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Abstract. 
This paper deals with the problems of integrability and linearizable conditions at
degenerate singular point in a class of quasianalytic septic polynomial differential
system. We solve the problems by an indirect method, that is, we transform the quasianalytic
system into an analytic system firstly, and the degenerate singular point into
an elementary singular point. Then we calculate the singular values at the origin of
the analytic system by the known classical methods. We obtain the center conditions
and isochronous center conditions. Accordingly, integrability and pseudolinearizable
conditions at degenerate singular point in the quasianalytic system are obtained. Especially, when 
	
		
			
				𝜆
				=
				1
			

		
	
, the system has been studied in Wu and Zhang (2010).


1. Introduction
In the qualitative theory of planar polynomial differential equations, one of open problems for planar polynomial differential systems
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					is how to characterize their centers and isochronous centers. The characterization of centers for concrete families of differential equations is solved theoretically by computing the so-called Lyapunov constants. In most cases the procedure to study all centers is as follows: compute several Lyapunov constants and when you get one significant, that is, zero, try to prove that the system obtained indeed has a center. Nevertheless, to completely solve this problem, there are two main obstacles. How can you be sure that you have computed enough Lyapunov constants? How do you prove that some system candidate to have a center actually has a center? As far as the case of the center is concerned, a lot of work has been done. Here we will not give an exhaustive bibliography.
In the case of a center, it makes sense to locally define a period function associated with a center, whose value at any point is the minimum period of the periodic orbit through the point. A center is said to be isochronous if the associated period function is constant. It is well known that isochronous centers are nondegenerate and systems with an isochronous center can be locally linearized by an analytic change of coordinates in a neighborhood of the center. The problem of characterizing isochronous centers of the origin has attracted the attention of several authors, and many good results have been published. The characterization of isochronous centers has been treated by several authors. However, there is a low number of families of polynomial systems for which there is a complete classification of their isochronous centers. For example, quadratic isochronous center [1]; isochronous centers of a linear center perturbed by third, fourth, and fifth degree homogeneous polynomials [2–4]; the cubic system of Kukles [5, 6]; the class of systems which in complex variable  
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  writes as 
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				)
			

		
	
 (all of which have an isochronous center at the origin) and the cubic time-reversible systems with 
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				/
				𝑑
				𝑡
				=
				1
			

		
	
, see [7]; some isochronous cubic systems with four invariant lines, see [8]; isochronous centers of cubic systems with degenerate infinity [9, 10]; isochronous center conditions of infinity for rational systems [11–13]; and so forth. For more details about centers and isochronous centers, we refer the reader to the [14, 15].
Theory of center focus for a class of higher-degree critical points was established in [16], the authors there considered the following polynomial differential system:
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					By using their transformation
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					system (1.2) becomes
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Furthermore, Liu in [16] gave the definition of singular value and pseudo-isochronous center at a degenerate singular point.
Definition 1.1. The degenerate singular point of system (1.2)
	
		
			
				𝛿
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 is called a pseudo-isochronous center if the origin of system (1.5)
	
		
			
				𝛿
				=
				0
			

		
	
 is an isochronous center.
The problems of center conditions and pseudo-isochronous center conditions for degenerate singular point are poorly understood in the qualitative theory of ordinary differential equations. There are only a few papers concerning centers of degenerate singular points [17–24].
Recently, the following systems:
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					were investigated by Llibre and Valls, see [25–28]. The conditions of centers and isochronous centers were obtained. But the 
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 is restricted in order to assure the system is polynomial system. In [29], centers and isochronous centers for two classes of generalized seventh and ninth systems were investigated. In [30], linearizable conditions of a time-reversible quartic-like system were obtaied.
For the case of nonanalytic, being difficult, there are very few results. As far as integrability at origin are concerned, several special systems have been studied, see [31–34].
In this paper, we investigate integrability and linearizable conditions at degenerate singular point for a class of quasanalytic polynomial differential system
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, the system has been invested in [35].
The organization of this paper is as follows. In Section 2, we introduce some preliminary results which are useful throughout this paper. In Section 3, we make two appropriate transformations which let research on the degenerate singular point of system (1.7) be reduced to research on the elementary singular point of a twenty-one degree system. Furthermore, we compute the singular point quantities and derive the center conditions of the origin for the transformed system. Accordingly, the conditions of integrability at the degenerate singular point are obtained. In Section 4, we compute the period constants and discuss isochronous center conditions at the origin of the twenty-one degree system, meanwhile, the pseudolinearizable conditions at degenerate singular point are classified.
All calculations in this paper have been done with the computer algebra system: MATHEMATICA.
2. Some Preliminary Results
In [36–38], the authors defined complex center and complex isochronous center for the following complex system:
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					and gave two recursive algorithms to determine necessary conditions for a center and an isochronous center. We now restate the definitions and algorithms.
By means of transformation
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				𝛼
				+
				𝛽
				=
				𝑘
				+
				2
			

			
				
				𝑎
			

			
				𝛼
				,
				𝛽
				−
				1
			

			
				+
				𝑏
			

			
				𝛽
				,
				𝛼
				−
				1
			

			
				
				𝑒
			

			
				𝑖
				(
				𝛼
				−
				𝛽
				)
				𝜃
			

			

				𝜌
			

			

				𝑘
			

			

				.
			

		
	

For the complex constant 
	
		
			

				ℎ
			

		
	
, 
	
		
			
				|
				ℎ
				|
				≪
				1
			

		
	
, we write the solution of system (2.4) satisfying the initial condition 
	
		
			
				𝜌
				∣
			

			
				𝜃
				=
				0
			

			
				=
				ℎ
			

		
	
 as
	
 		
 			
				(
				2
				.
				5
				)
			
 		
	

	
		
			
				𝑟
				=
				̃
				𝜌
				(
				𝜃
				,
				ℎ
				)
				=
				ℎ
				+
			

			

				∞
			

			

				
			

			
				𝑘
				=
				2
			

			

				𝜈
			

			

				𝑘
			

			
				(
				𝜃
				)
				ℎ
			

			

				𝑘
			

			

				,
			

		
	

					which could be thought of as the first Poincaré displacement map and denote the period function by
	
 		
 			
				(
				2
				.
				6
				)
			
 		
	

	
		
			
				𝜏
				
				(
				𝜑
				,
				ℎ
				)
				=
			

			
				𝜑
				0
			

			
				𝑑
				𝑡
			

			
				
			
			
				=
				
				𝑑
				𝜃
				𝑑
				𝜃
			

			
				𝜑
				0
			

			
				
				1
				1
				+
			

			
				
			
			

				2
			

			

				∞
			

			

				
			

			
				𝑘
				=
				1
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				𝑘
				+
				2
			

			
				
				𝑎
			

			
				𝛼
				,
				𝛽
				−
				1
			

			
				+
				𝑏
			

			
				𝛽
				,
				𝛼
				−
				1
			

			
				
				𝑒
			

			
				𝑖
				(
				𝛼
				−
				𝛽
				)
				𝜃
			

			
				̃
				𝑟
			

			

				𝑘
			

			
				
				(
				𝜃
				,
				ℎ
				)
			

			
				−
				1
			

			
				𝑑
				𝜃
				.
			

		
	

Definition 2.1. For a sufficiently small complex constant 
	
		
			

				ℎ
			

		
	
, the origin of system (2.1) is called a complex center if 
	
		
			
				̃
				𝜌
				(
				2
				𝜋
				,
				ℎ
				)
				≡
				ℎ
			

		
	
, and it is called a complex isochronous center if 
							
	
 		
 			
				(
				2
				.
				7
				)
			
 		
	

	
		
			
				̃
				𝜌
				(
				2
				𝜋
				,
				ℎ
				)
				≡
				ℎ
				,
				𝜏
				(
				2
				𝜋
				,
				ℎ
				)
				≡
				2
				𝜋
				.
			

		
	

Lemma 2.2.  For system (2.1), one can derive uniquely the following formal series: 
							
	
 		
 			
				(
				2
				.
				8
				)
			
 		
	

	
		
			
				𝜉
				=
				𝑧
				+
			

			

				∞
			

			

				
			

			
				𝑘
				+
				𝑗
				=
				2
			

			

				𝑐
			

			
				𝑘
				𝑗
			

			

				𝑧
			

			

				𝑘
			

			

				𝑤
			

			

				𝑗
			

			
				,
				𝜂
				=
				𝑤
				+
			

			

				∞
			

			

				
			

			
				𝑘
				+
				𝑗
				=
				2
			

			

				𝑑
			

			
				𝑘
				𝑗
			

			

				𝑤
			

			

				𝑘
			

			

				𝑧
			

			

				𝑗
			

			

				,
			

		
	

						where 
	
		
			

				𝑐
			

			
				𝑘
				+
				1
				,
				𝑘
			

			
				=
				𝑑
			

			
				𝑘
				+
				1
				,
				𝑘
			

			
				=
				0
			

		
	
, 
	
		
			
				𝑘
				=
				1
				,
				2
				,
				…
			

		
	
, such that
							
	
 		
 			
				(
				2
				.
				9
				)
			
 		
	

	
		
			
				𝑑
				𝜉
			

			
				
			
			
				𝑑
				𝑇
				=
				𝜉
				+
			

			

				∞
			

			

				
			

			
				𝑗
				=
				1
			

			

				𝑝
			

			

				𝑗
			

			

				𝜉
			

			
				𝑗
				+
				1
			

			

				𝜂
			

			

				𝑗
			

			
				,
				𝑑
				𝜂
			

			
				
			
			
				𝑑
				𝑇
				=
				−
				𝜂
				−
			

			

				∞
			

			

				
			

			
				𝑗
				=
				1
			

			

				𝑞
			

			

				𝑗
			

			

				𝜂
			

			
				𝑗
				+
				1
			

			

				𝜉
			

			

				𝑗
			

			

				.
			

		
	

Definition 2.3 (see [37, 38]). Let 
	
		
			

				𝜇
			

			

				0
			

			
				=
				0
			

		
	
,  
	
		
			

				𝜇
			

			

				𝑘
			

			
				=
				𝑝
			

			

				𝑘
			

			
				−
				𝑞
			

			

				𝑘
			

		
	
,  
	
		
			

				𝜏
			

			

				𝑘
			

			
				=
				𝑝
			

			

				𝑘
			

			
				+
				𝑞
			

			

				𝑘
			

		
	
,  
	
		
			
				𝑘
				=
				1
				,
				2
				,
				…
				.
				𝜇
			

			

				𝑘
			

		
	
 be called the 
	
		
			

				𝑘
			

			
				t
				h
			

		
	
 singular point quantity of the origin of system (2.1) and 
	
		
			

				𝜏
			

			

				𝑘
			

		
	
 be called the 
	
		
			

				𝑘
			

			
				t
				h
			

		
	
 period constant of the origin of system (2.1).
Reeb’s criterion (see for instance [39]) says that system (2.1) has a center if and only if there is a nonzero analytic integrating factor (or integral factor) in a neighborhood of the origin. In [16], it is developed an algorithm to compute the focal values through the analytic integrating factor that must exist when we have a center, namely, the following theorem.
Theorem 2.4 (see [16]).  For system (2.1), one can derive successively the terms of the following formal series: 
							
	
 		
 			
				(
				2
				.
				1
				0
				)
			
 		
	

	
		
			
				𝑀
				(
				𝑧
				,
				𝑤
				)
				=
			

			

				∞
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				0
			

			

				𝑐
			

			
				𝛼
				𝛽
			

			

				𝑧
			

			

				𝛼
			

			

				𝑤
			

			

				𝛽
			

			

				,
			

		
	

						such that 
							
	
 		
 			
				(
				2
				.
				1
				1
				)
			
 		
	

	
		
			
				𝜕
				(
				𝑀
				𝑍
				)
			

			
				
			
			
				−
				𝜕
				𝑧
				𝜕
				(
				𝑀
				𝑊
				)
			

			
				
			
			
				=
				𝜕
				𝑤
			

			

				∞
			

			

				
			

			
				𝑚
				=
				1
			

			
				(
				𝑚
				+
				1
				)
				𝜇
			

			

				𝑚
			

			
				(
				𝑧
				𝑤
				)
			

			

				𝑚
			

			

				,
			

		
	

						where 
	
		
			

				𝑐
			

			
				0
				0
			

			
				=
				1
			

		
	
, for all 
	
		
			

				𝑐
			

			
				𝑘
				𝑘
			

			
				∈
				𝑅
			

		
	
, 
	
		
			
				𝑘
				=
				1
				,
				2
				,
				…
			

		
	
, and for any integer 
	
		
			

				𝑚
			

		
	
, 
	
		
			

				𝜇
			

			

				𝑚
			

		
	
 is determined by the following recursive formulae: 
							
	
 		
 			
				(
				2
				.
				1
				2
				)
			
 		
	

	
		
			

				𝑐
			

			
				0
				0
			

			
				=
				1
				,
				w
				h
				e
				n
				(
				𝛼
				=
				𝛽
				>
				0
				)
				o
				r
				𝛼
				<
				0
				,
				o
				r
				𝛽
				<
				0
				,
				𝑐
			

			
				𝛼
				𝛽
			

			
				𝑐
				=
				0
				,
				e
				l
				s
				e
			

			
				𝛼
				𝛽
			

			
				=
				1
			

			
				
			
			
				𝛽
				−
				𝛼
			

			
				𝛼
				+
				𝛽
				+
				2
			

			

				
			

			
				𝑘
				+
				𝑗
				=
				3
			

			
				
				(
				𝛼
				+
				1
				)
				𝑎
			

			
				𝑘
				,
				𝑗
				−
				1
			

			
				−
				(
				𝛽
				+
				1
				)
				𝑏
			

			
				𝑗
				,
				𝑘
				−
				1
			

			
				
				𝑐
			

			
				𝛼
				−
				𝑘
				+
				1
				,
				𝛽
				−
				𝑗
				+
				1
			

			
				,
				𝜇
			

			

				𝑚
			

			

				=
			

			
				2
				𝑚
				+
				2
			

			

				
			

			
				𝑘
				+
				𝑗
				=
				3
			

			
				
				𝑎
			

			
				𝑘
				,
				𝑗
				−
				1
			

			
				−
				𝑏
			

			
				𝑗
				,
				𝑘
				−
				1
			

			
				
				𝑐
			

			
				𝑚
				−
				𝑘
				+
				1
				,
				𝑚
				−
				𝑗
				+
				1
			

			

				.
			

