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Abstract. 
The stabilization of dynamic switched control systems is focused on and based on an operator-based formulation. It is assumed that the controlled object and the controller are described by sequences of closed operator pairs 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
 on a Hilbert space 
	
		
			

				𝐻
			

		
	
 of the input and output spaces and it is related to the existence of the inverse of the resulting input-output operator being admissible and bounded. The technical mechanism addressed to get the results is the appropriate use of the fact that closed operators being sufficiently close to bounded operators, in terms of the gap metric, are also bounded. That philosophy is followed for the operators describing the input-output relations in switched feedback control systems so as to guarantee the closed-loop stabilization.


1. Introduction
Control Theory is a relevant field from the mathematical theoretical point of view as well as in many applications. What is important, in particular, is the closed-loop stabilization of dynamic system under appropriate feedback control as a minimum requirement to design a well-posed feedback system. Concerning the stabilization, the stabilization accomplishing with the properties of absolute stability is a very important issue (stabilization for whole sets of families of nonlinear controlled systems subject to nonlinear controllers satisfying Lure’s-type or Popov-type inequalities) and hyperstability (the nonlinearity can be, in addition, time-varying) or its most general property of passivity. See, for instance, [1–15] and references therein. If the feed-forward controlled object is linear, then hyperstability of the whole closed-loop system requires, in addition, the positive realness of the feed-forward loop of the controlled system. See [4–9] and references therein. It is also important to maintain the stability properties with a certain tolerances to modelling errors to better describe real situations, that is, the achievement of closed-loop robust stabilization. See, for instance, [2, 16, 17] and references there in. On the other hand, the problems of closed-loop stabilization as oscillatory behaviour in switched and impulsive dynamic systems with several potential active parameterizations has been investigated in the last years with an important set of background results. See, for instance, [18–27] and references there in. In particular, it can be said that if all the parameterizations are stable and linear and possess a common Lyapunov function then the closed-loop stabilization of the switched system is possible under arbitrary switching. However, in the general case, it is needed to maintain a minimum residence time at each active parameterization before next switching or, alternatively, at certain active parameterizations, being active after a bounded whole time from its last activation. Some formulations replace the minimum residence time required for stabilization of the switched system by a sufficiently large averaged time at each stable parameterization. See, [18–25, 28–37] and references there in for a background subject coverage. Extensions have been proposed for certain classes of hybrid systems and time-delay systems. See, for instance, [21–27] and references there in. Generally speaking, most of the proposed results about the stabilization under switching rules for the various involved parameterizations have been formulated for feedback regulation controls, that is, for a closed-loop regulation system in the absence of an external reference signal.
This paper gives a formal framework for the case when both controlled system and controller are described by closed operators. In this way, the stability of the switched system is not mainly related to a feedback control law but to the switching law in-between parameterizations. The given formulation is based on the properties of the operators describing the input-output relations of the combined controlled object and its controller. In particular: (a) bounded operators are closed-operators while the converse is not true, in general, (b) linear closed operators being sufficiently close to bounded operators are also bounded, and (c) the input-output operator of a stable dynamic system has a bounded nonlinear inverse operator and vice versa for any admissible stabilizing controller, [38, 39]. The closeness between operator controlled object/controller 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
-parameterized pairs associated with the given switching law is characterized in terms of “smallness” of the gap metric on the Hilbert space 
	
		
			

				𝐻
			

		
	
 of inputs and outputs.
Let 
	
		
			
				(
				𝑋
				,
				‖
				⋅
				‖
				)
			

		
	
 be a Banach space and let 
	
		
			
				𝐹
				𝑃
				∶
				=
				{
				𝑃
			

			

				𝑘
			

			
				∈
				𝐿
				(
				𝑋
				)
				∶
				𝑘
				∈
			

			
				
			
			
				I
				n
				𝐹
				𝑃
				⊆
				𝐍
				}
			

		
	
 denote a nonempty set of linear bounded (then continuous) operators on 
	
		
			

				𝑋
			

		
	
 with operator norms 
	
		
			
				‖
				𝑃
				‖
				=
				s
				u
				p
				{
				‖
				𝑃
				𝑥
				‖
				∶
				𝑥
				∈
				𝑋
				,
				‖
				𝑥
				‖
				≤
				1
				}
			

		
	
; for all 
	
		
			
				𝑃
				∈
				𝐹
				𝑃
			

		
	
, where 
	
		
			
				
			
			
				I
				n
				𝐹
				𝑃
			

		
	
 is an indicator set denoted by the notation 
	
		
			
				
			
			
				𝑛
				∶
				=
				{
				1
				,
				2
				,
				…
				,
				𝑛
				}
				⊆
				𝐍
				(
				𝑛
				≤
				∞
				)
			

		
	
. It will be said that a sequence of operators 
	
		
			
				𝑆
				𝑃
				∶
				=
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				I
				n
				𝑆
				𝑃
			

		
	
 where 
	
		
			
				I
				n
				𝑆
				𝑃
				⊆
				𝐍
			

		
	
 is the corresponding indicator set. The notation for the indicator 
	
		
			
				
			
			
				I
				n
				𝐹
				𝑃
			

		
	
 refers to a finite or infinite number 
	
		
			

				𝑛
			

		
	
 of members of the operator set 
	
		
			
				𝐹
				𝑃
			

		
	
 with all the subscripts from unit to 
	
		
			

				𝑛
			

		
	
 being present in the set while the notation for the indicator 
	
		
			
				I
				n
				𝑆
				𝑃
			

		
	
 (a finite or infinite numerable set of natural numbers) means they are not always consecutive natural numbers. Let us denote by 
	
		
			

				𝑆
			

			

				∗
			

			
				=
				𝑆
				(
				𝑃
			

			

				∗
			

			
				)
				∶
				=
				{
				{
				𝑃
			

			

				𝑘
			

			
				∶
				𝑃
			

			

				𝑘
			

			
				∈
				𝐹
				𝑃
				,
				𝑃
			

			

				𝑘
			

			
				→
				𝑃
			

			

				∗
			

			
				a
				s
				𝑘
				→
				∞
				}
			

			
				𝑘
				∈
				I
				n
				𝑆
				𝑃
			

			

				∗
			

			

				}
			

		
	
 the set of all convergent sequences of operators in 
	
		
			
				𝐹
				𝑃
			

		
	
 which converge to some 
	
		
			

				𝑃
			

			

				∗
			

			
				∈
				𝐿
				(
				𝑋
				)
				∩
				c
				l
				𝐹
				𝑃
			

		
	
, where 
	
		
			
				c
				l
				(
				⋅
				)
			

		
	
 stands for the closure. Such a convergence, in principle, is open to happen in any well-posed sense as, for instance, weak convergence, strong convergence or uniform convergence in the sense that the convergence happens in the weak, strong, or uniform topologies. Sequences of operators where convergence properties are of interest are denoted simply by 
	
		
			
				𝑆
				∶
				=
				{
				{
				𝑃
			

			

				𝑘
			

			
				∶
				𝑃
			

			

				𝑘
			

			
				∈
				𝐹
				𝑃
				}
			

			
				𝑘
				∈
				I
				n
				𝑆
				𝑃
			

			

				∗
			

			

				}
			

		
	
.
2. Preliminary Results on Closed and Bounded Sequences of Linear Operators
The subsequent result relies on the convergence of sequences of operators to limits so that we give the following simple result.
Theorem 2.1.  
	
		
			

				𝑃
			

			
				∗
				1
			

			
				≠
				𝑃
			

			
				∗
				2
			

			
				⇒
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				≠
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
; for all 
	
		
			

				𝑃
			

			
				∗
				1
			

			
				,
				𝑃
			

			
				∗
				2
			

			
				∈
				𝐿
				(
				𝑋
				)
				∩
				c
				l
				𝐹
				𝑃
			

		
	
.
Proof. 
	
		
			

				𝑃
			

			

				𝑘
			

			
				∈
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				⇔
				𝑃
			

			

				𝑘
			

			
				→
				𝑃
			

			
				∗
				1
			

		
	
 as 
	
		
			
				𝑘
				→
				∞
			

		
	
 in the strong operator topology. Thus, for any 
	
		
			

				𝜀
			

			

				1
			

			
				>
				0
				,
				∃
				𝑛
			

			

				1
			

			
				=
				𝑛
			

			

				1
			

			
				(
				𝜀
			

			

				1
			

			
				)
				∈
				𝐍
			

		
	
 such that, in the strong operator topology,
							
	
 		
 			
				(
				2
				.
				1
				)
			
 		
	

	
		
			
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				∗
				1
			

			
				‖
				‖
				‖
				‖
				𝑃
				∶
				=
			

			

				𝑘
			

			
				𝑥
				−
				𝑃
			

			
				∗
				1
			

			
				𝑥
				‖
				‖
			

			

				𝑋
			

			
				=
				s
				u
				p
			

			
				𝑥
				∈
				𝑋
				,
				‖
				𝑥
				‖
				=
				1
			

			
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				𝑥
				−
				𝑃
			

			
				∗
				1
			

			
				𝑥
				‖
				‖
				<
				𝜀
			

			

				1
			

			
				,
				∀
				𝑘
				>
				𝑛
			

			

				1
			

		
	

						as 
	
		
			

				𝑥
			

		
	
 ranges over the unit ball in 
	
		
			

				𝑋
			

		
	
. Now, assume that 
	
		
			

				𝑃
			

			

				𝑘
			

			
				→
				𝑃
			

			
				∗
				1
			

		
	
 in the uniform operator topology as 
	
		
			
				𝑘
				→
				∞
			

		
	
. Thus, for any 
	
		
			

				𝜀
			

			

				2
			

			
				>
				0
			

		
	
, 
	
		
			
				∃
				𝑛
			

			

				2
			

			
				=
				𝑛
			

			

				2
			

			
				(
				𝜀
			

			

				2
			

			
				)
				∈
				𝐍
			

		
	
 such that 
	
		
			
				‖
				𝑃
			

			

				𝑘
			

			
				𝑥
				−
				𝑃
			

			
				∗
				1
			

			
				𝑥
				‖
			

			

				𝑋
			

			
				<
				𝜀
			

			

				1
			

		
	
; for all 
	
		
			
				𝑘
				>
				𝑛
			

			

				2
			

		
	
. Since 
	
		
			

				𝑃
			

			
				∗
				1
			

			
				≠
				𝑃
			

			
				∗
				2
			

		
	
, 
	
		
			
				𝛿
				=
				‖
				𝑃
			

			
				∗
				1
			

			
				−
				𝑃
			

			
				∗
				2
			

			
				‖
				>
				0
			

		
	
, then if 
	
		
			

				𝑃
			

			

				𝑘
			

			
				→
				𝑃
			

			
				∗
				2
			

		
	
 as 
	
		
			
				𝑘
				→
				∞
			

		
	
 in the uniform operator topology, 
							
	
 		
 			
				(
				2
				.
				2
				)
			
 		
	

	
		
			
				0
				<
				𝛿
				−
				𝜀
			

			

				1
			

			
				≤
				|
				|
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				∗
				1
			

			
				‖
				‖
				−
				‖
				‖
				𝑃
			

			
				∗
				1
			

			
				−
				𝑃
			

			
				∗
				2
			

			
				‖
				‖
				|
				|
				=
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				∗
				2
			

			
				‖
				‖
				≤
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				∗
				2
			

			
				‖
				‖
				=
				‖
				‖
				
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				∗
				1
			

			
				
				+
				
				𝑃
			

			
				∗
				1
			

			
				−
				𝑃
			

			
				∗
				2
			

			
				
				‖
				‖
				<
				𝜀
			

			

				2
			

		
	

						for 
	
		
			

				𝜀
			

			

				2
			

			
				=
				𝜀
			

			

				2
			

			
				(
				𝛿
				)
				<
				𝛿
			

		
	
, 
	
		
			

				𝜀
			

			

				1
			

			
				=
				𝜀
			

			

				1
			

			
				(
				𝛿
				,
				𝜀
			

			

				2
			

			
				)
				>
				𝛿
				−
				𝜀
			

			

				2
			

		
	
, and 
	
		
			
				𝑘
				>
				𝑛
				∶
				=
				m
				a
				x
				(
				𝑛
			

			

				1
			

			
				,
				𝑛
			

			

				2
			

			
				)
				=
				𝑛
				(
				𝜀
			

			

				1
			

			
				,
				𝜀
			

			

				2
			

			
				,
				𝛿
				)
			

		
	
. But the choice of 
	
		
			

				𝜀
			

			

				1
			

			
				>
				0
			

		
	
 is arbitrary and then the above constraint fails if 
	
		
			
				0
				<
				𝜀
			

			

				2
			

			
				≤
				𝛿
				−
				𝜀
			

			

				1
			

		
	
 for any given 
	
		
			

				𝜀
			

			

				1
			

			
				<
				𝛿
			

		
	
. Hence, 
	
		
			

				𝑃
			

			
				∗
				1
			

			
				=
				𝑃
			

			
				∗
				2
			

		
	
 is what contradicts the assumption 
	
		
			

				𝑃
			

			

				𝑘
			

			
				→
				𝑃
			

			
				∗
				2
			

			
				(
				≠
				𝑃
			

			
				∗
				1
			

			

				)
			

		
	
 as 
	
		
			
				𝑘
				→
				∞
			

		
	
 in the uniform operator topology so that there is some infinite subsequence 
	
		
			
				{
				𝑃
			

			

				𝑛
			

			

				𝑘
			

			

				}
			

		
	
 of 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

		
	
 such that 
	
		
			
				{
				𝑃
			

			

				𝑛
			

			

				𝑘
			

			
				}
				⊂
				𝑆
				𝑃
			

			
				∗
				1
			

			
				⇒
				{
				𝑃
			

			

				𝑛
			

			

				𝑘
			

			
				}
				∉
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
. Thus, either 
	
		
			
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				⊃
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
 with improper set inclusion or 
	
		
			
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				∩
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			
				)
				=
				∅
			

		
	
. (Here, we are considering the sequences as sets what is trivially consistent). By reversing the roles of 
	
		
			
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			

				)
			

		
	
 and 
	
		
			
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
 one concludes that 
	
		
			
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				⊂
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
 with improper set inclusion or 
	
		
			
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				∩
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			
				)
				=
				∅
			

		
	
. Then, 
	
		
			

				𝑃
			

			
				∗
				1
			

			
				≠
				𝑃
			

			
				∗
				2
			

			
				⇒
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				≠
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
.
Note that proof of the above result might be easily readdressed with the uniform operator topology as well with the replacements 
	
