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The aim of this article is to clearly formulate various possible assumptions for a comparison
function in contractive conditions and to deduce respective (common) fixed point results in partial
metric spaces. Since standard metric spaces are special cases, these results also apply for them. We
will show by examples that there exist situations when a partial metric result can be applied, while
the standard metric one cannot.

1. Introduction

In recent years many authors have worked on domain theory in order to equip semantics
domain with a notion of distance. In particular, Matthews [1] introduced the notion of a
partial metric space as a part of the study of denotational semantics of dataflow networks and
obtained, among other results, a nice relationship between partial metric spaces and so-called
weightable quasimetric spaces. He showed that the Banach contraction mapping theorem
can be generalized to the partial metric context for applications in program verification.
Subsequently, several authors (see, e.g., [2-11]) proved fixed point theorems in partial metric
spaces.
Contractive conditions with the so-called comparison function ¢ of the form

d(Tx,Ty) <p(M(x,y)) (1.1)

have been used for obtaining (common) fixed point results of mappings in metric spaces since
the celebrated result of Boyd and Wong [12]. In various articles, different assumptions for
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function ¢ were made. Sometimes these assumptions were not clearly stated, and sometimes
the assumptions were stronger than needed. This includes some recent fixed point results in
partial metric spaces.

The aim of this paper is to clearly formulate various possible conditions for a com-
parison function and to deduce respective (common) fixed point results in partial metric
spaces. Since standard metric spaces are special cases, these results also apply for them. We
will show by examples that there exist situations when a partial metric result can be applied,
while the standard metric one cannot.

2. Preliminaries
The following definitions and details can be seen, for example, in [1, 3, 6, 9, 11].

Definition 2.1. A partial metric space is a pair (X, p) of anonempty set X and a partial metric
pon X, thatis, a functionp : X x X — R* such that forall x,y,z € X:

(1) x=y e plxx)=pxy) =py,y),
(p2) p(x,x) <p(x,y),
(p3) p(x,y) = p(y, x),
(ps) p(x,y) < p(x,2) +p(z,y) —p(z,2).

It is clear that if p(x,y) = 0, then, from (p;) and (py), it follows that x = y. But p(x, x)
may not be 0.

Each partial metric p on X generates a Ty topology 7, on X which has as a base the
family of open p-balls {B,(x,¢) : x € X, € >0}, where B,(x,¢) = {y € X : p(x,y) <p(x,x)+€}
for all x € X and € > 0. A sequence {x,} in (X, p) converges to a point x € X, with respect to
Tp, if lim,, —, p(x, x,) = p(x, x). This will be denoted as x, — x,n — oo or lim, X, = x. If
T:X — Xis continuous at xy € X (in 7,,), then, for each sequence {x,} in X,

X, — x9g = Tx, — Txo. (2.1)

Remark 2.2. Clearly, a limit of a sequence in a partial metric space needs not to be unique. For
example, if X = [0, +o0) and p(x,y) = max{x, y}for x,y € X, then for {x,} = {1}, p(x,, x) =
x = p(x, x) for each x > 1 and so, for example, x, — 2 and x, — 3 whenn — oo. Moreover,
the function p(-, -) needs not to be continuous in the sense that x, — x and y, — y imply

p(xn, yn) — p(x,y).

Definition 2.3. Let (X, p) be a partial metric space. Then we have the following.

(1) A sequence {x,} in (X, p) is called a Cauchy sequence if lim,, , —, op(Xn, X1n) exists
(and is finite).

(2) The space (X, p) is said to be complete if every Cauchy sequence {x,} in X con-
verges, with respect to 7, to a point x € X such that p(x, x) = limy, » — P (Xn, Xm).

It is easy to see that every closed subset of a complete partial metric space is complete.
If p is a partial metric on X, then the function p® : X x X — R* given by

p*(x,y) =2p(x,y) —p(x,x) -p(y,y) (2.2)
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is a metric on X. Furthermore, lim, _, ,p®(xy, x) = 0 if and only if

p(x,x) = limp(x,, x) = Lm p(x,, Xm). (2.3)

Lemma 2.4. Let (X, p) be a partial metric space:
(a) {xn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the metric
space (X, p°®),
(b) the space (X, p) is complete if and only if the metric space (X, p®) is complete.

