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Abstract. 
In the recent paper “common fixed point theorems for commutating mappings in fuzzy metric spaces,” the authors proved that a common fixed point theorem for commutating mappings in 
	
		
			

				𝐺
			

		
	
-complete fuzzy metric spaces and gave an example to illustrate the main result. In this note, we point out that the above example is incorrect because it does not satisfy the condition of 
	
		
			

				𝐺
			

		
	
-completeness, and then two appropriate examples are given. In addition, we prove that the theorem proposed by Zheng and Lian actually holds in an 
	
		
			

				𝑀
			

		
	
-complete fuzzy metric space. Our results improve and extend some existing results in the relevant literature.


1. Introduction
  In [1], Zheng and Lian extended Jungck's theorem in [2] to fuzzy metric spaces and obtained the following fixed point theorem for commutative mappings in fuzzy metric spaces in the sense of Kramosil and Michálek [3]. 
Theorem 1.1 (Zheng and Lian [1]).  Let 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 be a complete fuzzy metric space and let 
	
		
			
				𝑓
				∶
				𝑋
				→
				𝑋
			

		
	
 be a continuous map and 
	
		
			
				𝑔
				∶
				𝑋
				→
				𝑋
			

		
	
 a map. If (i)
	
		
			
				𝑔
				(
				𝑋
				)
				⊆
				𝑓
				(
				𝑋
				)
			

		
	
,(ii)
	
		
			

				𝑔
			

		
	
 commutes with 
	
		
			

				𝑓
			

		
	
,(iii)and 
	
		
			
				𝑀
				(
				𝑔
				(
				𝑥
				)
				,
				𝑔
				(
				𝑦
				)
				,
				𝑡
				)
				≥
				𝑀
				(
				𝑓
				(
				𝑥
				)
				,
				𝑓
				(
				𝑦
				)
				,
				𝜓
				(
				𝑡
				)
				)
			

		
	
 for all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				>
				0
			

		
	
, where 
	
		
			
				𝜓
				∶
				[
				0
				,
				+
				∞
				)
				→
				(
				0
				,
				+
				∞
				)
			

		
	
 is an increasing and left-continuous function with 
	
		
			
				𝜓
				(
				𝑡
				)
				>
				𝑡
			

		
	
 for all 
	
		
			
				𝑡
				>
				0
			

		
	
.Then 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
 have a unique common fixed point. 
Remark 1.2. It can be seen from the proof of Theorem 1.1 that the fuzzy metric space 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 is complete in the sense of 
	
		
			

				𝐺
			

		
	
-completeness. 
 Furthermore, the authors constructed the following example to illustrate the above theorem.
Example 1.3 (Zheng and Lian [1]). Let 
	
		
			
				𝑋
				=
				[
				0
				,
				+
				∞
				)
			

		
	
 be endowed with the usual metric 
	
		
			
				𝑑
				(
				𝑥
				,
				𝑦
				)
				=
				|
				𝑥
				−
				𝑦
				|
			

		
	
. For all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				≥
				0
			

		
	
, define
							
	
 		
 			
				(
				1
				.
				1
				)
			
 		
	

	
		
			
				
				𝑒
				𝑀
				(
				𝑥
				,
				𝑦
				,
				𝑡
				)
				=
				0
				,
				𝑡
				=
				0
				,
			

			
				−
				|
				𝑥
				−
				𝑦
				|
				/
				𝑡
			

			
				,
				𝑡
				>
				0
				.
			

		
	
Set 
	
		
			
				𝑓
				(
				𝑥
				)
				=
				𝐴
			

			
				−
				1
			

			
				(
				𝑒
			

			

				𝑥
			

			
				−
				1
				)
			

		
	
 and 
	
		
			
				𝑔
				(
				𝑥
				)
				=
				l
				n
				(
				1
				+
				𝐴
				𝑥
				)
			

		
	
, 
	
		
			
				𝜓
				(
				𝑡
				)
				=
				𝐴
			

			
				−
				2
			

			

				𝑡
			

		
	
, where 
	
		
			
				𝐴
				∈
				(
				0
				,
				1
				)
			

		
	
 is a constant. 
 In the Example 1.3, the authors claimed that 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 is a complete fuzzy metric space in the sense of 
	
		
			

				𝐺
			

		
	
-completeness (now known as a 
	
		
			

				𝐺
			

		
	
-complete fuzzy metric space) with respect to 
	
		
			

				𝑡
			

		
	
-norm 
	
		
			
				𝑎
				∗
				𝑏
				=
				𝑎
				𝑏
			

		
	
, and then checked all the conditions of Theorem 1.1. Therefore, they concluded that 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
 have the unique common fixed point 0.
 However, we note that Example 1.3 is incorrect for Theorem 1.1, because 
	
		
			
				𝑋
				=
				[
				0
				,
				+
				∞
				)
			

		
	
 is not 
	
		
			

				𝐺
			

		
	
-complete regarding the fuzzy metric 
	
		
			

				𝑀
			

		
	
. For details, the reader can refer to [4–6].
 In fact, 
	
		
			

				𝐺
			

		
	
-completeness is a very strong kind of completeness. For instance, George and Veeramani [4] found that even 
	
		
			

				ℝ
			

		
	
 is not 
	
		
			

				𝐺
			

		
	
-complete with respect to the standard fuzzy metric induced by Euclidean metric, and then proposed another kind of completeness (now known as an 
	
