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The perturbation caused by planet-moon binarity on the time-of-arrival (TOA) signal of a pulsar with an orbiting planet is derived
for the case of the orbit of the planet-moon system inclined of an angle 𝛼 with respect to the plane of the orbit of the planet-moon
barycenter around the pulsar. We also consider both the orbits of the moon and the planet-moon barycenter as circular. The signal
consists of three sinusoids with frequency, respectively, of (2𝑛𝑝 −3𝑛𝑏), (2𝑛𝑝 −𝑛𝑏), and (2𝑛𝑝 −3𝑛𝑏), where 𝑛𝑝 and 𝑛𝑏 are, respectively,
the mean motions of the planet and moon around their barycenter and the planet-moon system around the host, respectively. The
amplitude of the signal is equal to the fraction sin 𝐼[9(𝑀𝑝/𝑀𝑚)/16(𝑀𝑝 +𝑀𝑚)2][𝑟/𝑅]5(5 sin2𝛼/3 − 2 sin𝛼/3 − 2 cos2𝛼/9) of the
system crossing time 𝑅/𝑐, where𝑀𝑝 and𝑀𝑚 are, respectively, the mass of the planet and the mass of the moon, 𝑟 is their orbital
separation, 𝑅 is the distance between the host pulsar and planet-moon barycenter, 𝐼 is the inclination of the orbital plane of the
planet, and 𝑐 is the speed of light.

1. Introduction

Studies relative to the existence of planets external to our solar
system have attracted a lot of attention in astronomy since
long time.

In 1991, Bailes et al. of the Jodrell Bank Observatory of
the University of Manchester announced the first ever pulsar
planet detected orbiting the pulsar PSR 1829-10 [1]. However,
this discovery was later retracted [2], shortly before the real
detection of the first pulsar planets was announced. In fact,
in 1992, Wolszczan and Frail announced the discovery of
the first exoplanetary system (made by two different planets)
orbiting the millisecond pulsar PSR 1257+12 [3].These pulsar
planets were the first two extrasolar planets discovered which
have been confirmed as planets and also the first multiplanet
extrasolar system observed (and of course the first pulsar
planets discovered). Scientific community had several doubts
concerning this discovery because of the retraction of the
previous pulsar planet, and many questions arose about how
pulsars could have planets. In fact, pulsars (or, equivalently,
neutron stars) have been produced by the explosion of a

supernova and it was widely thought that planets orbiting the
star which underwent the supernova explosion would have
been destroyed in the explosion itself. However, the existence
of these pulsar planets was proved to be real. Then, it opened
the problem (still under debate) of the explanation of their
formation.

After these planets were observed byWolszczan and Frail,
in the following years scientists could observe other planets
or minor bodies orbiting pulsars. Another additional planet
of lower mass orbiting the same pulsar was later discovered.

In 2000, the millisecond pulsar PSR B1620-26 was found
to have a circumbinary planet (i.e., PSR B1620-26 b) that
orbits both it and its companion white dwarf, WD B1620-26
[4]. This was announced as the oldest planet ever discovered,
since it is 12.6 billion years old. It is currently believed to have
originally been the planet of WD B1620-26 before becoming
a circumbinary planet, and therefore, while being discovered
through the timing method, it did not form the way that PSR
B1257+12’s planets are believed to have.

In 2006, a circumstellar disk surrounding the magnetar
(i.e., a pulsar with magnetic field higher than normal pulsars)
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4U 0142+61 was found, which is about 13,000 light years far
from the Earth [5]. This disk is believed to have formed from
the metal-rich debris left over from the supernova that leads
to the formation of the pulsar and it is similar to those seen
around Sun-like stars, which strongly suggests the possibility
of formation of planets in a similar way.

In 2011, a planet which is thought to be the remaining core
of a star that orbited a pulsar and orbiting the millisecond
pulsar PSR J1719-1438 was announced [6]. This object repre-
sents a path to planetary status by evaporation of a star. It
is estimated to have a density at least 23 times the density
of water, a diameter of about 55,000 km, a mass near that
of Jupiter’s, and an orbital period of 2 hours and 10 minutes
when it is at a distance of 600,000 km from the pulsar. It is
believed to be the diamond crystal core remaining from an
evaporated white dwarf, with an estimated weight of 1031
carats.