3. Auxiliary Results

We will consider the following properties of functions ¢ : [0, +c0) — [0, +c0). ¢" will denote
the nth iteration of ¢:
(I) ¢(t) <t foreacht>0and ¢"(t) — 0,n — oo foreacht >0,
(I) ¢ is nondecreasing and ¢"(t) — 0,n — oo for each t >0,
(IIT) ¢ is right-continuous, and ¢(t) < t for each t > 0,
(IV) ¢ is nondecreasing and ., ¢"(t) < +oo for each t > 0.

Lemma 3.1. (1) (II) = (I).
(2) (II) +¢ is nondecreasing = (II).
(3) (IV) = (ID).
(4) (I1I) and (IV) are not comparable (even if ¢ is nondecreasing).

Proof. (1) (see [13]). Suppose that (II) holds and that there is some f; € (0,+o0) such that
¢(to) > to. Then monotonicity of ¢ implies that ¢*(ty) > ¢(ty) > to. Continuing by induction
we get that ¢" (tp) >ty and so ¢"(tp) — 0, n — oo is impossible.

(2) Let (III) hold and let ¢ be nondecreasing. Monotonicity of ¢ implies that, for each
fixed t > 0, the sequence {¢"(t)} is nonincreasing (and nonnegative); hence, there exists
lim,, _, ™ (t) = & > 0. Suppose that a > 0. Then it follows by (III) that

0<a< lime™(t) = limM(p((p"(t)) = (p( limﬁtp"(t)) = g(a), (3.1)

n—o (- 96—

which is a contradiction with ¢(f) < t.
(3) Obvious.
(4) It is demonstrated in the following example. O

Example 3.2. (1) The function

Q(t) = < %, t=1, (3.2)

satisfies (IV) but not (III).
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(2) The function ¢(t) = t/(1 + t) is nondecreasing and satisfies (III) but not (IV), since
" (t) =t/ (1 +mnt).

Assertions similar to the following lemma (see, e.g., [14]) were used (and proved) in
the course of proofs of several fixed point results in various papers.

Lemma 3.3. Let (X, d) be a metric space and let {y,} be a sequence in X such that {d(Yy.1,Yn)} is
nonincreasing and

lim d(Yns1,¥n) = 0. (3.3)

If {yon} is not a Cauchy sequence, then there exist € > 0 and two subsequences {my} and {ni} of
positive integers such that the following four sequences tend to € + 0 when k — oo:

d(]/ka/]/an)/ d(y2mk/ ]/an+1)/ d(]/ka—lz J/an)/ d(]/ka—b ]/an+l)‘ (34)

As a consequence we obtain the following.

Lemma 3.4. Let (X, p) be a partial metric space and let {y,} be a sequence in X such that {p(yn+1,
Yn)} is nonincreasing and

lim p(Yn1, yn) = 0. (3.5)

If {yon} is not a Cauchy sequence in (X, p), then there exist € > 0 and two subsequences {my} and
{ni} of positive integers such that the following four sequences tend to € + 0 when k — oo:

P(yka/]/an)/ P(]/ka/ ]/an+1)/ p(yka—l/ yan)/ P(]/ka—lr y2nk+1)‘ (36)

Proof. Suppose that {y,} is a sequence in (X, p) satisfying (3.5) such that {1, } is not Cauchy.
According to Lemma 2.4, it is not a Cauchy sequence in the metric space (X,p®), either.
Applying Lemma 3.3 we get the sequences

Ps (]/ka/ ]/an)/ PS (]/ka/ ]/an+1)/ PS (]/ka—l/ ]/an)/ ps (]/ka—lz y2nk+1) (37)

tending (from above) to some 2¢ > 0 when k — oo. Using definition (2.2) of the associated
metric and (3.5) (which implies that also lim,_,p (v, y») = 0), we get that the sequences
(3.6) tend to £ + 0 when k — oo. O

4. Common Fixed Point Results for Four Mappings

In this section we prove two common fixed point results for four mappings in partial metric
spaces, using two distinct properties of a comparison function mentioned in Section 3.

