. These anomalies could be given two possible explanations. The first one is that statistical homogeneity and isotropy of the primordial fluctuation in general is obeyed, but we are living in a Universe, which is not typical of the ensemble Universe. The second explanation is that, at least for some range of multipoles, the properties of primordial fluctuations are in disagreement with the isotropic Gaussian Universe.
The CMB anisotropy at low multipoles are associated with scales far beyond any existing astrophysical survey, and therefore CMB anomalies at low multipoles may hint new physics at unexplored large scales, including nontrivial topology of the Universe, broken scale invariance at large scales. On the other hand, these anomalies are simply due to noncosmological contamination such as unaccounted astrophysical emission (e.g., the Kuiper Belt objects) and unknown systematic effects.
Recently, it was shown that some of the anomalies can be explained in terms of symmetries and antisymmetries of the CMB sky [37, 38, 41]. For instance, the CMB anisotropy pattern may be considered as the sum of symmetric and antisymmetric functions under the coordinate inversion. Equivalently, the forementioned symmetric and antisymmetric functions possess even and odd parity, respectively. Given the Gaussian Universe, we do not expect the CMB anisotropy pattern to show a particular parity preference. However, the angular power spectrum of WMAP data shows anomalous odd-parity preference at low multipoles [37–40, 45]. In this work, we are going to discuss the odd-parity preference of the WMAP data  and present our investigation on its origins. In order to understand the nature of the odd-parity preference, we have additionally investigated the phase of even and odd multipole data, respectively, and found they show features distinct from each other. The parity anomaly is explicitly associated with the angular power spectrum, which is heavily used for cosmological model fitting. Having noted this, we have also fitted a cosmological model, respectively, to even and odd multipole data set and found significant tension [40]. These parametric tensions indicate either unaccounted contamination or insufficiency of the assumed model.
One of most important elements in the study of non-Gaussianity is to identify the anomalies of the common origin, whether it is cosmological or systematics. In particular, there have been reports on the lack of large-angle correlation, since the COBE-DMR data [30, 46–50]. Recently, we have shown that the lack of large-angle correlation is phenomenologically identical with the odd-parity anomaly of the CMB power spectrum. Besides them, we may understand the low quadrupole power as a part of odd-parity preference at low multipoles [37, 38, 44]. Even though it still leaves the fundamental question on its origin unanswered,  the association between seemingly distinct anomalies will help the investigation on the underlying origin.
The outline of the paper is the following. In Section 2, we discuss the anomalous odd-parity preference of the WMAP data. In Section 3, we investigate the phase of the even and odd multipole data, respectively, and discuss its result. In Section 4, we investigate the octupole component of CMB anisotropy and discuss some anomalous feature. In Section 5, we show there is a significant parametric tension between the cosmological models, when fitted to the even or odd low multipole data, respectively. In Sections 6 and 7, we discuss the lack of correlation of WMAP data at large and small angles and show the odd-parity preference at low multipoles is phenomenologically identical with the lack of the large-angle correlation. Finally, in Section 8, we discuss the findings and draw our conclusions.
2. Parity Asymmetry of the WMAP Data
 The CMB temperature anisotropy over a whole-sky is conveniently decomposed in terms of spherical harmonics 
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From the CMB anisotropy, we may construct a symmetric and antisymmetric function under the coordinate inversion 
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 is an integer. Therefore, significant power asymmetry between even and odd multipoles may be interpreted as a preference for a particular parity of the anisotropy pattern. Hereafter, we will denote a preference for particular parity by “parity asymmetry.” In Figure 1, we show the WMAP 7-year, 5-year,and 3-year data and the WMAP concordance model [6, 9, 52–54]. From Figure 1, we may see that the power spectrum of WMAP data at even multipoles tend to be lower than those at neighboring odd multipoles. In Figure 2, we show 
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Figure 1: CMB power spectrum: WMAP 7 year data (blue), WMAP 5 year data (green) and WMAP 3 year data (red), 
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CDM model (cyan).




	
	
	
		
	
	
	
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
		
		
		
	
	
	
		
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
			
	
	
		
	
	
		
		
		
		
		
	
	
	
		
		
		
		
		
	
	
	
		
		
		
		
		
	
	


	
		
			
		
		
			
		
		
			
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
			
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
			
			
			
		
		
			
		
		
			
		
	

Figure 2: 
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CDM model.
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Figure 3: 
	
		
			

				𝑃
			

			

				+
			

			
				/
				𝑃
			

			

				−
			

		
	
 of WMAP data and 
	
		
			

				Λ
			

		
	
CDM.






	



	
	



	
	



	
	



	
	



	
	



	
	



	
	










	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
		
		
		
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
	


	
	
	
	
	



	
	
	
	
	



	
	
	
	
	


Figure 4: Probability of getting 
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Table 1: The parity asymmetry of WMAP data (
	
		
			
				2
				≤
				𝑙
				≤
				2
				2
			

		
	
).
	

	  Data 	
	
		
			

				𝑃
			

			

				+
			

			
				/
				𝑃
			

			

				−
			

		
	
	
	
		
			

				𝑃
			

		
	
 value
	

	 WMAP7 	 0.7076 	 0.0031
	WMAP5 	 0.7174 	 0.0039
	WMAP3 	 0.7426 	 0.0061
	





	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
	
	
	
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	


	
	
	
	
	



	
	
	
	
	



	
	
	
	
	


Figure 5: Parity asymmetry at multipoles (
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2.1. Cosmological or Noncosmological?
 In the WMAP data, there are noncosmological contamination such as asymmetric beams, instrument noise, foreground, and cut-sky effect, which might be responsible for the discussed anomaly. First of all, there is contamination from galactic and extragalactic foregrounds. In order to reduce foreground contamination, the WMAP team have subtracted diffuse foregrounds by template-fitting and masked the regions that cannot be cleaned reliably. For foreground templates (dust, free-free emission and synchrotron), the WMAP team used dust emission “Model 8," H
	
		
			