PSR B1257+12D is an extrasolar object orbiting the pulsar
PSRB1257+12, which is located in theVirgo constellation, 980
light years from the Earth. It is widely believed that this object
is a big asteroid or a comet, located at a mean distance from
the pulsar of 2,6 AU, with an orbital period of about 3,5 years.
The perturbations produced by this body were referred to as
a planet of mass similar to that of Saturn, that is, about 100
Earth masses, orbiting at a mean distance from the pulsar of
about 40AU; however, this discovery was not accepted and
later on retracted. It is believed, then, that the observed per-
turbations are produced by a body of mass of the same order
of an asteroid or a comet. If the presence of this small body
orbiting around the pulsarwill be confirmed, it will be the first
example of asteroid or comet found outside the solar system.
Some scientists also believe that this object can be the first
and biggest of a series of objects which form an asteroid belt
around the parent pulsar.

Then, currently, five exoplanets orbiting around three
different pulsars have been discovered, three around PSR
1257+12, one aroundPSRB1620-26, andone aroundPSR 1719-
1438. These five planets include one with mass equivalent to
0.02 Earthmasses, representing the exoplanet with the lowest
mass known.

It must be also emphasized here that pulsar planets
unlikely can harbor life as we know it, because the high levels
of ionizing radiation emitted by the pulsar can prevent the
formation of life and the visible light produced by pulsars is
relatively low. Different can be the situation for moons orbit-
ing the pulsar planets since the moons can be protected from
the radiation produced by the pulsar by the planets them-
selves.

Since the discovery of the first exoplanet, more than
one thousand exoplanets have been discovered (the website
http://exoplanet.eu/ gives a continuous update of the data
related to the extrasolar planets observed) until now. Most of
them have masses bigger than Jupiter, which is the most mas-
sive planet of the Solar System.With the data obtained thanks
to the new generation telescopes, it will be possible to find
not only Earth-like planets but also exomoons orbiting exo-
planets as well. As a result, the detectability of exomoons is
starting to be explored in terms of the effects they are able to

produce on planetarymicrolensing [7] and transit lightcurves
[8, 9]. Upper limits have already been placed on the mass and
the radius of moons orbiting the planets HD 189733 b [10],
HD 209458 b [11], and OGLE-TR-113 b [12]. Some other
relevant works related to exomoons can be found in [13–25].

The detection of the first planet around a pulsar was
obtained thanks to the investigation of periodic variations in
the time-of-arrival (TOA) of the radio pulses emitted by the
pulsar using a specific timing model. In fact, bodies orbiting
a pulsar will produce regular changes in its pulsation, which
can easily be observed from Earth. Since pulsars usually
rotate with nearly constant period, changes produced by
other bodies in the period itself can easily be detectedwith the
help of precise timing measurements. Since the discovery of
the first planets orbiting a pulsar,many efforts have been done
in order to find more pulsar planets studying the behavior of
manymillisecond pulsars, with the results of the total discov-
ery of the 5 planets mentioned above. In particular, we have
that the planetary system orbiting the pulsar PSR 1257+12
represents the only pulsar planet system with more than
one planet. Given the timing stability of millisecond pulsars
and the precision of the TOA method, the absence of addi-
tional discoveries of multiple systems and the few numbers of
pulsar planets cannot be just an artifact of the method sensi-
tivity. Miller and Hamilton [26] proposed that the scarcity of
planets orbiting millisecond pulsars can be explained using
the recycling hypothesis; that is, the accretion of matter
from a donor star spins up the pulsar and makes it emit
extremely stable radio signals. This type of accretion mech-
anism produces an X-ray luminosity which is sufficient to
vaporize possible planets orbiting the parent pulsar. For this
reason, Miller and Hamilton [26] suggested that PSR 1257+12
must represent a rare example of a high primordial spin. Even
more problematic for scientists is to develop a reasonable
physical mechanism which is able to explain reasonably the
formation and the survival of the pulsar planets, either via
survival of the supernova explosion that created the pulsar,
by accretion from the disk resulting from the disruption of
a companion, or by capturing from another main-sequence
star [27]. We can therefore conclude that the rarity of pulsar
planets indicates that the production of pulsar planets them-
selves is an exception rather than the general rule.

An example of timing model for the case in which the
planet’s orbit around the pulsar is circular is given by

(𝑡𝑁 − 𝑡0) = (𝑇𝑁 − 𝑇0) + Δ𝑇corr

+ TOApert,𝑝 (𝑀𝑠,𝑀𝑝, 𝑅, 𝐼, 𝜙𝑏 (0)) ,
(1)

where 𝑡0 and 𝑡𝑁 are, respectively, the times at which the initial
and𝑁th pulses are emitted in the pulsar’s reference frame, 𝑇0
and 𝑇𝑁 are, respectively, the times the initial and𝑁th pulses
are received in the observer’s reference frame, and the term
𝑇corr acts to change the frame of reference from the observer
on Earth to the barycenter of the pulsar system (see [28]
for more details on the components which form Δ𝑇corr). The
final term in (1) represents the effect produced by a planet
on the motion of the pulsar. We have that, in this final term,
𝑅 indicates the distance between the pulsar and the planet,



Advances in Astronomy 3

Table 1: Pulsar planets characteristics.