Theorem 4.1. Let (X, p) be a complete partial metric space, and let A,B,S, T : X — X. Suppose
that AX Cc TX, BX C SX and one of these four subsets of X is closed. Let further

p(Ax,By) < p(M(x,y)) (4.1)
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hold for all x,y € X, where
1
M(x,y) = max{p(Sx, Ty),p(Ax, Sx),p(By, Ty), 5 (p(Sx,By) +p(Ax,Ty)) }, (4.2)

and ¢ : [0,+00) — [0,+00) satisfies property (I1I), that is, ¢ is right-continuous, and ¢(t) < t for
eacht > 0. Then A and S, as well as B and T, have a coincidence point. If, moreover, pairs (A, S) and
(B, T) are weakly compatible, then A, B, S, T have a unique common fixed point.

Recall that a point y € X is called a point of coincidence for mappings f,g: X — X if
there exists x € X such that f(x) = g(x) = y. Then, x is called a coincidence point. Mappings
f and g are called weakly compatible if they commute at their coincidence points.

Proof. Starting from arbitrary xo € X and using that AX ¢ TX, BX C SX construct a Jungck
sequence {y,} by

Yon = Ax2y = TXops1,  Yons1 = Bxop1 = Sxop00, n=0,1,2,.... (4.3)

Consider two possible cases.
(1) p(Yn, Yn+1) = 0 (and so v, = yu+1) for some n € N. Let, for example, n = 2k - 1,
k € N. Then

P Yok, Yok+1) = p(Axak, Bxoi1) < (M (x2k, X2k41)), (4.4)

where

M (x2k, X2k+1)
1
= maX{P(ka—lfka),P(yzk,yzk—l),P(yzkﬂ,ka), 7 (P (yzk—l,y2k+1) + P(yzk,yzk)) } (4.5)
=p(Yar yar1)  (by (Py))-

It follows that p(yor, Yok+1) < @(P(Yok, Yok+1)) < P(Y2k, Yok+1), Which is impossible, unless
P(Yok, Yak+1) = 0 and yox = yor+1. In a similar way, if n = 2k, k € N, it follows that also yoy.1 =
Yak+2. Hence, in both cases we obtain that the sequence {y,} is eventually constant, and so a
Cauchy one.

(2) Suppose that p(y,, Ynr1) > 0 for all n € N. Then, as above,

P(Y2n, Yone1) = P(Ax2n, Bxopi1) < (M (Xon, X2n41)), (4.6)

where
M(x2p, X2n41)

1
= maX{ P(Y2n-1,Y2n), P (Y2n, Y2n-1), P(Y2nse1, Yon), 5 (p(Y2n-1, Van1) + P(Yon, Y2n)) } (4.7)
= max{p(y2n-1,Y2n), P (Yon, Yons1) } (by(ps))-
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Similarly, p(y2n+1, Yons2) < @(M(X2041, X2042)), M (X2n11, Xons2) = Mmax{p(Yon, Yons1), P(Yon+1,
Yon+2)}, that is

P(Yn Y1) < @(max{p(Vu-1,Yn), P(Yn, Ynr1)}), n=12,.... (4.8)

If p(Yn, Yns1) 2 P(Yn-1,Yn), then p(yn, Yni1) < @Y, Yni1)) < P(Yn, Yni1), a contradiction. It
follows that

P(]/n/ yn+1) < P(}/n—lr yn)/ n= 1/ 2/ e (49)

Thus, in this case {p(yn, Yn+1)} is a decreasing sequence of positive numbers. Denote
limy, — p(Yn, Yn+1) = r 2 0. In fact, r = 0. Indeed, if r > 0, then passing to the limit when
n — 0 in p(Yn, Yni1) < @(P(Yn-1,Yn)), and using properties (III) of ¢, we get that

r<o(r) <r, (4.10)

a contradiction.