				𝛼
			

		
	
 map, and the difference between K and Ka band maps [8, 60–63]. In Figure 6, we show the power spectrum of templates. As shown in Figure 6, templates show strong even parity preference, which is opposite to that of the WMAP power spectrum data. Therefore, one might wrongly attribute the odd-parity preference of WMAP data to oversubtraction by templates. Consider spherical harmonic coefficients of a foreground-reduced map:
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							As shown (8), the parity preference should follow that of templates (i.e., even parity preference), because of the second term, provided templates are good tracers of foregrounds (i.e., 
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 may not be negligible. Besides that, our argument and the template-fitting method itself fail, if templates are not good tracers of foregrounds. In order to investigate these issues, we have resorted to simulation in combination with WMAP data. Noting the WMAP power spectrum is estimated from foreground-reduced V and W band maps, we have produced simulated maps as follows:
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 are foreground-reduced V and W band maps of WMAP data. Note that the second term on the right hand side mainly contains residual foregrounds. Just as cut-sky simulation described in Section 2, we have applied a foreground mask to the simulated maps and estimated the power spectrum from cut-sky by a pixel-based maximum likelihood method. In Figure 7, we show 
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CDM model and WMAP7 data. As shown in Figure 7, the 
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 of simulations in the presence of residual foregrounds do not show anomalous odd-parity preference of WMAP data. Considering (8) and simulations, we find it difficult to attribute the odd-parity preference to residual foreground. There also exist contamination from unresolved extragalactic point sources [52]. However, point sources follow Poisson distribution with little departure [64] and therefore are unlikely to possess odd-parity preference. Besides that, point sources at WMAP frequencies are subdominant on large angular scales (low 
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) [52, 60, 64, 65]. Though we have not found association of foregrounds with the anomaly, we do not completely rule out residual foreground, due to our limited knowledge on residual foregrounds.


	
	
		
	
	
	
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
		
	
	
		
		
		
		
		
	
	
		
	
		
		
	
	
		
	
		
		
		
		
	
	
		


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
			
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	

Figure 6: The power spectra of the templates (synchrotron, H
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, dust): plotted with arbitrary normalization.




	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
		
		
		
	
	
		
		
		
	
	
	




	
		
			
				
			
			
				
			
		
		
			
				
			
			
				
			
		
	


	
		
			
		
		
			
			
		
		
			
		
	


	
		
			
		
		
			
			
		
		
			
		
	


	
		
			
		
		
			
			
			
		
	


	
		
			
			
			
		
		
			
		
		
			
			
			
			
			
			
			
			
			
			
		
	

Figure 7: The parity asymmetry in the presence of residual foregrounds (V−W): dashed lines are plotted with slopes corresponding to 
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CDM (cyan), WMAP7 data (red).


  The WMAP team have masked the region that cannot be reliably cleaned by template fitting and estimated CMB power spectrum from sky data outside the mask [6, 9, 52, 60]. Even though we have properly taken into account the cut-sky effect in the P value estimation, we have investigated the WMAP team’s Internal Linear Combination (ILC) map, which is expected to provide a reliable estimate of CMB signal over whole-sky on angular scales larger than 10° [52, 60, 65].  We have compared 
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 of the ILC maps with whole-sky simulations. In Figure 8, we show P-values of the ILC maps, respectively, for various 
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. As shown in Figure 8, the odd-parity preference of ILC maps is most anomalous for 
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. As shown in Figure 8 and Table 2, we find anomalous odd-parity preference exits in whole-sky CMB maps as well. Therefore, we find it difficult to attribute the anomaly to cut-sky effect.
Table 2: The parity asymmetry of WMAP ILC maps (
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).
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 value
	

	 ILC7 	 0.7726 	 0.0088
	ILC5 	 0.7673 	 0.0074
	ILC3 	 0.7662 	 0.0072
	





	
	
	
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
	
	
	
	
		
		
		
	
	
		
		
		
		
		
	
	
	
		
		
		
		
		
	
	
	
		
		
		
		
		
	
	


	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	
	
		
	


	
		
	
	
		
		
		
		
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
	

Figure 8: Probability of getting 
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 as low as the ILC 7-year, 5-year, and, 3-year map at multipole range 
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.



There are instrument noise in the WMAP data. Especially, 1/f noise, when coupled with WMAP scanning pattern, may result in less accurate measurement at certain low multipoles [52, 66, 67]. In order to investigate the association of noise with the anomaly, we have produced noise maps of WMAP7 data by subtracting one Differencing Assembly (D/A) map from another D/A data of the same frequency channel. In Figure 9, we show 
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 values of the noise maps. As shown in Figure 9, the noise maps do not show odd-parity preference, but their 
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 ratios are consistent with that of white noise (i.e., 
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). Besides that, the signal-to-noise ratio of WMAP temperature data is quite high at low multipoles (e.g., S/N 
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 100 for 
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) [52, 59, 67]. Therefore, we find that instrument noise, including 1/f noise, is unlikely to be the cause of the odd-parity preference.


	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
	
	
	
	
	
	
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	




	
		
			
				
			
			
				
			
		
		
			
				
			
			
				
			
		
	

Figure 9: The parity asymmetry of the WMAP noise: the dots denote (
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) of noise maps, and alphanumeric values in the legend denote the frequency band and the pair of D/A channels used. Two dashed lines are plotted with the slope corresponding to 
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 of white noise and WMAP7 data, respectively.


The shape of the WMAP beams is slightly asymmetric [59, 68, 69], while the WMAP team have assumed symmetric beams in the power spectrum estimation [6, 9, 59, 68]. We have investigated the association of beam asymmetry with the anomaly, by using simulated maps provided by [69]. The authors have produced 10 simulated maps for each frequency and Differencing Assembly (D/A) channels, where the detailed shape of the WMAP beams and the WMAP scanning strategy are taken into account [69]. From simulated maps, we have estimated 
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, where we have compensated for beam smoothing purposely by the WMAP team’s beam transfer function (i.e., symmetric beams). In Figure 10, we show 
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CDM and WMAP7 data, respectively. As shown in Figure 10, we do not observe the odd-parity preference of WMAP data in simulated maps. Therefore, we find it hard to attribute the odd-parity preference to asymmetric beams. 
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(f)
Figure 10:  The parity asymmetry in the presence of beam asymmetry: the dots denote (
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) of CMB maps simulated with asymmetric beams. The dashed lines are plotted with slopes corresponding to the 
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 of 
	
		
			

				Λ
			

		
	
CDM model (red) and WMAP7 data (green), respectively. The alphanumeric values at the lower right corner denote the frequency band and D/A channel.