Pulsar Planet 𝑀𝐽 𝑎 𝑃 Year
PSR B1620-26 b 2.5 23.0 AU 36525.0 days 2003
PSR 1719-14 b 1.0 0.044AU 0.09 day 2011
PSR B1257+12 b 7 × 10

−5 0.19 AU 25.262 days 1992
PSR B1257+12 c 0.013 0.36AU 66.5419 days 1992
PSR B1257+12 d 0.012 0.46AU 98.2114 days 2002

𝐼 is the angle between the normal of the planet-pulsar orbit
and the line-of-sight, and 𝜙𝑏(0) is the initial angular position
of the planet measured from the 𝑥-axis. Moreover, 𝑀𝑠 and
𝑀𝑝 are the mass of the pulsar and the mass of the planet,
respectively.

The detection of low-mass planets around pulsars, in
addition to measurements of orbital perturbations like the
2 : 3 orbital resonance between the planets PSR 1257+12c and
PSR 1257+12d [29], shows the great sensitivity the TOA tech-
nique can reach, which makes it the best technique for moon
detection now available. Furthermore, millisecond pulsars
make optimal targets for high precision TOA observations
due to their high rotation rate (which implies a large number
of sampled pulses) and the low level of the noise activity [30].

In Table 1, it is possible to find the main information
(i.e., the mass in Jupiter masses𝑀𝐽, the semi major axis 𝑎 in
astronomical units (AU), the period𝑃 in days, and the year of
discovery) of the five pulsar planets known up to now. More
details about pulsar planets can be also found in [31–43].

The paper is organized in the following way. In Section 2,
we derive the expression of the TOA produced by a hypo-
thetical exomoon which orbits a pulsar planet in an inclined
orbit. In Section 3, we make some considerations in order to
understand under which conditions it is possible to detect
signals produced by exomoons. Finally, in Section 4, we write
the conclusions of this work.

2. Calculation of the TOA Perturbation Caused
by a Moon in Inclined Orbit

Following the same procedure made by Lewis et al. [44], we
now want to consider the effect produced by an orbit of the
planet-moon system inclined by an angle 𝛼 with respect to
the plane containing the orbit of the planet-moon system
around the pulsar. We still consider both orbits circular. For
this purpose, the timing model given in (1) must be updated
in order to include effects due to the presence of the moon
and to the inclination of the moon orbit. An example model
taking these assumptions into account is given by

(𝑡𝑁 − 𝑡0)

= (𝑇𝑁 − 𝑇0) + Δ𝑇corr

+ TOApert,𝑝 (𝑀𝑠,𝑀𝑝 +𝑀𝑚, 𝑅, 𝐼, 𝜙𝑏 (0))

+ TOApert,pm (𝑀𝑠,𝑀𝑝,𝑀𝑚, 𝑅, 𝑟, 𝐼, 𝛼, 𝜙𝑏 (0) , 𝜙𝑝 (0)) .

(2)

The functional form of TOApert,𝑝 has been modified in order
to indicate explicitly that it depends on the combined planet-
moon mass and the term TOApert,pm is included in order to
take into account the planet-moon binarity. 𝑀𝑚 represents
the mass of the moon, 𝑟 is the separation between the planet
and the moon, and 𝜙𝑝(0) is the initial angular position of the
planet measured from the planet-moon barycenter. 𝛼 repre-
sents the inclination angle of the moon orbit, which is the
angle between the normal of the planet-exomoon orbit and
the line of sight. Moreover, the quantity 𝑅 represents, in this
case, the distance between the pulsar and the planet-moon
pair.The other quantities are defined as in (1).The expression
of TOApert,pm can be derived from R𝑠, which is the vector
between the barycenter of the system and the pulsar, using
the following relation:
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where 𝑐 indicates the speed of light and n is a unitary vector
pointing along the direction of the line of sight, which is the
only direction along which quantities can be measured.

Equation (3) can be rewritten as the sum of the zeroth
order term that describes the contribution to the signal given
by TOApert,𝑝 and the tidal terms, describing the contributions
to the signal given by TOApert,pm:
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where R𝑠, r𝑝, and r𝑚 are defined as follows:
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Figure 1: Distribution of the vectors used in this paper and the plan
of the orbit containing the pulsar-planet plane.