		
			
				𝛿
				→
				𝛿
				(
				𝑥
				)
				∶
				=
				‖
				𝑃
			

			
				∗
				1
			

			
				𝑥
				−
				𝑃
			

			
				∗
				2
			

			
				𝑥
				‖
			

			
				𝑥
				∈
				𝑋
			

			
				≤
				𝛿
				‖
				𝑥
				‖
			

		
	
 and 
	
		
			
				‖
				𝑃
			

			

				𝑘
			

			
				𝑥
				−
				𝑃
			

			
				∗
				𝑖
			

			
				𝑥
				‖
			

			
				𝑥
				∈
				𝑋
			

			
				<
				𝜀
			

			

				𝑖
			

			
				(
				𝑥
				)
				≤
				𝜀
			

			

				𝑖
			

			
				‖
				𝑥
				‖
			

		
	
 for any 
	
		
			
				𝑥
				∈
				𝑋
			

		
	
. Note that 
	
		
			

				𝑃
			

			
				∗
				1
			

			
				≠
				𝑃
			

			
				∗
				2
			

			
				⇒
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				≠
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
 is compatible with the existence of distinct convergent sequences 
	
		
			
				𝑆
				(
				𝑃
			

			
				∗
				1
			

			
				)
				,
				𝑆
				(
				𝑃
			

			
				∗
				2
			

			

				)
			

		
	
 to either 
	
		
			

				𝑃
			

			
				∗
				1
			

		
	
 or to 
	
		
			

				𝑃
			

			
				∗
				2
			

			
				(
				≠
				𝑃
			

			
				∗
				1
			

			

				)
			

		
	
 which can contain common operators 
	
		
			

				𝑃
			

			

				𝑘
			

			
				∈
				𝐿
				(
				𝑋
				)
			

		
	
. The above result is linked with the so-called gap metric [1, 2], as follows. If 
	
		
			

				𝑀
			

			

				𝑖
			

			
				(
				𝑖
				=
				1
				,
				2
				)
			

		
	
 are closed subspaces of 
	
		
			

				𝑋
			

		
	
 then the directed gap 
	
		
			

				→
			

			
				𝛿
				(
				𝑀
			

			

				1
			

			
				,
				𝑀
			

			

				2
			

			

				)
			

		
	
 from 
	
		
			

				𝑀
			

			

				1
			

		
	
 to 
	
		
			

				𝑀
			

			

				2
			

		
	
 is defined by
						
	
 		
 			
				(
				2
				.
				3
				)
			
 		
	

	
		
			

				→
			

			
				𝛿
				
				𝑀
			

			

				1
			

			
				,
				𝑀
			

			

				2
			

			
				
				
				
				∶
				=
				s
				u
				p
				i
				n
				f
				‖
				𝑥
				−
				𝑦
				‖
				∶
				𝑦
				∈
				𝑀
			

			

				2
			

			
				
				∶
				𝑥
				∈
				𝑀
			

			

				1
			

			
				
				=
				‖
				‖
				
				,
				‖
				𝑥
				‖
				=
				1
				𝐼
				−
				𝑃
			

			

				2
			

			
				
				𝑃
			

			

				1
			

			
				‖
				‖
				,
			

		
	

					where 
	
		
			

				𝑃
			

			

				𝑖
			

			
				(
				𝑖
				=
				1
				,
				2
				)
			

		
	
 are the corresponding projection operators. Note that the directed gap is not symmetric, in general. The gap metric is defined by
						
	
 		
 			
				(
				2
				.
				4
				)
			
 		
	

	
		
			
				𝛿
				
				𝑀
			

			

				1
			

			
				,
				𝑀
			

			

				2
			

			
				
				
				∶
				=
				m
				a
				x
			

			

				→
			

			
				𝛿
				
				𝑀
			

			

				1
			

			
				,
				𝑀
			

			

				2
			

			
				
				,
			

			

				→
			

			
				𝛿
				
				𝑀
			

			

				2
			

			
				,
				𝑀
			

			

				1
			

			
				
				
				=
				‖
				‖
				𝑃
			

			

				1
			

			
				−
				𝑃
			

			

				2
			

			
				‖
				‖
				=
				s
				u
				p
			

			
				𝑥
				∈
				𝑋
				,
				‖
				𝑥
				‖
				=
				1
			

			
				‖
				‖
				𝑃
			

			

				1
			

			
				𝑥
				−
				𝑃
			

			

				2
			

			
				𝑥
				‖
				‖
				,
			

		
	

					where the last identity holds (see, e.g., [38]). Note that the gap metric has the symmetry property so that it is a well-posed metric. Then, the metric space 
	
		
			
				(
				𝑋
				,
				𝛿
				)
			

		
	
, with the gap metric 
	
		
			

				𝛿
			

		
	
, is a complete metric space which is also the Banach space 
	
		
			
				(
				𝑋
				,
				‖
				⋅
				‖
				)
			

		
	
, defined for the above norm, which induces the strong topology on 
	
		
			

				𝑋
			

		
	
. We can also use the above concept to define distances between closed operators 
	
		
			

				𝑃
			

		
	
 via the gap metric. Since closed operators 
	
		
			

				𝑃
			

		
	
 on 
	
		
			

				𝑋
			

		
	
 of domain 
	
		
			
				𝐷
				(
				𝑃
				)
				=
				𝑋
			

		
	
 are bounded, the gap metric is also useful to quantify the “separation” between linear bounded (then continuous) operators whose domain is the whole vector space 
	
		
			

				𝑋
			

		
	
 of the Banach space 
	
		
			
				(
				𝑋
				,
				‖
				⋅
				‖
				)
			

		
	
 and which are not necessarily projection operators. If 
	
		
			

				𝑃
			

			

				1
			

		
	
 and 
	
		
			

				𝑃
			

			

				2
			

		
	
 are closed linear operators on 
	
		
			

				𝑋
			

		
	
, then the gap distance between them is 
	
		
			
				𝛿
				(
				𝐺
				(
				𝑃
			

			

				1
			

			
				)
				,
				𝐺
				(
				𝑃
			

			

				2
			

			
				)
				)
			

		
	
, where 
	
		
			
				𝐺
				(
				𝑃
			

			

				𝑖
			

			
				)
				⊂
				𝑋
				×
				𝑋
			

		
	
 is the graph of 
	
		
			

				𝑃
			

			

				𝑖
			

		
	
; 
	
		
			
				𝑖
				=
				1
				,
				2
			

		
	
 and we will denote such a gap distance by 
	
		
			
				𝛿
				(
				𝑃
			

			

				1
			

			
				,
				𝑃
			

			

				2
			

			

				)
			

		
	
 for the sake of simplicity. Note that the linear operator 
	
		
			
				𝑃
				∶
				𝐷
				(
				𝑃
				)
				⊂
				𝑋
				→
				𝑋
			

		
	
 is closed if its graph 
	
		
			
				𝐺
				(
				𝑃
				)
			

		
	
 is closed in the direct sum 
	
		
			
				𝑋
				⊕
				𝑋
			

		
	
. The following result involves the proofs of some properties of convergent sequences on a Hilbert space 
	
		
			

				𝑋
			

		
	
 under contractive conditions for the gap metric.
Theorem 2.2.  Consider a sequence of linear closed operators 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 on a Hilbert space 
	
		
			

				𝑋
			

		
	
, where 
	
		
			

				𝐍
			

			

				0
			

		
	
 is the set of nonnegative integers, such that 
	
		
			

				𝑃
			

			

				0
			

		
	
 is also bounded. Then, the following properties hold: (i)The operators in 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 are also bounded if 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

		
	
. Also, the sequence 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 converges to a unique bounded operator 
	
		
			

				𝑃
			

		
	
 on 
	
		
			

				𝐻
			

		
	
, which is bounded and unique and 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			

				𝑘
			

			
				)
				→
				0
			

		
	
 as 
	
		
			
				𝑘
				→
				∞
			

		
	
, if the following constraints hold for some real sequence 
	
		
			
				{
				𝐾
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
:
										
	
 		
 			
				(
				2
				.
				5
				)
			
 			
				(
				2
				.
				6
				)
			
 		
	

	
		
			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				≤
				1
			

			
				
			
			

				𝐾
			

			

				𝑘
			

			
				f
				o
				r
				𝐾
			

			

				𝑘
			

			
				∈
				(
				0
				,
				𝐾
				)
				⊂
				(
				0
				,
				1
				)
				;
				∀
				𝑘
				∈
				𝐍
			

			

				0
			

			
				,
				𝛿
				
				𝑃
			

			
				𝑘
				+
				2
			

			
				,
				𝑃
			

			
				𝑘
				+
				1
			

			
				
				<
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
			

			
				
			
			
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				+
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				,
				∀
				𝑘
				∈
				𝐍
			

			

				0
			

			

				.
			

		
	
(ii)Assume that 
	
		
			

				𝑃
			

			

				0
			

		
	
 is invertible with bounded inverse 
	
		
			

				𝑃
			

			
				0
				−
				1
			

		
	
 and 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

		
	
. Then, the sequence 
	
		
			
				{
				𝑃
			

			
				𝑘
				−
				1
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 exists consisting of bounded operators on 
	
		
			

				𝑋
			

		
	
, In addition, such a sequence of inverse operators converges to a unique bounded operator 
	
		
			

				𝑃
			

			
				−
				1
			

		
	
 on 
	
		
			

				𝐻
			

		
	
, which is the bounded inverse operator of 
	
		
			

				𝑃
			

		
	
 on 
	
		
			

				𝑋
			

		
	
 in Theorem 2.2(i), if (2.5)-(2.6) hold.(iii)If the operators in 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 are linear and closed and 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

		
	
 then the operators in 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 are also densely defined. If, in addition, (2.5)-(2.6) hold then the densely defined operators of the sequence 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 converge to a limit operator 
	
		
			

				𝑃
			

		
	
 which is also densely defined, that is, their domains 
	
		
			
				𝐷
				(
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
; 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 and 
	
		
			
				𝐷
				(
				𝑃
				)
			

		
	
 are dense subsets of 
	
		
			

				𝑋
			

		
	
 and their images 
	
		
			
				𝑅
				(
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
; 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 and 
	
		
			
				𝑅
				(
				𝑃
				)
			

		
	
 are contained in 
	
		
			

				𝑋
			

		
	
.
Proof. Let 
	
		
			
				𝛿
				(
				𝑃
			

			

				𝑘
			

			
				,
				𝑃
			

			
				𝑘
				+
				1
			

			

				)
			

		
	
 be an abbreviated notation for 
	
		
			
				𝛿
				(
				𝐺
				(
				𝑃
			

			

				𝑘
			

			
				)
				,
				𝐺
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				)
				)
			

		
	
 where the graph of 
	
		
			

				𝑃
			

			

				𝑘
			

		
	
, is the range of the operator 
	
		
			

				
			

			
				𝐼
				𝑃
			

			

				𝑘
			

			

				
			

		
	
 defined on 
	
		
			
				𝐷
				(
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
, that is, 
	
		
			
				𝐺
				(
				𝑃
			

			

				𝑘
			

			
				
				)
				=
				𝑅
			

			
				𝐼
				𝑃
			

			

				𝑘
			

			
				
				
				=
				{
			

			
				𝑥
				𝑃
			

			

				𝑘
			

			

				𝑥
			

			
				
				∶
				𝑥
				∈
				𝐷
				(
				𝑃
			

			

				𝑘
			

			
				)
				}
				⊂
				𝑋
				⊕
				𝑋
			

		
	
 of the operator 
	
		
			

				
			

			
				𝐼
				𝑃
			

			

				𝑘
			

			

				
			

		
	
 defined on 
	
		
			
				𝐷
				(
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
. Proceed by complete induction by taking any 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 and assuming that 
	
		
			
				{
				𝑃
			

			

				𝑗
			

			

				}
			

			
				𝑗
				(
				≤
				𝑘
				+
				1
				)
				∈
				𝐍
			

			

				0
			

		
	
 is bounded, 
	
		
			
				𝑥
				∈
				𝐷
				(
				𝑃
			

			
				𝑘
				+
				1
			

			

				)
			

		
	
 such that 
	
		
			
				‖
				
			

			
				𝑥
				𝑃
			

			
				𝑘
				+
				2
			

			

				𝑥
			

			
				
				‖
				=
				1
			

		
	
 and take
							
	
 		
 			
				(
				2
				.
				7
				)
			
 		
	

	
		
			

				𝛿
			

			
				
				𝑘
				+
				1
			

			
				∈
				⎛
				⎜
				⎜
				⎜
				⎝
				𝛿
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				,
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
			

			
				
			
			
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				+
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				⎤
				⎥
				⎥
				⎥
				⎦
				⊂
				⎛
				⎜
				⎜
				⎜
				⎝
				𝛿
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				,
				1
			

			
				
			
			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				⎤
				⎥
				⎥
				⎥
				⎦
				.
			

		
	

						Then, there exists 
	
		
			

				
			

			
				𝑣
				𝑃
			

			
				𝑘
				+
				1
			

			

				𝑣
			

			

				
			

		
	
 such that 
	
		
			
				‖
				
			

			
				𝑣
				𝑃
			

			
				𝑘
				+
				1
			

			

				𝑣
			

			
				
				−
				
			

			
				𝑥
				𝑃
			

			
				𝑘
				+
				2
			

			

				𝑥
			

			
				
				‖
				<
				𝛿
			

			
				
				𝑘
				+
				1
			

		
	
. Define 
	
		
			
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				=
				𝑃
			

			
				𝑘
				+
				2
			

			
				−
				𝑃
			

			
				𝑘
				+
				1
			

		
	
 so that
							
	
 		
 			
				(
				2
				.
				8
				)
			
 		
	

	
		
			
				‖
				‖
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑥
				‖
				‖
				=
				‖
				‖
				𝑃
			

			
				𝑘
				+
				2
			

			
				𝑥
				−
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑣
				−
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				‖
				≤
				‖
				‖
				𝑃
				(
				𝑥
				−
				𝑣
				)
			

			
				𝑘
				+
				2
			

			
				𝑥
				−
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑣
				‖
				‖
				+
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				‖
				‖
				𝑥
				−
				𝑣
				‖
				≤
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

		
	

						by Schwarz’s inequality. Since 
							
	
 		
 			
				(
				2
				.
				9
				)
			
 		
	

	
		
			
				1
				=
				‖
				𝑥
				‖
			

			

				2
			

			
				+
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				
				𝑃
				𝑥
				+
			

			
				𝑘
				+
				1
			

			
				𝑥
				‖
				‖
			

			

				2
			

			
				≤
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				
				‖
				𝑥
				‖
			

			

				2
			

			
				‖
				‖
				𝑃
				+
				2
			

			
				𝑘
				+
				1
			

			
				‖
				‖
				‖
				‖
				
				𝑃
				‖
				𝑥
				‖
			

			
				𝑘
				+
				1
			

			
				𝑥
				‖
				‖
				+
				‖
				‖
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑥
				‖
				‖
			

			

				2
			

			

				.
			