Besides contamination discussed so far, there are other sources of contamination such as far sidelobe pickup. In order to investigate these effects, we have resorted to simulation produced by the WMAP team. According to the WMAP team, time-ordered data (TOD) have been simulated with realistic noise, thermal drifts in instrument gains and baselines, smearing of the sky signal due to finite integration time, transmission imbalance, and far-sidelobe beam pickup. Using the same data pipeline used for real data, the WMAP team have processed simulated TOD and produced maps for each differencing assembly and each single year observation year. In Figure 11, we show the 
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 of the simulated maps, where the power spectrum estimation is made from cut-sky by a pixel-based likelihood method. As shown in Figure 11, all points are far above 
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CDM model. Therefore, we do not find definite association of the parity asymmetry with known systematics effects.


	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
		
		
		
		
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	


	
		
			
		
		
			
			
		
		
			
		
	


	
		
			
		
		
			
			
		
		
			
		
	


	
		
			
		
		
			
			
			
		
	


	
		
			
				
			
			
				
			
		
		
			
				
			
			
				
			
		
	



Figure 11: 
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 and 
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				−
			

		
	
 of the WMAP team’s simulation for V and W band data. 


 As discussed, we are unable to find a definite noncosmological cause of the anomaly. Therefore, we are going to take the WMAP power spectrum at face values and consider a possible cosmological origin. Topological models including multiconnected Universe and Bianchi 
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 model have been proposed to explain the cold spot or low quadrupole power [70–72]. However, the topological models do not produce the parity asymmetry, though some of them, indeed, predict low quadrupole power. Trans-Planckian effects and some inflation models predict oscillatory features in primordial power spectrum [4, 73–82]. However, oscillatory or sharp features in primordial power spectrum are smeared out in translation to the CMB power spectrum [20]. Besides, reconstruction of primordial power spectrum and investigation on features show that primordial power spectrum is close to a featureless power-law spectrum [6, 53, 54, 83–85]. Therefore, we find it difficult to attribute the anomaly to trans-Planckian effect or extended inflation models. We will consider what the odd-parity preference imply on primordial perturbation 
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							It should be noted that the above equations are simple reformulation of (2). From  (11) and (12), we may see that the odd-parity preference might be produced, provided
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							Noting (13) and (14), we find our primordial Universe may possess odd-parity preference on large scales (
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). The odd-parity preference of our primordial Universe violates large-scale translational invariance in all directions. However, it is not in direct conflict with the current data on observable Universe (i.e., WMAP CMB data), though it may seem intriguing. Considering (13) and (14), we find this effect will be manifested on the scales larger than 
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. However, it will be difficult to observe such large-scale effects in non-CMB observations. If the odd-parity preference is indeed cosmological, it indicates we are at a special place in the Universe, which may sound intriguing. However, it should be noted that the invalidity of the Copernican Principle such as our living near the center of void had been previously proposed in different context [86, 87].
Depending on the type of cosmological origins (e.g., topology, features in primordial power spectrum and (13)), distinct anomalies are predicted in polarization power spectrum. Therefore, polarization maps of large-sky coverage (i.e., low multipoles) will allow us to remove degeneracy and figure a cosmological origin, if the parity asymmetry is indeed cosmological.
3. Phase of Even and Odd Multipole Data
 The decomposition coefficients 
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 of CMB anisotropy, which are briefly discussed in Section 2, are equivalently written as
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, respectively [3, 4, 88]. Therefore, the phase information provides additional information on the statistical properties and hence useful test on Gaussianity. Noting this, we have investigated the phases and compared those of even and odd multipole data. For the analysis, we are going to use the following trigonometric moments:
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					where the information of the CMB phases is condensed into a single mean angle for an individual multipole. Further details on the procedures above can be found in [89]. Given a Gaussian random Universe, we would expect the mean angles of each multipoles to follow a uniform distribution (
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					where we imply that the quantities of + and − are associated with the even and odd multipole data, respectively. In the theory of statistical analysis of circular data, the statistic 
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					If the mean angles are correlated among distinct multipoles, the second term in (19) is given by 
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In order to investigate the correlation of mean angles, we have estimated 
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Table 3: Mean angle correlation of WMAP data in Galactic coordinate.
	

	
	
		
			

				𝑙
			

		
	
	
	
		
			
				c
				o
				s
				(
				Θ
				(
				𝑙
				)
				−
				Θ
				(
				𝑙
				+
				1
				)
				)
			

		
	

	

	
	
		
			

				2
			

		
	
	
	
		
			
				0
				.
				9
				7
				1
				4
			

		
	

	
	
		
			
				1
				8
			

		
	
	
	
		
			
				0
				.
				9
				9
				4
				7
			

		
	

	
	
		
			
				2
				8
			

		
	
	
	
		
			
				0
				.
				9
				9
				7
				8
			

		
	

	
	
		
			
				3
				3
			

		
	
	
	
		
			
				0
				.
				9
				4
				7
				7
			

		
	

	
	
		
			
				3
				6
			

		
	
	
	
		
			
				0
				.
				9
				2
				9
				9
			

		
	

	
	
		
			
				3
				8
			

		
	
	
	
		
			
				0
				.
				9
				4
				8
				5
			

		
	

	



Table 4: Mean angle correlation of WMAP data in Ecliptic coordinate.
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  In Figure 12, we plot 
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 are expected to be around ~0.5. Therefore, unusually high or small values as those of WMAP data indicate unusual correlation of mean angles, and the deviation from statistically isotropic Gaussian Universe.
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Figure 12: (a) The parameter 
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 (the black dots) for odd multipoles and 
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 (the red dots) for even ones in Galactic coordinates. The mean angles are estimated from the first 40 multipoles. (b) the same as the (a), but for ecliptic coordinates.