We have proved that lim, _, p(ys, Yns1) = 0. Suppose that {y,} is not a Cauchy
sequence. Then, Lemma 3.4 implies that there exist € > 0 and two subsequences {m;} and
{ni} of positive integers such that the sequences (3.6) tend to ¢ (from above) when k — co.
Now, using (4.1) with x = xo,,, and y = x,,,+1, We get that

P(:Vka/ yan+1) S (P(M(x2mk1x2nk+1))/ (411)

where
M (X2, X2n,41)

1
= max{ P Wam1s Yan) P (Yamer Va1 P (Yamerts Yoni )5 (P (Y-, Yomen) + P (Yo Yoni)) }

—e+0, k— 0.
(4.12)

Using properties (III) of ¢, we obtain a contradiction ¢ < ¢(¢) < ¢, since € > 0.

Thus {y.,} and so also {y,} is a Cauchy sequence, both in (X,p) and in (X, p®).
Suppose that, for example, SX is closed in X, and hence complete. It follows that sequence
{yn} converges in the metric space (X, p®), say lim, . .p*(yn, z) = 0, where z = Su for some
u € X. Again from Lemma 2.4, we have

p(z,2) = limp(yn z) = Hm p(yn ym). (4.13)

nm—

Moreover, since {y,} is a Cauchy sequence in the metric space (X,p°), we have
limy, ;n— op®(Yn, Ym) = 0 and so, by the definition of p®, we have lim, ;y— op (Y, Ym) = 0.
Then (4.13) implies that p(z, z) = 0 and

lim p(y,, z) = p(z,z) =0. (4.14)

We will prove that z is a point of coincidence of A and S, that is, Au = z.
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Suppose that p(Au, z) > 0. Then, using (p4),
p(Au, z) < p(Au, Bxays1) + p(Bxons1, z) — p(BXans1, Bxons1)
< w(maX{p(z, Yan), P(AW, 2), p(Yons1, Yon), %(P(Z/ Yans1) +p(At, Yon)) })
+p(Yans1, 2)
< (p<max{p(z, Yon), P(AU, 2), p(Yons1, ]/Zn)/% (p(z, y2ns1) + p(Au, 2)+ p(2,y2n)) }>

+p(Yans1, 2).
(4.15)

All terms in the previous set {-- -}, which depend on 7, tend to 0 when n — oo and they are
smaller, for n large enough, than, say, (1/2)p(Au, z). It follows that

p(Au, z) < p(p(Au, 2)) + p(Yons1, 2)- (4.16)

Letting n — oo, and using that ¢(t) < t, we get that p(Au, z) < p(p(Au,z)) < p(Au,z), a
contradiction. Hence, p(Au, z) =0 and Au = z.

Now AX C TX implies that z = Au € TX and so there exists v € X such that Tv = z.
If p(z, Bv) > 0, then

p(z,Bo) = p(Au, Bo)
< (p(max{p(Su, Tv),p(Au,Su),p(Bv,Tv), % (p(Su, Bv) + p(Au,Tv)) }) (4.17)

< ¢(p(z,Bv)) < p(z,Bo),

a contradiction. Hence, p(z, Bv) = 0 and Bv = z, so z is a point of coincidence, both for (A, S)
and for (B, T). It order to show that this point of coincidence is unique, one has only to use
that ¢(t) < tfort > 0 and property (p,) of partial metric. Hence, if these pairs of mappings are
weakly compatible, it follows by a well-known result that z is a unique common fixed point
of A,B,S,T. The theorem is proved. O