		
	

Theorem 2.5 (see [37]).   For system (2.1), one can derive uniquely the following formal series: 
							
	
 		
 			
				(
				2
				.
				1
				3
				)
			
 		
	

	
		
			
				𝑓
				(
				𝑧
				,
				𝑤
				)
				=
				𝑧
				+
			

			

				∞
			

			

				
			

			
				𝑘
				+
				𝑗
				=
				2
			

			

				𝑐
			

			

				′
			

			
				𝑘
				𝑗
			

			

				𝑧
			

			

				𝑘
			

			

				𝑤
			

			

				𝑗
			

			
				,
				𝑔
				(
				𝑧
				,
				𝑤
				)
				=
				𝑤
				+
			

			

				∞
			

			

				
			

			
				𝑘
				+
				𝑗
				=
				2
			

			

				𝑑
			

			
				
				𝑘
				𝑗
			

			

				𝑤
			

			

				𝑘
			

			

				𝑧
			

			

				𝑗
			

			

				,
			

		
	

						where 
	
		
			

				𝑐
			

			
				
				𝑘
				+
				1
				,
				𝑘
			

			
				=
				𝑑
			

			
				
				𝑘
				+
				1
				,
				𝑘
			

			
				=
				0
			

		
	
, 
	
		
			
				𝑘
				=
				1
				,
				2
				,
				…
			

		
	
, such that 
							
	
 		
 			
				(
				2
				.
				1
				4
				)
			
 		
	

	
		
			
				𝑑
				𝑓
			

			
				
			
			
				𝑑
				𝑇
				=
				𝑓
				(
				𝑧
				,
				𝑤
				)
				+
			

			

				∞
			

			

				
			

			
				𝑗
				=
				1
			

			

				𝑝
			

			
				
				𝑗
			

			

				𝑧
			

			
				𝑗
				+
				1
			

			

				𝑤
			

			

				𝑗
			

			
				,
				𝑑
				𝑔
			

			
				
			
			
				𝑑
				𝑇
				=
				−
				𝑔
				(
				𝑧
				,
				𝑤
				)
				−
			

			

				∞
			

			

				
			

			
				𝑗
				=
				1
			

			

				𝑞
			

			
				
				𝑗
			

			

				𝑤
			

			
				𝑗
				+
				1
			

			

				𝑧
			

			

				𝑗
			

			

				,
			

		
	

						and when 
	
		
			
				𝑘
				−
				𝑗
				−
				1
				≠
				0
			

		
	
, 
	
		
			

				𝑐
			

			
				
				𝑘
				𝑗
			

		
	
 and 
	
		
			

				𝑑
			

			
				
				𝑘
				𝑗
			

		
	
 are determined by the following recursive formulae: 
							
	
 		
 			
				(
				2
				.
				1
				5
				)
			
 		
	

	
		
			

				𝑐
			

			
				
				𝑘
				𝑗
			

			
				=
				1
			

			
				
			
			
				𝑗
				+
				1
				−
				𝑘
			

			
				𝑘
				+
				𝑗
				+
				1
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				3
			

			
				
				(
				𝑘
				−
				𝛼
				+
				1
				)
				𝑎
			

			
				𝛼
				,
				𝛽
				−
				1
			

			
				−
				(
				𝑗
				−
				𝛽
				+
				1
				)
				𝑏
			

			
				𝛽
				,
				𝛼
				−
				1
			

			
				
				𝑐
			

			
				
				𝑘
				−
				𝛼
				+
				1
				,
				𝑗
				−
				𝛽
				+
				1
			

			
				,
				𝑑
			

			
				
				𝑘
				𝑗
			

			
				=
				1
			

			
				
			
			
				𝑗
				+
				1
				−
				𝑘
			

			
				𝑘
				+
				𝑗
				+
				1
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				3
			

			
				
				(
				𝑘
				−
				𝛼
				+
				1
				)
				𝑏
			

			
				𝛼
				,
				𝛽
				−
				1
			

			
				−
				(
				𝑗
				−
				𝛽
				+
				1
				)
				𝑎
			

			
				𝛽
				,
				𝛼
				−
				1
			

			
				
				𝑑
			

			
				
				𝑘
				−
				𝛼
				+
				1
				,
				𝑗
				−
				𝛽
				+
				1
			

			

				,
			

		
	

						and for any positive integer 
	
		
			

				𝑗
			

		
	
,  
	
		
			

				𝑝
			

			
				
				𝑗
			

		
	
, and 
	
		
			

				𝑞
			

			
				
				𝑗
			

		
	
 are determined by the following recursive formulae: 
							
	
 		
 			
				(
				2
				.
				1
				6
				)
			
 		
	

	
		
			

				𝑝
			

			
				
				𝑗
			

			

				=
			

			
				2
				𝑗
				+
				2
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				3
			

			
				
				(
				𝑗
				−
				𝛼
				+
				2
				)
				𝑎
			

			
				𝛼
				,
				𝛽
				−
				1
			

			
				−
				(
				𝑗
				−
				𝛽
				+
				1
				)
				𝑏
			

			
				𝛽
				,
				𝛼
				−
				1
			

			
				
				𝑐
			

			
				
				𝑗
				−
				𝛼
				+
				2
				,
				𝑗
				−
				𝛽
				+
				1
			

			
				,
				𝑞
			

			
				
				𝑗
			

			

				=
			

			
				2
				𝑗
				+
				2
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				3
			

			
				
				(
				𝑗
				−
				𝛼
				+
				2
				)
				𝑏
			

			
				𝛼
				,
				𝛽
				−
				1
			

			
				−
				(
				𝑗
				−
				𝛽
				+
				1
				)
				𝑎
			

			
				𝛽
				,
				𝛼
				−
				1
			

			
				
				𝑑
			

			
				
				𝑗
				−
				𝛼
				+
				2
				,
				𝑗
				−
				𝛽
				+
				1
			

			

				.
			

		
	

						In the above expression, one has let 
	
		
			

				𝑐
			

			
				
				1
				0
			

			
				=
				𝑑
			

			
				
				1
				0
			

			
				=
				1
			

		
	
,  
	
		
			

				𝑐
			

			
				
				0
				1
			

			
				=
				𝑑
			

			
				
				0
				1
			

			
				=
				0
			

		
	
, and if 
	
		
			
				𝛼
				<
				0
			

		
	
 or 
	
		
			
				𝛽
				<
				0
			

		
	
, let 
	
		
			

				𝑎
			

			
				𝛼
				𝛽
			

			
				=
				𝑏
			

			
				𝛼
				𝛽
			

			
				=
				𝑐
			

			
				
				𝛼
				𝛽
			

			
				=
				𝑑
			

			
				
				𝛼
				𝛽
			

			
				=
				0
			

		
	
. We introduce double parameter transformation groups 
							
	
 		
 			
				(
				2
				.
				1
				7
				)
			
 		
	

	
		
			
				𝑧
				=
			

			
				
			
			
				𝜌
				𝑒
			

			
				𝑖
				𝜃
			

			
				̃
				𝑧
				,
				𝑤
				=
			

			
				
			
			
				𝜌
				𝑒
			

			
				−
				𝑖
				𝜃
			

			
				
				𝑤
				,
			

		
	

						where 
	
		
			
				
				𝑤
				̃
				𝑧
				,
			

		
	
 are new variables, 
	
		
			
				
			
			
				𝜌
				,
				𝜃
			

		
	
 are complex parameters, and 
	
		
			
				
			
			
				𝜌
				≠
				0
			

		
	
. Denote 
	
		
			
				𝑧
				=
				𝑥
				+
				𝑖
				𝑦
			

		
	
,  
	
		
			
				𝑤
				=
				𝑥
				−
				𝑖
				𝑦
			

		
	
,  
	
		
			
				̃
				𝑧
				=
				̃
				𝑥
				+
				𝑖
				̃
				𝑦
			

		
	
,  
	
		
			
				
				𝑤
				=
				̃
				𝑥
				−
				𝑖
				̃
				𝑦
			

		
	
. Transformation (2.17) can be turned into 
							
	
 		
 			
				(
				2
				.
				1
				8
				)
			
 		
	

	
		
			
				𝑥
				=
			

			
				
			
			
				𝜌
				(
				̃
				𝑥
				c
				o
				s
				𝜃
				−
				̃
				𝑦
				s
				i
				n
				𝜃
				)
				,
				𝑦
				=
			

			
				
			
			
				𝜌
				(
				̃
				𝑥
				s
				i
				n
				𝜃
				+
				̃
				𝑦
				c
				o
				s
				𝜃
				)
				.
			

		
	

						In the case of real variables and real parameters, (2.18) is a transformation of similar rotation. With (2.17) being used, system (2.1) can be transformed into 
							
	
 		
 			
				(
				2
				.
				1
				9
				)
			
 		
	

	
		
			
				𝑑
				̃
				𝑧
			

			
				
			
			
				𝑑
				𝑇
				=
				̃
				𝑧
				+
			

			

				∞
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				2
			

			
				̃
				𝑎
			

			
				𝛼
				𝛽
			

			
				̃
				𝑧
			

			

				𝛼
			

			
				
				𝑤
			

			

				𝛽
			

			
				,
				𝑑
				
				𝑤
			

			
				
			
			
				
				𝑑
				𝑇
				=
				−
				𝑤
				−
			

			

				∞
			

			

				
			

			
				𝛼
				+
				𝛽
				=
				2
			

			
				̃
				𝑏
			

			
				𝛼
				𝛽
			

			
				
				𝑤
			

			

				𝛼
			

			
				̃
				𝑧
			

			

				𝛽
			

			

				,
			

		
	

						where 
	
		
			
				
			
			

				𝜌
			

		
	
, 
	
		
			

				𝜃
			

		
	
 are parameters, 
	
		
			
				̃
				𝑧
			

		
	
, 
	
		
			
				
				𝑤
			

		
	
, 
	
		
			

				𝑇
			

		
	
 are variables, and for all 
	
		
			
				𝛼
				≥
				0
			

		
	
, 
	
		
			
				𝛽
				≥
				0
			

		
	
 one has 
							
	
 		
 			
				(
				2
				.
				2
				0
				)
			
 		
	

	
		
			
				̃
				𝑎
			

			
				𝛼
				𝛽
			

			
				=
				𝑎
			

			
				𝛼
				𝛽
			

			
				
			
			

				𝜌
			

			
				𝛼
				+
				𝛽
				−
				1
			

			

				𝑒
			

			
				𝑖
				(
				𝛼
				−
				𝛽
				−
				1
				)
				𝜃
			

			
				,
				̃
				𝑏
			

			
				𝛼
				𝛽
			

			
				=
				𝑏
			

			
				𝛼
				𝛽
			

			
				
			
			

				𝜌
			

			
				𝛼
				+
				𝛽
				−
				1
			

			

				𝑒
			

			
				−
				𝑖
				(
				𝛼
				−
				𝛽
				−
				1
				)
				𝜃
			

			

				.
			

		
	
 Under the transformation (2.17), suppose that 
	
		
			
				𝑓
				=
				𝑓
				(
				𝑎
			

			
				𝛼
				𝛽
			

			
				,
				𝑏
			

			
				𝛼
				𝛽
			

			

				)
			

		
	
 is a polynomial of 
	
		
			

				𝑎
			

			
				𝛼
				𝛽
			

		
	
, 
	
		
			

				𝑏
			

			
				𝛼
				𝛽
			

		
	
 with complex coefficients, and denote 
							
	
 		
 			
				(
				2
				.
				2
				1
				)
			
 		
	

	
		
			
				
				
				𝑓
				=
				𝑓
				̃
				𝑎
			

			
				𝛼
				𝛽
			

			
				,
				̃
				𝑏
			

			
				𝛼
				𝛽
			

			
				
				,
				𝑓
			

			

				∗
			

			
				
				𝑎
				=
				𝑓
			

			
				∗
				𝛼
				𝛽
			

			
				,
				𝑏
			

			
				∗
				𝛼
				𝛽
			

			
				
				,
			

		
	

						where 
	
		
			

				𝑎
			

			
				∗
				𝛼
				𝛽
			

			
				=
				𝑏
			

			
				𝛼
				𝛽
			

		
	
,  
	
		
			

				𝑏
			

			
				∗
				𝛼
				𝛽
			

			
				=
				𝑎
			

			
				𝛼
				𝛽
			

		
	
,  
	
		
			
				𝛼
				≥
				0
			

		
	
,  
	
		
			
				𝛽
				≥
				0
			

		
	
,  
	
		
			
				𝛼
				+
				𝛽
				≥
				2
			

		
	
.
Definition 2.6 (see [38]). Suppose that there exist constants 
	
		
			
				𝜆
				,
				𝜎
			

		
	
, such that 
	
		
			
				
				𝑓
				=
			

			
				
			
			

				𝜌
			

			

				𝜆
			

			

				𝑒
			

			
				𝑖
				𝜎
				𝜃
			

			

				𝑓
			

		
	
, we say that 
	
		
			

				𝜆
			

		
	
 is a similar exponent and 
	
		
			

				𝜎
			

		
	
 a rotation exponent of system (2.1) under the transformation (2.17), which are denoted by 
	
		
			

				𝐼
			

			

				𝑠
			

			
				(
				𝑓
				)
				=
				𝜆
				,
				𝐼
			

			

				𝜌
			

			
				(
				𝑓
				)
				=
				𝜎
			

		
	
.
Definition 2.7 (see [38]). (i) A polynomial 
	
		
			
				𝑓
				=
				𝑓
				(
				𝑎
			

			
				𝛼
				𝛽
			

			
				,
				𝑏
			

			
				𝛼
				𝛽
			

			

				)
			

		
	
 is called a Lie invariant of order 
	
		
			

				𝑘
			

		
	
, if 
	
		
			
				
				𝑓
				=
			

			
				
			
			

				𝜌
			

			
				2
				𝑘
			

			

				𝑓
			

		
	
. (ii) An invariant 
	
		
			

				𝑓
			

		
	
 is called a monomial Lie invariant, if 
	
		
			

				𝑓
			

		
	
 is both of a Lie invariant and a monomial of 
	
		
			

				𝑎
			

			
				𝛼
				𝛽
			

			
				,
				𝑏
			

			
				𝛼
				𝛽
			

		
	
.(iii) A monomial Lie invariant 
	
		
			

				𝑓
			

		
	
 is called an elementary Lie invariant, if it can not be expressed as a product of two monomial Lie invariants.
Definition 2.8 (see [38]). A polynomial 
	
		
			
				𝑓
				=
				𝑓
				(
				𝑎
			

			
				𝛼
				𝛽
			

			
				,
				𝑏
			

			
				𝛼
				𝛽
			

			

				)
			

		
	
 is called self-symmetry if 
	
		
			

				𝑓
			

			

				∗
			

			
				=
				𝑓
			

		
	
. It is called self-antisymmetry if 
	
		
			