		
	

						one gets from (2.8)-(2.9) that
							
	
 		
 			
				(
				2
				.
				1
				0
				)
			
 		
	

	
		
			
				‖
				‖
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑥
				‖
				‖
			

			

				2
			

			
				≤
				𝛿
			

			
				
				2
				𝑘
				+
				1
			

			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				
				×
				
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				
				‖
				𝑥
				‖
			

			

				2
			

			
				‖
				‖
				𝑃
				+
				2
			

			
				𝑘
				+
				1
			

			
				‖
				‖
				‖
				𝑥
				‖
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				+
				‖
				‖
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑥
				‖
				‖
			

			

				2
			

			

				
			

		
	

						so that
							
	
 		
 			
				(
				2
				.
				1
				1
				)
			
 		
	

	
		
			
				‖
				‖
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑥
				‖
				‖
				≤
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				
				
				
				1
				−
				𝛿
			

			
				
				2
				𝑘
				+
				1
			

			

				
			

			
				1
				/
				2
			

			
				+
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				‖
				
			

			
				
			
			
				1
				−
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				
				‖
				𝛿
				𝑥
				‖
				≤
			

			
				
				𝑘
				+
				1
			

			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				
			
			
				1
				−
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				‖
				𝑥
				‖
				,
			

		
	

						provided that 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

		
	
 is what guarantees that 
	
		
			

				𝑃
			

			
				𝑘
				+
				2
			

		
	
 is bounded since 
	
		
			

				𝑃
			

			
				𝑘
				+
				1
			

		
	
 is bounded. The above inequality is homogeneous in 
	
		
			

				𝑥
			

		
	
 then it is true for all 
	
		
			
				𝑥
				∈
				𝐷
				(
				𝑃
			

			
				𝑘
				+
				2
			

			

				)
			

		
	
. Thus, 
	
		
			
				
				𝑃
			

			
				𝑘
				+
				1
			

		
	
 is bounded so that it is 
	
		
			

				𝑃
			

			
				𝑘
				+
				2
			

			
				=
				𝑃
			

			
				𝑘
				+
				1
			

			
				+
				
				𝑃
			

			
				𝑘
				+
				1
			

		
	
. As a result, if 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is a sequence of closed operators with 
	
		
			
				{
				𝑃
			

			

				𝑗
			

			

				}
			

			
				𝑗
				(
				≤
				𝑘
				)
				∈
				𝐍
			

			

				0
			

		
	
 being bounded then 
	
		
			
				{
				𝑃
			

			

				𝑗
			

			

				}
			

			
				𝑗
				(
				≤
				𝑘
				+
				1
				)
				∈
				𝐍
			

			

				0
			

		
	
 is also bounded since 
	
		
			

				𝑃
			

			
				𝑘
				+
				1
			

		
	
 is bounded since 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			

				𝑘
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			

				𝑘
			

			

				‖
			

			

				2
			

		
	
. Thus, if 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is a sequence of linear closed operators with bounded 
	
		
			

				𝑃
			

			

				0
			

		
	
 then 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is also a sequence of linear bounded operators. Now, note from (2.11) that 
	
		
			
				
				𝑃
			

			

				𝑘
			

			
				→
				0
			

		
	
 as 
	
		
			
				𝑘
				→
				∞
			

		
	
, then there is a unique 
	
		
			
				𝑃
				=
				l
				i
				m
			

			
				𝑘
				→
				∞
			

			

				𝑃
			

			

				𝑘
			

		
	
 (uniqueness follows by construction), under 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

		
	
, if
							
	
 		
 			
				(
				2
				.
				1
				2
				)
			
 		
	

	
		
			
				‖
				‖
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				‖
				≤
				𝛿
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				
			
			
				
				𝑃
				1
				−
				𝛿
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				≤
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				
				𝑃
			

			

				𝑘
			

			
				‖
				‖
			

		
	

						is what holds if 
							
	
 		
 			
				(
				2
				.
				1
				3
				)
			
 		
	

	
		
			
				𝛿
				
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				⎛
				⎜
				⎜
				⎜
				⎝
				1
				<
				m
				i
				n
			

			
				
			
			

				
			

			
				
			
			
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				,
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				
				𝑃
			

			

				𝑘
			

			
				‖
				‖
			

			
				
			
			
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				+
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				⎞
				⎟
				⎟
				⎟
				⎠
				=
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				
				𝑃
			

			

				𝑘
			

			
				‖
				‖
			

			
				
			
			
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				+
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			

				.
			

		
	

						Thus, note that the constraint (2.5) is a sufficient condition for the necessary 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

		
	
 to hold to guarantee a well-posed (2.11). Also, since 
	
		
			
				{
				𝑃
			

			
				𝑘
				𝑖
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 converges to 
	
		
			

				𝑃
			

		
	
, 
	
		
			
				𝛿
				(
				𝑃
			

			

				𝑘
			

			
				,
				𝑃
				)
				→
				0
			

		
	
 as 
	
		
			
				𝑘
				→
				∞
			

		
	
 and there is a sufficiently large finite 
	
		
			

				𝑘
			

			

				0
			

			
				∈
				𝐍
			

			

				0
			

		
	
 such that 
	
		
			
				𝛿
				(
				𝑃
			

			

				𝑘
			

			
				
				,
				𝑃
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			

				𝑘
			

			

				‖
			

			

				2
			

		
	
; for all 
	
		
			
				𝑘
				>
				𝑘
			

			

				0
			

		
	
, it is proven that then 
	
		
			
				𝑃
				=
				l
				i
				m
			

			
				𝑘
				→
				∞
			

			

				𝑃
			

			

				𝑘
			

		
	
 is bounded since 
	
		
			

				𝑃
			

			

				𝑘
			

		
	
 is bounded. Assume not, then there exists 
	
		
			
				𝐶
				∈
				𝐑
			

			

				+
			

		
	
 and 
	
		
			
				
				𝐶
				∈
				𝐑
			

			

				+
			

		
	
 such that 
	
		
			
				‖
				𝑃
			

			

				𝑘
			

			
				𝑥
				‖
				≤
				𝐶
				‖
				𝑥
				‖
			

		
	
 and 
	
		
			
				
				‖
				𝑃
				𝑦
				‖
				>
				(
				𝐶
				+
				𝐶
				)
				‖
				𝑦
				‖
			

		
	
 for all 
	
		
			
				𝑥
				∈
				𝐷
				(
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
 and some nonzero 
	
		
			
				𝑦
				∈
				𝐷
				(
				𝑃
				)
				∩
				𝐷
				(
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
 for any given 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
. Then, 
	
		
			
				‖
				𝑃
			

			

				𝑘
			

			
				𝑥
				+
				(
				𝑃
				𝑦
				−
				𝑃
			

			

				𝑘
			

			
				
				𝑥
				)
				‖
				=
				‖
				𝑃
				𝑦
				‖
				>
				(
				𝐶
				+
				𝐶
				)
				‖
				𝑦
				‖
			

		
	
 and, one gets by taking 
	
		
			
				𝑥
				=
				𝑦
			

		
	
, that
							
	
 		
 			
				(
				2
				.
				1
				4
				)
			
 		
	

	
		
			
				
				
				‖
				‖
				𝐶
				+
				𝑜
				𝑃
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				‖
				‖
				𝑃
				
				
				‖
				𝑥
				‖
				≥
			

			

				𝑘
			

			
				𝑥
				‖
				‖
				+
				‖
				‖
				
				𝑃
				−
				𝑃
			

			

				𝑘
			

			
				
				𝑥
				‖
				‖
				≥
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				
				𝑥
				+
				𝑃
				𝑥
				−
				𝑃
			

			

				𝑘
			

			
				𝑥
				
				‖
				‖
				
				
				𝐶
				
				=
				‖
				𝑃
				𝑥
				‖
				>
				𝐶
				+
				‖
				𝑥
				‖
			

		
	

						leading to 
	
		
			
				𝑜
				(
				‖
				𝑃
				−
				𝑃
			

			

				𝑘
			

			
				‖
				)
				>
				𝐶
				>
				0
			

		
	
; for all 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 which leads to the contradiction 
	
		
			
				l
				i
				m
			

			
				𝑘
				→
				∞
			

			
				𝑜
				(
				‖
				𝑃
				−
				𝑃
			

			

				𝑘
			

			
				‖
				)
				=
				0
				>
				𝐶
				>
				0
			

		
	
. Thus, 
	
		
			
				𝑃
				=
				l
				i
				m
			

			
				𝑘
				→
				∞
			

			

				𝑃
			

			

				𝑘
			

		
	
 is bounded, and then closed since linear, and 
	
		
			
				𝐷
				(
				𝑃
			

			

				𝑘
			

			
				)
				=
				𝐷
				(
				𝑃
				)
				=
				𝑋
			

		
	
 since 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 and 
	
		
			

				𝑃
			

		
	
 are linear, closed, bounded, and then continuous operators on 
	
		
			

				𝑋
			

		
	
. Property (i) has been proven.To prove Property (ii), note that if 
	
		
			

				𝑃
			

			
				𝑘
				−
				1
			

		
	
 exists then 
	
		
			
				𝛿
				(
				𝑃
			

			
				−
				1
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				−
				1
			

			
				)
				=
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
 provided that 
	
		
			

				𝑃
			

			
				−
				1
				𝑘
				+
				1
			

		
	
 exists and is bounded and 
	
		
			
				𝛿
				(
				𝑃
			

			

				𝑘
			

			
				,
				𝑃
			

			
				𝑘
				+
				1
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			

				𝑘
			

			

				‖
			

			

				2
			

		
	
. Thus, it suffices to prove that 
	
		
			

				𝑃
			

			
				𝑘
				+
				1
			

		
	
 is invertible. Assume not and proceed by contradiction by assuming that 
	
		
			
				K
				e
				r
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				)
				≠
				{
				0
				}
			

		
	
. By linearity of the operator 
	
		
			

				𝑃
			

			

				𝑘
			

		
	
, it always exists 
	
		
			
				𝑢
				,
				𝑣
				∈
				𝐷
				(
				𝑃
			

			

				𝑘
			

			

				)
			

		
	
 with 
	
		
			
				‖
				𝑢
				‖
				=
				1
			

		
	
 such that 
	
		
			

				
			

			
				𝑢
				0
			

			
				
				∈
				𝐺
				(
				𝑃
			

			

				𝑘
			

			
				
				)
				,
			

			
				𝑣
				𝑃
			

			
				𝑘
				+
				1
			

			

				𝑣
			

			
				
				∈
				𝐺
				(
				𝑃
			

			
				𝑘
				+
				1
			

			

				)
			

		
	
, and 
	
		
			
				𝛿
				(
				𝑃
			

			

				𝑘
			

			
				,
				𝑃
			

			
				𝑘
				+
				1
			

			
				)
				≤
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			

				𝑘
			

			

				‖
			

			

				2
			

		
	
 with 
	
		
			
				‖
				𝑢
				−
				𝑣
				‖
			

			

				2
			

			
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑣
				‖
			

			

				2
			

			
				<
				𝛿
			

			

				′
			

			
				2
				𝑘
				+
				1
			

		
	
 so that:
							
	
 		
 			
				(
				2
				.
				1
				5
				)
			
 		
	

	
		
			
				1
				=
				‖
				𝑢
				‖
			

			

				2
			

			
				≤
				
				‖
				‖
				𝑃
				‖
				𝑢
				−
				𝑣
				‖
				+
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				𝑣
				
			

			

				2
			

			
				≤
				
				‖
				‖
				𝑃
				1
				+
			

			
				𝑘
				−
				1
			

			
				‖
				‖
			

			

				2
			

			
				
				𝛿
			

			
				
				2
				𝑘
				+
				1
			

			
				<
				1
				.
			