		
			

				𝑀
			

		
	
-complete fuzzy metric space) by modifying the definition of Cauchy sequence. For these two types of completeness, it is easy to see that every 
	
		
			

				𝐺
			

		
	
-complete fuzzy metric space is 
	
		
			

				𝑀
			

		
	
-complete. Therefore, the construction of fixed point theorems in 
	
		
			

				𝑀
			

		
	
-complete fuzzy metric spaces is more valuable and reasonable.
 The main purpose of this note is to provide two appropriate examples for Theorem 1.1 and prove that this theorem does hold even if 
	
		
			

				𝐺
			

		
	
-completeness of the fuzzy metric space is replaced by 
	
		
			

				𝑀
			

		
	
-completeness. Our results not only improve and generalize Theorem 1.1, but also extend some main results of [2, 7].
2. Preliminaries
For completeness and clarity, in this section, some related concepts and conclusions are summarized below. Let 
	
		
			

				ℕ
			

		
	
 denote the set of all positive integers. 
Definition 2.1 (Schweizer and Sklar [8]). A binary operation 
	
		
			
				∗
				∶
				[
				0
				,
				1
				]
				×
				[
				0
				,
				1
				]
				→
				[
				0
				,
				1
				]
			

		
	
 is called a continuous triangular norm (shortly, continuous 
	
		
			

				𝑡
			

		
	
-norm) if it satisfies the following conditions:(TN-1)
	
		
			

				∗
			

		
	
 is commutative and associative,(TN-2)
	
		
			

				∗
			

		
	
 is continuous,(TN-3)
	
		
			
				𝑎
				∗
				1
				=
				𝑎
			

		
	
 for every 
	
		
			
				𝑎
				∈
				[
				0
				,
				1
				]
			

		
	
,(TN-4) and 
	
		
			
				𝑎
				∗
				𝑏
				≤
				𝑐
				∗
				𝑑
			

		
	
 whenever 
	
		
			
				𝑎
				≤
				𝑐
			

		
	
, 
	
		
			
				𝑏
				≤
				𝑑
			

		
	
 and 
	
		
			
				𝑎
				,
				𝑏
				,
				𝑐
				,
				𝑑
				∈
				[
				0
				,
				1
				]
			

		
	
.  
Definition 2.2 (Kramosil and Michálek [3]). The triple 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 is called a fuzzy metric space if 
	
		
			

				𝑋
			

		
	
 is an arbitrary set, 
	
		
			

				∗
			

		
	
 is a continuous 
	
		
			

				𝑡
			

		
	
-norm, and 
	
		
			

				𝑀
			

		
	
 is a fuzzy set on 
	
		
			
				𝑋
				×
				𝑋
				×
				[
				0
				,
				∞
				)
			

		
	
 satisfying the following conditions: for all 
	
		
			
				𝑥
				,
				𝑦
				,
				𝑧
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑠
				,
				𝑡
				>
				0
			

		
	
,(FM-1)
	
		
			
				𝑀
				(
				𝑥
				,
				𝑦
				,
				0
				)
				=
				0
			

		
	
,(FM-2)
	
		
			
				𝑀
				(
				𝑥
				,
				𝑦
				,
				𝑡
				)
				=
				1
			

		
	
 if and only if 
	
		
			
				𝑥
				=
				𝑦
			

		
	
,(FM-3)
	
		
			
				𝑀
				(
				𝑥
				,
				𝑦
				,
				𝑡
				)
				=
				𝑀
				(
				𝑦
				,
				𝑥
				,
				𝑡
				)
			

		
	
,(FM-4)
	
		
			
				𝑀
				(
				𝑥
				,
				𝑦
				,
				𝑡
				)
				∗
				𝑀
				(
				𝑦
				,
				𝑧
				,
				𝑠
				)
				≤
				𝑀
				(
				𝑥
				,
				𝑧
				,
				𝑡
				+
				𝑠
				)
			

		
	
,(FM-5) and 
	
		
			
				𝑀
				(
				𝑥
				,
				𝑦
				,
				⋅
				)
				∶
				[
				0
				,
				+
				∞
				)
				→
				[
				0
				,
				1
				]
			

		
	
 is left-continuous.
Remark 2.3. According to (FM-2) and (FM-4), it can easily be seen that 
	
		
			
				𝑀
				(
				𝑥
				,
				𝑦
				,
				⋅
				)
			

		
	
 is non-decreasing for all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 (see Lemma  4 in [9]).
 Similar to the case in [1], in this note, we suppose that 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 is a fuzzy metric space with the following additional condition:(FM-6)
	
		
			
				l
				i
				m
			

			
				𝑡
				→
				+
				∞
			

			
				𝑀
				(
				𝑥
				,
				𝑦
				,
				𝑡
				)
				=
				1
			

		
	
, for all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
. 
Definition 2.4 (Grabiec [9], George and Veeramani [4]). Let 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 be a fuzzy metric space. Then(i)a sequence 
	
		
			
				{
				𝑥
			

			

				𝑛
			

			

				}
			

		
	
 in 
	
		
			

				𝑋
			

		
	
 is said to be convergent to a point 
	
		
			
				𝑥
				∈
				𝑋
			

		
	
, denoted by 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				∞
			

			

				𝑥
			

			

				𝑛
			

			
				=
				𝑥
			

		
	