The vectors R𝑠, R, r𝑝, r𝑚, and r are shown in Figure 1. The
terms inside the square brackets represent the contribution
from the tidal terms.

Using the coordinate system represented in Figure 1, we
can write

R + r𝑚 = [𝑅 cos𝜙𝑏 −
𝑀𝑝

𝑀𝑝 +𝑀𝑚

𝑟 sin𝛼 cos𝜙𝑝] i

+ [𝑅 sin𝜙𝑏 −
𝑀𝑝

𝑀𝑝 +𝑀𝑚

𝑟 sin𝛼 sin𝜙𝑝] j

− [

𝑀𝑝

𝑀𝑝 +𝑀𝑚

𝑟 cos𝛼 sin𝜙𝑝] k,

R + r𝑝 = [𝑅 cos𝜙𝑏 +
𝑀𝑚
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𝑟 sin𝛼 cos𝜙𝑝] i
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+ [

𝑀𝑚

𝑀𝑝 +𝑀𝑚

𝑟 cos𝛼 sin𝜙𝑝] k,

(6)

where i, j, and k are the unitary versors defining the 𝑥, 𝑦,
and 𝑧directions. In particular, i represents the direction along
the line-of-sight, projected onto the plane of the orbit of the
pulsar.

We have that, for circular orbits, 𝜙𝑝(𝑡) = 𝑛𝑝𝑡 + 𝜙𝑝(0) and
𝜙𝑏(𝑡) = 𝑛𝑏𝑡 + 𝜙𝑏(0), where 𝑛𝑏 and 𝑛𝑝 are the constant mean
motions of the two respective orbits. Substituting (6) into the
coefficients of the last two terms of (4), assuming that the
condition 𝑟 ≪ 𝑅 is valid (which is usually respected), and
using the binomial expansion to the order of 𝑟2/𝑅2, we obtain
the following quantities:
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(7)

Substituting (6) and (7) into (4) yields, after some algebraic
simplifications

𝑑
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The vector n can be expressed as

n = sin 𝐼i + cos 𝐼k. (9)

Substituting (8) and (9) into (3) yields
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+

(15sin2𝛼 − 12 sin𝛼 − 2cos2𝛼)
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(10)

Since we are considering the line-of-sight directed along i,
(10) gives only the contribution produced along this axis.The
contribution produced along k is not considered here, also
because it can be shown it is made by terms which are not
detectable or negligible with respect to the contribution along
i.

The cos𝜙𝑏 term in (10) has the same frequency as the
signal of a lone planet and it is possible to demonstrate that
it acts to increase the measured value of 𝑀𝑝 + 𝑀𝑚 derived
fromTOApert,𝑝 by a factor (3𝑟

2
/4𝑅
2
)(𝑀𝑝𝑀𝑚(sin

2
𝛼−2 sin𝛼+

2)/(𝑀𝑝 + 𝑀𝑚)). For this reason, this term will be neglected
as it will not be possible to detect it as a separate signal.
Moreover, the edge of the stability region for a prograde satel-
lite of the low-mass component of a high-mass binary can
be approximated with 0.36𝑟𝐻 for the case of circular orbits,
where 𝑟𝐻 = 𝑅[𝑀𝑝/3𝑀𝑠]

1/3 is the secondary’s Hill radius
[45], when the separation 𝑟 between planet andmoon is equal
to this maximum stable radius 𝑛𝑝 ≈ 8𝑛𝑏. As the limiting case
𝑛𝑏 ≪ 𝑛𝑝 is quite likely, the denominators of the terms we
have derived will never approach zero. This fact, in addition
to the assumption of circular orbit (i.e., eccentricity 𝑒 equal to
zero), means that resonance effects can be safely neglected.
Consequently, (10) can be simplified by neglecting 𝑛𝑏 in the
denominators, which yields
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(11)

Writing 𝑛𝑝 in terms of 𝑟 using the Kepler’s law, (11) assumes
the following form:
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𝑀𝑝𝑀𝑚

(𝑀𝑝 +𝑀𝑚)

2

𝑅

𝑐

(

𝑟

𝑅

)

5

× [

(15sin2𝛼 − 12 sin𝛼 − 2cos2𝛼)
32

× cos (𝜙𝑏−2𝜙𝑝)+
15

32

sin2𝛼 cos (3𝜙𝑏−2𝜙𝑝)

−

cos2𝛼
16

cos (𝜙𝑏 + 2𝜙𝑝)] ,

(12)

which is the final expression of the perturbation produced by
the presence of an exomoon orbiting a pulsar planet.