		
	

						Then 
	
		
			
				K
				e
				r
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				)
				=
				{
				0
				}
			

		
	
 and 
	
		
			

				𝑃
			

			
				𝑘
				+
				1
			

		
	
 is invertible. By complete induction it follows that if 
	
		
			
				𝛿
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			
				𝑘
				+
				2
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

		
	
 for all 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
, and 
	
		
			

				𝑃
			

			

				0
			

		
	
 is invertible with bounded inverse 
	
		
			

				𝑃
			

			
				0
				−
				1
			

		
	
 then 
	
		
			
				{
				𝑃
			

			
				𝑘
				−
				1
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 exists consisting of linear bounded operators. If, in addition, (2.5)-(2.6) hold then the sequences of inverse operators which is bounded and consists of sufficiently close linear operators converges to the bounded inverse linear operator 
	
		
			

				𝑃
			

			
				−
				1
			

		
	
.To proof Property (iii), consider the inequality
							
	
 		
 			
				(
				2
				.
				1
				6
				)
			
 		
	

	
		
			
				‖
				‖
				‖
				‖
				‖
				⎡
				⎢
				⎢
				⎣
				𝑣
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑣
				⎤
				⎥
				⎥
				⎦
				−
				⎡
				⎢
				⎢
				⎣
				𝑥
				𝑃
			

			
				𝑘
				+
				2
			

			
				𝑥
				⎤
				⎥
				⎥
				⎦
				‖
				‖
				‖
				‖
				‖
				<
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				⟺
				
				‖
				𝑣
				−
				𝑥
				‖
			

			

				2
			

			
				+
				‖
				‖
				𝑃
			

			
				𝑘
				+
				2
			

			
				𝑥
				−
				𝑃
			

			
				𝑘
				+
				1
			

			
				𝑣
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				<
				𝛿
			

			
				
				𝑘
				+
				1
			

			
				⇒
				‖
				𝑣
				−
				𝑥
				‖
				<
				𝛿
			

			
				
				𝑘
				+
				1
			

		
	

						for any given 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
. Therefore, 
	
		
			
				𝑑
				(
				𝑣
				,
				c
				l
				𝐷
				(
				𝑃
			

			
				𝑘
				+
				2
			

			
				)
				)
				<
				𝛿
			

			
				
				𝑘
				+
				1
			

		
	
, where 
	
		
			
				c
				l
				(
				⋅
				)
			

		
	
 stands for the closure, for the norm-induced metric on 
	
		
			
				(
				𝑋
				,
				‖
				⋅
				‖
				)
			

		
	
 and, since 
	
		
			
				1
				≤
				(
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

			
				)
				‖
				𝑣
				‖
			

			

				2
			

		
	
, this leads to the homogeneous inequality 
	
		
			
				𝑑
				(
				𝑧
				,
				c
				l
				𝐷
				(
				𝑃
			

			
				𝑘
				+
				2
			

			
				)
				)
				<
				𝛿
			

			
				
				𝑘
				+
				1
			

			

				
			

			
				
			
			
				1
				+
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			

				‖
			

			

				2
			

			
				‖
				𝑧
				‖
			

		
	
 for any 
	
		
			
				𝑧
				∈
				𝑋
			

		
	
. Then, 
	
		
			
				c
				l
				𝐷
				(
				𝑃
			

			
				𝑘
				+
				2
			

			
				)
				=
				𝑋
			

		
	
. If 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 consists of closed operators and 
	
		
			
				{
				𝑃
			

			

				𝑗
			

			

				}
			

			
				𝑗
				(
				≤
				𝑘
				+
				1
				)
				∈
				𝐍
			

			

				0
			

		
	
 is a sequence of densely defined operators then 
	
		
			
				{
				𝑃
			

			

				𝑗
			

			

				}
			

			
				𝑗
				(
				≤
				𝑘
				+
				2
				)
				∈
				𝐍
			

			

				0
			

		
	
 is a densely defined sequence of operators. Proceeding by complete induction, it follows that the sequence 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is densely defined and 
	
		
			
				𝑃
				=
				l
				i
				m
			

			
				𝑘
				→
				∞
			

			

				𝑃
			

			

				𝑘
			

		
	
 is closed by an analogous reasoning that the corresponding one used in the proof of Property (i). Furthermore, one has for large enough 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 that
							
	
 		
 			
				(
				2
				.
				1
				7
				)
			
 		
	

	
		
			
				‖
				‖
				𝑃
				𝑑
				(
				𝑧
				,
				c
				l
				𝐷
				(
				𝑃
				)
				)
				≤
				1
				+
			

			

				𝑘
			

			
				‖
				‖
				
				‖
				‖
				+
				𝑜
				𝑃
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
			

			
				
			
			

				
			

			
				
			
			
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			
				‖
				𝑧
				‖
			

		
	

						so that 
	
		
			
				c
				l
				𝐷
				(
				𝑃
				)
				=
				𝑋
			

		
	
 and 
	
		
			
				𝑃
				=
				l
				i
				m
			

			
				𝑘
				→
				∞
			

			

				𝑃
			

			

				𝑘
			

		
	
 is densely defined. The proof is complete.
Remark 2.3. Note that if Theorem 2.2(i) holds then 
	
		
			
				𝐷
				(
				𝑃
			

			

				𝑘
			

			
				)
				=
				𝐷
				(
				𝑃
				)
				=
				𝑋
			

		
	
; for all 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 since the sequence of linear closed operators 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

		
	
 and its linear closed limit operator 
	
		
			

				𝑃
			

		
	
 are bounded.
The next result extends for a sequence of convergent operators that a sequence of closed operators is also a linear sequence of operators if each of its elements are sufficiently close in terms of difference of norms, or in terms of the gap metric, to some linear operator and the above theorem holds.
Theorem 2.4.  
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is a sequence of linear operators on 
	
		
			

				𝑋
			

		
	
 if it is a sequence of closed operators on 
	
		
			
				𝑋
				,
				𝑃
			

			

				0
			

		
	
 is linear operator, and
							
	
 		
 			
				(
				2
				.
				1
				8
				)
			
 		
	

	
		
			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
			

			
				
			
			
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				+
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				
				𝑃
				≤
				𝛿
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			

				𝑘
			

			
				
				<
				1
			

			
				
			
			
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				,
				∀
				𝑘
				∈
				𝐍
			

			

				0
			

			

				.
			

		
	

						The sequence 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 has a linear limit operator if (2.18) is replaced by the stronger condition:
							
	
 		
 			
				(
				2
				.
				1
				9
				)
			
 		
	

	
		
			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
			

			
				
			
			
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				+
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				
				𝑃
				≤
				𝛿
			

			
				𝑘
				+
				1
			

			
				,
				𝑃
			

			

				𝑘
			

			
				
				<
				𝐾
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				𝑘
				−
				1
			

			
				‖
				‖
			

			
				
			
			
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			
				+
				𝐾
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				,
				∀
				𝑘
				∈
				𝐍
			

		
	

						for some given real sequence 
	
		
			
				{
				𝐾
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 with 
	
		
			

				𝐾
			

			

				𝑘
			

			
				∈
				(
				0
				,
				𝐾
				)
				⊂
				(
				0
				,
				1
				)
			

		
	
 satisfying 
	
		
			

				𝐾
			

			

				𝑘
			

			
				≥
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			
				𝑘
				+
				2
			

			
				‖
				/
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			

				‖
			

		
	
; for all 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 for which a sufficient condition is 
	
 		
 			
				(
				2
				.
				2
				0
				)
			
 		
	

	
		
			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				‖
				
				𝐾
				≤
				m
				i
				n
			

			

				𝑘
			

			
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				−
				‖
				‖
				𝑃
			

			
				𝑘
				+
				2
			

			
				‖
				‖
			

			
				
			
			
				1
				+
				𝐾
			

			

				𝑘
			

			
				,
				𝐾
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				𝑃
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				
				,
				∀
				𝑘
				∈
				𝐍
				.
			

		
	

Proof. The first part related to (2.18) follows from Theorem 2.2 for 
	
		
			

				𝛿
			

			
				
				𝑘
				+
				1
			

		
	
 arbitrarily close to 
	
		
			
				𝛿
				(
				𝑃
			

			

				𝑘
			

			
				,
				𝑃
			

			
				𝑘
				+
				1
			

			

				)
			

		
	
, 
	
		
			

				𝑃
			

			
				𝑘
				+
				1
			

		
	
 being either bounded or densely defined if 
	
		
			

				𝑃
			

			

				𝑘
			

		
	
 is a linear closed operator on 
	
		
			

				𝑋
			

		
	
 for any given 
	
		
			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
. Then, either 
	
		
			
				𝐷
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				)
				=
				𝑋
			

		
	
 or 
	
		
			
				c
				l
				𝐷
				(
				𝑃
			

			
				𝑘
				+
				1
			

			
				)
				=
				𝑋
			

		
	
 so that 
	
		
			

				𝑃
			

			
				𝑘
				+
				1
			

		
	
 is, furthermore, linear and closed since 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is closed and the property that bounded or densely defined linear operators are closed. Then, if 
	
		
			

				𝑃
			

			

				0
			

		
	
 is linear, then it follows by complete induction that 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is a sequence of linear operators. The second part of the theorem is proven by first noting that (2.19) guarantees (2.18) so that 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 is still a sequence of linear operators which are also either bounded or densely defined. Furthermore, it is guaranteed from Theorem 2.2 that 
	
		
			
				{
				𝑃
			

			

				𝑘
			

			

				}
			

			
				𝑘
				∈
				𝐍
			

			

				0
			

		
	
 converges to a limit linear operator 
	
		
			

				𝑃
			

		
	
 either bounded or densely defined provided that (2.19) holds under the necessary condition:
							
	
 		
 			
				(
				2
				.
				2
				1
				)
			
 		
	

	
		
			
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				+
				𝐾
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				
				≤
				𝐾
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				𝑃
			

			

				𝑘
			

			
				−
				𝑃
			

			
				𝑘
				−
				1
			

			
				‖
				‖
				
				
				‖
				‖
				𝑃
				1
				+
			

			

				𝑘
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				+
				‖
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			
				‖
				‖
				
				,
				∀
				𝑘
				∈
				𝐍
				,
			

		
	

						namely, if 
	
		
			

				𝐾
			

			

				𝑘
			

			
				≥
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			
				𝑘
				+
				2
			

			
				‖
				/
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			

				‖
			

		
	
 which is guaranteed if 
	
		
			

				𝐾
			

			

				𝑘
			

			
				≥
				(
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				+
				‖
				𝑃
			

			
				𝑘
				+
				2
			

			
				‖
				)
				/
				|
				‖
				𝑃
			

			

				𝑘
			

			
				‖
				−
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				|
				≥
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			
				𝑘
				+
				2
			

			
				‖
				/
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				−
				𝑃
			

			

				𝑘
			

			

				‖
			

		
	
, that is, if 
	
		
			
				‖
				𝑃
			

			
				𝑘
				+
				1
			

			
				‖
				≤
				m
				i
				n
				(
				(
				𝐾
			

			

				𝑘
			

			
				‖
				𝑃
			

			

				𝑘
			

			
				‖
				−
				‖
				𝑃
			

			
				𝑘
				+
				2
			

			
				‖
				)
				/
				(
				1
				+
				𝐾
			

			

				𝑘
			

			
				)
				,
				𝐾
			

			
				𝑘
				−
				1
			

			
				‖
				𝑃
			

			
				𝑘
				−
				1
			

			
				‖
				)
			

		
	
; for all 
	
		
			
				𝑘
				∈
				𝐍
			

		
	
.
3. Stability of Dynamic Systems with Eventual Switches
We now describe a closed-loop (or feedback) linear dynamic system of a separable Hilbert space 
	
		
			

				𝐻
			

		
	
 by the operator pair 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
, formally identifying the physical closed-loop system, where 
	
		
			

				𝐿
			

		
	
 and 
	
		
			

				𝐶
			

		
	
 are operators on 
	
		
			

				𝐻
			

		
	
 describing the input-output relationships of the controlled system (sometimes, simply referred to as the “plant” to be controlled) and its controller, respectively, as follows:
						
	
 		
 			
				(
				3
				.
				1
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎣
				𝑢
			

			

				1
			

			

				𝑢
			

			

				2
			

			
				⎤
				⎥
				⎥
				⎦
				=
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				𝑒
				𝐼
				𝐶
				𝐿
				−
				𝐼
			

			

				1
			

			

				𝑒
			

			

				2
			

			
				⎤
				⎥
				⎥
				⎦
				,
			

		
	

					where 
	
		
			

				𝑢
			

			

				1
			

		
	
 and 
	
		
			

				𝑢
			

			

				2
			

		
	
 and 
	
		
			

				𝑒
			

			

				1
			

		
	
 and 
	
		
			

				𝑒
			

			

				2
			

		
	
 are, respectively, externally applied (reference and noise) inputs and inputs to the controlled system and its controller, respectively. The separable Hilbert space is assumed over vector fields 
	
		
			

				𝐂
			

			

				𝑛
			

			

				ℓ
			

		
	
 or 
	
		
			

				𝐑
			

			

				𝑛
			

			

				ℓ
			

		
	
 for the input to the controlled system, of state dimension 
	
		
			

				𝑛
			

			

				ℓ
			

		
	
, and over vector fields 
	
		
			

				𝐂
			

			

				𝑛
			

			

				𝑐
			

		
	
 or 
	
		
			

				𝐑
			

			

				𝑛
			

			

				𝑐
			

		
	
 for the input to the controller, of state dimension 
	
		
			

				𝑛
			

			

				𝑐
			

		
	
. The closed-loop dynamic system operator pair 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
 is defined by operator 
	
		
			
				
				Ψ
				=
				Ψ
				(
				𝐿
				,
				𝐶
				)
				∶
				=
			

			

				𝐼
			

			
				𝑛
				𝑐
			

			
				𝐶
				𝐿
				−
				𝐼
			

			
				𝑛
				ℓ
			

			

				
			

		
	
, where 
	
		
			

				𝐼
			

			

				𝑚
			

		
	
 demotes the 
	
		
			

				𝑚
			

		
	
-identity matrix, defined on the direct sum 
	
		
			

				𝐻
			

			

				𝑒
			

			
				⊕
				𝐻
			

			

				𝑒
			

		
	
 of the extended space 
	
		
			

				𝐻
			

			

				𝑒
			

		
	
 of the Hilbert space 
	
		
			

				𝐻
			

		
	
 with itself, where 
	
		
			

				𝐏
			

			

				𝑡
			

			

				𝐻
			

			

				𝑒
			

			
				=
				𝐏
			

			

				𝑡
			

			
				𝐻
				,
				𝑡
				∈
				Γ
			

		
	
 and 
	
		
			

				𝐏
			

			

				𝑡
			

			
				≠
				𝐈
			

		
	
, subject to 
	
		
			

				𝐏
			

			

				𝑡
			

			

				1
			

			
				≤
				𝐏
			

			

				𝑡
			

			

				2
			

		
	
 if 
	
		
			

				𝑡
			

			

				1
			

			
				≤
				𝑡
			

			

				2
			

		
	
, is a projection operator which defines the seminorm 
	
		
			
				‖
				𝑥
				‖
			

			

				𝑡
			

			
				=
				‖
				𝐏
			

			

				𝑡
			

			
				𝑥
				‖
			

		
	
 on 
	
		
			

				𝐻
			

		
	
 for 
	
		
			
				𝑥
				∈
				𝐻
			

		
	
 and 
	
		
			
				𝑡
				∈
				Γ
			

		
	
. The subscript denoting the orders of identity matrices will be omitted in the following when no confusion is expected. The family 
	
		
			
				{
				‖
				⋅
				‖
			

			

				𝑡
			

			
				∶
				𝑡
				∈
				Γ
				}
			

		
	
 of seminorms defines the resolution topology on 
	
		
			

				𝐻
			

		
	
, since 
	
		
			
				{
				𝐏
			

			

				𝑡
			

			
				∶
				𝑡
				∈
				Γ
				}
			

		
	
 is a resolution of the identity with 
	
		
			

				𝑥
			

			

				𝑡
			

			
				(
				∈
				𝐻
			

			

				𝑒
			

			
				)
				=
				𝐏
			

			

				𝑡
			

			

				𝑥
			

		
	
 being a truncation of 
	
		
			
				𝑥
				∈
				𝐻
			

		
	
; for all 
	
		
			
				𝑡
				∈
				Γ
			

		
	
, the separation property for 
	
		
			
				𝑥
				(
				≠
				0
				)
				∈
				𝐻
			

		
	