, if 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				∞
			

			
				𝑀
				(
				𝑥
			

			

				𝑛
			

			
				,
				𝑥
				,
				𝑡
				)
				=
				1
			

		
	
, for any 
	
		
			
				𝑡
				>
				0
			

		
	
;(ii)a sequence 
	
		
			
				{
				𝑥
			

			

				𝑛
			

			

				}
			

		
	
 in 
	
		
			

				𝑋
			

		
	
 is called a 
	
		
			

				𝐺
			

		
	
-Cauchy sequence if and only if 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				∞
			

			
				𝑀
				(
				𝑥
			

			
				𝑛
				+
				𝑝
			

			
				,
				𝑥
			

			

				𝑛
			

			
				,
				𝑡
				)
				=
				1
			

		
	
 for any 
	
		
			
				𝑡
				>
				0
			

		
	
 and 
	
		
			
				𝑝
				>
				0
			

		
	
;(iii)a sequence 
	
		
			
				{
				𝑥
			

			

				𝑛
			

			

				}
			

		
	
 in 
	
		
			

				𝑋
			

		
	
 is called an 
	
		
			

				𝑀
			

		
	
-Cauchy sequence if and only if for each 
	
		
			
				𝜖
				∈
				(
				0
				,
				1
				)
			

		
	
 and 
	
		
			
				𝑡
				>
				0
			

		
	
, there exists 
	
		
			

				𝑛
			

			

				0
			

			
				∈
				ℕ
			

		
	
 such that 
	
		
			
				𝑀
				(
				𝑥
			

			

				𝑚
			

			
				,
				𝑥
			

			

				𝑛
			

			
				,
				𝑡
				)
				>
				1
				−
				𝜖
			

		
	
, for any 
	
		
			
				𝑚
				,
				𝑛
				≥
				𝑛
			

			

				0
			

		
	
;(iv)a fuzzy metric space 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 is said to be 
	
		
			

				𝐺
			

		
	
-complete (M-complete) if every 
	
		
			

				𝐺
			

		
	
-Cauchy sequence (
	
		
			

				𝑀
			

		
	
-Cauchy sequence) is convergent;(v)a map 
	
		
			
				𝑓
				∶
				𝑋
				→
				𝑋
			

		
	
 is said to be continuous at 
	
		
			

				𝑥
			

			

				0
			

			
				∈
				𝑋
			

		
	
 if 
	
		
			
				{
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				}
			

		
	
 converges to 
	
		
			
				𝑓
				(
				𝑥
			

			

				0
			

			

				)
			

		
	
 for each 
	
		
			
				{
				𝑥
			

			

				𝑛
			

			

				}
			

		
	
 converging to 
	
		
			

				𝑥
			

			

				0
			

		
	
.
The authors have proved the following conclusion (see the proof of Theorem  2.2 in [1]).
Lemma 2.5 (Zheng and Lian [1]).  Let 
	
		
			
				𝜓
				∶
				[
				0
				,
				+
				∞
				)
				→
				(
				0
				,
				+
				∞
				)
			

		
	
 be an increasing and left-continuous function with 
	
		
			
				𝜓
				(
				𝑡
				)
				>
				𝑡
			

		
	
 for all 
	
		
			
				𝑡
				>
				0
			

		
	
. Then
							
	
 		
 			
				(
				2
				.
				1
				)
			
 		
	

	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			

				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
				=
				+
				∞
				,
			

		
	

						for any 
	
		
			
				𝑡
				>
				0
			

		
	
, where 
	
		
			

				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
			

		
	
 denotes the composition of 
	
		
			
				𝜓
				(
				𝑡
				)
			

		
	
 with itself 
	
		
			

				𝑛
			

		
	
 times. 
3. Two Appropriate Examples
In this section, we will construct two appropriate examples for Theorem 1.1.  
Example 3.1. Let 
	
		
			
				𝑋
				=
				{
				1
				/
				𝑛
				∶
				𝑛
				∈
				ℕ
				}
				∪
				{
				0
				}
			

		
	
 be equipped with the usual metric 
	
		
			
				𝑑
				(
				𝑥
				,
				𝑦
				)
				=
				|
				𝑥
				−
				𝑦
				|
			

		
	
, 
	
		
			
				𝜓
				(
				𝑡
				)
				=
				𝑘
				⋅
				𝑡
			

		
	
, for all 
	
		
			
				𝑡
				∈
				[
				0
				,
				+
				∞
				)
			

		
	
, where 
	
		
			
				𝑘
				∈
				(
				1
				,
				4
				]
			

		
	
 is a constant. For all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				≥
				0
			

		
	
, define
							
	
 		
 			
				(
				3
				.
				1
				)
			
 		
	

	
		
			
				⎧
				⎪
				⎨
				⎪
				⎩
				𝑡
				𝑀
				(
				𝑥
				,
				𝑦
				,
				𝑡
				)
				=
				0
				,
				𝑡
				=
				0
				,
			

			
				
			
			
				|
				|
				|
				|
				𝑡
				+
				𝑥
				−
				𝑦
				,
				𝑡
				>
				0
				.
			