3. Possibility of Detection of Moons Orbiting
Planet Pulsars

In order to investigate which are the most favourable con-
ditions to detect hypothetical moons orbiting pulsar planets,
we simplify (12) by summing the amplitudes of the sinusoids,
obtaining the following expression for TOApert,pm:

max (TOApert,pm) =
9 sin 𝐼
16

𝑀𝑚𝑀𝑝

(𝑀𝑚 +𝑀𝑝)

2

𝑅

𝑐

(

𝑟

𝑅

)

5

× (

5sin2𝛼
3

−

2 sin𝛼
3

−

2cos2𝛼
9

) .

(13)

Then, for a fixed value of the ratio 𝑟/𝑅, the value of the
maximumamplitude of TOApert,pm increases linearlywith the
distance 𝑅 between the parent pulsar and the planet-moon
pair, which implies that the detection is more probable for
planet-moonpairswhich are as far as possible from the parent
pulsars.

We can easily see that, in the limiting case corresponding
to 𝛼 = 90∘ (i.e., for coplanar orbits), we obtain that

(

5sin2𝛼
3

−

2 sin𝛼
3

−

2cos2𝛼
9

) = 1. (14)

Then, for 𝛼 = 90∘, (13) reduces to

max (TOApert,𝑝𝑚) =
9 sin 𝐼
16

𝑀𝑚𝑀𝑝

(𝑀𝑚 +𝑀𝑝)

2

𝑅

𝑐

(

𝑟

𝑅

)

5

, (15)

which is the same result obtained by Lewis et al. [44]. Lewis
et al. [44] also found in their work that a stable exomoon
orbiting the planet of the pulsar PSR B1610-26 can be
hypothetically detected if the exomoon has a separation from
the planet at least one-fiftieth of the separation of the planet-
moon pair from the parent pulsar and a mass ratio to the
planet of about 5% or larger.

We must also underline here that the results obtained by
Lewis et al. [44] (which are recovered, as told, for the limiting
case of 𝛼 = 90

∘ in our paper) are consistent with a similar
work recently done by Schneider and Cabrera [46], who
calculated the radial velocity perturbations produced on one
component of a binary star system in the particular case
the other component consists of an unresolved pair. Similar
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Table 2: TOA produced by hypothetical exomoons orbiting the known pulsar planets.

Pulsar Planet 𝑀𝐽 𝑎 𝑖 TOA1 TOA2
PSR B1620-26 b 2.5 23AU 50

∘ 7412.42 ns 21987.5 ns
PSR 1719-14 b 1.0 0.0044AU 50

∘ 1.42 ns 4.21 ns
PSR B1257+12 b 7 × 10

−5 0.19 AU 50
∘ 61.23 ns 181.64 ns

PSR B1257+12 c 0.013 0.36AU 53
∘ 120.96 ns 337.94 ns

PSR B1257+12 d 0.012 0.46AU 47
∘ 141.54 ns 419.84 ns

results between Lewis et al. and Schneider and Cabrera are
obtained if the radial velocity perturbation obtained in the
work of Schneider and Cabrera is converted to a timing per-
turbation and the masses of the planet and moon are consid-
ered equal, as in the case investigated by Schneider and Cabr-
era [46] (it must be also noticed that 𝑟 in the work of Lewis
et al. is equivalent to 2𝑎𝐴 in the work of Schneider and
Cabrera).We can also conclude that the results we obtained in
this work are in agreement with the results of Schneider and
Cabrera in the limiting case of 𝛼 = 90∘.

We must also consider that, in the particular case of the
pulsar PSR B1620-26 (which forms a binary system with a
white dwarf), the perturbation signal does not match exactly
the signals obtained using (13) and (15) due to the effects
produced by the white dwarf companion, which introduces
additional perturbations on both TOApert,𝑝 and TOApert,pm.
For this reason, the signal produced with our model
represents an order of magnitude of the minimum detectable
signal produced by an exomoon.

We now want to make some considerations on signals
produced by hypothetical pulsar-moon pairs orbiting parent
pulsars.

In the work of Lewis et al. [44], it was obtained, using
the TOAmodel obtained by the authors, that a binary system
made by two planets with separation of 0.1 AU and with the
same mass (chosen as equivalent to the mass of Jupiter𝑀𝐽)
located at a distance of 5.2 AU from the parent pulsar can
produce a TOApert,pm with an amplitude of 960 ns.