				𝑓
			

			

				∗
			

			
				=
				−
				𝑓
			

		
	
. 
Theorem 2.9 (see the extended symmetric principle in [38]).  Let 
	
		
			

				𝑔
			

		
	
 denote  an elementary Lie invariant of system (2.1). If for all 
	
		
			

				𝑔
			

		
	
 the symmetric condition 
	
		
			
				𝑔
				=
				𝑔
			

			

				∗
			

		
	
 is satisfied, then the origin of system (2.1) is a complex center. Namely, all singular point quantities of the origin are zero.
3. Integrability at the Origin of (1.7)
In this section, the integrability at the origin of (1.7) is discussed by an indirect method. By means of transformation
	
 		
 			
				(
				3
				.
				1
				)
			
 		
	

	
		
			
				√
				𝑢
				=
				𝑥
				+
				𝑖
				𝑦
				,
				𝑣
				=
				𝑥
				−
				𝑖
				𝑦
				,
				𝑇
				=
				𝑖
				𝑡
				,
				𝑖
				=
			

			
				
			
			
				−
				1
				,
			

		
	

					system (1.7)δ=0 becomes its concomitant complex system
	
 		
 			
				(
				3
				.
				2
				)
			
 		
	

	
		
			
				𝑑
				𝑢
			

			
				
			
			
				𝑑
				𝑇
				=
				𝑢
				(
				𝑢
				𝑣
				)
			

			

				𝜆
			

			
				+
				(
				𝑢
				𝑣
				)
			

			
				2
				(
				𝜆
				−
				1
				)
			

			
				
				𝑎
			

			
				0
				3
			

			

				𝑢
			

			

				5
			

			
				+
				𝑎
			

			
				1
				2
			

			
				𝑣
				𝑢
			

			

				4
			

			
				+
				𝑎
			

			
				2
				1
			

			

				𝑢
			

			

				3
			

			

				𝑣
			

			

				2
			

			
				+
				𝑎
			

			
				3
				0
			

			

				𝑢
			

			

				2
			

			

				𝑣
			

			

				3
			

			
				
				−
				𝛽
				𝑢
				(
				𝑢
				𝑣
				)
			

			
				3
				𝜆
			

			
				,
				𝑑
				𝑣
			

			
				
			
			
				𝑑
				𝑇
				=
				−
				𝑣
				(
				𝑢
				𝑣
				)
			

			

				𝜆
			

			
				−
				(
				𝑢
				𝑣
				)
			

			
				2
				(
				𝜆
				−
				1
				)
			

			
				
				𝑏
			

			
				0
				3
			

			

				𝑣
			

			

				5
			

			
				+
				𝑏
			

			
				1
				2
			

			

				𝑣
			

			

				4
			

			
				𝑢
				+
				𝑏
			

			
				2
				1
			

			

				𝑢
			

			

				2
			

			

				𝑣
			

			

				3
			

			
				+
				𝑏
			

			
				3
				0
			

			

				𝑢
			

			

				3
			

			

				𝑣
			

			

				2
			

			
				
				+
				𝛽
				𝑣
				(
				𝑢
				𝑣
				)
			

			
				3
				𝜆
			

			

				,
			

		
	

					where
	
 		
 			
				(
				3
				.
				3
				)
			
 		
	

	
		
			

				𝑎
			

			
				3
				0
			

			
				=
				𝛼
			

			
				3
				0
			

			
				+
				𝑖
				𝛽
			

			
				3
				0
			

			
				,
				𝑎
			

			
				2
				1
			

			
				=
				𝛼
			

			
				2
				1
			

			
				+
				𝑖
				𝛽
			

			
				2
				1
			

			
				,
				𝑎
			

			
				1
				2
			

			
				=
				𝛼
			

			
				1
				2
			

			
				+
				𝑖
				𝛽
			

			
				1
				2
			

			
				,
				𝑎
			

			
				0
				3
			

			
				=
				𝛼
			

			
				0
				3
			

			
				+
				𝑖
				𝛽
			

			
				0
				3
			

			
				,
				𝑏
			

			
				3
				0
			

			
				=
				𝛼
			

			
				3
				0
			

			
				−
				𝑖
				𝛽
			

			
				3
				0
			

			
				,
				𝑏
			

			
				2
				1
			

			
				=
				𝛼
			

			
				2
				1
			

			
				−
				𝑖
				𝛽
			

			
				2
				1
			

			
				,
				𝑏
			

			
				1
				2
			

			
				=
				𝛼
			

			
				1
				2
			

			
				−
				𝑖
				𝛽
			

			
				1
				2
			

			
				,
				𝑏
			

			
				0
				3
			

			
				=
				𝛼
			

			
				0
				3
			

			
				−
				𝑖
				𝛽
			

			
				0
				3
			

			

				.
			

		
	

Then, by using transformation
	
 		
 			
				(
				3
				.
				4
				)
			
 		
	

	
		
			
				𝜉
				=
				𝑢
			

			
				(
				𝜆
				+
				1
				)
				/
				2
			

			

				𝑣
			

			
				(
				𝜆
				−
				1
				)
				/
				2
			

			
				,
				𝜂
				=
				𝑣
			

			
				(
				𝜆
				+
				1
				)
				/
				2
			

			

				𝑢
			

			
				(
				𝜆
				−
				1
				)
				/
				2
			

			

				,
			

		
	

					system (3.2) can be transformed into the following system:
	
 		
 			
				(
				3
				.
				5
				)
			
 		
	

	
		
			
				𝑑
				𝜉
			

			
				
			
			
				𝑑
				𝑇
				=
				𝜉
			

			

				2
			

			
				1
				𝜂
				+
			

			
				
			
			
				2
				𝑎
			

			
				0
				3
			

			
				(
				1
				+
				𝜆
				)
				𝜉
			

			

				5
			

			
				+
				1
			

			
				
			
			
				2
				
				𝑎
			

			
				1
				2
			

			
				+
				𝑏
			

			
				3
				0
			

			
				+
				𝑎
			

			
				1
				2
			

			
				𝜆
				−
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				𝜉
			

			

				4
			

			
				1
				𝜂
				+
			

			
				
			
			
				2
				
				𝑎
			

			
				2
				1
			

			
				+
				𝑏
			

			
				2
				1
			

			
				+
				𝑎
			

			
				2
				1
			

			
				𝜆
				−
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				𝜉
			

			

				3
			

			

				𝜂
			

			

				2
			

			
				+
				1
			

			
				
			
			
				2
				
				𝑎
			

			
				3
				0
			

			
				+
				𝑏
			

			
				1
				2
			

			
				+
				𝑎
			

			
				3
				0
			

			
				𝜆
				−
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				𝜂
			

			

				3
			

			

				𝜉
			

			

				2
			

			
				+
				1
			

			
				
			
			
				2
				𝑏
			

			
				0
				3
			

			
				(
				−
				1
				+
				𝜆
				)
				𝜉
				𝜂
			

			

				4
			

			
				+
				𝛽
				𝜉
			

			

				4
			

			

				𝜂
			

			

				3
			

			
				,
				𝑑
				𝜂
			

			
				
			
			
				𝑑
				𝑇
				=
				−
				𝜂
			

			

				2
			

			
				1
				𝜉
				−
			

			
				
			
			
				2
				𝑏
			

			
				0
				3
			

			
				(
				1
				+
				𝜆
				)
				𝜂
			

			

				5
			

			
				−
				1
			

			
				
			
			
				2
				
				𝑏
			

			
				1
				2
			

			
				+
				𝑎
			

			
				3
				0
			

			
				+
				𝑏
			

			
				1
				2
			

			
				𝜆
				−
				𝑎
			

			
				3
				0
			

			
				𝜆
				
				𝜂
			

			

				4
			

			
				1
				𝜉
				−
			

			
				
			
			
				2
				
				𝑏
			

			
				2
				1
			

			
				+
				𝑎
			

			
				2
				1
			

			
				+
				𝑏
			

			
				2
				1
			

			
				𝜆
				−
				𝑎
			

			
				2
				1
			

			
				𝜆
				
				𝜂
			

			

				3
			

			

				𝜉
			

			

				2
			

			
				−
				1
			

			
				
			
			
				2
				
				𝑏
			

			
				3
				0
			

			
				+
				𝑎
			

			
				1
				2
			

			
				+
				𝑏
			

			
				3
				0
			

			
				𝜆
				−
				𝑎
			

			
				1
				2
			

			
				𝜆
				
				𝜂
			

			

				2
			

			

				𝜉
			

			

				3
			

			
				−
				1
			

			
				
			
			
				2
				𝑎
			

			
				0
				3
			

			
				(
				−
				1
				+
				𝜆
				)
				𝜂
				𝜉
			

			

				4
			

			
				+
				𝛽
				𝜉
			

			

				3
			

			

				𝜂
			

			

				4
			

			

				.
			

		
	

At last, by means of transformation (1.4)
	
		
			
				𝑛
				=
				1
			

		
	
, system (3.5) is reduced to
	
 		
 			
				(
				3
				.
				6
				)
			
 		
	

	
		
			
				𝑑
				𝑧
			

			
				
			
			
				1
				𝑑
				𝜏
				=
				𝑧
				+
			

			
				
			
			
				𝑤
				1
				0
			

			

				3
			

			

				𝑧
			

			

				4
			

			
				
				−
				𝑏
			

			
				0
				3
			

			
				(
				−
				5
				+
				𝜆
				)
				𝑤
			

			

				4
			

			
				+
				
				−
				𝑏
			

			
				1
				2
			

			
				(
				−
				5
				+
				𝜆
				)
				+
				𝑎
			

			
				3
				0
			

			
				
				𝑤
				(
				5
				+
				𝜆
				)
			

			

				3
			

			
				𝑧
				+
				
				−
				𝑏
			

			
				2
				1
			

			
				(
				−
				5
				+
				𝜆
				)
				+
				𝑎
			

			
				2
				1
			

			
				
				𝑤
				(
				5
				+
				𝜆
				)
			

			

				2
			

			

				𝑧
			

			

				2
			

			
				+
				
				−
				𝑏
			

			
				3
				0
			

			
				(
				−
				5
				+
				𝜆
				)
				+
				𝑎
			

			
				1
				2
			

			
				
				(
				5
				+
				𝜆
				)
				𝑤
				𝑧
			

			

				3
			

			
				+
				𝑎
			

			
				0
				3
			

			
				(
				5
				+
				𝜆
				)
				𝑧
			

			

				4
			

			
				
				+
				𝛽
				𝑤
			

			
				1
				0
			

			

				𝑧
			

			
				1
				1
			

			
				,
				𝑑
				𝑤
			

			
				
			
			
				1
				𝑑
				𝜏
				=
				−
				𝑤
				−
			

			
				
			
			
				𝑤
				1
				0
			

			

				4
			

			

				𝑧
			

			

				3
			

			
				
				𝑏
			

			
				0
				3
			

			
				(
				−
				5
				+
				𝜆
				)
				𝑤
			

			

				4
			

			
				+
				
				𝑏
			

			
				1
				2
			

			
				(
				5
				+
				𝜆
				)
				−
				𝑎
			

			
				3
				0
			

			
				
				𝑤
				(
				−
				5
				+
				𝜆
				)
			

			

				3
			

			
				𝑧
				+
				
				𝑏
			

			
				2
				1
			

			
				(
				−
				5
				+
				𝜆
				)
				−
				𝑎
			

			
				2
				1
			

			
				
				𝑤
				(
				−
				5
				+
				𝜆
				)
			

			

				2
			

			

				𝑧
			

			

				2
			

			
				+
				
				𝑏
			

			
				3
				0
			

			
				(
				5
				+
				𝜆
				)
				−
				𝑎
			

			
				1
				2
			

			
				
				(
				−
				5
				+
				𝜆
				)
				𝑤
				𝑧
			

			

				3
			

			
				−
				𝑎
			

			
				0
				3
			

			
				(
				−
				5
				+
				𝜆
				)
				𝑧
			

			

				4
			

			
				
				+
				𝛽
				𝑧
			

			
				1
				0
			

			

				𝑤
			

			
				1
				1
			

			

				.
			

		
	

By those transformations, we transform the quasanalytic system into an analytic system firstly, and the degenerate singular point into an elementary singular point. Under the conjugate condition (3.6): it is obvious that the origin of system (3.5) to be integrability (linearizable) is equivalent to the degenerate singular point of system (1.7) to be integrability (pseudolinearizable).
Using the recursive formulae of Theorem 2.4 to compute the singular point quantities at the origin of system (3.6) (for detailed recursive formulae, see Appendix A) and simplify them with the constructive theorem of singular point quantities, we get the following.
Theorem 3.1.  The first 55 singular point quantities at the origin of system (3.6) are as follows:
							
	
 		
 			
				(
				3
				.
				7
				)
			
 		
	

	
		
			

				𝜇
			

			

				5
			

			
				=
				1
			

			
				
			
			
				5
				
				𝑎
			

			
				2
				1
			

			
				−
				𝑏
			

			
				2
				1
			

			
				
				𝜇
				𝜆
				,
			

			
				1
				0
			

			
				1
				=
				−
			

			
				
			
			
				5
				
				𝑎
			

			
				3
				0
			

			

				𝑎
			

			
				1
				2
			

			
				−
				𝑏
			

			
				3
				0
			

			

				𝑏
			

			
				1
				2
			

			
				
				𝜆
				.
			

		
	
 Case 1. 
	