, 
	
		
			
				∃
				𝑡
				∈
				Γ
			

		
	
 such that 
	
		
			
				‖
				𝑥
				‖
			

			

				𝑡
			

			
				=
				‖
				𝐏
			

			

				𝑡
			

			
				𝑥
				‖
				≠
				0
			

		
	
 and the convergence in this topology is defined as follows: 
	
		
			
				{
				𝑥
			

			

				𝑛
			

			

				}
			

		
	
 converges to 
	
		
			
				𝑥
				∈
				𝐻
			

		
	
 if 
	
		
			
				‖
				𝑥
			

			

				𝑛
			

			
				−
				𝑥
				‖
			

			

				𝑡
			

			
				→
				0
			

		
	
 as 
	
		
			
				𝑛
				→
				∞
			

		
	
; for all 
	
		
			
				𝑡
				∈
				Γ
			

		
	
. It is said that the closed-loop system is well-posed if the internal input 
	
		
			
				(
				𝑒
			

			

				1
			

			
				,
				𝑒
			

			

				2
			

			

				)
			

		
	
 is a causal function of the external input 
	
		
			
				(
				𝑢
			

			

				1
			

			
				,
				𝑢
			

			

				2
			

			

				)
			

		
	
. This is equivalent to the operator 
	
		
			

				
			

			
				𝐼
				𝐶
				𝐿
				−
				𝐼
			

			

				
			

		
	
 to be causally invertible. If 
	
		
			

				Γ
			

		
	
 is a discrete set starting at 
	
		
			
				𝑡
				=
				0
			

		
	
, all invertible operators are bounded and causally invertible. The closed-loop system 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
 is said to be stable if 
	
		
			
				Ψ
				(
				𝐿
				,
				𝐶
				)
				∶
				𝐷
				(
				𝐿
				)
				⊕
				𝐷
				(
				𝐶
				)
				→
				𝐻
				⊕
				𝐻
			

		
	
 has a bounded causal inverse
						
	
 		
 			
				(
				3
				.
				2
				)
			
 		
	

	
		
			

				Ψ
			

			
				−
				1
			

			
				=
				Ψ
			

			
				−
				1
			

			
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				(
				𝐿
				,
				𝐶
				)
				=
				𝐼
				𝐶
				𝐿
				−
				𝐼
			

			
				−
				1
			

			
				=
				⎡
				⎢
				⎢
				⎣
				(
				𝐼
				+
				𝐶
				𝐿
				)
			

			
				−
				1
			

			
				𝐶
				(
				𝐼
				+
				𝐿
				𝐶
				)
			

			
				−
				1
			

			
				𝐿
				(
				𝐼
				+
				𝐶
				𝐿
				)
			

			
				−
				1
			

			
				−
				(
				𝐼
				+
				𝐿
				𝐶
				)
			

			
				−
				1
			

			
				⎤
				⎥
				⎥
				⎦
			

		
	

					defined on 
	
		
			
				𝐻
				⊕
				𝐻
			

		
	
 such that
						
	
 		
 			
				(
				3
				.
				3
				)
			
 		
	

	
		
			
				̂
				𝑒
			

			

				𝑡
			

			
				=
				𝑄
			

			

				𝑡
			

			

				𝑒
			

			

				𝑡
			

			
				=
				𝑄
			

			

				𝑡
			

			

				𝐏
			

			

				𝑡
			

			
				𝑒
				=
				𝑄
			

			

				𝑡
			

			
				
				Ψ
			

			
				−
				1
			

			

				𝐏
			

			

				𝑡
			

			
				𝑢
				+
				𝑃
			

			

				𝑡
			

			
				Φ
				𝑥
			

			

				0
			

			
				
				=
				𝑄
			

			

				𝑡
			

			
				
				𝐏
			

			

				𝑡
			

			

				Ψ
			

			
				−
				1
			

			

				𝐏
			

			

				𝑡
			

			
				𝑢
				+
				𝐏
			

			

				𝑡
			

			
				Φ
				𝑥
			

			

				0
			

			
				
				,
				∀
				𝑡
				∈
				Γ
				,
			

		
	

					where 
	
		
			

				𝑄
			

			

				𝑡
			

			
				=
				(
				𝐼
				,
				0
				,
				…
				,
				0
				)
			

		
	
 is a matrix of 
	
		
			
				(
				𝑛
			

			

				ℓ
			

			
				+
				𝑛
			

			

				𝑐
			

			
				)
				×
				(
				𝑡
				+
				1
				)
				(
				𝑛
			

			

				ℓ
			

			
				+
				𝑛
			

			

				𝑐
			

			

				)
			

		
	
-order composed of 
	
		
			
				(
				𝑡
				+
				1
				)
				(
				𝑛
			

			

				ℓ
			

			
				+
				𝑛
			

			

				𝑐
			

			

				)
			

		
	
 block matrices of which the first one is the 
	
		
			
				(
				𝑛
			

			

				ℓ
			

			
				+
				𝑛
			

			

				𝑐
			

			

				)
			

		
	
-identity matrix and the remaining ones are zero, so as to collect the current 
	
		
			
				(
				𝑛
			

			

				ℓ
			

			
				+
				𝑛
			

			

				𝑐
			

			

				)
			

		
	
 components of 
	
		
			

				𝑒
			

			

				𝑡
			

		
	
 in a vector 
	
		
			
				̂
				𝑒
			

			

				𝑡
			

		
	
 of 
	
		
			
				(
				𝑛
			

			

				ℓ
			

			
				+
				𝑛
			

			

				𝑐
			

			

				)
			

		
	
 components. 
	
		
			
				Φ
				=
				Φ
				(
				𝐿
				,
				𝐶
				)
			

		
	
 is an operator defining the response to initial conditions from 
	
		
			

				𝐂
			

			

				𝑛
			

			

				ℓ
			

			
				+
				𝑛
			

			

				𝑐
			

		
	
 to 
	
		
			
				𝐻
				⊕
				𝐻
			

		
	
 if the operators 
	
		
			

				𝐿
			

		
	
 and 
	
		
			

				𝐶
			

		
	
 represent linear dynamic systems subject to initial conditions 
	
		
			

				𝑥
			

			
				0
				𝐿
			

			
				∈
				𝐂
			

			

				𝑛
			

			

				ℓ
			

		
	
, 
	
		
			

				𝑥
			

			
				0
				𝐶
			

			
				∈
				𝐂
			

			

				𝑛
			

			

				𝑐
			

		
	
, 
	
		
			
				
				𝑒
				=
			

			

				𝑒
			

			

				1
			

			

				𝑒
			

			

				2
			

			

				
			

		
	
, 
	
		
			
				
				𝑢
				=
			

			

				𝑢
			

			

				1
			

			

				𝑢
			

			

				2
			

			

				
			

		
	
,
	
		
			

				𝑥
			

			

				0
			

			
				=
				
			

			

				𝑥
			

			
				0
				𝐿
			

			

				𝑥
			

			
				0
				𝐶
			

			

				
			

		
	
. If 
	
		
			

				Γ
			

		
	
 is a set of consecutive nonnegative integers, then (3.3) describes a causally invertible linear controlled discrete system. It can also describe a linear continuous dynamic system if 
	
		
			

				Γ
			

		
	
 is formed for nonnegative real intervals of the form 
	
		
			
				Γ
				=
				Γ
			

			

				𝑐
			

			
				=
				{
				[
				0
				,
				𝑡
			

			

				1
			

			
				)
				,
				[
				𝑡
			

			

				1
			

			
				,
				𝑡
			

			

				2
			

			
				)
				,
				…
				}
			

		
	
. The stability of the linear dynamic system is associated with the existence of a causal inverse of 
	
		
			

				Ψ
			

		
	
 as follows, [38].
Theorem 3.1.  The closed-loop system 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
 is stable if and only if
							
	
 		
 			
				(
				3
				.
				4
				)
			
 		
	

	
		
			
				𝐺
				(
				𝐿
				)
				⊕
				𝐺
			

			
				−
				1
			

			
				⎡
				⎢
				⎢
				⎣
				𝐼
				𝐿
				⎤
				⎥
				⎥
				⎦
				⊕
				⎡
				⎢
				⎢
				⎣
				𝐼
				⎤
				⎥
				⎥
				⎦
				(
				−
				𝐶
				)
				=
				𝑅
				−
				𝐶
				𝐷
				(
				−
				𝐶
				)
				=
				𝐻
				⊕
				𝐻
				,
			

		
	

						equivalently (in geometric terms), if and only if the orthogonal projection 
							
	
 		
 			
				(
				3
				.
				5
				)
			
 		
	

	
		
			
				Λ
				=
				𝐏
			

			

				𝐺
			

			
				−
				1
			

			
				(
				−
				𝐶
				)
			

			

				⟂
			

			
				∣
				𝐺
				(
				𝐿
				)
				∶
				𝐺
				(
				𝐿
				)
				→
				𝐺
			

			
				−
				1
			

			
				(
				−
				𝐶
				)
			

			

				⟂
			

		
	

						of 
	
		
			
				𝐺
				(
				𝐿
				)
				⊂
				𝐻
				⊕
				𝐻
			

		
	
 onto 
	
		
			

				𝐺
			

			
				−
				1
			

			
				(
				−
				𝐶
				)
			

			

				⟂
			

			
				⊂
				𝐻
				⊕
				𝐻
			

		
	
 is an invertible operator, where 
	
		
			
				𝐺
				(
				𝐿
				)
			

		
	
 is the graph of 
	
		
			

				𝐿
			

		
	
 defined on 
	
		
			
				𝐷
				(
				𝐿
				)
			

		
	
 and 
	
		
			

				𝐺
			

			
				−
				1
			

			
				(
				−
				𝐶
				)
			

		
	
 is the inverse graph of 
	
		
			
				(
				−
				𝐶
				)
			

		
	
, being the subspace 
	
		
			

				
			

			
				𝐼
				−
				𝐶
			

			
				
				𝐷
				(
				−
				𝐶
				)
			

		
	
 of 
	
		
			

				𝐻
			

		
	
, whose graph is 
	
		
			
				
				𝐺
				(
				−
				𝐶
				)
				=
				𝑅
			

			
				𝐼
				−
				𝐶
			

			

				
			

		
	
 defined on 
	
		
			
				𝐷
				(
				−
				𝐶
				)
			

		
	
.
Note that if the closed-loop system 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
 is stable then 
	
		
			

				Ψ
			

			
				−
				1
			

		
	
 and 
	
		
			

				Λ
			

		
	
 are bounded operators. Assume 
	
		
			

				Ψ
			

			
				−
				1
			

		
	
 not bounded. Then, one can take 
	
		
			

				𝑥
			

			

				0
			

			
				=
				0
			

		
	
 and 
	
		
			
				𝑢
				∈
				𝐻
			

		
	
 with 
	
		
			
				‖
				𝑢
				‖
				=
				1
			

		
	
 such that 
	
		
			

				𝑒
			

		
	
 is unbounded, thus 
	
		
			
				(
				𝐿
				,
				𝐶
				)
			

		
	
 is not stable. Thus, 
	
		
			

				Ψ
			

			
				−
				1
			

		
	
 is bounded. Assume that 
	
		
			

				Λ
			

		
	
 is not bounded. Then, there is some bounded 
	
		
			
				𝑢
				∈
				𝐻
			

		
	
 such that 
	
		
			

				𝑒
			

		
	
 is unbounded from (3.3), since 
	
		
			

				Ψ
			

			
				−
				1
			

		
	
 is bounded so it is 
	
		
			

				Ψ
			

			
				−
				1
			

			

				𝑢
			

		
	
, so that 
	
		
			
				(
				𝑒
				−
				Ψ
			

			
				−
				1
			

			
				𝑢
				)
			

		
	
 is unbounded. But then the external input 
	
		
			

				𝑢
			

		
	
 is unbounded from (3.1), here a contradiction, so that the operator 
	
		
			

				Λ
			

		
	
 is bounded. The stability of the controlled system is now discussed under eventual switching in the parameterizations in both controlled object and its controller. To establish the particular stability properties, Theorem 3.1 is addressed together with the relevant results of Section 2. In the following, we adopt the convention that the projector 
	
		
			

				𝐏
			

			

				𝑡
			

		
	
 is defined for all 
	
		
			

				𝑡
			

		
	
 with 
	
		
			

				𝐏
			

			
				−
				𝑡
			

			
				𝑥
				=
				0
			

		
	
; for all 
	
		
			
				𝑡
				∈
				𝐑
			

			

				+
			

		
	
 so as to facilitate the formal presentation of some of the subsequent equations. The subsequent result, supported by Theorem 2.2, relies on the stability of a switched system with switches between several possible stable parameterizations provided that there is a convergence to one of them either in finite time (i.e., the switching process ends in finite time) or asymptotically.
Theorem 3.2.  Assume that there is a finite or infinite switching set of strictly ordered time instants 
	
		
			

				Γ
			

			

				𝑠
			

			
				=
				{
				𝑡
			

			

				𝑠
			

			

				0
			

			
				,
				𝑡
			

			

				𝑠
			

			

				1
			

			
				,
				…
				,
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				…
				}
				⊆
				Γ
			

			

				𝑠
			

			
				⊆
				Γ
				=
			

		
	
 
	
		
			
				{
				𝑡
			

			

				0
			

			
				,
				𝑡
			

			

				1
			

			
				,
				…
				,
				}
			

		
	
 with 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑖
			

			
				=
				𝑡
			

			

				𝑘
			

			
				<
				𝑡
			

			

				𝑠
			

			

				𝑗
			

			
				,
				𝑡
			

			

				𝑖
			

			
				<
				𝑡
			

			

				𝑗
			

		
	
 for any 
	
		
			
				𝑗
				(
				>
				𝑖
				)
				,
				𝑛
				,
				𝑖
				,
				𝑗
				∈
				𝐍
			

			

				0
			

		
	
 and some 
	
		
			
				𝑘
				(
				≥
				𝑖
				)
				∈
				𝐍
			

			

				0
			

		
	
, where 
	
		
			

				𝐍
			

			

				0
			

			
				=
				𝐍
				∪
				{
				0
				}
			

		
	
. Consider the sequence of linear closed operators 
	
		
			
				{
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 on the Hilbert space 
	
		
			

				𝐻
			

		
	
, where 
	
		
			
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				=
				
			

			
				𝐼
				𝐶
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			

				𝐿
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐼
			

			

				
			

		
	
 such that 
	
		
			