	


	
	
	


	


	
	
	


	


	
	
	


	


	
	
	


	
	
	


	
	
	


	
	
	


	


	
		
	
	
		
	
	
		
	
	
		
	

Figure 13: The parameters 
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4. Antisymmetry of the Octupole Component
 Using (1) and the reality condition 
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, we may easily show that a whole-sky CMB anisotropy pattern is given by
						
	
 		
 			
				(
				2
				0
				)
			
 		
	

	
		
			
				
				𝑇
				(
				𝜃
				,
				𝜙
				)
				=
			

			

				𝑙
			

			

				𝑎
			

			
				𝑙
				0
			

			

				𝑁
			

			
				𝑙
				0
			

			

				𝑃
			

			

				𝑙
			

			
				
				(
				c
				o
				s
				𝜃
				)
				+
				2
			

			

				𝑙
			

			

				
			

			
				𝑚
				≥
				1
			

			

				𝑁
			

			
				𝑙
				𝑚
			

			

				𝑃
			

			
				𝑚
				𝑙
			

			
				×
				
				
				𝑎
				(
				c
				o
				s
				𝜃
				)
				R
				e
			

			
				𝑙
				𝑚
			

			
				
				
				𝑎
				c
				o
				s
				(
				𝑚
				𝜙
				)
				−
				I
				m
			

			
				𝑙
				𝑚
			

			
				
				
				,
				s
				i
				n
				(
				𝑚
				𝜙
				)
			

		
	

					where 
	
		
			

				𝑃
			

			

				𝑙
			

			
				(
				c
				o
				s
				𝜃
				)
			

		
	
 and 
	
		
			

				𝑃
			

			
				𝑚
				𝑙
			

			
				(
				c
				o
				s
				𝜃
				)
			

		
	
 are the Legendre polynomials and the associated Legendre polynomials, respectively, and
						
	
 		
 			
				(
				2
				1
				)
			
 		
	

	
		
			

				𝑁
			

			
				𝑙
				𝑚
			

			
				=
				(
				−
				1
				)
			

			

				𝑚
			

			

				
			

			
				
			
			
				(
				2
				𝑙
				+
				1
				)
				(
				𝑙
				−
				𝑚
				)
			

			
				
			
			
				.
				4
				𝜋
				(
				𝑙
				+
				𝑚
				)
				!
			

		
	

In addition to the parity operation (i.e., 
	
		
			
				𝐧
				→
				−
				𝐧
			

		
	
) discussed previously, we may consider the following coordinate inversion: 
	
		
			
				(
				𝜃
				,
				𝜙
				)
				→
				(
				𝜋
				−
				𝜃
				,
				−
				𝜙
				)
			

		
	
. In a similar way to the investigation on the parity asymmetry, we construct a symmetric and antisymmetric part under the coordinate inversion 
	
		
			
				(
				𝜃
				,
				𝜙
				)
				→
				(
				𝜋
				−
				𝜃
				,
				2
				𝜋
				−
				𝜙
				)
			

		
	
 as follows:
						
	
 		
 			
				(
				2
				2
				)
			
 		
	

	
		
			

				𝑇
			

			

				±
			

			
				(
				𝜃
				,
				𝜙
				)
				=
				𝑇
				(
				𝜃
				,
				𝜙
				)
				±
				𝑇
				(
				𝜋
				−
				𝜃
				,
				−
				𝜙
				)
			

			
				
			
			
				2
				.
			

		
	

					Using (20), we may easily show the symmetric and antisymmetric parts are given by
						
	
 		
 			
				(
				2
				3
				)
			
 		
	

	
		
			

				𝑇
			

			

				±
			

			
				
				(
				𝜃
				,
				𝜙
				)
				=
			

			

				𝑙
			

			

				𝑁
			

			
				𝑙
				0
			

			

				𝑃
			

			

				𝑙
			

			
				
				𝑎
				(
				c
				o
				s
				𝜃
				)
				R
				e
			

			
				𝑙
				0
			

			
				
				1
				±
				(
				−
				1
				)
			

			

				𝑙
			

			
				
			
			
				2
				
				+
				2
			

			

				𝑙
			

			

				
			

			
				𝑚
				≥
				1
			

			

				𝑁
			

			
				𝑙
				𝑚
			

			

				𝑃
			

			
				𝑚
				𝑙
			

			
				×
				
				
				𝑎
				(
				c
				o
				s
				𝜃
				)
				R
				e
			

			
				𝑙
				𝑚
			

			
				
				1
				±
				(
				−
				1
				)
			

			
				𝑙
				+
				𝑚
			

			
				
			
			
				2
				
				𝑎
				×
				c
				o
				s
				(
				𝑚
				𝜙
				)
				I
				m
			

			
				𝑙
				𝑚
			

			
				
				1
				∓
				(
				−
				1
				)
			

			
				𝑙
				+
				𝑚
			

			
				
			
			
				2
				
				.
				−
				s
				i
				n
				(
				𝑚
				𝜙
				)
			

		
	

					As obvious in (23), the symmetric part gets contribution only from 
	
		
			
				R
				e
				[
				𝑎
			

			
				𝑙
				𝑚
			

			

				]
			

		
	
 of 
	
		
			
				𝑙
				+
				𝑚
				=
			

		
	
even and 
	
		
			
				I
				m
				[
				𝑎
			

			
				𝑙
				𝑚
			

			

				]
			

		
	
 of 
	
		
			
				𝑙
				+
				𝑚
				=
			

		
	
odd. On the other hand, the antisymmetric part gets contribution only from 
	
		
			
				R
				e
				[
				𝑎
			

			
				𝑙
				𝑚
			

			

				]
			

		
	
 of 
	
		
			
				𝑙
				+
				𝑚
				=
			

		
	
odd and 
	
		
			
				I
				m
				[
				𝑎
			

			
				𝑙
				𝑚
			

			

				]
			

		
	
 of 
	
		
			
				𝑙
				+
				𝑚
				=
			

		
	
even. Noting this, we have estimated the ratio of 
	
		
			
				𝑙
				+
				𝑚
				=
			

		
	
odd and 
	
		
			
				𝑙
				+
				𝑚
				=
			

		
	
even components for the real and imaginary parts, where we used the WMAP 7 year ILC map. Our estimation shows the ratio 
	
		
			
				I
				m
				[
				𝑎
			

			
				3
				3
			

			
				]
				/
				I
				m
				[
				𝑎
			

			
				3
				2
			

			

				]
			

		
	
 is unusually high, which requires the chance of 6-in-1000 level. In Figure 14, we show the octupole components of the WMAP7 ILC map (top), 
	
		
			

				𝑇
			

			

				+
			

		
	
 (middle), and 
	
		
			

				𝑇
			

			

				−
			

		
	
 (bottom). From Figure 14, we may see that the octupole components of the WMAP7 ILC map show antisymmetric pattern for the inversion 
	
		
			
				(
				𝜃
				,
				𝜙
				)
				→
				(
				𝜋
				−
				𝜃
				,
				−
				𝜙
				)
			

		
	
, where the center of the images corresponds to the coordinate 
	
		
			
				(
				𝜃
				=
				0
				,
				𝜙
				=
				0
				)
			

		
	
.