		
			

				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				≠
				0
			

		
	
, then there exist 
	
		
			

				𝑘
			

		
	
 to make 
	
		
			

				𝑎
			

			
				3
				0
			

			
				=
				𝑘
				𝑏
			

			
				1
				2
			

		
	
,  
	
		
			

				𝑏
			

			
				3
				0
			

			
				=
				𝑘
				𝑎
			

			
				1
				2
			

		
	
,
									
	
 		
 			
				(
				3
				.
				8
				)
			
 		
	

	
		
			

				𝜇
			

			
				1
				5
			

			
				=
				𝜆
			

			
				
			
			
				
				𝑎
				4
				0
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				𝜇
				(
				−
				1
				+
				3
				𝑘
				)
				(
				2
				+
				2
				𝑘
				−
				𝜆
				+
				𝑘
				𝜆
				)
				,
			

			
				2
				0
			

			
				=
				𝜆
			

			

				2
			

			
				
			
			
				𝑏
				1
				0
				(
				𝜆
				+
				2
				)
			

			
				2
				1
			

			
				
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				𝜇
				(
				3
				𝑘
				−
				1
				)
				,
			

			
				2
				5
			

			
				=
				𝜆
			

			

				2
			

			
				
			
			
				2
				4
				0
				(
				𝜆
				+
				2
				)
			

			

				3
			

			
				
				𝑎
				(
				3
				𝑘
				−
				1
				)
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				×
				
				−
				3
				2
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				−
				2
				8
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				𝜆
				+
				3
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝜆
			

			

				2
			

			
				+
				5
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				3
			

			
				+
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				4
			

			
				+
				1
				9
				2
				𝛽
				+
				1
				9
				2
				𝜆
				𝛽
				+
				4
				8
				𝜆
			

			

				2
			

			
				𝛽
				
				,
				𝜇
			

			
				3
				0
			

			
				𝜇
				=
				0
				,
			

			
				3
				5
			

			
				𝜆
				=
				−
			

			

				2
			

			
				
			
			
				1
				9
				2
				0
				0
				(
				𝜆
				+
				2
				)
			

			

				5
			

			
				
				𝑎
				(
				3
				𝑘
				−
				1
				)
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				×
				
				1
				0
				2
				4
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			
				+
				1
				9
				2
				0
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			
				𝜆
				−
				1
				3
				8
				2
				4
				𝑎
			

			
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				2
			

			
				+
				2
				2
				4
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			

				𝜆
			

			

				2
			

			
				−
				1
				1
				3
				9
				2
				𝑎
			

			
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				3
			

			
				−
				1
				5
				8
				4
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			

				𝜆
			

			

				3
			

			
				+
				1
				2
				8
				0
				0
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝜆
			

			

				4
			

			
				+
				2
				4
				3
				2
				𝑎
			

			
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				4
			

			
				−
				1
				0
				5
				6
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			

				𝜆
			

			

				4
			

			
				+
				4
				0
				6
				4
				𝑎
			

			
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				5
			

			
				+
				8
				6
				4
				𝑎
			

			
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				6
			

			
				+
				2
				0
				6
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			

				𝜆
			

			

				6
			

			
				+
				6
				9
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			

				𝜆
			

			

				7
			

			
				+
				7
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			

				𝜆
			

			

				8
			

			
				
				,
				𝜇
			

			
				4
				0
			

			
				=
				−
				7
				𝜆
			

			

				2
			

			
				
			
			
				2
				8
				8
				0
				(
				𝜆
				+
				2
				)
			

			

				5
			

			
				
				𝑎
				(
				3
				𝑘
				−
				1
				)
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				𝑎
				
				
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				+
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				×
				
				(
				𝜆
				+
				1
				)
				−
				3
				2
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				−
				2
				4
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				𝜆
				+
				3
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝜆
			

			

				2
			

			
				+
				4
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				2
			

			
				+
				6
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				3
			

			
				+
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				4
			

			
				
				.
			

		
	

								If 
	
		
			

				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				=
				−
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				(
				−
				2
				+
				𝜆
				)
				(
				2
				+
				𝜆
				)
			

			

				2
			

			
				(
				4
				+
				𝜆
				)
				/
				3
				2
				𝜆
			

			

				2
			

		
	
,
									
	
 		
 			
				(
				3
				.
				9
				)
			
 		
	

	
		
			

				𝜇
			

			
				4
				5
			

			
				=
				2
				4
				1
				3
				1
			

			
				
			
			
				6
				7
				1
				8
				4
				6
				4
				0
				(
				3
				𝑘
				−
				1
				)
				𝑎
			

			
				3
				0
				3
			

			

				𝑏
			

			
				3
				0
				3
			

			
				
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				.
			

		
	

								If 
	
		
			

				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				+
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				=
				0
			

		
	
, then there exist 
	
		
			

				𝑚
			

		
	
 to make 
	
		
			

				𝑎
			

			
				0
				3
			

			
				=
				𝑚
				𝑎
			

			
				2
				1
				2
			

		
	
,  
	
		
			

				𝑏
			

			
				0
				3
			

			
				=
				−
				𝑚
				𝑏
			

			
				2
				1
				2
			

		
	
,
									
	
 		
 			
				(
				3
				.
				1
				0
				)
			
 		
	

	
		
			

				𝜇
			

			
				4
				5
			

			
				=
				7
				𝜆
			

			

				2
			

			
				
			
			
				4
				8
				3
				8
				4
				0
				0
				0
				0
				0
				(
				𝜆
				+
				2
				)
			

			

				3
			

			
				(
				3
				𝑘
				−
				1
				)
				(
				𝜆
				+
				1
				)
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			
				
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				×
				
				−
				2
				3
				2
				5
				7
				0
				8
				8
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			
				+
				6
				5
				7
				7
				2
				8
				0
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			
				𝜆
				−
				2
				3
				2
				5
				7
				0
				8
				8
				𝜆
			

			

				2
			

			
				+
				2
				6
				6
				5
				0
				0
				6
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				2
			

			
				+
				7
				5
				1
				6
				4
				4
				1
				6
				𝜆
			

			

				3
			

			
				−
				2
				7
				6
				4
				2
				4
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				3
			

			
				+
				8
				3
				0
				4
				8
				9
				6
				𝜆
			

			

				4
			

			
				−
				1
				0
				9
				2
				2
				2
				1
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				4
			

			
				−
				1
				8
				8
				8
				4
				6
				0
				8
				𝜆
			

			

				5
			

			
				−
				9
				1
				6
				6
				8
				5
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				5
			

			
				+
				1
				3
				4
				1
				6
				9
				1
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				6
			

			
				+
				2
				5
				5
				8
				5
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				7
			

			
				
				,
				𝜇
			

			
				5
				0
			

			
				𝜇
				=
				0
				,
			

			
				5
				5
			

			
				=
				−
				1
				0
				9
				9
				5
				1
				1
				6
				2
				7
				7
				7
				6
				𝜆
			

			
				1
				9
			

			
				
			
			
				8
				8
				5
				9
				3
				7
				5
				𝑚
			

			

				8
			

			
				(
				𝜆
				+
				2
				)
			

			
				1
				7
			

			
				
				𝑎
				(
				3
				𝑘
				−
				1
				)
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				2
				1
				2
			

			
				
				(
				𝜆
				+
				1
				)
				.
			

		
	
Case 2. 
	
		
			

				𝑎
			

			
				1
				2
			

			
				=
				𝑏
			

			
				1
				2
			

			
				=
				0
			

		
	
,
									
	
 		
 			
				(
				3
				.
				1
				1
				)
			
 		
	

	
		
			

				𝜇
			

			
				1
				5
			

			
				=
				3
				𝜆
			

			
				
			
			
				
				𝑎
				4
				0
			

			
				0
				3
			

			

				𝑎
			

			
				2
				3
				0
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				
				𝜇
				(
				𝜆
				+
				2
				)
				,
			

			
				2
				0
			

			
				=
				3
			

			
				
			
			
				
				𝑎
				1
				0
			

			
				0
				3
			

			

				𝑎
			

			
				2
				3
				0
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				
				𝑏
			

			
				2
				1
			

			
				,
				𝜇
			

			
				2
				5
			

			
				1
				=
				−
			

			
				
			
			
				
				𝑎
				4
				0
			

			
				0
				3
			

			

				𝑎
			

			
				2
				3
				0
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				
				
				4
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				−
				3
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				
				,
				𝜇
				+
				2
				4
				𝛽
			

			
				3
				0
			

			
				𝜇
				=
				0
				,
			

			
				3
				5
			

			
				1
				=
				−
			

			
				
			
			
				
				𝑎
				4
				0
				0
			

			
				0
				3
			

			

				𝑎
			

			
				2
				3
				0
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				
				
				1
				1
				𝑎
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			
				−
				1
				9
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			

				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				−
				5
				0
				𝑎
			

			
				2
				3
				0
			

			

				𝑏
			

			
				2
				3
				0
			

			
				
				,
				𝜇
			

			
				4
				0
			

			
				=
				7
			

			
				
			
			
				
				𝑎
				4
				8
				0
			

			
				0
				3
			

			

				𝑎
			

			
				2
				3
				0
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				𝑎
				
				
			

			
				0
				3
			

			

				𝑎
			

			
				2
				3
				0
			

			
				+
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				𝑎
				
				
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				−
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				
				,
				𝜇
			

			
				4
				5
			

			
				1
				=
				−
			

			
				
			
			
				𝑎
				1
				3
				4
				4
				0
				0
				0
			

			
				3
				3
				0
			

			

				𝑏
			

			
				3
				3
				0
			

			
				
				𝑎
			

			
				0
				3
			

			

				𝑎
			

			
				2
				3
				0
			

			
				−
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				
				×
				
				1
				0
				2
				3
				3
				4
				4
				0
				0
				+
				2
				8
				1
				2
				2
				1
				9
				2
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			

				𝑚
			

			

				2
			

			
				−
				2
				6
				6
				2
				6
				5
				3
				6
				𝑎
			

			
				2
				3
				0
			

			

				𝑏
			

			
				2
				3
				0
			

			

				𝑚
			

			

				4
			

			
				+
				2
				3
				3
				0
				6
				9
				7
				𝑎
			

			
				3
				3
				0
			

			

				𝑏
			

			
				3
				3
				0
			

			

				𝑚
			

			

				6
			

			
				
				,
			

		
	

								where 
	
		
			

				𝜇
			

			

				𝑘
			

			
				=
				0
			

		
	
, 
	
		
			
				𝑘
				≠
				5
				𝑖
			

		
	
,  
	
		
			
				𝑖
				≤
				1
				1
			

		
	
,  
	
		
			
				𝑖
				∈
				𝑁
			

		
	
. In the above expression of 
	
		
			

				𝜇
			

			

				𝑘
			

		
	
, we have already let 
	
		
			

				𝜇
			

			

				1
			

			
				=
				⋯
				=
				𝜇
			

			
				𝑘
				−
				1
			

			
				=
				0
			

		
	
, 
	
		
			
				𝑘
				=
				2
				,
				3
				,
				…
				,
				4
				5
			

		
	
.
From Theorem 3.1, we get the following.
Theorem 3.2.  For system (3.6), the first 55 singular point quantities are zero if and only if one of the following conditions holds: 
							
	
 		
 			
				(
				3
				.
				1
				2
				)
			
 			
				(
				3
				.
				1
				3
				)
			
 			
				(
				3
				.
				1
				4
				)
			
 			
				(
				3
				.
				1
				5
				)
			
 		
	

	
		
			

				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				,
				𝑎
			

			
				1
				2
			

			
				=
				𝑏
			

			
				1
				2
			

			
				=
				0
				,
				𝑎
			

			
				2
				3
				0
			

			

				𝑎
			

			
				0
				3
			

			
				=
				𝑏
			

			
				0
				3
			

			

				𝑏
			

			
				2
				3
				0
			

			
				,
				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				,
				𝑎
			

			
				3
				0
			

			
				=
				1
			

			
				
			
			
				3
				𝑏
			

			
				1
				2
			

			
				,
				𝑏
			

			
				3
				0
			

			
				=
				1
			

			
				
			
			
				3
				𝑎
			

			
				1
				2
			

			
				,
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				𝑎
				≠
				0
				,
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				,
				𝑎
			

			
				3
				0
			

			

				𝑎
			

			
				1
				2
			

			
				=
				𝑏
			

			
				3
				0
			

			

				𝑏
			

			
				1
				2
			

			
				,
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			
				=
				𝑏
			

			
				2
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			
				,
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				≠
				0
				,
				𝜆
				=
				−
				1
				,
				𝛽
				=
				0
				,
				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				=
				0
				,
				𝑎
			

			
				3
				0
			

			
				=
				−
				3
				𝑏
			

			
				1
				2
			

			
				,
				𝑏
			

			
				3
				0
			

			
				=
				−
				3
				𝑎
			

			
				1
				2
			

			
				,
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				=
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				,
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				≠
				0
				.
			

		
	

In order to obtain the integrability conditions of the origin, we have to find out all the elementary Lie invariants of system (3.6). According to Definitions 2.6, 2.7 and 2.8, we have the following.
Lemma 3.3.  All the elementary Lie invariants of system (3.6) are as follows: 
							
	
 		
 			
				(
				3
				.
				1
				6
				)
			
 		
	

	
		
			
				𝛽
				,
				𝑎
			

			
				2
				1
			

			
				,
				𝑏
			

			
				2
				1
			

			
				,
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				,
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				,
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				,
				𝑎
			

			
				3
				0
			

			

				𝑎
			

			
				1
				2
			

			
				,
				𝑏
			

			
				3
				0
			

			

				𝑏
			

			
				1
				2
			

			
				,
				𝑎
			

			
				2
				3
				0
			

			

				𝑎
			

			
				0
				3
			

			
				,
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			
				,
				𝑏
			

			
				2
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			
				,
				𝑏
			

			
				2
				3
				0
			

			

				𝑏
			

			
				0
				3
			

			
				,
				𝑏
			

			
				3
				0
			

			

				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			
				,
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			

				.
			

		
	

The following result holds.
Theorem 3.4.  For system (3.6), all the singular point quantities at the origin are zero if and only if the first 55 singular point quantities are zero, that is, one of the conditions in Theorem 3.2 holds. Correspondingly, the conditions in Theorem 3.2 are the integrability conditions of the origin.
Proof. If condition (3.12) or (3.14) holds, system (3.5)
	
		
			
				𝛿
				=
				0
			

		
	
 satisfies the conditions of Theorem 2.9. If condition (3.13) holds, system (3.6) has the first integral
							
	
 		
 			
				(
				3
				.
				1
				7
				)
			
 		
	

	
		
			
				𝑧
				𝑤
				𝑒
			

			
				3
				𝑎
			

			
				0
				3
			

			

				𝑧
			

			

				7
			

			

				𝑤
			

			

				3
			

			
				+
				4
				𝑎
			

			
				1
				2
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				+
				6
				𝑏
			

			
				2
				1
			

			

				𝑧
			

			

				5
			

			

				𝑤
			

			

				5
			

			
				+
				4
				𝑏
			

			
				1
				2
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				+
				3
				𝑏
			

			
				0
				3
			

			

				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			
				+
				3
				𝑧
			

			
				1
				0
			

			

				𝑤
			

			
				1
				0
			

			
				𝛽
				−
				3
			

			
				,
				𝜆
				=
				−
				2
				,
				(
				𝑧
				𝑤
				)
			

			
				5
				(
				𝜆
				+
				2
				)
				/
				𝜆
			

			

				𝑓
			

			

				1
			

			
				,
				𝜆
				≠
				−
				2
				,
			

		
	

						where
							
	
 		
 			
				(
				3
				.
				1
				8
				)
			
 		
	

	
		
			

				𝑓
			

			

				1
			

			
				=
				
				−
				1
				2
				𝑎
			

			
				0
				3
			

			
				+
				3
				𝑎
			

			
				0
				3
			

			

				𝜆
			

			

				2
			

			
				
				𝑧
			

			

				7
			

			

				𝑤
			

			

				3
			

			
				+
				
				4
				𝑎
			

			
				4
				1
			

			

				𝜆
			

			

				2
			

			
				−
				1
				6
				𝑎
			

			
				1
				2
			

			
				
				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				+
				
				6
				𝑏
			

			
				2
				1
			

			

				𝜆
			

			

				2
			

			
				−
				2
				4
				𝑏
			

			
				2
				1
			

			
				
				𝑧
			

			

				5
			

			

				𝑤
			

			

				5
			

			
				+
				
				4
				𝑏
			

			
				1
				2
			

			

				𝜆
			

			

				2
			

			
				+
				1
				6
				𝑏
			

			
				1
				2
			

			
				
				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				+
				
				3
				𝑏
			

			
				0
				3
			

			

				𝜆
			

			

				2
			

			
				−
				1
				2
				𝑏
			

			
				0
				3
			

			
				
				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			
				+
				(
				2
				4
				𝛽
				−
				1
				2
				𝑟
				𝛽
				)
				𝑧
			

			
				1
				0
			

			

				𝑤
			

			
				1
				0
			

			
				−
				2
				4
				+
				1
				2
				𝜆
				.
			