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				0
			

		
	
 is also bounded and invertible with bounded inverse 
	
		
			
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				0
			

		
	
, and 
	
 		
 			
				(
				3
				.
				6
				)
			
 		
	

	
		
			
				‖
				‖
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			
				‖
				‖
				‖
			

			

				2
			

			
				<
				𝛿
			

			
				−
				2
			

			
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				,
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				−
				‖
				‖
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			
				‖
				‖
			

			

				2
			

			
				−
				1
				,
				∀
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

			

				,
			

		
	

						where 
	
		
			
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				=
				
			

			
				0
				𝐶
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐶
			

			
				𝑡
				𝑠
				𝑛
			

			

				𝐿
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐿
			

			
				𝑡
				𝑠
				𝑛
			

			

				0
			

			

				
			

		
	
. Then, the following properties hold: (i)The sequence 
	
		
			
				{
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 exists and it consists of bounded operators on 
	
		
			

				𝐻
			

		
	
. (ii)In addition, such a sequence of inverse operators converges to a unique bounded operator 
	
		
			
				
				Ψ
			

			
				−
				1
			

		
	
 on 
	
		
			

				𝐻
			

		
	
, which is the bounded inverse operator of 
	
		
			
				
				
				Ψ
				=
			

			
				L
				I
				C
			

			

				−
			

			

				I
			

			

				
			

		
	
 on 
	
		
			

				𝐻
			

		
	
 in Theorem 2.2(i), if 
										
	
 		
 			
				(
				3
				.
				7
				)
			
 			
				(
				3
				.
				8
				)
			
 		
	

	
		
			
				‖
				‖
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				‖
				‖
				≤
				1
			

			
				
			
			

				𝐾
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				𝑤
				𝑖
				𝑡
				ℎ
				𝐾
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				∈
				(
				0
				,
				𝐾
				)
				⊂
				(
				0
				,
				1
				)
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

			
				,
				𝛿
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				2
			

			
				,
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				
				<
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				−
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				‖
			

			
				
			
			
				‖
				‖
				
				Ψ
				1
				+
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				‖
				‖
			

			

				2
			

			
				+
				𝐾
			

			

				𝑘
			

			
				‖
				‖
				‖
				
				Ψ
			

			

				𝑡
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				‖
				‖
				
				‖
				‖
				
				Ψ
				1
				+
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				‖
				‖
			

			

				2
			

			

				
			

			
				1
				/
				2
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

		
	

									hold with the replacement 
	
		
			

				𝑃
			

			
				(
				⋅
				)
			

			
				→
				
				Ψ
			

			
				(
				⋅
				)
			

			
				=
				
			

			
				𝐼
				𝐶
			

			
				(
				⋅
				)
			

			

				𝐿
			

			
				(
				⋅
				)
			

			
				−
				𝐼
			

			

				
			

		
	
. Furthermore, the switched closed-loop system of sequence pairs of operators 
	
		
			
				{
				(
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				,
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				)
				}
			

			
				𝑡
				∈
				Γ
			

		
	
, each of them being stable, is stable.
Proof. One gets from (3.3) that
							
	
 		
 			
				(
				3
				.
				9
				)
			
 		
	

	
		
			

				𝑄
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				𝑒
				=
				𝑄
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
			

			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				𝑢
				+
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				Φ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝑥
			

			

				0
			

			
				
				,
				∀
				𝑡
				∈
				Γ
			

			

				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

		
	

						if 
	
		
			
				c
				a
				r
				d
				(
				Γ
			

			

				𝑠
			

			
				)
				≤
				𝜒
			

			

				0
			

		
	
, where 
	
		
			

				𝜒
			

			

				0
			

		
	
 is an infinite cardinal number for numerable sets, and
							
	
 		
 			
				(
				3
				.
				1
				0
				)
			
 		
	

	
		
			

				𝑄
			

			
				𝑡
				𝑠
			

			

				𝑛
			

			

				𝑒
			

			
				𝑡
				𝑠
			

			

				𝑛
			

			
				=
				𝑄
			

			
				𝑡
				𝑠
			

			

				𝑛
			

			
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
			

			

				𝐏
			

			
				𝑡
				𝑠
			

			

				𝑛
			

			
				𝑢
				+
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				Φ
				𝑥
			

			

				0
			

			
				
				=
				𝑄
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				Ψ
			

			
				𝑠
				−
				1
			

			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				𝑢
				+
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				Φ
				𝑥
			

			

				0
			

			
				
				,
				∀
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

		
	

						if 
	
		
			
				c
				a
				r
				d
				(
				Γ
			

			

				𝑠
			

			
				)
				=
				𝜒
			

			

				0
			

		
	
 provided that the above inverse operators exist, where
							
	
 		
 			
				(
				3
				.
				1
				1
				)
			
 		
	

	
		
			

				𝑄
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				⎛
				⎜
				⎜
				⎜
				⎜
				⎝
				⎡
				⎢
				⎢
				⎣
				𝐼
				
				𝐶
				𝑒
				=
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				⎤
				⎥
				⎥
				⎦
				+
				⎡
				⎢
				⎢
				⎢
				⎢
				⎣
				0
				−
				𝐼
			

			

				𝑛
			

			

				∑
			

			
				𝑖
				=
				0
			

			
				
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				𝑛
				−
				1
			

			

				∑
			

			
				𝑖
				=
				0
			

			
				
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				0
				⎤
				⎥
				⎥
				⎥
				⎥
				⎦
				⎞
				⎟
				⎟
				⎟
				⎟
				⎠
				𝑒
				,
				∀
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

		
	

						with a number of parameterization switches being 
	
		
			

				𝑛
			

			

				𝑓
			

			
				∶
				=
				c
				a
				r
				d
				(
				Γ
			

			

				𝑠
			

			
				)
				≤
				𝜒
			

			

				0
			

		
	
; for all 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

			
				∩
				[
				𝑡
			

			

				𝑗
			

			
				𝑠
				𝑛
			

			
				,
				𝑡
			

			

				𝑗
			

			
				𝑠
				𝑛
			

			
				+
				1
			

			

				)
			

		
	
 for some two consecutive switching time instants 
	
		
			

				𝑡
			

			

				𝑗
			

			
				𝑠
				𝑛
			

			
				,
				𝑡
			

			

				𝑗
			

			
				𝑠
				𝑛
			

			
				+
				1
			

			
				∈
				Γ
			

		
	
 such that 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				[
				𝑡
			

			

				𝑗
			

			
				𝑠
				𝑛
			

			
				,
				𝑡
			

			

				𝑗
			

			
				𝑠
				𝑛
			

			
				+
				1
			

			

				)
			

		
	
. One has under zero initial conditions that
							
	
 		
 			
				(
				3
				.
				1
				2
				)
			
 		
	

	
		
			

				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			

				𝑢
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				=
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				⎡
				⎢
				⎢
				⎣
				𝐼
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			

				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				⎤
				⎥
				⎥
				⎦
				𝐏
				−
				𝐼
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				𝑒
				+
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				⎡
				⎢
				⎢
				⎢
				⎢
				⎣
			

			

				𝑛
			

			

				∑
			

			
				𝑖
				=
				0
			

			
				𝐏
				
				
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝑒
			

			
				1
				𝑡
			

			
				𝑠
				𝑖
			

			
				+
				
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			

				𝑒
			

			
				2
				𝑡
			

			
				𝑠
				𝑖
			

			

				
			

			

				𝑛
			

			

				∑
			

			
				𝑖
				=
				0
			

			
				𝐿
				
				
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			

				𝑒
			

			
				1
				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝑒
			

			
				2
				𝑡
			

			
				𝑠
				𝑖
			

			
				
				⎤
				⎥
				⎥
				⎥
				⎥
				⎦
				,
				∀
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

		
	

						provided that 
	
		
			
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
				+
				1
			

			
				=
				
			

			
				𝐼
				𝐶
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			

				𝐿
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐼
			

			

				
			

			
				−
				1
			

		
	
 exists. Note that
							
	
 		
 			
				(
				3
				.
				1
				3
				)
			
 		
	

	
		
			
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
				+
				1
			

			
				=
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				+
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				
			

			
				−
				1
			

			
				=
				
				
				Ψ
				𝐼
				+
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
			

			
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				
			

			
				−
				1
			

			
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
			

			
				,
				∀
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

		
	

						if the inverses exist, where 
	
		
			
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				=
				
			

			
				0
				𝐶
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐶
			

			
				𝑡
				𝑠
				𝑛
			

			

				𝐿
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐿
			

			
				𝑡
				𝑠
				𝑛
			

			

				0
			

			

				
			

		
	
, for all 
	
		
			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
, and it is bounded if  
	
		
			
				
				Ψ
				𝛿
				(
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				,
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				
				)
				<
				1
				/
			

			
				
			
			
				
				Ψ
				1
				+
				‖
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				‖
			

			

				2
			

			
				<
				1
			

		
	
, for all 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

		
	
, for all 
	
		
			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 from Theorem 2.2 with the replacements 
	
		
			

				𝑃
			

			
				(
				⋅
				)
			

			
				→
				
				Ψ
			

			
				(
				⋅
				)
			

			
				=
				
			

			
				𝐼
				𝐶
			

			
				(
				⋅
				)
			

			

				𝐿
			

			
				(
				⋅
				)
			

			
				−
				𝐼
			

			

				
			

		
	
being   what is guaranteed if 
	
		
			
				‖
				
				
				Ψ
				𝑡
			

			

				𝑠
			

			
				𝑛
				−
				1
			

			

				‖
			

			

				2
			

			
				<
				𝛿
			

			
				−
				2
			

			
				(
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				,
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				Ψ
				)
				−
				‖
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			

				‖
			

			

				2
			

			
				−
				1
			

		
	
; for all 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

		
	
, for all 
	
		
			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
, since
							
	
 		
 			
				(
				3
				.
				1
				4
				)
			
 		
	

	
		
			
				‖
				‖
				
				Ψ
				1
				+
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				‖
			

			

				2
			

			
				‖
				‖
				
				Ψ
				≤
				1
				+
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			
				‖
				‖
			

			

				2
			

			
				+
				‖
				‖
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			
				‖
				‖
				‖
			

			

				2
			

			
				<
				𝛿
			

			
				−
				2
			

			
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				,
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				,
				∀
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

			

				.
			

		
	

						Thus, 
	
		
			
				{
				
				Ψ
			

			
				−
				1
			

			
				(
				𝑡
			

			

				𝑛
			

			

				𝑠
			

			
				)
				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 is a sequence of sufficiently close operators in terms of the gap metric so that they are bounded closed operators from Theorem 2.2((i)-(ii)) with the replacements 
	
		
			

				𝑃
			

			
				(
				⋅
				)
			

			
				→
				
				Ψ
			

			
				(
				⋅
				)
			

			
				=
				
			

			
				𝐼
				𝐶
			

			
				(
				⋅
				)
			

			

				𝐿
			

			
				(
				⋅
				)
			

			
				−
				𝐼
			

			

				
			

		
	
 following complete induction. The remaining of the proof follows also by complete induction concerning the convergence of the sequence 
	
		
			
				{
				
				Ψ
			

			
				−
				1
			

			
				(
				𝑡
			

			

				𝑛
			

			

				𝑠
			

			
				)
				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 to a bounded closed operator follows from the convergence conditions (2.5)-(2.6) of Theorem 2.2 to get conditions (3.7)-(3.8).  Thus, the operator sequence 
	
		
			
				{
				𝑄
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 of elements defined in (3.11) is also closed with an associate bounded existing sequence of bounded inverse operators which has a bounded invertible limit if 
	
		
			
				{
				
				Ψ
			

			

				𝑡
			

			
				𝑛
				𝑠
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 converges under the conditions (3.7)-(3.8). Note also from (3.11) that
							
	
 		
 			
				(
				3
				.
				1
				5
				)
			
 		
	

	
		
			

				𝑄
			

			

				𝑡
			

			

				Ψ
			

			

				𝑡
			

			

				𝐏
			

			

				𝑡
			

			
				⎡
				⎢
				⎢
				⎢
				⎢
				⎣
				𝐼
				
				𝐿
				𝑒
				=
			

			

				𝑡
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				𝐏
			

			

				𝑡
			

			

				+
			

			

				𝑛
			

			

				∑
			

			
				𝑖
				=
				0
			

			
				
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				
				𝐿
			

			

				𝑡
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				𝐏
			

			

				𝑡
			

			

				+
			

			

				𝑛
			

			

				∑
			

			
				𝑖
				=
				0
			

			
				
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑖
				−
				1
			

			
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑖
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎦
				
				𝑡
				−
				𝐼
				𝑒
				,
				∀
				𝑡
				∈
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			

				
			

		
	

						if 
	
		
			

				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				∈
				Γ
			

			

				𝑠
			

		
	
  exists and for all 
	
		
			
				𝑡
				∈
				[
				𝑡
			

			

				𝑛
			

			
				𝑠
				𝑓
			

			
				,
				∞
			

			

				)
			

		
	
 if 
	
		
			
				c
				a
				r
				d
				(
				Γ
			

			

				𝑠
			

			
				)
				=
				𝑛
			

			

				𝑓
			

			
				<
				𝜒
			

			

				0
			

		
	
. Thus, 
	
		
			
				{
				𝑄
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 is bounded with a an existing finite sequence of bounded and closed inverse operators converging to a bounded limit if 
	
		
			
				c
				a
				r
				d
				(
				Γ
			

			

				𝑠
			

			
				)
				=
				𝑛
			

			

				𝑓
			

			
				≤
				𝜒
			

			

				0
			

		
	
 with 
	
		
			

				𝑄
			

			

				𝑡
			

			

				Ψ
			

			

				𝑡
			

			

				𝐏
			

			

				𝑡
			

		
	
 having also a bounded inverse; for all 
	
		
			
				𝑡
				∈
				[
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			

				)
			

		
	
 for 
	
		
			

				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				∈
				Γ
			

			

				𝑠
			

		
	
 and for all 
	
		
			
				𝑡
				∈
				[
				𝑡
			

			

				𝑛
			

			
				𝑠
				𝑓
			

			
				,
				∞
			

			

				)
			

		
	
 if 
	
		
			
				c
				a
				r
				d
				(
				Γ
			

			

				𝑠
			

			
				)
				=
				𝑛
			

			

				𝑓
			

			
				<
				𝜒
			

			

				0
			

		
	
. Then (3.4) holds and the switched system is stable from Theorem 3.1 since:
							
	
 		
 			
				(
				3
				.
				1
				6
				)
			