		
	
Clearly, 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 is a 
	
		
			

				𝐺
			

		
	
-complete fuzzy metric space with regard to 
	
		
			

				𝑡
			

		
	
-norm 
	
		
			
				𝑎
				∗
				𝑏
				=
				𝑎
				𝑏
			

		
	
. Set 
	
		
			
				𝑓
				(
				𝑥
				)
				=
				𝑥
				/
				2
			

		
	
 and 
	
		
			
				𝑔
				(
				𝑥
				)
				=
				𝑥
				/
				8
			

		
	
 for all 
	
		
			
				𝑥
				∈
				𝑋
			

		
	
. It is obvious that 
	
		
			
				𝑔
				(
				𝑋
				)
				⊆
				𝑓
				(
				𝑋
				)
			

		
	
. For any 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				>
				0
			

		
	
, we have 
							
	
 		
 			
				(
				3
				.
				2
				)
			
 		
	

	
		
			
				𝑀
				(
				𝑓
				(
				𝑥
				)
				,
				𝑓
				(
				𝑦
				)
				,
				𝜓
				(
				𝑡
				)
				)
				=
				𝑘
				⋅
				𝑡
			

			
				
			
			
				|
				|
				|
				|
				=
				𝑘
				⋅
				𝑡
				+
				𝑥
				−
				𝑦
				/
				2
				2
				𝑘
				⋅
				𝑡
			

			
				
			
			
				|
				|
				|
				|
				≤
				2
				𝑘
				⋅
				𝑡
				+
				𝑥
				−
				𝑦
				8
				⋅
				𝑡
			

			
				
			
			
				|
				|
				|
				|
				8
				⋅
				𝑡
				+
				𝑥
				−
				𝑦
				=
				𝑀
				(
				𝑔
				(
				𝑥
				)
				,
				𝑔
				(
				𝑦
				)
				,
				𝑡
				)
				.
			

		
	
 Thus, all the conditions of Theorem 1.1 are satisfied and 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
 have a unique fixed point, that is, 
	
		
			
				𝑥
				=
				0
			

		
	
.
Example 3.2. Let 
	
		
			

				𝑋
			

		
	
 be the subset of 
	
		
			

				ℝ
			

			

				2
			

		
	
 defined by 
							
	
 		
 			
				(
				3
				.
				3
				)
			
 		
	

	
		
			
				𝑋
				=
				{
				𝐴
				,
				𝐵
				,
				𝐶
				,
				𝐷
				,
				𝐸
				,
				𝐹
				}
				,
			

		
	

						where 
	
		
			
				𝐴
				=
				(
				0
				,
				0
				)
			

		
	
, 
	
		
			
				𝐵
				=
				(
				1
				,
				0
				)
			

		
	
, 
	
		
			
				𝐶
				=
				(
				2
				,
				0
				)
			

		
	
, 
	
		
			
				𝐷
				=
				(
				0
				,
				2
				)
			

		
	
, 
	
		
			
				𝐸
				=
				(
				1
				,
				1
				)
			

		
	
, and 
	
		
			
				𝐹
				=
				(
				2
				,
				2
				)
			

		
	
. 
	
		
			
				√
				𝜓
				(
				𝑡
				)
				=
			

			
				
			
			
				2
				𝑡
			

		
	
, for all 
	
		
			
				𝑡
				∈
				[
				0
				,
				+
				∞
				)
			

		
	
. For all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				≥
				0
			

		
	
, define
							
	
 		
 			
				(
				3
				.
				4
				)
			
 		
	

	
		
			
				
				𝑒
				𝑀
				(
				𝑥
				,
				𝑦
				,
				𝑡
				)
				=
				0
				,
				𝑡
				=
				0
				,
			

			
				−
				𝑑
				(
				𝑥
				,
				𝑦
				)
				/
				𝑡
			

			
				,
				𝑡
				>
				0
				,
			

		
	

						where 
	
		
			
				𝑑
				(
				𝑥
				,
				𝑦
				)
			

		
	
 denotes the Euclidean distance of 
	
		
			

				ℝ
			

			

				2
			

		
	
. Clearly, 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 is also a 
	
		
			

				𝐺
			

		
	
-complete fuzzy metric space with regard to 
	
		
			

				𝑡
			

		
	
-norm 
	
		
			
				𝑎
				∗
				𝑏
				=
				𝑎
				𝑏
			

		
	
. Let 
	
		
			
				𝑓
				∶
				𝑋
				→
				𝑋
			

		
	
 and 
	
		
			
				𝑔
				∶
				𝑋
				→
				𝑋
			

		
	
 be given by 
							
	
 		
 			
				(
				3
				.
				5
				)
			
 		
	

	
		
			
				𝑓
				(
				𝐴
				)
				=
				𝑓
				(
				𝐵
				)
				=
				𝐷
				,
				𝑓
				(
				𝐶
				)
				=
				𝐹
				,
				𝑓
				(
				𝐷
				)
				=
				𝐴
				,
				𝑓
				(
				𝐸
				)
				=
				𝐸
				,
				𝑓
				(
				𝐹
				)
				=
				𝐵
				,
				𝑔
				(
				𝐴
				)
				=
				𝑔
				(
				𝐵
				)
				=
				𝐵
				,
				𝑔
				(
				𝐶
				)
				=
				𝑔
				(
				𝐷
				)
				=
				𝑔
				(
				𝐸
				)
				=
				𝑔
				(
				𝐹
				)
				=
				𝐸
				.
			