	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
		
			
			
			
			
		
	


	
	
	
	
	

(a)




	
		
			
		
		
			
		
		
			
		
	
	
		
			
			
		
	


	
	
	
	
	

(b)




	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
		
			
			
			
			
		
	


	
	
	
	
	

(c)
Figure 14: The octupole components of the WMAP7 ILC map (a), 
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 (c).


5. Parametric Tension between Even and Odd Multipole Data
 As discussed previously, there is the power contrast between even and odd multipoles of WMAP 
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), though its statistical significance is not high enough, due to low signal-to-noise ratio of polarization data. Not surprisingly, these power contrast anomalies are explicitly associated with the angular power spectrum data, which are mainly used to fit cosmological models. Having noted this, we have investigated whether the even (odd) multipole data set is consistent with the concordance model. For a cosmological model, we have considered 
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. For data constraints, we have used the WMAP 7-year TT and TE power spectrum data, which have been estimated from the ILC map, and cut-sky V and W band maps [6]. Hereafter, we shall denote WMAP CMB data of whole, even and odd multipoles by 
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In Figure 15, we show the marginalized likelihood of parameters, which are obtained from the run of a CosmoMC with 
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 and accordingly corresponds to the WMAP concordance model. As shown in Figure 15 and Table 5, we find nonnegligible tension especially in parameters of primordial power spectrum. It is worth to note that the best-fit spectral index of even multipole data (i.e., 
	
		
			

				𝐷
			

			

				2
			

		
	
) is close to a flat spectrum (i.e., 
	
		
			

				𝑛
			

			

				𝑠
			

			
				=
				1
			

		
	
), while the result from the whole data rules out the flat spectrum by more than 2
	
		
			

				𝜎
			

		
	
.
Table 5: Cosmological parameters (
	
		
			

				Λ
			

		
	
CDM + sz + lens).
	

	 	
	
		
			

				𝜆
			

			

				0
			

		
	
	
	
		
			

				𝜆
			

			

				2
			

		
	
	
	
		
			

				𝜆
			

			

				3
			

		
	

	

	
	
		
			

				Ω
			

			

				𝑏
			

			

				ℎ
			

			

				2
			

		
	
	
	
		
			
				0
				.
				0
				2
				2
				6
				±
				0
				.
				0
				0
				0
				6
			

		
	
	
	
		
			
				0
				.
				0
				2
				3
				1
				±
				0
				.
				0
				0
				0
				8
			

		
	
	
	
		
			
				0
				.
				0
				2
				1
				7
				±
				0
				.
				0
				0
				0
				8
			

		
	

	
	
		
			

				Ω
			

			

				𝑐
			

			

				ℎ
			

			

				2
			

		
	
	
	
		
			
				0
				.
				1
				1
				2
				±
				0
				.
				0
				0
				6
			

		
	
	
	
		
			
				0
				.
				1
				0
				9
				±
				0
				.
				0
				0
				8
			

		
	
	
	
		
			
				0
				.
				1
				1
				5
				±
				0
				.
				0
				0
				8
			

		
	

	
	
		
			

				𝜏
			

		
	
	
	
		
			
				0
				.
				0
				8
				3
				7
				±
				0
				.
				0
				1
				4
				7
			

		
	
	
	
		
			
				0
				.
				0
				9
				1
				3
				±
				0
				.
				0
				1
				5
				7
			

		
	
	
	
		
			
				0
				.
				0
				8
				5
				9
				±
				0
				.
				0
				1
				5
			

		
	

	
	
		
			

				𝑛
			

			

				𝑠
			

		
	
	
	
		
			
				0
				.
				9
				6
				4
				±
				0
				.
				0
				1
				4
			

		
	
	
	
		
			
				0
				.
				9
				8
				9
				±
				0
				.
				0
				2
			

		
	
	
	
		
			
				0
				.
				9
				4
				9
				±
				0
				.
				0
				1
				9
			

		
	

	
	
		
			
				l
				o
				g
				[
				1
				0
			

			
				1
				0
			

			

				𝐴
			

			

				𝑠
			

			

				]
			

		
	
	
	
		
			
				3
				.
				1
				8
				5
				±
				0
				.
				0
				4
				7
			

		
	
	
	
		
			
				3
				.
				1
				3
				2
				±
				0
				.
				0
				6
				5
			

		
	
	
	
		
			
				3
				.
				2
				3
				9
				±
				0
				.
				0
				6
				2
			

		
	

	
	
		
			

				𝐻
			

			

				0
			

		
	
	
	
		
			
				7
				0
				.
				5
				3
				±
				2
				.
				4
				8
			

		
	
	
	
		
			
				7
				1
				.
				7
				3
				±
				3
				.
				5
				9
			

		
	
	
	
		
			
				6
				9
				.
				6
				8
				±
				3
				.
				4
				7
			

		
	

	
	
		
			

				𝐴
			

			
				𝑠
				𝑧
			

		
	
	
	
		
			
				1
				.
				8
				9
				1
			

			
				+
				0
				.
				1
				0
				9
				−
				1
				.
				8
				9
				1
			

		
	
	
	
		
			
				0
				.
				1
				6
				9
			

			
				+
				1
				.
				8
				3
				1
				−
				0
				.
				1
				6
				9
			

		
	
	
	
		
			
				0
				.
				8
				9
			

			
				+
				1
				.
				1
				1
				−
				0
				.
				8
				9
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Figure 15: Marginalized likelihood of cosmological parameters (
	
		
			

				Λ
			

		
	
CDM + sz + lens), given whole or even (odd) multipole data. 