		
	

						If condition (3.15) holds, system (3.6) becomes
							
	
 		
 			
				(
				3
				.
				1
				9
				)
			
 		
	

	
		
			
				𝑑
				𝑧
			

			
				
			
			
				=
				1
				𝑑
				𝑇
			

			
				
			
			
				
				1
				0
				1
				0
				+
				4
				𝑎
			

			
				0
				3
			

			

				𝑧
			

			

				7
			

			

				𝑤
			

			

				3
			

			
				−
				1
				4
				𝑎
			

			
				1
				2
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				−
				6
				𝑏
			

			
				1
				2
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				+
				6
				𝑏
			

			
				0
				3
			

			

				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			
				
				,
				𝑑
				𝑤
			

			
				
			
			
				1
				𝑑
				𝑇
				=
				−
			

			
				
			
			
				
				1
				0
				1
				0
				+
				4
				𝑏
			

			
				0
				3
			

			

				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			
				−
				1
				4
				𝑏
			

			
				1
				2
			

			

				𝑤
			

			

				6
			

			

				𝑧
			

			

				4
			

			
				−
				6
				𝑎
			

			
				1
				2
			

			

				𝑤
			

			

				4
			

			

				𝑧
			

			

				6
			

			
				+
				6
				𝑎
			

			
				0
				3
			

			

				𝑤
			

			

				3
			

			

				𝑧
			

			

				7
			

			
				
				,
			

		
	

						there exists a transformation 
							
	
 		
 			
				(
				3
				.
				2
				0
				)
			
 		
	

	
		
			
				𝑢
				𝑧
				=
			

			
				
			
			
				(
				𝑢
				𝑣
				)
			

			
				2
				/
				5
			

			
				𝑣
				,
				𝑤
				=
			

			
				
			
			
				(
				𝑢
				𝑣
				)
			

			
				2
				/
				5
			

			

				,
			

		
	

						system (3.19) is changed into
							
	
 		
 			
				(
				3
				.
				2
				1
				)
			
 		
	

	
		
			
				𝑑
				𝑢
			

			
				
			
			
				𝑑
				𝑇
				=
				𝑢
				+
				𝑏
			

			
				0
				3
			

			

				𝑣
			

			

				3
			

			
				+
				𝑏
			

			
				1
				2
			

			

				𝑣
			

			

				2
			

			
				𝑢
				−
				3
				𝑎
			

			
				1
				2
			

			

				𝑢
			

			

				3
			

			
				=
				𝑈
				,
				𝑑
				𝑣
			

			
				
			
			
				
				𝑑
				𝑇
				=
				−
				𝑣
				+
				𝑎
			

			
				0
				3
			

			

				𝑢
			

			

				3
			

			
				+
				𝑎
			

			
				1
				2
			

			

				𝑢
			

			

				2
			

			
				𝑣
				−
				3
				𝑏
			

			
				1
				2
			

			

				𝑣
			

			

				3
			

			
				
				=
				𝑉
				,
			

		
	

						system (3.21) has the integral factor 
	
		
			

				𝑓
			

			
				2
				−
				5
				/
				6
			

		
	
, where
							
	
 		
 			
				(
				3
				.
				2
				2
				)
			
 		
	

	
		
			

				𝑓
			

			

				2
			

			
				
				𝑏
				=
				1
				−
				6
			

			
				1
				2
			

			

				𝑢
			

			

				2
			

			
				+
				𝑎
			

			
				1
				2
			

			

				𝑣
			

			

				2
			

			
				
				
				+
				3
				3
				𝑏
			

			
				2
				1
				2
			

			

				𝑢
			

			

				4
			

			
				−
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			

				𝑢
			

			

				3
			

			
				𝑣
				+
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑢
			

			

				2
			

			

				𝑣
			

			

				2
			

			
				−
				2
				𝑏
			

			
				1
				2
			

			

				𝑎
			

			
				0
				3
			

			

				𝑣
			

			

				3
			

			
				𝑢
				+
				3
				𝑎
			

			
				4
				1
				2
			

			

				𝑣
			

			

				4
			

			
				
				+
				1
			

			
				
			
			
				2
				
				2
				𝑎
			

			
				1
				2
			

			
				𝑢
				−
				𝑎
			

			
				0
				3
			

			
				𝑣
				
				
				2
				𝑏
			

			
				1
				2
			

			
				𝑣
				−
				𝑏
			

			
				0
				3
			

			
				𝑢
				𝑏
				
				
			

			
				0
				3
			

			

				𝑢
			

			

				4
			

			
				−
				2
				𝑏
			

			
				1
				2
			

			

				𝑢
			

			

				3
			

			
				𝑣
				−
				2
				𝑎
			

			
				1
				2
			

			

				𝑣
			

			

				3
			

			
				𝑢
				+
				𝑎
			

			
				0
				3
			

			

				𝑣
			

			

				4
			

			
				
				,
				𝑑
				𝑓
			

			

				2
			

			
				
			
			
				
				𝑏
				𝑑
				𝑡
				=
				−
				1
				2
			

			
				1
				2
			

			

				𝑢
			

			

				2
			

			
				−
				𝑎
			

			
				1
				2
			

			

				𝑣
			

			

				2
			

			
				
				𝑓
			

			

				2
			

			
				=
				6
			

			
				
			
			
				5
				
				𝜕
				𝑈
			

			
				
			
			
				−
				𝜕
				𝑢
				𝜕
				𝑉
			

			
				
			
			
				
				𝑓
				𝜕
				𝑣
			

			

				2
			

			

				.
			

		
	

Synthesizing all the above cases, we have the following.
Theorem 3.5.  The system (1.7) is integrability at the origin if and only if one of conditions in Theorem 3.2 holds.
4. Linearizable Conditions at the Origin of (1.7)
In this section we classify the pseudolinearizable conditions at the origin of (1.7). We discuss the linearizable conditions for system (3.6) firstly. According to Theorem 2.5, we get the recursive formulae to compute period constants (detailed recursive formulae, see Appendix B). Denote 
	
		
			

				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				=
				𝑟
			

			
				2
				1
			

		
	
, from the integrability conditions given in Section 4, we investigate the following three cases.
Case 1. Integrability condition (3.12) holds.If 
	
		
			

				𝑎
			

			
				3
				0
			

			
				=
				𝑏
			

			
				3
				0
			

			
				=
				0
			

		
	
, we easily obtain the first 30 period constants
							
	
 		
 			
				(
				4
				.
				1
				)
			
 		
	

	
		
			

				𝜏
			

			

				5
			

			
				=
				2
				𝑟
			

			
				2
				1
			

			
				,
				𝜏
			

			
				1
				0
			

			
				=
				1
			

			
				
			
			
				2
				
				(
				𝜆
				−
				2
				)
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				
				,
				𝜏
				+
				4
				𝛽
			

			
				1
				5
			

			
				𝜏
				=
				0
				,
			

			
				2
				0
			

			
				1
				=
				−
			

			
				
			
			
				𝑎
				3
				2
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			
				(
				−
				2
				+
				𝜆
				)
			

			

				2
			

			
				𝜏
				(
				−
				2
				+
				3
				𝜆
				)
				,
			

			
				2
				5
			

			
				𝜏
				=
				0
				,
			

			
				3
				0
			

			
				=
				1
			

			
				
			
			
				𝑎
				2
				5
				6
				0
				0
			

			
				2
				0
				3
			

			

				𝑏
			

			
				2
				0
				3
			

			
				(
				−
				2
				+
				𝜆
				)
			

			

				2
			

			
				
				5
				0
				+
				3
				6
				5
				𝜆
				−
				1
				9
				6
				2
				𝜆
			

			

				2
			

			
				+
				2
				1
				5
				3
				𝜆
			

			

				3
			

			
				
				.
			

		
	
If 
	
		
			

				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				≠
				0
			

		
	
, from condition (3.12), there exists an arbitrary complex constant 
	
		
			

				𝑠
			

		
	
, such that 
							
	
 		
 			
				(
				4
				.
				2
				)
			
 		
	

	
		
			

				𝑎
			

			
				0
				3
			

			
				=
				𝑠
				𝑏
			

			
				2
				3
				0
			

			
				,
				𝑏
			

			
				0
				3
			

			
				=
				𝑠
				𝑎
			

			
				2
				3
				0
			

			

				,
			

		
	

						then we get the first 30 period constants
							
	
 		
 			
				(
				4
				.
				3
				)
			
 		
	

	
		
			

				𝜏
			

			

				5
			

			
				=
				2
				𝑟
			

			
				2
				1
			

			
				,
				𝜏
			

			
				1
				0
			

			
				=
				1
			

			
				
			
			
				2
				
				−
				2
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				−
				2
				𝑎
			

			
				2
				3
				0
			

			

				𝑏
			

			
				2
				3
				0
			

			

				𝑠
			

			

				2
			

			
				−
				2
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				𝜆
				+
				𝑎
			

			
				2
				3
				0
			

			

				𝑏
			

			
				2
				3
				0
			

			

				𝑠
			

			

				2
			

			
				
				,
				𝜏
				𝜆
				+
				4
				𝛽
			

			
				1
				5
			

			
				=
				3
			

			
				
			
			
				4
				𝑎
			

			
				2
				3
				0
			

			

				𝑏
			

			
				2
				3
				0
			

			
				𝜏
				𝑠
				(
				𝜆
				+
				2
				)
				,
			

			
				2
				0
			

			
				=
				1
			

			
				
			
			
				4
				𝑎
			

			
				2
				3
				0
			

			

				𝑏
			

			
				2
				3
				0
			

			
				(
				1
				+
				𝜆
				)
			

			

				2
			

			
				(
				𝜏
				3
				𝜆
				+
				1
				)
				,
			

			
				2
				5
			

			
				𝜏
				=
				0
				,
			

			
				3
				0
			

			
				1
				=
				−
			

			
				
			
			
				𝑎
				8
				0
				0
			

			
				3
				3
				0
			

			

				𝑏
			

			
				3
				3
				0
			

			
				(
				1
				+
				𝜆
				)
			

			

				2
			

			
				
				−
				2
				5
				+
				3
				5
				𝜆
				+
				9
				8
				1
				𝜆
			

			

				2
			

			
				+
				2
				1
				5
				3
				𝜆
			

			

				3
			

			
				
				.
			

		
	

						In expressions (4.1) and (4.3), 
	
		
			

				𝜏
			

			

				𝑘
			

			
				=
				0
			

		
	
, 
	
		
			
				𝑘
				≠
				5
				𝑖
			

		
	
, 
	
		
			
				𝑖
				≤
				4
			

		
	
, 
	
		
			
				𝑖
				∈
				𝑁
			

		
	
, and we have already let 
	
		
			

				𝜏
			

			

				1
			

			
				=
				⋯
				=
				𝜏
			

			
				𝑘
				−
				1
			

			
				=
				0
			

		
	
, 
	
		
			
				𝑘
				=
				2
				,
				3
				,
				…
				,
				3
				0
			

		
	
.
From expressions (4.1) and (4.3), we have the following.
Theorem 4.1.  The first 30 period constants at the origin of system (3.6) are zero if and only if one of the following conditions holds:
							
	
 		
 			
				(
				4
				.
				4
				)
			
 			
				(
				4
				.
				5
				)
			
 		
	

	
		
			
				𝛽
				=
				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				=
				𝑎
			

			
				1
				2
			

			
				=
				𝑏
			

			
				1
				2
			

			
				=
				𝑎
			

			
				3
				0
			

			
				=
				𝑏
			

			
				3
				0
			

			
				=
				0
				,
				𝜆
				=
				2
				.
				𝛽
				=
				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				=
				𝑎
			

			
				1
				2
			

			
				=
				𝑏
			

			
				1
				2
			

			
				=
				𝑎
			

			
				0
				3
			

			
				=
				𝑏
			

			
				0
				3
			

			
				=
				0
				,
				𝜆
				=
				−
				1
				,
				𝑎
			

			
				3
				0
			

			

				𝑏
			

			
				3
				0
			

			
				≠
				0
				.
			

		
	

Theorem 4.2.  Under integrability condition (3.12), the origin of system (3.6) is a complex isochronous center if and only if one of the conditions in Theorem 4.1 holds.
Proof. When condition (4.4) is satisfied, system (3.6) becomes
							
	
 		
 			
				(
				4
				.
				6
				)
			
 		
	

	
		
			
				𝑑
				𝑧
			

			
				
			
			
				=
				1
				𝑑
				𝑇
			

			
				
			
			
				𝑧
				
				1
				0
				1
				0
				+
				7
				𝑎
			

			
				0
				3
			

			

				𝑧
			

			

				7
			

			

				𝑤
			

			

				3
			

			
				+
				3
				𝑏
			

			
				0
				3
			

			

				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			
				
				,
				𝑑
				𝑤
			

			
				
			
			
				1
				𝑑
				𝑇
				=
				−
			

			
				
			
			
				𝑤
				
				1
				0
				1
				0
				+
				3
				𝑎
			

			
				0
				3
			

			

				𝑧
			

			

				7
			

			

				𝑤
			

			

				3
			

			
				+
				7
				𝑏
			

			
				0
				3
			

			

				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			
				
				.
			