		
	
Obviously, 
	
		
			
				𝑔
				(
				𝑋
				)
				⊆
				𝑓
				(
				𝑋
				)
			

		
	
. Furthermore, it is easy to see that 
	
		
			
				𝑀
				(
				𝑓
				(
				𝑥
				)
				,
				𝑓
				(
				𝑦
				)
				,
				𝜓
				(
				𝑡
				)
				)
				≤
				𝑀
				(
				𝑔
				(
				𝑥
				)
				,
				𝑔
				(
				𝑦
				)
				,
				𝑡
				)
			

		
	
 for any 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				>
				0
			

		
	
. Hence, all the conditions of Theorem 1.1 are satisfied and 
	
		
			
				𝑥
				=
				𝐸
			

		
	
 is the unique common fixed point of 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
.
4. Main Results
Now, we will prove that Theorem 1.1 does hold even if 
	
		
			

				𝐺
			

		
	
-completeness is replaced by 
	
		
			

				𝑀
			

		
	
-completeness.
Theorem 4.1.  Let 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 be an 
	
		
			

				𝑀
			

		
	
-complete fuzzy metric space and let 
	
		
			
				𝑓
				∶
				𝑋
				→
				𝑋
			

		
	
 be a continuous map and 
	
		
			
				𝑔
				∶
				𝑋
				→
				𝑋
			

		
	
 a map. If (i)
	
		
			
				𝑔
				(
				𝑋
				)
				⊆
				𝑓
				(
				𝑋
				)
			

		
	
,(ii)
	
		
			

				𝑔
			

		
	
 commutes with 
	
		
			

				𝑓
			

		
	
,(iii)and 
	
		
			
				𝑀
				(
				𝑔
				(
				𝑥
				)
				,
				𝑔
				(
				𝑦
				)
				,
				𝑡
				)
				≥
				𝑀
				(
				𝑓
				(
				𝑥
				)
				,
				𝑓
				(
				𝑦
				)
				,
				𝜓
				(
				𝑡
				)
				)
			

		
	
 for all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				>
				0
			

		
	
, where 
	
		
			
				𝜓
				∶
				[
				0
				,
				+
				∞
				)
				→
				(
				0
				,
				+
				∞
				)
			

		
	
 is an increasing and left-continuous function with 
	
		
			
				𝜓
				(
				𝑡
				)
				>
				𝑡
			

		
	
 for all 
	
		
			
				𝑡
				>
				0
			

		
	
.Then 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
 have a unique common fixed point. 
 Proof. Let 
	
		
			

				𝑥
			

			

				0
			

			
				∈
				𝑋
			

		
	
. From (i), we can find 
	
		
			

				𝑥
			

			

				1
			

		
	
 such that 
	
		
			
				𝑓
				(
				𝑥
			

			

				1
			

			
				)
				=
				𝑔
				(
				𝑥
			

			

				0
			

			

				)
			

		
	
. By induction, we can find a sequence 
	
		
			
				{
				𝑥
			

			

				𝑛
			

			
				}
				⊆
				𝑋
			

		
	
 such that 
	
		
			
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				⊆
				𝑔
				(
				𝑥
			

			
				𝑛
				−
				1
			

			

				)
			

		
	
. For any 
	
		
			
				𝑡
				>
				0
			

		
	
, we have
							
	
 		
 			
				(
				4
				.
				1
				)
			
 		
	

	
		
			
				𝑀
				
				𝑓
				
				𝑥
			

			

				𝑛
			

			
				
				
				𝑥
				,
				𝑓
			

			
				𝑛
				+
				1
			

			
				
				
				
				𝑔
				
				𝑥
				,
				𝑡
				=
				𝑀
			

			
				𝑛
				−
				1
			

			
				
				
				𝑥
				,
				𝑔
			

			

				𝑛
			

			
				
				
				
				𝑓
				
				𝑥
				,
				𝑡
				≥
				𝑀
			

			
				𝑛
				−
				1
			

			
				
				
				𝑥
				,
				𝑓
			

			

				𝑛
			

			
				
				
				
				𝑓
				
				𝑥
				,
				𝜓
				(
				𝑡
				)
				≥
				⋯
				≥
				𝑀
			

			

				0
			

			
				
				
				𝑥
				,
				𝑓
			

			

				1
			

			
				
				,
				𝜓
			

			

				𝑛
			

			
				
				.
				(
				𝑡
				)
			

		
	
 As 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			

				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
				=
				+
				∞
			

		
	
, for any 
	
		
			
				𝑡
				>
				0
			

		
	
, it follows by (FM-6) that 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑀
				(
				𝑓
				(
				𝑥
			

			

				0
			

			
				)
				,
				𝑓
				(
				𝑥
			

			

				1
			

			
				)
				,
				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
				)
				=
				1
			

		
	
. Hence, 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑀
				(
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				,
				𝑓
				(
				𝑥
			

			
				𝑛
				+
				1
			

			
				)
				,
				𝑡
				)
				=
				1
			

		
	
, for any 
	
		
			
				𝑡
				>
				0
			

		
	
. Next, we claim that 
	
		
			
				{
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				}
			

		
	
 is an 
	
		
			

				𝑀
			

		
	
-Cauchy sequence. Suppose that it is not. Then there exist 
	
		
			
				𝜖
				∈
				(
				0
				,
				1
				)
			

		
	
 and two sequences 
	
		
			
				{
				𝑝
				(
				𝑛
				)
				}
			

		
	
, 
	
		
			
				{
				𝑞
				(
				𝑛
				)
				}
			

		
	
 such that for every 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
 and 
	
		
			
				𝑡
				>
				0
			

		
	
, and then we can obtain that
							
	
 		
 			
				(
				4
				.
				2
				)
			
 		
	

	
		
			
				
				𝑓
				
				𝑥
				𝑝
				(
				𝑛
				)
				>
				𝑞
				(
				𝑛
				)
				≥
				𝑛
				,
				𝑀
			

			
				𝑝
				(
				𝑛
				)
			

			
				
				
				𝑥
				,
				𝑓
			

			
				𝑞
				(
				𝑛
				)
			

			
				
				
				,
				𝑡
				≤
				1
				−
				𝜖
				.
			