There is a likelihood-ratio test, which allows us to determine the rejection region of an alternative hypothesis, given a null hypothesis [97–100]. By setting sets of parameters to a null hypothesis and an alternative hypothesis, we may investigate whether two sets of parameters are consistent with each other. To be specific, we have evaluated the following in order to assess parametric tension: 
						
	
 		
 			
				(
				2
				4
				)
			
 		
	

	
		
			
				ℒ
				
				𝜆
			

			

				𝑗
			

			
				∣
				𝐷
			

			

				i
			

			

				
			

			
				
			
			
				ℒ
				
				𝜆
			

			

				𝑖
			

			
				∣
				𝐷
			

			

				𝑖
			

			
				
				,
			

		
	

					where parameter sets 
	
		
			

				𝜆
			

			

				𝑖
			

		
	
 and 
	
		
			

				𝜆
			

			

				𝑗
			

		
	
 correspond to a null hypothesis and an alternative hypothesis, respectively. In Table 6, we show the likelihood ratio, where the quantities used for the numerator and denominator are indicated in the uppermost row and leftmost column. As shown by 
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				|
				𝐷
			

			

				2
			

			
				)
				/
				ℒ
				(
				𝜆
			

			

				2
			

			
				|
				𝐷
			

			

				2
			

			

				)
			

		
	
 and 
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				|
				𝐷
			

			

				3
			

			
				)
				/
				ℒ
				(
				𝜆
			

			

				3
			

			
				|
				𝐷
			

			

				3
			

			

				)
			

		
	
, the WMAP concordance model (i.e., 
	
		
			

				𝜆
			

			

				0
			

		
	
) does not make a good fit for even (odd) multipole data set. Besides, there exists significant tension between two data subsets, as indicated by very small values of 
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				|
				𝐷
			

			

				2
			

			
				)
				/
				ℒ
				(
				𝜆
			

			

				2
			

			
				|
				𝐷
			

			

				2
			

			

				)
			

		
	
 and 
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				|
				𝐷
			

			

				3
			

			
				)
				/
				ℒ
				(
				𝜆
			

			

				3
			

			
				|
				𝐷
			

			

				3
			

			

				)
			

		
	
. The parameter likelihood, except for 
	
		
			

				𝐴
			

			
				s
				z
			

		
	
, follows the shape of Gaussian functions, as shown in Figure 15. For a likelihood of Gaussian shape, the likelihood ratios 0.1353 and 0.0111 correspond to 2
	
		
			

				𝜎
			

		
	
 and 3
	
		
			

				𝜎
			

		
	
 significance level, respectively. From Table 6, we may see most of the ratio indicates ~2
	
		
			

				𝜎
			

		
	
 tension or even higher.
Table 6: The likelihood ratio: 
	
		
			

				Λ
			

		
	
CDM + sz + lens.
	

	 	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	

	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	
	
	
		
			

				1
			

		
	
	
	
		
			
				0
				.
				0
				7
				6
			

		
	
	
	
		
			
				0
				.
				0
				0
				9
				9
			

		
	

	

	 	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	

	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	
	
	
		
			
				0
				.
				1
				6
			

		
	
	
	
		
			

				1
			

		
	
	
	
		
			
				2
				×
				1
				0
			

			
				−
				4
			

		
	

	

	 	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	

	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	
	
	
		
			
				0
				.
				1
				6
			

		
	
	
	
		
			
				0
				.
				0
				0
				2
				2
			

		
	
	
	
		
			

				1
			

		
	

	





As discussed previously, the tension is highest in parameters of primordial power spectrum, which may be an indication of missing parameters in primordial power spectrum (e.g., a running spectral index). Therefore, we have additionally considered a running spectral index 
	
		
			
				𝑑
				𝑛
			

			

				𝑠
			

			
				/
				𝑑
				l
				n
				𝑘
			

		
	
 and repeated our investigation. Surprisingly, we find tension increases to even a higher level. We show the marginalized parameter likelihoods and the likelihood ratios in Figure 16 and Table 7, where we find tension is also highest in the primordial power spectrum parameters. These tensions indicate there is either unaccounted contamination or the failure of the assumed cosmological model (i.e., the flat 
	
		
			

				Λ
			

		
	
CDM model).
Table 7: The likelihood ratio: 
	
		
			

				Λ
			

		
	
CDM + sz + lens + run.
	

	 	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	

	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				0
			

			

				)
			

		
	
	
	
		
			

				1
			

		
	
	
	
		
			
				3
				.
				5
				×
				1
				0
			

			
				−
				4
			

		
	
	
	
		
			
				0
				.
				0
				0
				7
				8
			

		
	

	

	 	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	

	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				2
			

			

				)
			

		
	
	
	
		
			
				0
				.
				0
				6
			

		
	
	
	
		
			

				1
			

		
	
	
	
		
			
				2
				.
				3
				×
				1
				0
			

			
				−
				5
			

		
	

	

	 	
	
		
			
				ℒ
				(
				𝜆
			

			

				0
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				2
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	
	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	

	
	
		
			
				ℒ
				(
				𝜆
			

			

				3
			

			
				∣
				𝐷
			

			

				3
			

			

				)
			

		
	
	
	
		
			
				0
				.
				0
				4
				2
			

		
	
	
	
		
			
				5
				.
				8
				×
				1
				0
			

			
				−
				7
			

		
	
	
	
		
			

				1
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Figure 16: Marginalized likelihood of cosmological parameters (
	
		
			

				Λ
			

		
	
CDM + sz + lens + run), given whole, even, and odd multipole data, respectively.


6. Lack of Angular Correlation in the WMAP Data
 Given CMB anisotropy data, we may estimate two point angular correlation as follows:
						
	
 		
 			
				(
				2
				5
				)
			
 		
	

	
		
			
				
				̂
				𝐧
				𝐶
				(
				𝜃
				)
				=
				𝑇
			

			

				1
			

			
				
				𝑇
				
				̂
				𝐧
			

			

				2
			

			
				
				,
			

		
	

					where 
	
		
			
				𝜃
				=
				c
				o
				s
			

			
				−
				1
			

			
				(
				̂
				𝐧
			

			

				1
			

			
				⋅
				̂
				𝐧
			

			

				2
			

			

				)
			

		
	
. Using (1) and (3), we may easily show that the expectation value of the correlation is given by [101]:
						
	
 		
 			
				(
				2
				6
				)
			
 		
	

	
		
			
				
				⟨
				𝐶
				(
				𝜃
				)
				⟩
				=
			

			

				𝑙
			

			
				2
				𝑙
				+
				1
			

			
				
			
			
				𝑊
				4
				𝜋
			

			

				𝑙
			

			

				𝐶
			

			

				𝑙
			

			

				𝑃
			

			

				𝑙
			

			
				(
				c
				o
				s
				𝜃
				)
				,
			

		
	

					where 
	
		
			