		
	

						There exists a transformation
							
	
 		
 			
				(
				4
				.
				7
				)
			
 		
	

	
		
			
				𝑢
				=
				𝑧
				(
				1
				+
				𝑏
			

			
				0
				3
			

			

				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			

				)
			

			
				3
				/
				4
				0
			

			
				
			
			
				
				1
				+
				𝑎
			

			
				0
				3
			

			

				𝑧
			

			

				7
			

			

				𝑤
			

			

				3
			

			

				
			

			
				7
				/
				4
				0
			

			
				𝑤
				
				,
				𝑣
				=
				1
				+
				𝑎
			

			
				0
				3
			

			

				𝑧
			

			

				7
			

			

				𝑤
			

			

				3
			

			

				
			

			
				3
				/
				4
				0
			

			
				
			
			
				
				1
				+
				𝑏
			

			
				0
				3
			

			

				𝑧
			

			

				3
			

			

				𝑤
			

			

				7
			

			

				
			

			
				7
				/
				4
				0
			

			

				,
			

		
	

						such that system (4.6) is reduced to a linear system.When condition (4.5) is satisfied, system (3.6) becomes
							
	
 		
 			
				(
				4
				.
				8
				)
			
 		
	

	
		
			
				𝑑
				𝑧
			

			
				
			
			
				=
				1
				𝑑
				𝑇
			

			
				
			
			
				𝑧
				
				1
				0
				1
				0
				+
				6
				𝑏
			

			
				3
				0
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				+
				4
				𝑎
			

			
				3
				0
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				
				,
				𝑑
				𝑤
			

			
				
			
			
				1
				𝑑
				𝑇
				=
				−
			

			
				
			
			
				𝑤
				
				1
				0
				1
				0
				+
				4
				𝑏
			

			
				3
				0
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				+
				6
				𝑎
			

			
				3
				0
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				
				.
			

		
	

						There exists a transformation 
							
	
 		
 			
				(
				4
				.
				9
				)
			
 		
	

	
		
			
				𝑧
				
				𝑢
				=
				1
				+
				𝑎
			

			
				3
				0
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			

				
			

			
				1
				/
				5
			

			
				
			
			
				
				1
				+
				𝑏
			

			
				3
				0
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			

				
			

			
				3
				/
				1
				0
			

			
				𝑤
				
				,
				𝑣
				=
				1
				+
				𝑏
			

			
				3
				0
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			

				
			

			
				1
				/
				5
			

			
				
			
			
				
				1
				+
				𝑎
			

			
				3
				0
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			

				
			

			
				3
				/
				1
				0
			

			

				,
			

		
	

						such that system (4.8) is reduced to a linear system.
Case 2. Integrability condition (3.13) holds.
Substituting condition (3.13) into the recursive formulae in Appendix B, we obtain the first 40 period constants
	
 		
 			
				(
				4
				.
				1
				0
				)
			
 		
	

	
		
			

				𝜏
			

			

				5
			

			
				=
				2
				𝑟
			

			
				2
				1
			

			
				,
				𝜏
			

			
				1
				0
			

			
				=
				1
			

			
				
			
			
				
				1
				8
				−
				1
				8
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				−
				3
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				+
				9
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				0
				3
			

			
				𝜆
				+
				1
				6
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				
				,
				𝜏
				𝜆
				+
				3
				6
				𝛽
			

			
				1
				5
			

			
				=
				1
			

			
				
			
			
				3
				
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				0
				3
			

			
				+
				𝑎
			

			
				0
				3
			

			

				𝑏
			

			
				2
				1
				2
			

			
				
				𝜏
				(
				−
				4
				+
				𝜆
				)
				(
				−
				1
				+
				𝜆
				)
				,
			

			
				2
				0
			

			
				1
				=
				−
			

			
				
			
			
				𝑎
				2
				5
				9
				2
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			
				
				(
				𝜆
				−
				2
				)
				(
				3
				𝜆
				+
				2
				)
				−
				5
				1
				2
				−
				1
				1
				5
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑠
			

			

				2
			

			
				−
				1
				6
				2
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			
				+
				2
				5
				6
				𝜆
				+
				8
				1
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			
				𝜆
				
				,
				𝜏
			

			
				2
				5
			

			
				𝜏
				=
				0
				,
			

			
				3
				0
			

			
				=
				1
			

			
				
			
			
				9
				
				2
				5
				6
				+
				8
				1
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			

				
			

			

				5
			

			
				2
				0
				4
				8
				𝑎
			

			
				5
				1
				2
			

			

				𝑏
			

			
				5
				1
				2
			

			

				𝑠
			

			

				4
			

			
				
				2
				5
				6
				+
				7
				2
				0
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑠
			

			

				2
			

			
				+
				8
				1
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			
				
				×
				
				2
				5
				6
				+
				1
				1
				5
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑠
			

			

				2
			

			
				+
				8
				1
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			
				
				
				−
				2
				6
				2
				1
				4
				4
				−
				2
				8
				0
				1
				6
				6
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑠
			

			

				2
			

			
				+
				4
				1
				4
				7
				2
				0
				0
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			
				−
				2
				1
				9
				2
				8
				3
				2
				𝑎
			

			
				3
				1
				2
			

			

				𝑏
			

			
				3
				1
				2
			

			

				𝑠
			

			

				6
			

			
				+
				1
				8
				3
				7
				0
				8
				𝑎
			

			
				4
				1
				2
			

			

				𝑏
			

			
				4
				1
				2
			

			

				𝑠
			

			

				8
			

			
				+
				5
				9
				0
				4
				9
				𝑎
			

			
				5
				1
				2
			

			

				𝑏
			

			
				5
				1
				2
			

			

				𝑠
			

			
				1
				0
			

			
				
				,
				𝜏
			

			
				3
				5
			

			
				𝜏
				=
				0
				,
			

			
				4
				0
			

			
				=
				1
			

			
				
			
			
				
				2
				0
				2
				5
				2
				5
				6
				+
				8
				1
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			

				
			

			

				7
			

			
				6
				4
				𝑎
			

			
				6
				1
				2
			

			

				𝑏
			

			
				6
				1
				2
			

			

				𝑠
			

			

				4
			

			
				×
				
				1
				0
				9
				2
				3
				9
				3
				1
				2
				5
				6
				1
				4
				9
				8
				7
				5
				0
				9
				7
				6
				+
				2
				3
				9
				3
				5
				1
				5
				7
				0
				9
				0
				5
				9
				6
				2
				2
				2
				4
				0
				2
				5
				6
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑠
			

			

				2
			

			
				+
				1
				6
				6
				2
				7
				5
				3
				4
				1
				4
				4
				5
				3
				1
				6
				5
				6
				0
				8
				1
				4
				0
				8
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑠
			

			

				4
			

			
				+
				4
				5
				8
				0
				8
				6
				6
				6
				1
				1
				1
				8
				3
				6
				0
				8
				0
				3
				0
				8
				2
				2
				4
				𝑎
			

			
				3
				1
				2
			

			

				𝑏
			

			
				3
				1
				2
			

			

				𝑠
			

			

				6
			

			
				+
				3
				4
				4
				8
				7
				3
				1
				4
				4
				9
				9
				8
				6
				0
				7
				0
				9
				7
				6
				9
				2
				1
				6
				𝑎
			

			
				4
				1
				2
			

			

				𝑏
			

			
				4
				1
				2
			

			

				𝑠
			

			

				8
			

			
				−
				4
				3
				6
				7
				1
				8
				9
				8
				5
				9
				6
				8
				5
				3
				8
				1
				6
				4
				9
				2
				0
				3
				2
				𝑎
			

			
				5
				1
				2
			

			

				𝑏
			

			
				5
				1
				2
			

			

				𝑠
			

			
				1
				0
			

			
				−
				3
				1
				6
				5
				6
				1
				6
				5
				8
				4
				0
				7
				0
				0
				7
				6
				4
				5
				8
				5
				9
				8
				4
				𝑎
			

			
				6
				1
				2
			

			

				𝑏
			

			
				6
				1
				2
			

			

				𝑠
			

			
				1
				2
			

			
				+
				4
				9
				1
				9
				3
				3
				6
				7
				2
				8
				2
				5
				3
				4
				4
				9
				8
				4
				3
				5
				0
				7
				2
				𝑎
			

			
				7
				1
				2
			

			

				𝑏
			

			
				7
				1
				2
			

			

				𝑠
			

			
				1
				4
			

			
				−
				2
				6
				5
				5
				6
				7
				8
				2
				1
				6
				9
				7
				2
				4
				3
				9
				3
				8
				8
				1
				6
				0
				𝑎
			

			
				8
				1
				2
			

			

				𝑏
			

			
				8
				1
				2
			

			

				𝑠
			

			
				1
				6
			

			
				−
				8
				6
				5
				3
				1
				2
				2
				5
				4
				3
				2
				3
				5
				4
				1
				5
				4
				0
				8
				6
				4
				0
				𝑎
			

			
				9
				1
				2
			

			

				𝑏
			

			
				9
				1
				2
			

			

				𝑠
			

			
				1
				8
			

			
				−
				5
				3
				9
				8
				9
				0
				1
				6
				5
				2
				6
				0
				3
				9
				3
				5
				7
				8
				4
				9
				6
				𝑎
			

			
				1
				0
				1
				2
			

			

				𝑏
			

			
				1
				0
				1
				2
			

			

				𝑠
			

			
				2
				0
			

			
				+
				4
				0
				8
				9
				3
				7
				7
				1
				1
				7
				7
				8
				6
				7
				7
				7
				4
				8
				7
				3
				6
				𝑎
			

			
				1
				1
				1
				2
			

			

				𝑏
			

			
				1
				1
				1
				2
			

			

				𝑠
			

			
				2
				2
			

			
				+
				8
				2
				9
				8
				7
				1
				0
				6
				6
				9
				5
				6
				4
				0
				2
				1
				3
				7
				6
				0
				𝑎
			

			
				1
				2
				1
				2
			

			

				𝑏
			

			
				1
				2
				1
				2
			

			

				𝑠
			

			
				2
				4
			

			
				+
				5
				9
				7
				2
				9
				7
				4
				6
				0
				8
				8
				8
				6
				1
				7
				9
				5
				8
				8
				𝑎
			

			
				1
				3
				1
				2
			

			

				𝑏
			

			
				1
				3
				1
				2
			

			

				𝑠
			

			
				2
				6
			

			
				+
				1
				5
				1
				4
				2
				1
				4
				8
				9
				2
				5
				9
				3
				8
				6
				8
				5
				9
				𝑎
			

			
				1
				4
				1
				2
			

			

				𝑏
			

			
				1
				4
				1
				2
			

			

				𝑠
			

			
				2
				8
			

			
				
				,
			

		
	

					where 
	
		
			

				𝜏
			

			

				𝑘
			

			
				=
				0
			

		
	
, 
	
		
			
				𝑘
				≠
				5
				𝑖
			

		
	
, 
	
		
			
				𝑖
				≤
				8
			

		
	
, 
	
		
			
				𝑖
				∈
				𝑁
			

		
	
. In the above expression of 
	
		
			

				𝜏
			

			

				𝑘
			

		
	
, we have already let 
	
		
			

				𝜏
			

			

				1
			

			
				=
				⋯
				=
				𝜏
			

			
				𝑘
				−
				1
			

			
				=
				0
			

		
	
,  
	
		
			
				𝑘
				=
				2
				,
				3
				,
				…
				,
				4
				0
			

		
	
.
From expressions (4.10), we have the following.
Theorem 4.3.  The first 40 period constants at the origin of system (3.6) are zero if and only if one of the following conditions holds: 
							
	
 		
 			
				(
				4
				.
				1
				1
				)
			
 		
	

	
		
			
				𝜆
				=
				2
				,
				𝛽
				=
				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				=
				𝑎
			

			
				0
				3
			

			
				=
				𝑏
			

			
				0
				3
			

			
				=
				0
				,
				𝑎
			

			
				3
				0
			

			
				=
				1
			

			
				
			
			
				3
				𝑏
			

			
				1
				2
			

			
				,
				𝑏
			

			
				3
				0
			

			
				=
				1
			

			
				
			
			
				3
				𝑎
			

			
				1
				2
			

			

				.
			

		
	

Theorem 4.4.  Under integrability condition (3.13), the origin of system (3.6) is a complex isochronous center if and only if the condition in Theorem 4.3 holds.
Proof. When condition (4.11) is satisfied, system (3.6) becomes
							
	
 		
 			
				(
				4
				.
				1
				2
				)
			
 		
	

	
		
			
				𝑑
				𝑧
			

			
				
			
			
				=
				1
				𝑑
				𝑇
			

			
				
			
			
				𝑧
				
				1
				0
				1
				0
				+
				8
				𝑎
			

			
				1
				2
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				+
				1
				6
			

			
				
			
			
				3
				𝑏
			

			
				1
				2
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				
				,
				𝑑
				𝑤
			

			
				
			
			
				1
				𝑑
				𝑇
				=
				−
			

			
				
			
			
				𝑤
				
				1
				0
				1
				0
				+
				8
				𝑏
			

			
				1
				2
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				+
				1
				6
			

			
				
			
			
				3
				𝑎
			

			
				1
				2
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				
				.
			

		
	

						There exists a transformation 
							
	
 		
 			
				(
				4
				.
				1
				3
				)
			
 		
	

	
		
			
				𝑧
				
				𝑢
				=
				3
				+
				4
				𝑏
			

			
				1
				2
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			

				
			

			
				1
				/
				5
			

			
				
			
			
				
				3
				+
				4
				𝑎
			

			
				1
				2
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			

				
			

			
				3
				/
				1
				0
			

			
				𝑤
				
				,
				𝑣
				=
				3
				+
				4
				𝑎
			

			
				1
				2
			

			

				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			

				
			

			
				1
				/
				5
			

			
				
			
			
				
				3
				+
				4
				𝑏
			

			
				1
				2
			

			

				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			

				
			

			
				3
				/
				1
				0
			

			

				,
			

		
	

						such that system (4.12) is reduced to a linear system.
Case 3. Integrability condition (3.14) holds.Because 
	
		
			

				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				≠
				0
			

		
	
, we can let 
							
	
 		
 			
				(
				4
				.
				1
				4
				)
			
 		
	

	
		
			

				𝑎
			

			
				3
				0
			

			
				=
				𝑘
				𝑏
			

			
				1
				2
			

			
				,
				𝑏
			

			
				3
				0
			

			
				=
				𝑘
				𝑎
			

			
				1
				2
			

			
				,
				𝑎
			

			
				0
				3
			

			
				=
				𝑚
				𝑎
			

			
				2
				1
				2
			

			
				,
				𝑏
			

			
				0
				3
			

			
				=
				𝑚
				𝑏
			

			
				2
				1
				2
			

			

				,
			

		
	

						where 
	
		
			
				𝑘
				,
				𝑚
			

		
	
 are arbitrary complex constants. Substituting (4.14) into the recursive formulae in Appendix B, we obtain the first 30 period constants
							
	
 		
 			
				(
				4
				.
				1
				5
				)
			
 		
	

	
		
			

				𝜏
			

			

				5
			

			
				=
				2
				𝑟
			

			
				2
				1
			

			
				,
				𝜏
			

			
				1
				0
			

			
				=
				1
			

			
				
			
			
				2
				
				−
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				−
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				𝑘
				−
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑘
			

			

				2
			

			
				−
				2
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				2
			

			
				+
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				𝜆
				−
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑘
			

			

				2
			

			
				𝜆
				+
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				2
			

			
				
				,
				𝜏
				𝜆
				+
				4
				𝛽
			

			
				1
				5
			

			
				=
				1
			

			
				
			
			
				4
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			
				𝑚
				(
				3
				+
				3
				𝑘
				−
				4
				𝜆
				)
				(
				2
				+
				2
				𝑘
				−
				𝜆
				+
				𝑘
				𝜆
				)
				.
			