 			
				(
				3
				.
				1
				7
				)
			
 		
	

	
		
			
				𝐺
				
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				⊕
				𝐺
			

			
				−
				1
			

			
				
				−
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				⎡
				⎢
				⎢
				⎣
				𝐼
				𝐿
				=
				𝑅
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				⎤
				⎥
				⎥
				⎦
				⊕
				⎡
				⎢
				⎢
				⎣
				−
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				𝐼
				⎤
				⎥
				⎥
				⎦
				𝐷
				
				−
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				=
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				𝐻
				
				⊕
				
				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				𝐻
				
				,
				𝐺
				
				𝐿
			

			

				𝑡
			

			
				
				⊕
				𝐺
			

			
				−
				1
			

			
				
				−
				𝐶
			

			

				𝑡
			

			
				
				⎡
				⎢
				⎢
				⎣
				𝐼
				𝐿
				=
				𝑅
			

			

				𝑡
			

			
				⎤
				⎥
				⎥
				⎦
				⊕
				⎡
				⎢
				⎢
				⎣
				−
				𝐶
			

			

				𝑡
			

			
				𝐼
				⎤
				⎥
				⎥
				⎦
				𝐷
				
				−
				𝐶
			

			

				𝑡
			

			
				
				=
				
				𝐏
			

			

				𝑡
			

			
				𝐻
				
				⊕
				
				𝐏
			

			

				𝑡
			

			
				𝐻
				
				
				𝑡
				∀
				𝑡
				∈
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				
				,
				∀
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				∈
				Γ
			

			

				𝑠
			

		
	

						since 
	
		
			
				{
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 exists consisting of bounded operators on 
	
		
			

				𝐻
			

		
	
, and by construction on 
	
		
			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝐻
			

		
	
 for all 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

		
	
. In addition, such a sequence of inverse operators converges to a unique bounded operator 
	
		
			
				
				Ψ
			

			
				−
				1
			

		
	
 on 
	
		
			

				𝐻
			

		
	
 so that (3.16) implies (3.4) and, equivalently, (3.5) in Theorem 3.1. Then, the switched closed-loop system defined by the convergent sequence of operator pairs 
	
		
			
				{
				(
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				,
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				)
				}
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				∈
				Γ
			

		
	
 is stable.
Remark 3.3. Note that the above result also holds if a finite time interval is removed from the analysis, that is, if there is a finite number of switches between a set of parameterizations not all being stable and after such a finite time interval the hypotheses hold. Note that (3.6) in Theorem 3.2 guarantees the existence of the inverse operator and its boundedness since they are closed and also sufficiently close (in terms of the gap metric) to each next consecutive element within such a sequence. On the other hand, the constraint (3.8) in Theorem 3.2 guarantees the convergence of the sequence of existing inverse operators to a closed operator which is also bounded so that Theorem 3.1 holds.
Remark 3.4. Note that Theorem 3.2 guarantees the stability of a switched system whose sequence of parameterizations converges to a stable configuration while all such parameterizations are stable. However, it is easy to generalize the result to two weaker conditions as follows:(1)Not all the parameterizations 
	
		
			
				(
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				,
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				)
			

		
	
; 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

		
	
 are stable but Theorem 3.2 conditions are fulfilled for 
	
		
			

				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				∗
			

			
				⊂
				Γ
			

		
	
, where 
	
		
			

				Γ
			

			

				∗
			

			
				∋
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				=
				𝑡
			

			

				𝑠
			

			

				𝑘
			

			
				∈
				Γ
			

		
	
 and 
	
		
			

				Γ
			

			

				∗
			

			
				∋
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				=
				𝑡
			

			

				𝑠
			

			
				𝑘
				𝑘
				+
				ℓ
			

			
				∈
				Γ
			

		
	
, with 
	
		
			

				ℓ
			

			

				𝑘
			

			
				≤
				ℓ
				<
				∞
			

		
	
 are two consecutive marked elements of 
	
		
			

				Γ
			

			

				∗
			

		
	
 which are not necessarily consecutive in 
	
		
			

				Γ
			

		
	
 such that 
	
		
			
				(
				𝐿
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
			

			
				,
				𝐶
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
			

			

				)
			

		
	
 is stable.(2)Theorem 3.2 is fulfilled only for the subset 
	
		
			

				Γ
			

			

				𝑡
			

			
				∗
				𝑛
			

			
				⊂
				Γ
			

		
	
 obtained by removing a finite set 
	
		
			
				{
				𝑡
			

			
				∗
				0
			

			
				,
				𝑡
			

			
				∗
				1
			

			
				,
				…
				,
				𝑡
			

			
				∗
				𝑛
				−
				1
			

			

				}
			

		
	
 from 
	
		
			

				Γ
			

		
	
.
The fact that the convergence of the sets of parameterizations to a stable one is not required for stabilization purposes is now discussed while it is sufficient that the switched parameterized sequence has consecutive stable parameterizations of sufficiently large norms.
Theorem 3.5.  Assume the following. (1)There is a switching set of infinite cardinal of strictly ordered time instants 
	
		
			

				Γ
			

			

				𝑠
			

			
				=
				{
				𝑡
			

			

				𝑠
			

			

				0
			

			
				,
				𝑡
			

			

				𝑠
			

			

				1
			

			
				,
				…
				,
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				…
				}
				⊆
				Γ
			

			

				𝑠
			

			
				⊆
				Γ
				=
			

		
	
 
	
		
			
				{
				𝑡
			

			

				0
			

			
				,
				𝑡
			

			

				1
			

			
				,
				…
				,
				}
			

		
	
 with 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑖
			

			
				=
				𝑡
			

			

				𝑘
			

			
				<
				𝑡
			

			

				𝑠
			

			

				𝑗
			

		
	
, 
	
		
			

				𝑡
			

			

				𝑖
			

			
				<
				𝑡
			

			

				𝑗
			

		
	
 for any 
	
		
			
				𝑗
				(
				>
				𝑖
				)
				,
				𝑛
				,
				𝑖
				,
				𝑗
				∈
				𝐍
			

			

				0
			

		
	
 and some 
	
		
			
				𝑘
				(
				≥
				𝑖
				)
				∈
				𝐍
			

			

				0
			

		
	
, where 
	
		
			

				𝐍
			

			

				0
			

			
				=
				𝐍
				∪
				{
				0
				}
			

		
	
.(2)The sequence of linear closed operators 
	
		
			
				{
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
on the Hilbert space 
	
		
			

				𝐻
			

		
	
, where 
	
		
			
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				=
				
			

			
				𝐼
				𝐶
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			

				𝐿
			

			
				𝑡
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐼
			

			

				
			

		
	
, is subject to 
	
		
			
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				0
			

		
	
 being bounded and invertible with a bounded inverse 
	
		
			
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				0
			

		
	
, and 
	
		
			
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			

				‖
			

			

				2
			

			
				<
				𝛿
			

			
				−
				2
			

			
				(
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				,
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				Ψ
				)
				−
				‖
			

			

				𝑡
			

			
				𝑠
				𝑛
				−
				1
			

			

				‖
			

			

				2
			

			
				−
				1
			

		
	
 where 
	
		
			
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				=
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

		
	
; for all 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			

				𝑠
			

		
	
, for all 
	
		
			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
.                     (3)
	
		
			

				∑
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				∈
				Γ
			

			
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				<
				∞
			

		
	
 where
										
	
 		
 			
				(
				3
				.
				1
				8
				)
			
 		
	

	
		
			
				‖
				‖
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				‖
				‖
				=
				‖
				‖
				‖
				‖
				‖
				⎡
				⎢
				⎢
				⎣
				0
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			
				−
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				0
				⎤
				⎥
				⎥
				⎦
				‖
				‖
				‖
				‖
				‖
				≤
				𝑓
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				⋅
				𝑔
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				
				𝑝
				
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				
				
			

		
	
for some nonnegative strictly decreasing real sequence 
	
		
			
				{
				𝑓
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 and some bounded nonnegative real sequence 
	
		
			
				{
				𝑔
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				(
				𝑝
				(
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				)
				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 which depends on the active parameterization within 
	
		
			
				[
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			

				)
			

		
	
 which is parameterized by a bounded function of parameters 
	
		
			
				𝑝
				(
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				∈
				𝐑
			

			
				𝑞
				(
				𝑡
			

			
				𝑠
				𝑛
			

			
				,
				𝑡
			

			
				𝑠
				𝑛
				+
				1
			

			

				)
			

		
	
. Then, the switched closed-loop system of sequence pairs of operators 
	
		
			
				{
				(
				𝐿
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				,
				𝐶
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				)
				}
			

			
				𝑡
				∈
				Γ
			

		
	
, each of them being stable, is stable.
Proof. From the first part of Theorem 3.2, one deduces that the sequence 
	
		
			
				{
				
				Ψ
			

			
				𝑡
				−
				1
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
exists and it consists of bounded operators on 
	
		
			

				𝐻
			

		
	
. The assumption 
	
		
			

				∑
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				∈
				Γ
			

			
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				<
				∞
			

		
	
 implies 
	
		
			
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				→
				0
			

		
	
 as 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				→
				∞
			

		
	
 since 
	
		
			
				c
				a
				r
				d
				(
				Γ
			

			

				𝑠
			

			
				)
				=
				𝜒
			

			

				0
			

		
	
, with 
	
		
			

				𝑓
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				→
				0
			

		
	
 as 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				→
				∞
			

		
	
, according to (3.18). Thus, from (3.15) in the proof of Theorem 3.2, 
	
		
			
				{
				𝑄
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				𝐏
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 is bounded, the sequence 
	
		
			
				{
				
				Ψ
			

			
				−
				1
			

			
				(
				𝑡
			

			

				𝑛
			

			

				𝑠
			

			
				)
				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 exists and consists of bounded and closed operators while it converges to a bounded closed operator on 
	
		
			

				𝐻
			

		
	
 and then (3.16)-(3.17) hold and the switched closed-loop system is stable.
The condition 
	
		
			
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				≤
				𝑓
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				⋅
				𝑔
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				(
				𝑝
				(
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				)
			

		
	
 of (3.18) with 
	
		
			

				∑
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				∈
				Γ
			

			
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				‖
				<
				∞
			

		
	
 in Theorem 3.5 implies that the operators describing the controlled object and controller both converge. It is not required for the parameterization, whose worst-case contribution to the norm 
	
		
			
				‖
				
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			

				‖
			

		
	
, given by 
	
		
			

				𝑔
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				(
				𝑝
				(
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				)
			

		
	
, to converge. In real situations, the switching process can activate stable parameterizations without convergence to a particular one provided that a sufficiently large residence time 
	
		
			

				𝑇
			

			
				m
				i
				n
			

			
				>
				0
			

		
	
, such that 
	
		
			

				𝑇
			

			

				𝑠
			

			

				𝑛
			

			
				∶
				=
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			
				−
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				≥
				𝑇
			

			
				m
				i
				n
			

		
	
, is respected at each active parameterization so that 
	
		
			

				𝑓
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				→
				0
			

		
	
 as 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				→
				∞
			

		
	
 in (3.18).
Theorem 3.5 is extended as follows by addressing the existence of the inverses of the relevant operators for finite strips of composite operators rather that for each individual operator.
Theorem 3.6.  Assume the following. (1)There is a switching set of infinite cardinal of strictly ordered time instants 
	
		
			

				Γ
			

			

				𝑠
			

			
				=
				{
				𝑡
			

			

				𝑠
			

			

				0
			

			
				,
				𝑡
			

			

				𝑠
			

			

				1
			

			
				,
				…
				,
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				…
				}
				⊆
				Γ
			

			

				𝑠
			

			
				⊆
				Γ
				=
			

		
	
 
	
		
			
				{
				𝑡
			

			

				0
			

			
				,
				𝑡
			

			

				1
			

			
				,
				…
				,
				}
			

		
	
 with 
	
		
			

				𝑡
			

			

				𝑠
			

			

				𝑖
			

			
				=
				𝑡
			

			

				𝑘
			

			
				<
				𝑡
			

			

				𝑠
			

			

				𝑗
			

		
	
, 
	
		
			

				𝑡
			

			

				𝑖
			

			
				<
				𝑡
			

			

				𝑗
			

		
	
 for any 
	
		
			
				𝑗
				(
				>
				𝑖
				)
				,
				𝑛
				,
				𝑖
				,
				𝑗
				∈
				𝐍
			

			

				0
			

		
	
 and some 
	
		
			
				𝑘
				(
				≥
				𝑖
				)
				∈
				𝐍
			

			

				0
			

		
	
, where 
	
		
			

				𝐍
			

			

				0
			

			
				=
				𝐍
				∪
				{
				0
				}
			

		
	
.(2)There is a switching set of infinite cardinal of marked strictly ordered time instants 
	
		
			

				Γ
			

			
				∗
				𝑠
			

			
				=
				{
				𝑡
			

			
				∗
				𝑠
			

			

				0
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			

				1
			

			
				,
				…
				,
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				…
				}
				⊂
				Γ
			

			

				s
			

		
	
 such the composite operator sequence 
	
		
			
				{
				
				Ψ
				(
				𝑡
			

			
				∗
				𝑠
			

			

				𝑖
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑖
				+
				1
			

			
				)
				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 is a composite operator defined for 
	
		
			

				𝑠
			

			
				∗
				𝑖
			

			
				=
				𝑠
			

			

				𝑛
			

			

				𝑖
			

		
	
 and 
	
		
			

				𝑠
			

			
				∗
				𝑖
				+
				1
			

			
				=
				𝑠
			

			

				𝑛
			

			

				𝑖
			

			
				+
				𝑛
			

			
				ℓ
				𝑖
			

		
	
 for some 
	
		
			

				𝑛
			

			

				𝑖
			

			
				∈
				𝑁
			

			

				0
			

		
	
, 
	
		
			

				𝑛
			

			

				ℓ
			

			

				𝑖
			

			
				∈
				𝐍
			

			

				0
			

		
	
, and 
										
	
 		
 			
				(
				3
				.
				1
				9
				)
			
 		
	

	
		
			
				
				Ψ
				
				𝑡
			

			
				∗
				𝑠
			

			

				𝑖
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑖
				+
				1
			

			
				
				≡
				
				Ψ
				
				𝑡
			

			

				𝑠
			

			
				𝑛
				𝑖
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				𝑖
				+
				1
			

			
				
				
				Ψ
				∶
				=
			

			