As an example, we now want to calculate the signals
produced by exomoons orbiting the pulsar planets listed
in Table 1, considering the expression of TOApert,pm
we found in (13). As values of the distance 𝑅, we
have considered the values of the semimajor axis 𝑎

of the planetary orbits (even if it is an approximation
since 𝑅 is referred to as a circular orbit while a as an
elliptical orbit). As inclination angle 𝛼 of the moon
orbit, we have chosen the value of 𝛼 = 80

∘. Moreover, we
considered two different cases for the distance 𝑟 between the
planet and the moon and moon mass 𝑀𝑚. In the first one,
as separation between the planet and the moon, we have
chosen 𝑟 = 𝑅/35 and a moon mass𝑀𝑚 which is one-tenth
of the planet mass. In the second case, we have considered
𝑟 = 𝑅/30 and a moon mass which is 0.15 times the mass
of the planet. We must also emphasize here some aspects
considered during the calculations done in order to obtain
TOApert,pm for the pulsar planets. The angles 𝑖, as well as
the other pulsar planets information, are obtained from the
website http://exoplanet.eu/catalog/. As it is possible to see

in the page with pulsar planet data, not all the inclinations
for pulsar planets are available (to be more precise, only
those of PSR B1257+12c and PSR B1257+12d have been
obtained thanks to observations). For all the other planets,
we considered a value of 𝑖 = 50

∘. We must underline here
that, in the website with exoplanets data as well as in other
works related to this field, the letter 𝑖 is often used in order to
indicate the angle between the normal of the planet-pulsar
orbit and the line-of-sight while in our work we used 𝐼.
The values of the TOApert,pm in nanoseconds for the five
known pulsar planets of the two examples considered are
given in the last two columns of Table 2 (in particular,
the first column corresponds to the case with 𝑟 = 𝑅/35

while the second column corresponds to the case with
𝑟 = 𝑅/30). As we can clearly see from the results obtained,
we have that TOApert,pm increases with the increasing of
the value of 𝑅, confirming the result discussed above;
that is, for a given value of the ratio 𝑟/𝑅, the expression of
TOApert,pm increases linearly with the value of 𝑅.

We also plotted the expression of TOApert,pm derived
in (13) for different values of the parameters involved. We
have chosen sin 𝐼 = 1, which represents the case the plane
containing the planet orbit around the pulsar is edge-on
(this assumption represents also the case which produces the
strongest signal according to (13) and then the signal easier to
detect), amass of the planet in the range (0.5÷3)𝑀𝐽, amass of
the moon which is one-tenth of the planet mass, and an incli-
nation angle 𝛼 of the moon orbit in the range (50∘ ÷ 90∘). We
have considered two different cases for 𝑅: in the first one, we
have chosen 𝑅 = 5.2AU, while in the second one we have
chosen𝑅 = 23AU, which is the value of the semimajor axis of
the planet PSR B1620-26b. In both cases, we have considered
𝑟 = 𝑅/40. In Figure 2, we have plotted the case corresponding
to 𝑅 = 5.2AU. We can clearly see that the level of TOApert,pm
goes from about half microsecond to a value of about one
microsecond or a bit higher than one microsecond. Instead,
the case corresponding to 𝑅 = 23AU has been plotted in
Figure 3. We can derive from this figure that the level
of TOApert,pm is of the order of few microseconds. In both
Figures 2 and 3, the intensity of the signal increases with
the increasing of the angle 𝛼, reaching the maximum value
for 𝛼 = 90

∘, which is the limiting case we studied above
corresponding to the model of Lewis et al. [44].

In order to have a better idea of the strength of the
exomoons signals we found in our examples, we must also
remember that pulsar planets produce signals ranging from
microseconds to milliseconds (depending on their distance
from the parent pulsar and their mass), then usually bigger
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Figure 2: Values of TOApert,pm in seconds obtained from (13) for a
range of values of the planet mass𝑀𝑝 and moon orbit inclination 𝛼.
We have also chosen sin 𝐼 = 1, 𝑅 = 5.2AU, 𝑟 = 𝑅/40, and𝑀𝑚 =
𝑀𝑝/10.
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Figure 3: Values of TOApert,pm in seconds obtained from (13) for a
range of values of the planet mass𝑀𝑝 and moon orbit inclination
𝛼. We have also chosen sin 𝐼 = 1, 𝑅 = 23AU, 𝑟 = 𝑅/40, and𝑀𝑚 =
𝑀𝑝/10.

than those we found in Table 2 and Figures 2 and 3 relative to
exomoons.