Theorem 4.2. Let (X, p) be a complete partial metric space, and let A,B,S, T : X — X. Suppose
that AX Cc TX, BX C SX and one of these four subsets of X is closed. Let further

p(Ax, By) < p(M(x,y)) (4.18)

hold for all x,y € X, where
1
M(x,y) = maX{ p(Sx,Ty),p(Ax, 5x),p(By, Ty), 5 (p(Sx, By) +p(Ax, Ty)) } (4.19)

and ¢ : [0,+00) — [0, +o0) satisfies property (IV), that is, ¢ is nondecreasing and 3., ¢" (t) < +co
foreacht > 0. Then A and S, as well as B and T, have a coincidence point. If, moreover, pairs (A, S)
and (B, T) are weakly compatible, then A, B, S, T have a unique common fixed point.
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Proof. Construct a Jungck sequence {y,} as in the proof of Theorem 4.1. By Lemma 3.1,
conditions (IV) imply that ¢"(t) — 0,n — oo for each t € [0, +o0). Since ¢ is nondecreasing,
it further implies that ¢(t) < t for each t > 0. Condition (4.9) follows as in the proof of
Theorem 4.1. It further implies that

P yn) <9"(p(Yo,y1)), neN. (4.20)
By the definition of associated metric (2.2), we get that
P* (Y Yni1) <49"(p(vo, 1)), neN. (4.21)
Now, for arbitrary k € N,

P (Y Ynik) < P°(Yns Yni1) + P° (Y1, Yna2) + -+ + P° (Ynek=1, Ynek)

ntk-1 o (4.22)
<4 Z ¢ (p(yo,y1)) < 42(/’1 (p(yo,y1)) — 0

asn — oo, by conditions (IV). Hence {y,} is a Cauchy sequence in X.
The rest of the proof is the same as in Theorem 4.1, since it uses only the contractive
condition and that ¢(t) <t for t > 0. O

Remark 4.3. (1) It follows from the proofs of previous theorems that, under the respective
hypotheses, an arbitrary Jungck sequence {1y, } converges to the (unique) common fixed point
zof A,B,S,T.

(2) Taking ¢(t) = kt, k € [0,1) in Theorems 4.1 and 4.2, we obtain an extension of
Fisher’s theorem for four mappings [15] to the setting of partial metric spaces.

(3) Taking A = B = S = T, Theorems 3 and 4 from [8] are obtained, and so also
extensions of [3, Theorem 1] and [2, Theorem 1]. For [4, Theorem 2.1], precise assumptions
for the function ¢ are stated.

(4) Our results are far extensions of the classical Boyd-Wong result [12] to the setting
of partial metric spaces.

(5) A related result for so-called Geraghty-type mappings was recently obtained in [5].

We illustrate the results of this section with an example.

Example 4.4. Let X = [0,1] be equipped with the partial metric p(x,y) = max{x,y} and let
@(t) = (t/(t+1))e! for t > 0 (¢ satisfies condition (II)). The mappings

1 1 1
Ax = =x2, Bx = gxz, Tx = Exz, Sx = x? (4.23)

aresuch that AX c TX, BX € SX, and (A, S) aswell as (B, T) are weakly compatible. In order
to check condition (4.1), take arbitrary x, y € X with, first, x > y. Then,

_ (11 5\ _1,
p(Ax’By)_p<6x’8y>_6x’

o Do SN o)
M(x,y) —maX{P<x,2y Pl g% )P\ gV v )5 [P X gv" )+p( ¥ 3v
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1 1 1 1
= max{xz,x2,§x2, 5 x? +max{8x2, §y2}] } =x?,
x2 2 1
M P = 7% > _ 2,
oM (59)) = e 2 L

(4.24)

since e/ (x2+1) >1/2e > 1/6 for x € [0,1]. In the case x < y, the same can be checked after
careful calculations. Hence, A, B, S, T satisfy all the conditions of Theorem 4.1 and they have
a unique common fixed point (z = 0).

5. Common Fixed Points for Two Mappings under Weaker Condition
for the Comparison Function

In the next theorem we consider weaker condition (II) for the comparison function ¢. As a
compensation, we assume a bit stronger contractive condition.