				𝜃
			

		
	
 is a separation angle, 
	
		
			

				𝑊
			

			

				𝑙
			

		
	
 is the window function of the observation, and 
	
		
			

				𝑃
			

			

				𝑙
			

		
	
 is a Legendre polynomial. As shown in (26), the angular correlation 
	
		
			
				𝐶
				(
				𝜃
				)
			

		
	
 is the linear combination of angular power spectrum 
	
		
			

				𝐶
			

			

				𝑙
			

		
	
, and therefore, possess equivalence.
In Figure 17, we show the angular correlation of the WMAP 7 year data, which are estimated, respectively, from the WMAP team’s Internal Linear Combination (ILC) map, and foreground reduced maps of V and W band. In the angular correlation estimation, we have excluded the foreground-contaminated region by applying the WMAP KQ75 mask, as recommended for non-Gaussianity study [60]. In the same plot, we show the angular correlation of the WMAP concordance model [54], where the dotted line and shaded region denote the mean value and 1
	
		
			

				𝜎
			

		
	
 ranges of Monte-Carlo simulations at V band. For simulation, we have made 
	
		
			
				1
				0
			

			

				4
			

		
	
 realizations with the same configuration with the WMAP data (e.g., a foreground mask, beam smoothing, and instrument noise). In order to include WMAP noise in simulation, we have subtracted one Differencing Assembly (D/A) data from another, and added it to simulations.


	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
		
		
		
	
	
		
	
		
		
		
	
	
	
		
	
	
	
		
	
	


	
		
			
			
		
		
			
		
		
			
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
	


	
		
			
		
		
			
			
			
		
	

Figure 17: Angular correlation of CMB anisotropy: solid lines denote the angular correlation of WMAP data. Dotted line and shaded region denote the theoretical prediction and 1
	
		
			

				𝜎
			

		
	
 ranges, as determined by Monte-Carlo simulations (
	
		
			

				Λ
			

		
	
CDM).


As shown in Figure 17, there exists nonnegligible discrepancy between the data and the theoretical prediction. Most noticeably, angular correlation of WMAP data nearly vanishes at angles larger than ~60°, which are previously investigated by [30, 46–49]. In the previous investigations, the lack of large-angle correlation has been assessed by the following statistic [30, 47–49]:
						
	
 		
 			
				(
				2
				7
				)
			
 		
	

	
		
			

				𝑆
			

			
				1
				/
				2
			

			
				=
				
			

			
				1
				/
				2
				−
				1
			

			
				(
				𝐶
				(
				𝜃
				)
				)
			

			

				2
			

			
				𝑑
				(
				c
				o
				s
				𝜃
				)
				.
			

		
	

					The investigation shows the 
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
 estimated from WMAP data is anomalously low, which requires the chance 
	
		
			
				≲
				1
				0
			

			
				−
				3
			

		
	
 [30, 47–50]. Besides the lack of correlation at large angles, we may see from Figure 17 that correlation at small angles tends to be smaller than the theoretical prediction. Noting this, we have investigated the small-angle correlation with the following statistics:
						
	
 		
 			
				(
				2
				8
				)
			
 		
	

	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

			
				=
				
			

			
				1
				√
			

			
				
			
			
				3
				/
				2
			

			
				(
				𝐶
				(
				𝜃
				)
				)
			

			

				2
			

			
				𝑑
				(
				c
				o
				s
				𝜃
				)
				,
			

		
	

					where the square of the correlation is integrated over small angles (
	
		
			
				0
				≤
				𝜃
				≤
				3
				0
			

			

				∘
			

		
	
). Therefore, the values of 
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

		
	
 and 
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
 correspond to the integrated power at small and large angles respectively. In Table 8, we show 
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
 and 
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

		
	
 of the WMAP 7-year data. Recall that the slight difference between V and W band is due to the distinct beam size, and simulations are made accordingly for each band. In the same table, we show the P value, where the P-value denotes fractions of simulations as low as those of WMAP data. As shown in Table 8, WMAP data have unusually low values of 
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
 and 
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

		
	
, as indicated by their P-value. It is worth to note that the P-value of 
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

		
	
 corresponds to very high statistical significance, even though it is not as low as that of 
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
. In summary, we find anomalous lack of correlation at small angles in addition to large angles.
Table 8: 
	
		
			

				𝑆
			

		
	
 statistics of WMAP 7 year data.
	

		 Band 	 Angles	Value [
	
		
			
				𝜇
				𝐾
			

			

				4
			

		
	
]	
	
		
			

				𝑃
			

		
	
 value
	

	
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
	 V 	
	
		
			
				6
				0
			

			

				∘
			

			
				≤
				𝜃
				≤
				1
				8
				0
			

			

				∘
			

		
	
	
	
		
			
				1
				.
				4
				2
				×
				1
				0
			

			

				3
			

		
	
	
	
		
			
				8
				×
				1
				0
			

			
				−
				4
			

		
	

	
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
	 W 	
	
		
			
				6
				0
			

			

				∘
			

			
				≤
				𝜃
				≤
				1
				8
				0
			

			

				∘
			

		
	
	
	
		
			
				1
				.
				3
				2
				×
				1
				0
			

			

				3
			

		
	
	
	
		
			
				6
				×
				1
				0
			

			
				−
				4
			

		
	

	
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

		
	
	 V 	
	
		
			

				0
			

			

				∘
			

			
				≤
				𝜃
				≤
				3
				0
			

			

				∘
			

		
	
	
	
		
			
				2
				.
				0
				2
				×
				1
				0
			

			

				4
			

		
	
	
	
		
			
				3
				.
				2
				×
				1
				0
			

			
				−
				3
			

		
	

	
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

		
	
	 W 	
	
		
			

				0
			

			

				∘
			

			
				≤
				𝜃
				≤
				3
				0
			

			

				∘
			

		
	
	
	
		
			
				2
				.
				0
				3
				×
				1
				0
			

			

				4
			

		
	
	
	
		
			
				3
				.
				2
				×
				1
				0
			

			
				−
				3
			

		
	

	




  In Figure 18, we show 
	
		
			

				𝑆
			

			
				1
				/
				2
			

		
	
 and 
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

		
	
, which are estimated from the WMAP 3-, 5-, and, 7-year data, respectively. As shown in Figure 18, the 
	
		
			

				𝑆
			

		
	
 statistics of WMAP 7 year data are lowest, while WMAP 7 year data are believed to have more accurate calibration and less foreground contamination than earlier releases [7, 8, 60]. Therefore, we may not readily attribute the anomaly to calibration error or foregrounds.
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(b)
Figure 18: 
	
		
			

				𝑆
			

		
	
 statistics of WMAP 3-, 5- and 7-year data.