		
	
Moreover, for every 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
, we can choose the two smallest numbers 
	
		
			
				𝑝
				(
				𝑛
				)
			

		
	
 and 
	
		
			
				𝑞
				(
				𝑛
				)
			

		
	
 such that
							
	
 		
 			
				(
				4
				.
				3
				)
			
 		
	

	
		
			
				𝑀
				
				𝑓
				
				𝑥
			

			
				𝑝
				(
				𝑛
				)
				−
				1
			

			
				
				
				𝑥
				,
				𝑓
			

			
				𝑞
				(
				𝑛
				)
				−
				1
			

			
				
				
				,
				𝑡
				>
				1
				−
				𝜖
				.
			

		
	
For every 
	
		
			
				𝑛
				∈
				ℕ
			

		
	
, we can obtain 
							
	
 		
 			
				(
				4
				.
				4
				)
			
 		
	

	
		
			
				
				𝑓
				
				𝑥
				1
				−
				𝜖
				≥
				𝑀
			

			
				𝑝
				(
				𝑛
				)
			

			
				
				
				𝑥
				,
				𝑓
			

			
				𝑞
				(
				𝑛
				)
			

			
				
				
				
				𝑔
				
				𝑥
				,
				𝑡
				=
				𝑀
			

			
				𝑝
				(
				𝑛
				)
				−
				1
			

			
				
				
				𝑥
				,
				𝑔
			

			
				𝑞
				(
				𝑛
				)
				−
				1
			

			
				
				
				
				𝑓
				
				𝑥
				,
				𝑡
				≥
				𝑀
			

			
				𝑝
				(
				𝑛
				)
				−
				1
			

			
				
				
				𝑥
				,
				𝑓
			

			
				𝑞
				(
				𝑛
				)
				−
				1
			

			
				
				
				
				𝑓
				
				𝑥
				,
				𝜓
				(
				𝑡
				)
				≥
				𝑀
			

			
				𝑝
				(
				𝑛
				)
				−
				1
			

			
				
				
				𝑥
				,
				𝑓
			

			
				𝑞
				(
				𝑛
				)
				−
				1
			

			
				
				
				,
				𝑡
				>
				1
				−
				𝜖
				.
			

		
	
Clearly, this leads to a contradiction. Here, we also consider another particular case. That is, for each 
	
		
			
				𝑡
				>
				0
			

		
	
, there exist 
	
		
			
				𝜖
				∈
				(
				0
				,
				1
				)
			

		
	
 and 
	
		
			

				𝑛
			

			

				0
			

			
				∈
				ℕ
			

		
	
 such that 
	
		
			
				𝑀
				(
				𝑓
				(
				𝑥
			

			

				𝑚
			

			
				)
				,
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				,
				𝑡
				)
				≤
				1
				−
				𝜖
			

		
	
, for all 
	
		
			
				𝑚
				,
				𝑛
				≥
				𝑛
			

			

				0
			

		
	
. Then, for any 
	
		
			
				𝑝
				∈
				ℕ
			

		
	
, we know that 
	
		
			
				𝑀
				(
				𝑓
				(
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				2
			

			
				)
				,
				𝑓
				(
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				)
				,
				𝑡
				)
				≤
				1
				−
				𝜖
			

		
	
. Since
							
	
 		
 			
				(
				4
				.
				5
				)
			
 		
	

	
		
			
				𝑀
				
				𝑓
				
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				2
			

			
				
				
				𝑥
				,
				𝑓
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				
				
				
				𝑔
				
				𝑥
				,
				𝑡
				=
				𝑀
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				
				
				𝑥
				,
				𝑔
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
			

			
				
				
				
				𝑓
				
				𝑥
				,
				𝑡
				≥
				𝑀
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				
				
				𝑥
				,
				𝑓
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
			

			
				
				
				
				𝑓
				
				𝑥
				,
				𝜓
				(
				𝑡
				)
				≥
				𝑀
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				
				
				𝑥
				,
				𝑓
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
			

			
				
				
				,
				,
				𝑡
			

		
	

						we can conclude that 
	
		
			
				{
				𝑀
				(
				𝑓
				(
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				2
			

			
				)
				,
				𝑓
				(
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				)
				,
				𝑡
				)
				}
			

		
	
 is a monotone and bounded sequence with respect to 
	
		
			

				𝑝
			

		
	
. Therefore, there exists 
	
		
			
				𝛾
				∈
				[
				0
				,
				1
				−
				𝜖
				]
			

		
	
 such that 
	
		
			
				l
				i
				m
			

			
				𝑝
				→
				+
				∞
			

			
				𝑀
				(
				𝑓
				(
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				2
			

			
				)
				,
				𝑓
				(
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				)
				,
				𝑡
				)
				=
				𝛾
			