Theorem 5.1. Let (X, p) be a complete partial metric space and let A,T : X — X be two self-maps.
Let AX C TX and at least one of these subsets of X is closed. Suppose that there is a function ¢ :
[0, +00) — [0, +o0) satisfying property (1), such that

p(Ax, Ay) < <P<maX{P(Tx/ Ty),p(Ax,Tx),p(Ay, Ty), %P(Tx, Ay) }) (5.1)

holds for all x,y € X. Then A and T have a unique point of coincidence. If A and T are weakly com-
patible, then they have a unique common fixed point u € X.

Proof. We will construct a Jungck sequence in the usual way. Take arbitrary xo € X and using
that AX cTX, choose x, € X such that y, = Ax,, = Tx,.1,n =0,1,2,.... First, suppose that
there exists an n such that p(y,, y,—1) = 0. Then the sequence {y,} is eventually constant.
Indeed, from (5.1) it follows that

P(Yns1,Yn) = p(AXpin, Axy)

1
< (p(maX{p(Txn+1, Txy),p(Axpir, Txpi1), p(Axn, Txy), EP(Tan/ Axy) })
(5.2)

= w(maX{P(ymyn—l)IP(yn,ym),p(yn—l,yn)f %P(yn,yn) })
= @(p(Yn1,Yn)),

since (1/2)p(Yn, Yn) < P(Yn, Yn) < P(Yns1,Yn) by (p2). This is a contradiction with ¢(t) < ¢
(which follows from assumption (I)), unless p(yy+1,¥.) = 0. Hence, yyi1 = yu = Yu-1.
Continuing this process, we obtain that {y,} is an eventually constant sequence and hence a
Cauchy one. Moreover, from y, = Ax, = TxXp1 = Yne1 = AXp1 = Txpeq it follows that
Axyy1 = Txyy and A and T have a coincidence point.

Suppose now that p(y,, y»-1) > 0 for all n € N. Then, similarly as above, we get

P(Yns1, ¥n) < p(max{p(Yn, Yn-1), p(Yn1,Yn) })- (5.3)
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Using property (I) of function ¢ it follows that

P(Yns1, Yn) < 9P (Yn Yn1)) < P(Yn Yn-1)- (5.4)

Hence, p(yn+1,¥n) < ¢"(p(Wo,11)) — 0 when n — oo and {p(yn+1,Yn)} is a decreasing
sequence, tending to 0.

Now, using mathematical induction, we prove that {y,} is a Cauchy sequence. Since
P(Yn, Yns1) — 0, for each € > 0, there exists n(e) such that p(v,, yu+1) < € — ¢(€) for n > n(e).
Let, for some k € N, p(yn, Yn+k) < €. Then we have

P(Yn, Ynskr) S PYn Ynir) + P(Ynit, Yneks1 ) (5.5)

where

p(]/n+1/ yn+k+1)
= P(Axn+1/ Axn+k+1)

1
<o <maX{ P(Txpi1, Txniiesn), P(AXne1, TXpi1), P(AXpiks1, T Xpaks ),Ep(Txm, AXpiks )} )

1
= (p(maX{p(yn, Yk ) P (Ynit, Yn) o P (Ynskst, Ynsk ) Ep(yn, Ynrk+1) }>
(5.6)

The first three members of the last set are smaller than €. Concerning the fourth one, we have
that

1 1 1 1 1
Ep(yn,ymn) < Ep(yn,ywk) + Ep(ymk,ymn) <5e+ 5(5 -p(e)) <¢, (5.7)

and it follows that

p(]/n+1/ ]/n+k+1) <¢(e). (5.8)

Hence,

P(Yn Yniks1) < €= () +9(e) = ¢, (5.9)

and the inductive proof is over.
Using the definition of the associated metric p®, we get that

P’ (Y, Ynek) < 4P (Yn, Ynek) < 4e, (5.10)

for each n > n(e) and k € N. Thus, {y,} is also a p*-Cauchy sequence, and so there exists
y € X such that

p(v.y) = imp(ywy) = lim p(yn ym)- (5.11)

m,n— oo

Suppose that, for example, T'X is closed. Then y = Tu for some u € X. We will prove that also
Au = y. Suppose that p(Au, y) > 0. Then, using (5.1), we get

p(y, Au) < p(y, Axyn) + p(Axy, Au)