We can now make some speculation about the situation
corresponding to 𝑀𝑚 = 𝑀𝑝, which represents a system of
two identical planetary objects with the same mass orbiting
around a common center of gravity and also orbiting around
the parent pulsar. Such a system was never observed up to
now, but we also know exoplanets have many surprising
features (like the metallicity of parent stars higher than that
of our Sun and distances from the parents stars less than
the distance between Mercury and the Sun); then we cannot
exclude a priori that these systems can exist. We must under-
line that, in the limiting case of𝑀𝑝 = 𝑀𝑚, it is not proper
to call one of the objects moon, but we are in the case of a
binary system made by two planets of equivalent mass. We
must also emphasize that it is not perfectly right to consider
the orbits of these two planets around their center of mass
as circular, but the proper case is to consider elliptical orbits.
Anyway, the main aim of this paper is to give an order
of magnitude of the effect produced by the system we are
studying, and considering circular orbits, even if not com-
pletely correct, can give someuseful information on the signal

produced by hypothetical exomoons. Furthermore, many
authors of works related to exoplanets and exomoons often
consider circular orbits for binary systems with objects of the
same mass, as it was also made in the example of Lewis et
al. [44] (which is also indicated in this work) and also done
by Schneider and Cabrera [46]. Other physical effects, like
planet-planet interactions, produced by the strong gravita-
tional field of the parent pulsar, tidal forces, and eccentricity
of the orbits can be discussed in future works in order
to understand how they affect the signals produced by
exomoons.

We have that (13), in the limiting case of 𝑀𝑚 = 𝑀𝑝,
reduces to

max (TOApert,pm) =
9 sin 𝐼
64

𝑅

𝑐

(

𝑟

𝑅

)

5

× (

5sin2𝛼
3

−

2 sin𝛼
3

−

2cos2𝛼
9

) ,

(16)

where we used the fact that, for 𝑀𝑚 = 𝑀𝑝, 𝑀𝑚𝑀𝑝/
(𝑀𝑚 +𝑀𝑝)

2
= 1/4.

Instead, (15), in the limiting case corresponding to𝑀𝑚 =
𝑀𝑝, reduces to

max (TOApert,pm) =
9 sin 𝐼
64

𝑅

𝑐

(

𝑟

𝑅

)

5

. (17)

We can consider another limiting case. In fact, for an angle
𝛼 approximately of 47∘2428, the quantity (5sin2𝛼/3 −
2 sin𝛼/3−2cos2𝛼/9) is equal to zero, and then the expression
of the maximum TOApert,pm given in (13) becomes zero too,
which means there is no perturbative contribution from the
presence of the exomoon; then we are able to detect only the
signal produced by the planet.

Unfortunately, there are some practical limits in the TOA
technique for the detection of an exomoon. First of all, other
systems which are able to produce similar signals need to be
investigated in more details in order that they can be dis-
tinguished from signal produced by exomoons. Possible pro-
cesses include unmodelled interactions between planets [47],
gravitational waves emission [48], periodic variation in the
interstellar medium [49], the hypothetical presence of other
small planets or minor bodies, and pulsar precession [50].
Future improvements of our work can be done taking into
account elliptic orbits for planet and/or moon orbits.

Second, the suitability of pulsars for signal detection is
limited due to two main noise sources, that is, phase jitter
and red timing noise (for more details, see [30]). Phase
jitter is an error due to pulse-to-pulse variations which leads
to statistically independent errors in TOA measurements.
Phase jitter decreases with the increasing of the rotation
rate (i.e., decreasing period 𝑃 of the pulsar), due to the
resultant increase in the number of pulses sampled in each
integration. Instead, red timing noise refers to noise for which
neighbouringTOAresiduals are correlated. Red timing noise,
which strongly depends on the time derivative of period of
the pulsar �̇�, has been historically modeled as a random
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walk in phase, frequency, or frequency derivative (see [51–54]
for more details). In order to illustrate the effects produced
by the two noise sources described above on the TOA
method precision, an estimate of their combined residuals
as a function of the pulsar period 𝑃 of the pulsar and of
the time derivative of the pulsar period �̇� was shown in
Figure 3 of the paper of Lewis et al. [44], which is based on
Figure 9 of the paper of Cordes [30]. From Figure 3 of the
paper of Lewis et al. [44], it can be clearly obtained that the
noise level increases with the increasing of the pulsar period
𝑃, going from some nanoseconds for millisecond pulsars
to few millisecond, for pulsars with periods of the order
of a second or a bit less than one second. Since the correlated
timing noise measured for each individual pulsar can vary
from the predicted values indicated in Figure 3 of Lewis et
al. paper even of two orders of magnitude (see the work of
Arzoumanian et al. [55] in order to have more information),
the results obtained about the pulsar noise have as main aim
to demonstrate the general pulsar noise properties; then it
is not intended to precisely predict individual pulsar noise
physical characteristics and behavior. The results shown in
Figure 3 of Lewis et al. also justify the choice of millisecond
pulsars as possible targets for detections of exomoons, since
their noise is lower than the signal produced by the hypothet-
ical presence of the exomoon, as we obtained thanks to the
example we considered. Going to upper periods, the noise
level becomes more relevant, which makes the exomoon
detection more difficult and challenging (and in long period
pulsars case practically impossible).We can also easily under-
stand, then, that one of the main limits of the TOA technique
is represented by the level of the noise produced by the
mechanism we described: less is the noise level, better are the
observations we can make, and therefore more efficient is the
TOA technique.