		
	
. In addition, according to the foregoing inequality, we can obtain
							
	
 		
 			
				(
				4
				.
				6
				)
			
 		
	

	
		
			
				𝑀
				
				𝑓
				
				𝑥
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				2
			

			
				
				
				𝑥
				,
				𝑓
			

			

				𝑛
			

			

				0
			

			
				+
				𝑝
				+
				1
			

			
				
				
				
				𝑓
				
				𝑥
				,
				𝑡
				≥
				𝑀
			

			

				𝑛
			

			

				0
			

			
				+
				1
			

			
				
				
				𝑥
				,
				𝑓
			

			

				𝑛
			

			

				0
			

			
				
				,
				𝜓
			

			
				𝑝
				+
				1
			

			
				
				.
				(
				𝑡
				)
			

		
	
By supposing that 
	
		
			
				𝑝
				→
				+
				∞
			

		
	
, it follows that 
	
		
			
				𝛾
				≥
				1
			

		
	
, which is also a contradiction. Hence, 
	
		
			
				{
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				}
			

		
	
 is an 
	
		
			

				𝑀
			

		
	
-Cauchy sequence in the 
	
		
			

				𝑀
			

		
	
-complete fuzzy metric space 
	
		
			

				𝑋
			

		
	
. Furthermore, we conclude that there exists a point 
	
		
			
				𝑦
				∈
				𝑋
			

		
	
 such that 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				=
				𝑦
			

		
	
. So 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑔
				(
				𝑥
			

			

				𝑛
			

			
				)
				=
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑓
				(
				𝑥
			

			
				𝑛
				+
				1
			

			
				)
				=
				𝑦
			

		
	
. By (iii), it can be seen that the continuity of 
	
		
			

				𝑓
			

		
	
 implies that of 
	
		
			

				𝑔
			

		
	
. Consequently, we obtain that 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑔
				(
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				)
				=
				𝑔
				(
				𝑦
				)
			

		
	
. According to the commutativity of 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
, we know that 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑓
				(
				𝑔
				(
				𝑥
			

			

				𝑛
			

			
				)
				)
				=
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑔
				(
				𝑓
				(
				𝑥
			

			

				𝑛
			

			
				)
				)
				=
				𝑔
				(
				𝑦
				)
			

		
	
. Because of the uniqueness of limits, it follows immediately that 
	
		
			
				𝑓
				(
				𝑦
				)
				=
				𝑔
				(
				𝑦
				)
			

		
	
. So 
	
		
			
				𝑓
				(
				𝑓
				(
				𝑦
				)
				)
				=
				𝑓
				(
				𝑔
				(
				𝑦
				)
				)
				=
				𝑔
				(
				𝑓
				(
				𝑦
				)
				)
				=
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
			

		
	
. Thus, we have
							
	
 		
 			
				(
				4
				.
				7
				)
			
 		
	

	
		
			
				𝑀
				(
				𝑔
				(
				𝑦
				)
				,
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
				,
				𝑡
				)
				≥
				𝑀
				(
				𝑓
				(
				𝑦
				)
				,
				𝑓
				(
				𝑔
				(
				𝑦
				)
				)
				,
				𝜓
				(
				𝑡
				)
				)
				=
				𝑀
				(
				𝑔
				(
				𝑦
				)
				,
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
				,
				𝜓
				(
				𝑡
				)
				)
				≥
				⋯
				≥
				𝑀
				(
				𝑔
				(
				𝑦
				)
				,
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
				,
				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
				)
				.
			

		
	
Letting 
	
		
			
				𝑛
				→
				+
				∞
			

		
	
, we obtain that 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑀
				(
				𝑔
				(
				𝑦
				)
				,
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
				,
				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
				)
				=
				1
			

		
	
, for any 
	
		
			
				𝑡
				>
				0
			

		
	
. So 
	
		
			
				𝑀
				(
				𝑔
				(
				𝑦
				)
				,
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
				,
				𝑡
				)
				=
				1
			

		
	
. By (FM-2), we conclude that 
	
		
			
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
				=
				𝑔
				(
				𝑦
				)
			

		
	
. Hence, 
	
		
			
				𝑔
				(
				𝑦
				)
				=
				𝑔
				(
				𝑔
				(
				𝑦
				)
				)
				=
				𝑓
				(
				𝑔
				(
				𝑦
				)
				)
			

		
	
, that is, 
	
		
			
				𝑔
				(
				𝑦
				)
			

		
	
 is a common fixed point of 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
.Furthermore, we show that 
	
		
			
				𝑔
				(
				𝑦
				)
			

		
	
 is the unique common fixed point of 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
. Assume that 
	
		
			

				𝑥
			

		
	
 and 
	
		
			

				𝑧
			

		
	
 are two common fixed point of 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
, for any 
	
		
			
				𝑡
				>
				0
			

		
	
, we then obtain
							
	
 		
 			
				(
				4
				.
				8
				)
			
 		
	

	
		
			
				𝑀
				(
				𝑥
				,
				𝑧
				,
				𝑡
				)
				=
				𝑀
				(
				𝑔
				(
				𝑥
				)
				,
				𝑔
				(
				𝑧
				)
				,
				𝑡
				)
				≥
				𝑀
				(
				𝑓
				(
				𝑥
				)
				,
				𝑓
				(
				𝑧
				)
				,
				𝜓
				(
				𝑡
				)
				)
				=
				𝑀
				(
				𝑥
				,
				𝑧
				,
				𝜓
				(
				𝑡
				)
				)
				≥
				⋯
				≥
				𝑀
				(
				𝑥
				,
				𝑧
				,
				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
				)
				.
			