		
	

						If 
	
		
			
				𝑚
				=
				0
			

		
	
,
							
	
 		
 			
				(
				4
				.
				1
				6
				)
			
 		
	

	
		
			

				𝜏
			

			
				2
				0
			

			
				=
				1
			

			
				
			
			
				4
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			
				(
				1
				+
				𝑘
				)
				(
				1
				+
				𝑘
				−
				𝜆
				+
				𝑘
				𝜆
				)
			

			

				2
			

			
				𝜏
				(
				1
				+
				𝑘
				−
				3
				𝜆
				+
				3
				𝑘
				𝜆
				)
				,
			

			
				2
				5
			

			
				𝜏
				=
				0
				,
			

			
				3
				0
			

			
				=
				1
			

			
				
			
			
				(
				1
				+
				3
				𝜆
				)
			

			

				3
			

			
				2
				𝑎
			

			
				3
				1
				2
			

			

				𝑏
			

			
				3
				1
				2
			

			
				(
				1
				+
				𝑘
				)
				𝜆
			

			

				3
			

			
				(
				1
				+
				𝑘
				−
				𝜆
				+
				𝑘
				𝜆
				)
			

			

				2
			

			

				.
			

		
	

						If 
	
		
			
				𝑘
				=
				(
				1
				/
				3
				)
				(
				−
				3
				+
				4
				𝜆
				)
			

		
	
,
							
	
 		
 			
				(
				4
				.
				1
				7
				)
			
 		
	

	
		
			

				𝜏
			

			
				2
				0
			

			
				1
				=
				−
			

			
				
			
			
				𝑎
				2
				5
				9
				2
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			
				
				−
				6
				4
				8
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			
				+
				1
				6
				2
				0
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			
				𝜇
				−
				1
				1
				5
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				2
			

			
				−
				1
				1
				3
				4
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				2
			

			
				+
				4
				6
				0
				8
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				3
			

			
				+
				2
				4
				3
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				3
			

			
				+
				1
				7
				9
				2
				𝑟
			

			

				4
			

			
				−
				4
				6
				0
				8
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				4
			

			
				−
				8
				7
				0
				4
				𝜆
			

			

				5
			

			
				+
				1
				3
				3
				1
				2
				𝜆
			

			

				6
			

			
				−
				6
				1
				4
				4
				𝜆
			

			

				7
			

			
				
				,
				𝜏
			

			
				2
				5
			

			
				1
				=
				−
			

			
				
			
			
				𝑎
				1
				9
				4
				4
			

			
				3
				1
				2
			

			

				𝑏
			

			
				3
				1
				2
			

			
				𝑚
				𝜆
			

			

				2
			

			
				
				−
				8
				6
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			
				−
				4
				5
				9
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			
				𝜆
				+
				5
				7
				6
				𝜆
			

			

				2
			

			
				+
				6
				0
				7
				5
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				2
			

			
				−
				2
				5
				6
				𝜆
			

			

				3
			

			
				−
				5
				6
				7
				0
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				3
			

			
				−
				5
				8
				8
				8
				𝜆
			

			

				4
			

			
				+
				1
				2
				9
				6
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				4
			

			
				+
				1
				1
				2
				6
				4
				𝜆
			

			

				5
			

			
				−
				6
				1
				4
				4
				𝜆
			

			

				6
			

			
				
				,
				𝜏
			

			
				3
				0
			

			
				1
				=
				−
			

			
				
			
			
				
				4
				9
				2
				0
				7
				5
				−
				3
				2
				−
				1
				7
				𝜆
				+
				2
				2
				5
				𝜆
			

			

				2
			

			
				−
				2
				1
				0
				𝜆
			

			

				3
			

			
				+
				4
				8
				𝜆
			

			

				4
			

			

				
			

			

				3
			

			
				4
				𝑎
			

			
				3
				1
				2
			

			

				𝑏
			

			
				3
				1
				2
			

			

				𝜆
			

			

				6
			

			
				(
				1
				+
				𝜆
				)
				(
				−
				1
				+
				2
				𝜆
				)
			

			

				2
			

			
				×
				
				1
				6
				2
				2
				3
				9
				9
				8
				4
				6
				4
				−
				2
				5
				7
				7
				1
				0
				7
				1
				7
				4
				4
				𝜆
				−
				2
				6
				6
				3
				9
				2
				4
				7
				4
				6
				2
				0
				𝜆
			

			

				2
			

			
				+
				7
				7
				9
				7
				7
				1
				2
				2
				4
				7
				7
				1
				𝜆
			

			

				3
			

			
				+
				5
				0
				2
				0
				9
				1
				4
				9
				3
				9
				1
				8
				𝜆
			

			

				4
			

			
				−
				4
				8
				1
				4
				3
				3
				4
				5
				5
				8
				9
				5
				7
				𝜆
			

			

				5
			

			
				+
				7
				2
				3
				5
				8
				0
				2
				4
				5
				7
				9
				2
				0
				𝜆
			

			

				6
			

			
				−
				2
				3
				5
				8
				3
				4
				2
				4
				8
				4
				7
				0
				8
				𝜆
			

			

				7
			

			
				−
				5
				2
				3
				5
				7
				9
				9
				6
				4
				7
				8
				7
				2
				𝜆
			

			

				8
			

			
				+
				7
				2
				7
				9
				8
				3
				6
				2
				8
				7
				8
				8
				8
				𝜆
			

			

				9
			

			
				−
				3
				9
				9
				8
				2
				8
				7
				4
				1
				9
				9
				0
				4
				𝜆
			

			
				1
				0
			

			
				+
				8
				0
				0
				8
				1
				6
				3
				9
				7
				3
				7
				6
				𝜆
			

			
				1
				1
			

			
				+
				1
				9
				9
				7
				3
				2
				9
				1
				6
				7
				3
				6
				𝜆
			

			
				1
				2
			

			
				−
				1
				3
				5
				3
				5
				3
				4
				3
				8
				2
				0
				8
				𝜆
			

			
				1
				3
			

			
				+
				2
				0
				1
				4
				1
				0
				1
				5
				0
				4
				0
				𝜆
			

			
				1
				4
			

			
				
				.
			

		
	

						If 
	
		
			
				𝑘
				=
				(
				𝜆
				−
				2
				)
				/
				(
				𝜆
				+
				2
				)
			

		
	
,
							
	
 		
 			
				(
				4
				.
				1
				8
				)
			
 		
	

	
		
			

				𝜏
			

			
				2
				0
			

			
				1
				=
				−
			

			
				
			
			
				9
				6
				(
				𝜆
				+
				2
				)
			

			

				4
			

			

				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			
				
				−
				3
				8
				4
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			
				+
				1
				9
				2
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			
				𝜆
				−
				1
				5
				3
				6
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				2
			

			
				+
				6
				7
				2
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				2
			

			
				−
				1
				2
				8
				0
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				3
			

			
				+
				4
				8
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				3
			

			
				+
				1
				9
				2
				0
				𝜆
			

			

				4
			

			
				+
				3
				8
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				4
			

			
				−
				2
				6
				4
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				4
			

			
				+
				5
				7
				6
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				5
			

			
				−
				6
				0
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				5
			

			
				+
				1
				2
				8
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				6
			

			
				+
				3
				0
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				6
			

			
				+
				9
				𝑎
			

			
				2
				1
				2
			

			

				𝑏
			

			
				2
				1
				2
			

			

				𝑚
			

			

				4
			

			

				𝜆
			

			

				7
			

			
				
				,
				𝜏
			

			
				2
				5
			

			
				1
				=
				−
			

			
				
			
			
				1
				2
				(
				2
				+
				𝜆
				)
			

			

				4
			

			

				𝑎
			

			
				3
				1
				2
			

			

				𝑏
			

			
				3
				1
				2
			

			
				𝑚
				𝜆
			

			

				2
			

			
				
				9
				6
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			
				+
				7
				6
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			
				𝜆
				−
				9
				6
				𝜆
			

			

				2
			

			
				−
				4
				0
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				2
			

			
				−
				3
				2
				𝜆
			

			

				3
			

			
				−
				3
				3
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				3
			

			
				+
				5
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				4
			

			
				+
				4
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				𝑚
			

			

				2
			

			

				𝜆
			

			

				5
			

			
				
				,
				𝜏
			

			
				3
				0
			

			
				=
				2
				𝑎
			

			
				3
				1
				2
			

			

				𝑏
			

			
				3
				1
				2
			

			

				𝜆
			

			

				7
			

			
				
			
			
				7
				5
				(
				2
				+
				𝜆
				)
			

			

				6
			

			
				
				2
				4
				−
				5
				𝜆
				−
				1
				1
				𝜆
			

			

				2
			

			
				+
				4
				𝜆
			

			

				3
			

			

				
			

			

				3
			

			
				
				−
				8
				2
				0
				0
				2
				2
				4
				−
				1
				1
				4
				7
				7
				3
				4
				9
				0
				𝜆
				+
				2
				5
				0
				1
				7
				9
				9
				9
				3
				𝜆
			

			

				2
			

			
				−
				3
				2
				0
				3
				2
				5
				8
				5
				𝜆
			

			

				3
			

			
				−
				1
				7
				8
				0
				3
				2
				9
				1
				5
				𝜆
			

			

				4
			

			
				+
				9
				4
				9
				3
				2
				0
				5
				5
				𝜆
			

			

				5
			

			
				+
				1
				8
				5
				1
				2
				3
				0
				2
				𝜆
			

			

				6
			

			
				−
				2
				4
				1
				2
				5
				5
				2
				0
				𝜆
			

			

				7
			

			
				+
				4
				7
				6
				9
				5
				0
				4
				𝜆
			

			

				8
			

			
				
				,
			

		
	

						where 
	
		
			

				𝜏
			

			

				𝑘
			

			
				=
				0
			

		
	
,  
	
		
			
				𝑘
				≠
				5
				𝑖
			

		
	
,  
	
		
			
				𝑖
				≤
				6
			

		
	
,  
	
		
			
				𝑖
				∈
				𝑁
			

		
	
. In the above expression of 
	
		
			

				𝜏
			

			

				𝑘
			

		
	
, we have already let 
	
		
			

				𝜏
			

			

				1
			

			
				=
				⋯
				=
				𝜏
			

			
				𝑘
				−
				1
			

			
				=
				0
			

		
	
,  
	
		
			
				𝑘
				=
				2
				,
				3
				,
				…
				,
				3
				0
			

		
	
.
From expressions (4.15), (4.16), (4.17) and (4.18), we have the following.
Theorem 4.5.  The first 30 period constants at the origin of system (3.6) are zero if and only if one of the following conditions holds:
							
	
 		
 			
				(
				4
				.
				1
				9
				)
			
 			
				(
				4
				.
				2
				0
				)
			
 		
	

	
		
			
				𝛽
				=
				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				=
				𝑎
			

			
				0
				3
			

			
				=
				𝑏
			

			
				0
				3
			

			
				=
				0
				,
				𝑎
			

			
				3
				0
			

			
				=
				−
				𝑏
			

			
				1
				2
			

			
				,
				𝑏
			

			
				3
				0
			

			
				=
				−
				𝑎
			

			
				1
				2
			

			
				,
				𝛽
				=
				𝑎
			

			
				2
				1
			

			
				=
				𝑏
			

			
				2
				1
			

			
				=
				𝑎
			

			
				0
				3
			

			
				=
				𝑏
			

			
				0
				3
			

			
				=
				0
				,
				𝑎
			

			
				3
				0
			

			
				=
				−
				1
				+
				𝜆
			

			
				
			
			
				𝑏
				1
				+
				𝜆
			

			
				1
				2
			

			
				,
				𝑏
			

			
				3
				0
			

			
				=
				−
				1
				+
				𝜆
			

			
				
			
			
				𝑎
				1
				+
				𝜆
			

			
				1
				2
			

			

				.
			

		
	

Theorem 4.6.  Under integrability condition (3.14), the origin of system (3.6) is a complex isochronous center if and only if one of the conditions in Theorem 4.5 holds.
Proof. When condition (4.19) is satisfied, system (3.6) becomes
							
	
 		
 			
				(
				4
				.
				2
				1
				)
			
 		
	

	
		
			
				𝑑
				𝑧
			

			
				
			
			
				=
				1
				𝑑
				𝑇
			

			
				
			
			
				𝑧
				
				1
				0
				1
				0
				+
				2
				𝑎
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				−
				2
				𝑏
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				
				,
				𝑑
				𝑤
			

			
				
			
			
				1
				𝑑
				𝑇
				=
				−
			

			
				
			
			
				5
				𝑤
				
				1
				0
				+
				2
				𝑏
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				−
				2
				𝑎
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				
				,
			

		
	

						we have for system (4.21) that
							
	
 		
 			
				(
				4
				.
				2
				2
				)
			
 		
	

	
		
			
				𝑑
				𝜃
			

			
				
			
			
				=
				1
				𝑑
				𝑡
			

			
				
			
			
				2
				
				1
			

			
				
			
			
				𝑧
				𝑑
				𝑧
			

			
				
			
			
				−
				1
				𝑑
				𝑇
			

			
				
			
			
				𝑤
				𝑑
				𝑤
			

			
				
			
			
				
				𝑑
				𝑇
				=
				1
				.
			