6.1. Investigation on Noncosmological Origins
 The WMAP data contain contamination from residual galactic and extragalactic foregrounds, even though we have applied the conservative KQ75 mask [60]. In order to investigate the association with residual foregrounds, we have first subtracted the foreground-reduced W band map from that of V band. This difference map mainly contains residual foregrounds of the forementioned maps with slight amount of CMB. Recall that CMB signal is not completely cancelled out, because the beam size at V and W band differs from each other. From the difference map 
	
		
			
				𝑉
				(
				𝐧
				)
				−
				𝑊
				(
				𝐧
				)
			

		
	
, we have obtained 
	
		
			

				𝑆
			

			
				1
				/
				2
			

			
				=
				0
				.
				3
				1
			

		
	
 and 
	
		
			

				𝑆
			

			

				√
			

			
				
			
			
				3
				/
				2
			

			
				=
				3
				1
				.
				3
				6
			

		
	
. By comparing these values with Table 8, we may see residual foregrounds at V and W band are too small to affect the correlation power of WMAP data. In order to investigate the association of noise with the anomaly, we have produced noise maps of WMAP7 data by subtracting one Differencing Assembly (D/A) map from another D/A data of the same frequency channel. 
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 estimated from the noise maps. Comparing Table 8 with Table 9, we may see that the noise is not significant enough to cause the correlation anomalies of the the WMAP data. In Figure 19, we show the values of 
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 for each year and D/A data. As shown in Figure 19, the anomaly is not associated with a particular D/A channel nor a year data, but present at all year and D/A channels, which indicates the correlation anomaly is not due to the temporal malfunctioning of a particular D/A instrument. We have also investigated simulations produced by the WMAP team, which are discussed in the Section 2. From the simulated maps, we have estimated 
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, which are plotted in Figure 20. As shown in Figure 20, 
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 statistics of simulated data are significantly higher than those of WMAP data. Therefore, the anomaly may be indeed cosmological or due to systematics, which we do not understand well.
Table 9: The 
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 statistics of WMAP instrument noise in the unit of (
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	 V1-V2 	 0.25 	 83.94 
	W1-W2 	 2.49 	 587.45 
	W1–W3 	 2.18 	 664.26 
	W1–W4 	 2.24 	 625.27 
	W2-W3 	 2.72 	 808.32 
	W2–W4 	 4.39 	 764.96
	W3-W4 	 4.39 	 764.96
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(d)
Figure 19: The 
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 statistics of WMAP data at each D/A and year.
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(d)
Figure 20: The 
	
		
			

				𝑆
			

		
	
 statistics of the simulated data produced by the WMAP team. Dashed lines show the values of WMAP data.


7. The Parity Asymmetry and the Lack of Correlation
 As shown in (26), angular power spectrum and angular correlation possess some equivalence. Noting this, we have investigated the association of the odd-parity preference with the lack of large-angle correlation, and found the odd-parity preference of the power spectrum is phenomenologically connected with the lack of large-angle correlation. Using (26) with the Sach plateau approximation (i.e., 
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					From (32), we may see that the odd-parity preference (i.e., 
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) leads to the lack of large-angle correlation power.


	
	
	
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
	
	
	
		
		
		
		
	
	
	
		
		
	
	
	
		
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
			
	


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
	

Figure 21: The effect of the odd multipole preference on the correlation. 




	
	
	
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
		
	
	
	
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
	


	
		
		
	
	
		
	
	
		
		
	
	
		
	
	
		
	
	
		
	
	
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
	

Figure 22: The angular correlation without odd-parity preference (i.e., (26)).


We like to stress that simple suppression of the power at a single multipole does not necessarily lead to the lack of large-angle correlation. For instance, suppressing octupole power, which mitigates the odd-parity preference, rather increases the large-angle correlation power. In Figure 23, we show 
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 of the WMAP team’s Internal Linear Combination (ILC) map, where we have multiplied the suppression factor 
	
		
			

				𝑟
			

		
	
 to the quadrupole component of the map. From Figure 23, we may see that the value of 
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 rather increases, as the octupole component is suppressed.


	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
		
		
	
	
	
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
		
		
		
	
	
	
		
	
	
		
			
		
	


	
		
	
	
		
	
	
		
	
	
		
	

Figure 23: 
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 of the WMAP team's Internal Linear Combination (ILC) map, where the octupole components are multiplied by the suppression factor 
	
		
			

				𝑟
			

		
	
.


8. Discussion
We have investigated the symmetry and antisymmetry of the CMB anisotropy under the coordinate inversion, which are equivalent to the even and odd parity, respectively. As presented in this work, we find there is an anomalous odd-parity preference at low multipole CMB data. We have investigated noncosmological origins and did not find definite association with known systematics. Among cosmological origins, topological models or primordial power spectrum of feature might provide theoretical explanation, though currently available models do not. One of a viable phenomenological model requires the real part of the primordial fluctuation to be suppressed at low wavenumbers, which leads to violation of translation invariance in primordial Universe on the scales larger than 
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				G
				p
				c
			

		
	
. Additionally, we have compared the phase of even and odd multipole data and found they show behavior distinct from each other.
The WMAP power contrast anomaly between even and odd multipoles is explicitly associated with the angular power spectrum data, which are mainly used to fit a cosmological model. Having noted this, we have investigated whether even (odd) low multipole data set is consistent with the WMAP concordance model and found significant tension. We believe these parametric tensions indicate either unaccounted contamination or insufficiency of the assumed parametric model.
Noting the equivalence between the power spectrum and the correlation, we have investigated their association and found that the lack of large-angle correlation is phenomenologically identical with the odd-parity preference at low multipoles. Additionally, the low quadrupole power may be considered as a part of the odd-parity preference anomaly at low multipoles.
Depending on the type of cosmological origins, distinct anomalies are predicted in polarization data. Therefore, the upcoming Planck polarization data, which have low noise and large sky coverage, will greatly help us to understand the underlying origin of the anomaly.
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