		
	
As 
	
		
			
				𝑛
				→
				+
				∞
			

		
	
, we have 
	
		
			
				l
				i
				m
			

			
				𝑛
				→
				+
				∞
			

			
				𝑀
				(
				𝑥
				,
				𝑧
				,
				𝜓
			

			

				𝑛
			

			
				(
				𝑡
				)
				)
				=
				1
			

		
	
. Thus 
	
		
			
				𝑀
				(
				𝑥
				,
				𝑧
				,
				𝑡
				)
				=
				1
			

		
	
 for any 
	
		
			
				𝑡
				>
				0
			

		
	
. Furthermore, we can obtain 
	
		
			
				𝑥
				=
				𝑧
			

		
	
. This completes the proof. 
Remark 4.2. It should be pointed out that the foregoing three examples are suitable for Theorem 4.1.  
Corollary 4.3.  Let 
	
		
			
				(
				𝑋
				,
				𝑀
				,
				∗
				)
			

		
	
 be an 
	
		
			

				𝑀
			

		
	
-complete fuzzy metric space and let 
	
		
			
				𝑓
				∶
				𝑋
				→
				𝑋
			

		
	
 be a continuous map and 
	
		
			
				𝑔
				∶
				𝑋
				→
				𝑋
			

		
	
 a map. If (i)
	
		
			
				𝑔
				(
				𝑋
				)
				⊆
				𝑓
				(
				𝑋
				)
			

		
	
,(ii)
	
		
			

				𝑔
			

		
	
 commutes with 
	
		
			

				𝑓
			

		
	
,(iii)and 
	
		
			
				𝑀
				(
				𝑔
				(
				𝑥
				)
				,
				𝑔
				(
				𝑦
				)
				,
				𝑘
				𝑡
				)
				≥
				𝑀
				(
				𝑓
				(
				𝑥
				)
				,
				𝑓
				(
				𝑦
				)
				,
				𝑡
				)
			

		
	
 for all 
	
		
			
				𝑥
				,
				𝑦
				∈
				𝑋
			

		
	
 and 
	
		
			
				𝑡
				>
				0
			

		
	
, where 
	
		
			
				0
				<
				𝑘
				<
				1
			

		
	
. Then 
	
		
			

				𝑓
			

		
	
 and 
	
		
			

				𝑔
			

		
	
 have a unique common fixed point.
Remark 4.4. Corollary 4.3 is the immediate consequence of Theorem 4.1, which can be regarded as an improvement of Theorem  2 in [7].
Acknowledgments
This work was supported by “Qing Lan” Talent Engineering Funds by Tianshui Normal University, the Beijing Municipal Education Commission Foundation of China (no. KM201210038001), the National Natural Science Foundation (no. 71240002), and the Funding Project for Academic Human Resources Development in Institutions of Higher Learning under the jurisdiction of Beijing Municipality (no. PHR201108333).
References
	F. M. Zheng and X. G. Lian, “Common fixed point theorems for commutating mappings in fuzzy metric spaces,” Abstract and Applied Analysis, vol. 2012, Article ID 729758, 5 pages, 2012.
	G. Jungck, “Commuting mappings and fixed points,” The American Mathematical Monthly, vol. 83, no. 4, pp. 261–263, 1976.
	I. Kramosil and J. Michálek, “Fuzzy metrics and statistical metric spaces,” Kybernetika, vol. 11, no. 5, pp. 336–344, 1975.
	A. George and P. Veeramani, “On some results in fuzzy metric spaces,” Fuzzy Sets and Systems, vol. 64, no. 3, pp. 395–399, 1994.
	S. Kumar and D. Miheţ, “
	
		
			

				𝐺
			

		
	
-completeness and 
	
		
			

				𝑀
			

		
	
-completeness in fuzzy metric spaces: a note on a common fixed point theorem,” Acta Mathematica Hungarica, vol. 126, no. 3, pp. 253–257, 2010.
	D. Mihet, “Some remarks on a common fixed point theorem in fuzzy metric spaces,” Thai Journal of Mathematics, vol. 8, no. 1, pp. 193–196, 2010.
	P. V. Subrahmanyam, “A common fixed point theorem in fuzzy metric spaces,” Information Sciences, vol. 83, no. 3-4, pp. 109–112, 1995.
	B. Schweizer and A. Sklar, “Statistical metric spaces,” Pacific Journal of Mathematics, vol. 10, pp. 313–334, 1960.
	M. Grabiec, “Fixed points in fuzzy metric spaces,” Fuzzy Sets and Systems, vol. 27, no. 3, pp. 385–389, 1988.


OEBPS/page-template.xpgt
 

   


     
	 
    

     
	 
    


     
	 
    


     
         
             
             
             
        
    

  





OEBPS/pageMap.xml
 
                                 
                                



OEBPS/Fonts/xits-italic.otf


OEBPS/Fonts/xits-bolditalic.otf


OEBPS/Fonts/xits-regular.otf


OEBPS/Fonts/xits-math.otf