Third, the possibility moons will be detected depends on
whether or not they exist in certain particular configurations,
which depend on their formation history and orbital stability.
Recent researches suggest that there are physical mass limits
for satellites of both gas giants [56] and terrestrial planets
[57]. Also, tidal and three body effects can strongly affect the
stability and lifetime of exomoons [58–60].

It must be also remembered that, while this method was
investigated for the specific case of a pulsar planet, the TOA
technique can also be applied to planets orbiting other clock-
like hosts, like pulsating giant stars [61] andwhite dwarfs [62].

4. Conclusions

In this work, we calculated the effect produced by an
exomoon orbiting a pulsar planet, considering the orbit of the
exomoon inclined of an angle𝛼with respect to the orbit of the
planet around the pulsar itself. This work can be considered
as an extension of the work of Lewis et al. [44] since they
considered the orbit of the moon and orbit of the planet
around the pulsar coplanar. We considered both orbits as
circular. We found that the perturbation caused by the moon
implies the presence of a multiplicative factor (5sin2𝛼/3 −
2 sin𝛼/3 − 2cos2𝛼/9) in the signal also obtained in the work

of Lewis et al. In the limiting case of 𝛼 = 90∘, that is, coplanar
orbits, we obtain that the multiplicative factor is equal to one
and the result of Lewis et al. is recovered.

We also considered some examples in order to under-
stand which is the level of the signals produced by exomoons
and if it is possible to detect them. Lewis et al. [44] derived
that a stable exomoon orbiting the planet PSR B1610-26b can
be detected in the case the exomoon has a distance from the
planetwhich is at least one-fiftieth of the distance of the planet
from the parent pulsar and the mass of the moon is about 5%
of the planet mass or larger.

As also discussed in the work of Lewis et al. [44], we have
that a binary systemmade by two planets with a separation of
0.1 AU andwith the samemass (equivalent to the Jupitermass
𝑀𝐽) located at a distance of 5.2 AU from the parent pulsar is
able to produce a signal which has amplitude of 960 ns.

Moreover, we also considered the case corresponding to
a mass of the moon equal to the mass of the planet, which
is a particular case not yet observed but which cannot be
excluded a priori. Furthermore, we have found that, for an
inclination angle 𝛼 approximately of 47∘2428, there is no
contribution produced by the presence of the moon since
TOApert,pm = 0.

Applying to the five known pulsar planets the TOApert,pm
model we derived in (13), we have obtained the level of the
signal that a hypothetical exomoon orbiting the respective
pulsar planet can produce. As expected, we have found that,
for fixed values of 𝑟/𝑅, the amplitude of TOApert,pm increases
with 𝑅. In particular, we have found that, for planets PSRR
1719-14b, PSR B1257+12b, and PSR B1257+12c, the signal
produced by the exomoons is difficult to be detected since it
is of the same order as or lower than the noise level. For PSR
B1257+12d, instead, we are able to detect a signal if 𝑅 is large
enough. The strongest signal is produced by the exomoon
orbiting PSR B1620-26, since it is the case with higher 𝑅, that
is, 23 astronomical units.

We also plotted the expression of TOApert,pm derived in
(13) considering the two cases corresponding to 𝑅 = 5.2AU
and 𝑅 = 23AU (which is the distance of the planet PSR
B1620-26 from the parent pulsar) along with an inclination
angle 𝛼 in the range (50∘÷ 90∘), a mass of the planet in
the range (0.5 ÷ 3)𝑀𝐽, and a mass of the moon one-tenth
of the planet mass: we obtained a signal of the order of a
microsecond (or a bit less) for 𝑅 = 5.2AU and a signal of
the order of few microseconds in the case of 𝑅 = 23AU.

As discussed, the signal we obtained is just an order of
magnitude of possible signals produced by exomoons, since
there are many physical factors which must be taken into
account in order to be more precise.

Future improvements of this work can be done consid-
ering more precise details, for example, elliptical orbits of the
planet around the parent pulsar and/or themoon orbiting the
planet.
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