Abstract and Applied Analysis 11
<p(y, Axn) + (p(maX{p(Txn, Tu), p(Axy, Txn), p(Au, Tu), %P(Tu, Axn) })

1
= p(y, Axn) + <p<maX{P(yn71,Tu)/P(yn,ynfl),P(Au/y), 3P (T, yn) })
(5.12)

Since y, — y = Tu, there exists ng such that p(y,-1, Tu) < p(Au, y) and p(y,, Yn-1) < p(Au, y)
whenever n > ny. It follows that

p(y, Au) <p(y, Axn) + ¢(p(Au, y)) (5.13)
and, passing to the limit when n — oo, we obtain that
p(y, Au) <0+9(p(Au,y)) <p(Auy), (5.14)

which is a contradiction. Hence, p(Au, y) = 0 and Au = y = Tu is a point of coincidence of A
and T.

Note that continuity of ¢ was not needed in the previous conclusions.

In order to prove that the point of coincidence is unique, suppose that there exists
y1#y (and so p(y1,y) > 0) such that Au; = Tu; = y; for some u; € X. Then (5.1) implies that

1
p(y1,y) = p(Auy, Au) < <P<maX{P(Tu1,Tu),P(Au1,Tul),p(Au, Tu), Ep(Tul,Au) })

= w(maX{P(yuy)rp(yl,yl),;?(y,y)r %P(ylfy) }) <e(p(yy)) <p(y1y),
(5.15)

since p(y,y) < p(y,y1) and p(y1,y1) < p(y,y1). This contradiction shows that p(y1,y) = 0
and y; = y.

The last assertion of the theorem follows easily from the definition of weak
compatibility and the uniqueness of the coincidence point. O

We present an example where the existence of a common fixed point can be proved
using Theorem 5.1 (and conditions formulated in terms of a partial metric) but cannot be
obtained using respective conditions in the associated (standard) metric.

Example 5.2. Consider on X = {0,1,2} both the partial metric p(x,y) = max{x,y} and the
associated metricd(x,y) =[x —y|. Let A: X — X begivenby AO=A1=0,A2=1,letT =ix
(identity map), and let ¢(t) = (3/4)t, t € [0, +00). Then

p(AD, A1) = p(0,0) = 0,
p(A0, A2) =p(0,1) =1 <3/2 = ¢(2) = p(max{p(0,2),p(0,0),p(2,1),1/2p(0,1)}), (5.16)
p(A1,A2) =p(0,1) =1<3/2=¢(2) = p(max{p(1,2),p(1,0),p(2,1),1/2p(1,1)}),
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and condition (5.1) is satisfied. The respective condition in the standard metric does not hold
since

d(A1,A2) =d(0,1) =1>3/4 = ¢(1) = p(max{d(1,2),d(1,0),d(2,1),1/2d(1,1)}). (5.17)

6. Meir Keeler-Type Result in Partial Metric Spaces

It is well-known that the celebrated Meir-Keeler fixed point result [16] can also be formulated
in a form with a comparison function. We present a partial metric version of this result. The
function ¢ : [0,+00) — [0, +o0) will be called a Meir-Keeler function if

Ve>0 36>0 Vielt<e+6 = ¢p(t) <e. (6.1)

Theorem 6.1. Let (X, p) be a complete partial metric space and let a mapping f : X — X satisfies
the following condition

Vx,yeX p(fx, fy) <o(p(xy)), (6.2)

for a Meir-Keeler function . Then f has a unique fixed point, say u, and for each x € X, the Picard
sequence { f"x} converges to u, satisfying p(u, u) = 0.

Proof. We prove first the uniqueness. Let 1, v be two fixed points of f and let p(u, v) > 0. Then,
taking € = p(u,v) in (9), it follows that there exists &6 > 0 such that p(u,v) <t < p(u,v) + 6
implies that ¢(f) < p(u,v). In particular, ¢(p(u,v)) < p(u,v). But then, by (6.2), p(u,v) =
p(fu, fv) <e(p(u,v)) < p(u,v), a contradiction. Hence, p(u,v) =0 and u = v.