				𝑡
			

			
				𝑠
				𝑛
				𝑛
				𝑖
				𝑖
				+
				ℓ
			

			
				
				Ψ
				∘
				⋯
				∘
			

			

				𝑡
			

			
				𝑠
				𝑛
				𝑖
				+
				1
			

			
				∘
				
				Ψ
			

			

				𝑡
			

			
				𝑠
				𝑛
				𝑖
			

			

				,
			

		
	
where the operator
							
	
 		
 			
				(
				3
				.
				2
				0
				)
			
 		
	

	
		
			
				
				Ψ
				
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				2
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎣
				𝐼
				𝐶
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
			

			

				+
			

			

				𝑛
			

			

				2
			

			
				−
				1
			

			

				∑
			

			
				𝑗
				=
				1
			

			
				
				𝐶
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
			

			
				−
				𝐶
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
				−
				1
			

			
				
				𝐿
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
			

			

				+
			

			

				𝑛
			

			

				2
			

			
				−
				1
			

			

				∑
			

			
				𝑗
				=
				1
			

			
				
				𝐿
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
			

			
				−
				𝐿
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
				−
				1
			

			
				
				⎤
				⎥
				⎥
				⎥
				⎥
				⎦
				−
				𝐼
				,
				∀
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			
				∗
				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

		
	

						consists of finite strips of linear closed operators on 
	
		
			

				𝐻
			

		
	
 such that 
	
		
			
				
				Ψ
				(
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				0
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				0
				+
				1
			

			

				)
			

		
	
 is bounded and invertible of bounded inverse 
	
		
			
				
				Ψ
			

			
				−
				1
			

			
				(
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				0
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				0
				+
				1
			

			

				)
			

		
	
 satisfying 
	
		
			

				∑
			

			

				𝑡
			

			
				𝑠
				𝑛
			

			
				∈
				Γ
			

			
				‖
				
				
				Ψ
				(
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				‖
				<
				∞
			

		
	
, and
							
	
 		
 			
				(
				3
				.
				2
				1
				)
			
 		
	

	
		
			
				‖
				‖
				‖
				
				
				Ψ
				
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
				−
				1
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
			

			
				
				‖
				‖
				‖
			

			

				2
			

			
				<
				𝛿
			

			
				−
				2
			

			
				
				
				Ψ
				
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
				+
				1
			

			
				
				,
				
				Ψ
				
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
				−
				1
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
			

			
				−
				‖
				‖
				
				Ψ
				
				𝑡
				
				
			

			
				∗
				𝑠
			

			
				𝑛
				1
				−
				1
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
			

			
				
				‖
				‖
			

			

				2
			

			
				−
				1
				,
				∀
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			
				∗
				𝑠
			

			
				,
				∀
				𝑛
				∈
				𝐍
			

			

				0
			

			
				,
				‖
				‖
				‖
				
				
				Ψ
				
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				
				‖
				‖
				‖
				≤
				𝑓
			

			

				𝑠
			

			

				𝑛
			

			
				
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				
				⋅
				𝑔
			

			

				𝑠
			

			

				𝑛
			

			
				
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				𝑝
				
				𝑡
				
				
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				,
				
				𝑡
				
				
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				−
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				
				→
				𝑇
			

			

				∗
			

			
				<
				∞
				𝑎
				𝑠
				𝑛
				→
				∞
			

		
	

						for some nonnegative strictly decreasing real sequence 
	
		
			
				{
				𝑓
			

			

				𝑠
			

			

				𝑛
			

			
				(
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 and some bounded nonnegative real sequence 
	
		
			
				{
				𝑔
			

			

				𝑠
			

			

				𝑛
			

			
				(
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				}
			

			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 which depends on the active parameterization within 
	
		
			
				[
				𝑡
			

			

				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			

				𝑠
			

			
				𝑛
				+
				1
			

			

				)
			

		
	
 which is parameterized by a bounded function of parameters 
	
		
			
				𝑝
				(
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				∈
				𝐑
			

			
				𝑞
				(
				𝑡
			

			
				∗
				𝑠
				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
				𝑛
				+
				1
			

			

				)
			

		
	
. Then, the switched closed-loop system of sequence pairs of composite operators 
	
		
			
				{
				(
				𝐿
				(
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				,
				𝐶
				(
				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				+
				1
			

			
				)
				)
				}
			

			
				𝑡
				∈
				Γ
			

		
	
, each of them being stable, is stable.
Proof. Linked to (3.13), let us now consider (3.19)-(3.20). The theorem hypothesis guarantee the existence of the inverse operator
							
	
 		
 			
				(
				3
				.
				2
				2
				)
			
 		
	

	
		
			
				
				Ψ
			

			
				−
				1
			

			
				
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				2
			

			
				
				=
				⎡
				⎢
				⎢
				⎢
				⎢
				⎣
				𝐼
				𝐶
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
			

			

				+
			

			

				𝑛
			

			

				2
			

			
				−
				1
			

			

				∑
			

			
				𝑗
				=
				1
			

			
				
				𝐶
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
			

			
				−
				𝐶
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
				−
				1
			

			
				
				𝐿
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
			

			

				+
			

			

				𝑛
			

			

				2
			

			
				−
				1
			

			

				∑
			

			
				𝑗
				=
				1
			

			
				
				𝐿
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
			

			
				−
				𝐿
			

			

				𝑡
			

			
				∗
				𝑠
				𝑛
				1
				+
				𝑗
				−
				1
			

			
				
				⎤
				⎥
				⎥
				⎥
				⎥
				⎦
				−
				𝐼
			

			
				−
				1
			

		
	

						being closed and bounded. From (3.21), the finite operators 
	
		
			
				
				Ψ
				(
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				1
			

			
				,
				𝑡
			

			
				∗
				𝑠
			

			
				𝑛
				2
			

			

				)
			

		
	
; for all 
	
		
			

				𝑡
			

			
				∗
				𝑠
			

			

				𝑛
			

			
				∈
				Γ
			

			
				∗
				𝑠
			

		
	
, for all 
	
		
			
				𝑛
				∈
				𝐍
			

			

				0
			

		
	
 converge to a closed invertible operator of bounded inverse.
Acknowledgments
The author thanks MEC, Basque Government, and University of Basque Country UPV/EHU for their supports through Grants DPI2012-30651, IT378-10, and UFI 11/07. The author also thanks the referees for their useful suggestions.
References
	V.-M. Popov, Hyperstability of Control Systems, Springer, Berlin, Germany, 1973.
	Y. D. Landau, Adaptive Control: The Model Reference Approach, Marcel Dekker, New York, NY, USA, 1979.
	M. De la Sen and I. D. Landau, “An on-line method for improvement of adaptation transients in adaptive control,” in Adaptive Systems in Control and Signal Processing,, Pergamon Press, New York, NY, USA, 1984.
	K. S. Narendra and J. H. Taylor, Frequency Domain Criteria for Absolute Stability, Academic Press, New York, NY, USA, 1973.
	M. De la Sen, “Asymptotic hyperstability under unstructured and structured modeling deviations from the linear behavior,” Nonlinear Analysis: Real World Applications, vol. 7, no. 2, pp. 248–264, 2006.
	M. De la Sen, “Absolute stability of feedback systems independent of internal point delays,” IEE Proceedings-Control Theory and Applications, vol. 152, no. 5, pp. 567–574, 2005.
	M. De la Sen, “On the asymptotic hyperstability of dynamic systems with point delays,” IEEE Transactions on Circuits and Systems, vol. 50, no. 11, pp. 1486–1488, 2003.
	M. De La Sen, “Preserving positive realness through discretization,” Positivity, vol. 6, no. 1, pp. 31–45, 2002.
	M. De La Sen, “A method for general design of positive real functions,” IEEE Transactions on Circuits and Systems, vol. 45, no. 7, pp. 764–769, 1998.
	E. Braverman and S. Zhukovskiy, “Absolute and delay-dependent stability of equations with a distributed delay,” Discrete and Continuous Dynamical Systems A, vol. 32, no. 6, pp. 2041–2061, 2012.
	Z. Tai, “Absolute mean square exponential stability of Lur'e stochastic distributed parameter control systems,” Applied Mathematics Letters, vol. 25, no. 4, pp. 712–716, 2012.
	Z. Tai and S. Lun, “Absolutely exponential stability of Lur'e distributed parameter control systems,” Applied Mathematics Letters, vol. 25, no. 3, pp. 232–236, 2012.
	Y. Chen, W. Bi, and W. Li, “New delay-dependent absolute stability criteria for Lur'e systems with time-varying delay,” International Journal of Systems Science, vol. 42, no. 7, pp. 1105–1113, 2011.
	J. T. Zhou, Q. K. Song, and J. X. Yang, “Stochastic passivity of uncertain networks with time-varying delays,” Abstract and Applied Analysis, vol. 2009, Article ID 725846, 16 pages, 2009.
	Q. Song and J. Cao, “Global dissipativity analysis on uncertain neural networks with mixed time-varying delays,” Chaos, vol. 18, no. 4, Article ID 043126, 10 pages, 2008.
	D. Liu, X. Liu, and S. Zhong, “Delay-dependent robust stability and control synthesis for uncertain switched neutral systems with mixed delays,” Applied Mathematics and Computation, vol. 202, no. 2, pp. 828–839, 2008.
	A. Ibeas and M. De la Sen, “Robustly stable adaptive control of a tandem of master-slave robotic manipulators with force reflection by using multiestimation scheme,” IEEE Transactions on Systems, Man and Cybernetics Part B-Cybernetics, vol. 36, no. 5, pp. 1162–1179, 2006.
	W. P. Dayawansa and C. F. Martin, “A converse Lyapunov theorem for a class of dynamical systems which undergo switching,” IEEE Transactions on Automatic Control, vol. 44, no. 4, pp. 751–760, 1999.
	A. A. Agrachev and D. Liberzon, “Lie-algebraic stability criteria for switched systems,” SIAM Journal on Control and Optimization, vol. 40, no. 1, pp. 253–269, 2001.
	Z. Li, Y. Soh, and C. Wen, Switched and Impulsive Systems: Analysis, Design, and Applications, vol. 313 of Lecture Notes in Control and Information Sciences, Springer, Berlin, Germany, 2005.
	M. De La Sen and A. Ibeas, “Stability results for switched linear systems with constant discrete delays,” Mathematical Problems in Engineering, vol. 2008, Article ID 543145, 28 pages, 2008.
	M. De la Sen and A. Ibeas, “Stability results of a class of hybrid systems under switched continuous-time and discrete-time control,” Discrete Dynamics in Nature and Society, vol. 2009, Article ID 315713, 28 pages, 2009.
	M. De la Sen, “On the characterization of Hankel and Toeplitz operators describing switched linear dynamic systems with point delays,” Abstract and Applied Analysis, vol. 2009, Article ID 670314, 34 pages, 2009.
	M. De La Sen and A. Ibeas, “On the global asymptotic stability of switched linear time-varying systems with constant point delays,” Discrete Dynamics in Nature and Society, vol. 2008, Article ID 231710, 31 pages, 2008.
	M. De La Sen and A. Ibeas, “Stability results for switched linear systems with constant discrete delays,” Mathematical Problems in Engineering, vol. 2008, Article ID 543145, 28 pages, 2008.
	V. Covachev, H. Akça, and M. Sarr, “Discrete-time counterparts of impulsive Cohen-Grossberg neural networks of neutral type,” Neural, Parallel & Scientific Computations, vol. 19, no. 3-4, pp. 345–359, 2011.
	G. T. Stamov and J. O. Alzabut, “Almost periodic solutions in the PC space for uncertain impulsive dynamical systems,” Nonlinear Analysis. Theory, Methods & Applications, vol. 74, no. 14, pp. 4653–4659, 2011.
	Z. Sun and S. S. Ge, Switched Linear Systems: Control and Design, Springer, London, UK, 2005.
	D. Liberzon, Switching in Systems and Control, Systems & Control: Foundations & Applications, Birkhäauser, Boston, Mass, USA, 2003.
	A. Ibeas and M. De La Sen, “Exponential stability of simultaneously triangularizable switched systems with explicit calculation of a common Lyapunov function,” Applied Mathematics Letters, vol. 22, no. 10, pp. 1549–1555, 2009.
	R. N. Shorten and F. O. Cairbre, “A proof of global attractivity for a class of switching systems using a non-quadratic Lyapunov approach,” IMA Journal of Mathematical Control and Information, vol. 18, no. 3, pp. 341–353, 2001.
	M. De la Sen and A. Ibeas, “On the stability properties of linear dynamic time-varying unforced systems involving switches between parameterizations from topologic considerations via graph theory,” Discrete Applied Mathematics, vol. 155, no. 1, pp. 7–25, 2007.
	M. De La Sen, “On the necessary and sufficient condition for a set of matrices to commute and some further linked results,” Mathematical Problems in Engineering, vol. 2009, Article ID 650970, 24 pages, 2009.
	H. Ishii and B. A. Francis, “Stabilizing a linear system by switching control with dwell time,” in Proceedings of the American Control Conference, vol. 3, pp. 1876–1881, 2001.
	H. Lin and P. J. Antsaklis, “Stability and stabilizability of switched linear systems: a survey of recent results,” IEEE Transactions on Automatic Control, vol. 54, no. 2, pp. 308–322, 2009.
	H. Yang, G. Xie, T. Chu, and L. Wang, “Commuting and stable feedback design for switched linear systems,” Nonlinear Analysis: Theory, Methods & Applications, vol. 64, no. 2, pp. 197–216, 2006.
	M. Duarte-Mermoud, R. Ordonez-Hurtado, and P. Zagalak, “A method for determining the non-existence of a common quadratic Lyapunov function for switched linear systems based on particle swarm optimization,” International Journal of Systems Science, vol. 43, no. 11, pp. 2015–2029, 2012.
	A. Feintuch, Robust Control Theory in Hilbert Space, vol. 130 of Applied Mathematical Sciences, Springer, New York, NY, USA, 1998.
	G. Vinnicombe, Uncertainty and Feedback. H-infinity Loop-Shaping and the ν-Gap Metric, Imperial College Press, London, UK, 2001.


OEBPS/page-template.xpgt
 

   


     
	 
    

     
	 
    


     
	 
    


     
         
             
             
             
        
    

  





OEBPS/pageMap.xml
 
                                 
                                



OEBPS/Fonts/xits-italic.otf


OEBPS/Fonts/xits-bolditalic.otf


OEBPS/Fonts/xits-regular.otf


OEBPS/Fonts/xits-math.otf