Take now arbitrary x € X and form the Picard sequence {f"x}. If, for some n,
p(f"x, f**1x) = 0, then ff"x = f"x and f"x is a (unique) fixed point of f. Suppose that
p(f"x, f**1x) > 0 for each n = 0,1,2,.... Taking (for fixed n) € = p(f"x, f**1x) in (6.1), there
exists 6 > 0 such that

p(frx, frix) <t <p(frx f'x) +6 = @) <p(f'x, f*'x). (6.3)
Then, by (6.2),
p(f””x,f”*zx) = p(ff"x,ff”“x) < (p<p<f”x,f”+1x>) < p<f”x,f"+1x). (6.4)

It follows that {p(f"x, f"*'x)} is a decreasing sequence of positive numbers, tending to some
r > 0.If r > 0 then, again by (6.1) and (6.2), we can find 6 such that

r < p(f"x,f"”x) <r+é6 = p(f”*lx,f”*2x> <r. (6.5)

This is a contradiction since p(f"*'x, f"*2x) > r. We conclude that p(f"x, f**'x) — 0 when
n — oo.
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In order to prove that { f"x} is a Cauchy sequence, we use again Lemma 3.4. If we
suppose the contrary, then there exist € > 0 and two sequences {my} and {ni} of positive
integers such that p(f"x, f™x) — ¢* and also p(f™*x, f™*x) — &.But, (6.1) and (6.2)
imply that there exists 6 > 0 such that e < p(f™x, f™x) < & + 6 implies p(f"*x, f™*lx) <e.
This is a contradiction since p(f™*!x, f™*1x) > ¢ for large k.

Thus, { f"x} is a Cauchy sequence, both in (X, p) and in (X, p°) (Lemma 2.4) and there
exists an element u in the complete (partial) metric space X such that lim, _, ,p°(f"x, u) =0,
wherefrom

p(uu) = lim p(f"x,u) = lim p(f"x, f"x). (6.6)

By the definition (2.2) of metric p*, and

lim p(f"x, f"x) = lim p(f™x, f"x) =0, (6.7)
it follows that
p(u,u) = imp(f"x,u) = lim p(f"x, f"x) =0. (6.8)
We have proved that
0=p(u,u) = limp(f"x,u). (6.9)
n—oo

It remains to show that fu = u. Take f"x instead of x and u instead of i in (6.2). Then, using
(6.1) we get that

p(f™'x, fu) <p(f'x,u),
p(u, fu) < p<u’ fn+1x> + P(f"+1X,fu> _ P(fn+1x/ fn+1x>
< p<u, f"“x) + p< frely, fu> (6.10)
< p(u,f"”x) +p(f'x,u)
— p(u,u) +p(u,u) =0 asn— oo.
If follows that p(u, fu) =0and fu = u. O

Example 6.2. Let X, p and d be as in Example 5.2. Consider mapping f : X — X and function
¢ :[0,+00) — [0,+00) given by

0D, -2 611

Then ¢ is a Meir-Keeler function. Indeed, for arbitrary ¢ > 0 choose 6 = (1/3)¢ and ¢ <

t < e+ 6 = (4/3)e implies that ¢(t) < €. We will check that f satisfies condition (6.2) of
Theorem 6.1.
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Inthecasesx =y =0, x =y =1, and x = 0,y = 1, the left-hand side of (6.2) is equal
to zero. In all other cases (x =y =2, x = 0,y = 2;and x = 1,y = 2), itis p(fx, fy) = 1 and
p(p(x,y)) = @(2) = 3/2. Hence, condition (6.2) always holds true, and mapping f has a
unique fixed point (u = 0).

Note again that in the case when standard metric d is used instead of partial metric p,
this conclusion cannot be obtained. Indeed, for x = 1, y = 2 we have that

d(f1,f2) =d(0,1) =1> Z = (1) = p(d(1,2)). (6.12)
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