		
	
When condition (4.20) is satisfied, system (3.6) becomes
							
	
 		
 			
				(
				4
				.
				2
				3
				)
			
 		
	

	
		
			
				𝑑
				𝑧
			

			
				
			
			
				=
				1
				𝑑
				𝑇
			

			
				
			
			
				𝑧
				
				5
				(
				1
				+
				𝜆
				)
				5
				(
				1
				+
				𝜆
				)
				+
				4
				𝑎
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				+
				6
				𝑏
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				
				,
				𝑑
				𝑤
			

			
				
			
			
				1
				𝑑
				𝑇
				=
				−
			

			
				
			
			
				𝑤
				
				5
				(
				1
				+
				𝜆
				)
				5
				(
				1
				+
				𝜆
				)
				+
				4
				𝑏
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			
				+
				6
				𝑎
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			
				
				.
			

		
	

						There exists a transformation 
							
	
 		
 			
				(
				4
				.
				2
				4
				)
			
 		
	

	
		
			
				𝑧
				
				𝑢
				=
				1
				+
				𝜆
				+
				2
				𝑏
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			

				
			

			
				1
				/
				5
			

			
				
			
			
				
				1
				+
				𝜆
				+
				2
				𝑎
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			

				
			

			
				3
				/
				1
				0
			

			
				𝑤
				
				,
				𝑣
				=
				1
				+
				𝜆
				+
				2
				𝑎
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				6
			

			

				𝑤
			

			

				4
			

			

				
			

			
				1
				/
				5
			

			
				
			
			
				
				1
				+
				𝜆
				+
				2
				𝑏
			

			
				1
				2
			

			
				𝜆
				𝑧
			

			

				4
			

			

				𝑤
			

			

				6
			

			

				
			

			
				3
				/
				1
				0
			

			

				,
			

		
	

						such that system (4.23) is reduced to a linear system.
Case 4. Integrability condition (3.15) holds.Substituting condition (3.15) into the recursive formulae in Appendix B, we obtain the first 10 period constants
							
	
 		
 			
				(
				4
				.
				2
				5
				)
			
 		
	

	
		
			

				𝜏
			

			

				5
			

			
				=
				2
				𝑟
			

			
				2
				1
			

			
				,
				𝜏
			

			
				1
				0
			

			
				=
				−
				2
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			

				.
			

		
	

						Because 
	
		
			

				𝜏
			

			
				1
				0
			

			
				=
				𝑎
			

			
				1
				2
			

			

				𝑏
			

			
				1
				2
			

			
				≠
				0
			

		
	
, under integrability condition (3.15), the origin of system (3.5)δ=0 is not a complex isochronous center.
Synthesizing all the above cases, we get the main result of this paper.
Theorem 4.7.  The degenerate singular point (origin) of system system (1.7)
	
		
			
				𝛿
				=
				0
			

		
	
 ((3.5)
	
		
			
				𝛿
				=
				0
			

		
	
) is pseudo-linearizable (linearizable) if and only if one of conditions (4.4), (4.5), (4.11), (4.19), (4.20) holds.
Appendices
A. 
The recursive formulae to compute the singular point quantities at the origin of system (3.6):
	
		
	

	
		
			
				𝑐
				[
				0
				,
				0
				]
				=
				1
			

		
	
,
								
	
		
	
when 
	
		
			
				(
				𝑘
				=
				𝑗
				>
				0
				)
			

		
	
 or 
	
		
			
				𝑘
				<
				0
			

		
	
, or 
	
		
			
				𝑗
				<
				0
			

		
	
,
	
		
	

	
		
			
				𝑐
				[
				𝑘
				,
				𝑗
				]
				=
				0
			

		
	
. 								
	
		
	
Else
	
 		
 			
				(
				A
				.
				1
				)
			
 		
	

	
		
			
				𝑐
				[
				]
				=
				𝑘
				,
				𝑗
				−
				1
			

			
				
			
			
				
				[
				]
				[
				]
				1
				0
				(
				𝑗
				−
				𝑘
				)
				1
				0
				𝑗
				𝛽
				𝑐
				−
				1
				0
				+
				𝑘
				,
				−
				1
				0
				+
				𝑗
				−
				1
				0
				𝑘
				𝛽
				𝑐
				−
				1
				0
				+
				𝑘
				,
				−
				1
				0
				+
				𝑗
				+
				5
				𝑎
			

			
				0
				3
			

			
				[
				]
				𝑗
				𝑐
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑗
				−
				5
				𝑎
			

			
				0
				3
			

			
				[
				]
				𝑘
				𝑐
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑗
				−
				2
				𝑎
			

			
				0
				3
			

			
				[
				]
				𝜆
				𝑐
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑗
				−
				𝑎
			

			
				0
				3
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑗
				−
				𝑎
			

			
				0
				3
			

			
				[
				]
				𝑘
				𝜆
				𝑐
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑗
				+
				5
				𝑎
			

			
				1
				2
			

			
				[
				]
				𝑗
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				+
				5
				𝑏
			

			
				3
				0
			

			
				[
				]
				𝑗
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				−
				5
				𝑎
			

			
				1
				2
			

			
				[
				]
				𝑘
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				−
				5
				𝑏
			

			
				3
				0
			

			
				[
				]
				𝑘
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				−
				2
				𝑎
			

			
				1
				2
			

			
				[
				]
				𝜆
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				+
				2
				𝑏
			

			
				3
				0
			

			
				[
				]
				𝜆
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				−
				𝑎
			

			
				1
				2
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				+
				𝑏
			

			
				3
				0
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				−
				𝑎
			

			
				1
				2
			

			
				[
				]
				𝑘
				𝜆
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				+
				𝑏
			

			
				3
				0
			

			
				[
				]
				𝑘
				𝜆
				𝑐
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
				+
				5
				𝑎
			

			
				2
				1
			

			
				[
				]
				𝑗
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				+
				5
				𝑏
			

			
				2
				1
			

			
				[
				]
				𝑗
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				−
				5
				𝑎
			

			
				2
				1
			

			
				[
				]
				𝑘
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				−
				5
				𝑏
			

			
				2
				1
			

			
				[
				]
				𝑘
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				−
				2
				𝑎
			

			
				2
				1
			

			
				[
				]
				𝜆
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				+
				2
				𝑏
			

			
				2
				1
			

			
				[
				]
				𝜆
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				−
				𝑎
			

			
				2
				1
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				+
				𝑏
			

			
				2
				1
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				−
				𝑎
			

			
				2
				1
			

			
				[
				]
				𝑘
				𝜆
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				+
				𝑏
			

			
				2
				1
			

			
				[
				]
				𝑘
				𝜆
				𝑐
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
				+
				5
				𝑎
			

			
				3
				0
			

			
				[
				]
				𝑗
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				+
				5
				𝑏
			

			
				1
				2
			

			
				[
				]
				𝑗
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				−
				5
				𝑎
			

			
				3
				0
			

			
				[
				]
				𝑘
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				−
				5
				𝑏
			

			
				1
				2
			

			
				[
				]
				𝑘
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				−
				2
				𝑎
			

			
				3
				0
			

			
				[
				]
				𝜆
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				+
				2
				𝑏
			

			
				1
				2
			

			
				[
				]
				𝜆
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				−
				𝑎
			

			
				3
				0
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				+
				𝑏
			

			
				1
				2
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				−
				𝑎
			

			
				3
				0
			

			
				[
				]
				𝑘
				𝜆
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				+
				𝑏
			

			
				1
				2
			

			
				[
				]
				𝑘
				𝜆
				𝑐
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
				+
				5
				𝑏
			

			
				0
				3
			

			
				[
				]
				𝑗
				𝑐
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑗
				−
				5
				𝑏
			

			
				0
				3
			

			
				[
				]
				𝑘
				𝑐
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑗
				+
				2
				𝑏
			

			
				0
				3
			

			
				[
				]
				𝜆
				𝑐
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑗
				+
				𝑏
			

			
				0
				3
			

			
				[
				]
				𝑗
				𝜆
				𝑐
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑗
				+
				𝑏
			

			
				0
				3
			

			
				[
				]
				
				,
				𝜇
				𝑘
				𝜆
				𝑐
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑗
			

			

				𝑘
			

			
				=
				1
			

			
				
			
			
				5
				𝜆
				
				𝑎
			

			
				0
				3
			

			
				𝑐
				[
				]
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑘
				+
				𝑎
			

			
				1
				2
			

			
				𝑐
				[
				]
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑘
				−
				𝑏
			

			
				3
				0
			

			
				𝑐
				[
				]
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑘
				+
				𝑎
			

			
				2
				1
			

			
				𝑐
				[
				]
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑘
				−
				𝑏
			

			
				2
				1
			

			
				𝑐
				[
				]
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑘
				+
				𝑎
			

			
				3
				0
			

			
				𝑐
				[
				]
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑘
				−
				𝑏
			

			
				1
				2
			

			
				𝑐
				[
				]
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑘
				−
				𝑏
			

			
				0
				3
			

			
				𝑐
				[
				]
				
				.
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑘
			

		
	

B. 
The recursive formulae to compute the period constants of the origin of system (3.6):
	
		
	

	
		
			

				𝑐
			

			

				
			

			
				[
				1
				,
				0
				]
				=
				𝑑
			

			

				
			

			
				[
				1
				,
				0
				]
				=
				1
				;
				𝑐
			

			

				
			

			
				[
				0
				,
				1
				]
				=
				𝑑
			

			

				
			

			
				[
				0
				,
				1
				]
				=
				0
			

		
	
,
								
	
		
	
if 
	
		
			
				𝑘
				<
				0
			

		
	
 or 
	
		
			
				𝑗
				<
				0
			

		
	
 or 
	
		
			
				(
				𝑗
				>
				0
			

		
	
 and 
	
		
			
				𝑘
				=
				𝑗
				+
				1
				)
			

		
	
 then 
	
		
			

				𝑐
			

			

				
			

			
				[
				𝑘
				,
				𝑗
				]
				=
				0
			

		
	
, 
	
		
			

				𝑑
			

			

				
			

			
				[
				𝑘
				,
				𝑗
				]
				=
				0
			

		
	
.
	
		
	
Else
	
 		
 			
				(
				B
				.
				1
				)
			
 		
	

	
		
			

				𝑐
			

			

				
			

			
				[
				]
				=
				1
				𝑘
				,
				𝑗
			

			
				
			
			
				
				[
				]
				+
				
				1
				𝑗
				+
				1
				−
				𝑘
				(
				−
				(
				−
				1
				0
				+
				𝑗
				)
				𝛽
				+
				(
				−
				1
				0
				+
				𝑘
				)
				𝛽
				)
				𝑐
				−
				1
				0
				+
				𝑘
				,
				−
				1
				0
				+
				𝑗
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				1
				(
				−
				3
				+
				𝑗
				)
				(
				−
				5
				+
				𝜆
				)
				+
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				
				𝑐
				[
				]
				+
				
				1
				(
				−
				7
				+
				𝑘
				)
				(
				5
				+
				𝜆
				)
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				6
				+
				𝑘
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				+
				𝑎
			

			
				1
				2
			

			
				𝜆
				−
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				−
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				4
				+
				𝑗
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				−
				𝑎
			

			
				1
				2
			

			
				𝜆
				+
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				
				𝑐
				[
				]
				+
				
				1
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				5
				+
				𝑘
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				+
				𝑎
			

			
				2
				1
			

			
				𝜆
				−
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				−
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				5
				+
				𝑗
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				−
				𝑎
			

			
				2
				1
			

			
				𝜆
				+
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				
				𝑐
				[
				]
				+
				
				1
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				4
				+
				𝑘
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				+
				𝑎
			

			
				3
				0
			

			
				𝜆
				−
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				−
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				6
				+
				𝑗
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				−
				𝑎
			

			
				3
				0
			

			
				𝜆
				+
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				
				𝑐
				[
				]
				+
				
				−
				
				1
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
			

			
				
			
			
				
				𝑏
				1
				0
			

			
				0
				3
			

			
				1
				(
				−
				3
				+
				𝑘
				)
				(
				−
				5
				+
				𝜆
				)
				−
			

			
				
			
			
				𝑏
				1
				0
			

			
				0
				3
			

			
				
				[
				]
				
				,
				𝑑
				(
				−
				7
				+
				𝑗
				)
				(
				5
				+
				𝜆
				)
				×
				𝑐
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑗
			

			

				
			

			
				[
				]
				=
				1
				𝑘
				,
				𝑗
			

			
				
			
			
				
				[
				]
				+
				
				1
				𝑗
				+
				1
				−
				𝑘
				(
				−
				(
				−
				1
				0
				+
				𝑗
				)
				𝛽
				+
				(
				−
				1
				0
				+
				𝑘
				)
				𝛽
				)
				𝑑
				−
				1
				0
				+
				𝑘
				,
				−
				1
				0
				+
				𝑗
			

			
				
			
			
				𝑏
				1
				0
			

			
				0
				3
			

			
				1
				(
				−
				3
				+
				𝑗
				)
				(
				−
				5
				+
				𝜆
				)
				+
			

			
				
			
			
				𝑏
				1
				0
			

			
				0
				3
			

			
				
				𝑑
				[
				]
				+
				
				−
				
				1
				(
				−
				7
				+
				𝑘
				)
				(
				5
				+
				𝜆
				)
				−
				7
				+
				𝑘
				,
				−
				3
				+
				𝑗
			

			
				
			
			
				
				(
				
				1
				0
				−
				4
				+
				𝑗
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				+
				𝑎
			

			
				3
				0
			

			
				𝜆
				−
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				+
				1
			

			
				
			
			
				(
				×
				
				1
				0
				−
				6
				+
				𝑘
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				−
				𝑎
			

			
				3
				0
			

			
				𝜆
				+
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				
				𝑑
				[
				]
				+
				
				−
				
				1
				−
				6
				+
				𝑘
				,
				−
				4
				+
				𝑗
			

			
				
			
			
				
				
				1
				0
				(
				−
				5
				+
				𝑗
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				+
				𝑎
			

			
				2
				1
			

			
				𝜆
				−
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				+
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				5
				+
				𝑘
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				−
				𝑎
			

			
				2
				1
			

			
				𝜆
				+
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				
				𝑑
				[
				]
				+
				
				−
				
				1
				−
				5
				+
				𝑘
				,
				−
				5
				+
				𝑗
			

			
				
			
			
				
				
				1
				0
				(
				−
				6
				+
				𝑗
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				+
				𝑎
			

			
				1
				2
			

			
				𝜆
				−
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				+
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				4
				+
				𝑘
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				−
				𝑎
			

			
				1
				2
			

			
				𝜆
				+
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				
				𝑑
				[
				]
				+
				
				−
				1
				−
				4
				+
				𝑘
				,
				−
				6
				+
				𝑗
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				1
				(
				−
				3
				+
				𝑘
				)
				(
				−
				5
				+
				𝜆
				)
				−
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				
				[
				]
				
				,
				𝜏
				[
				𝑚
				]
				[
				]
				+
				
				1
				(
				−
				7
				+
				𝑗
				)
				(
				5
				+
				𝜆
				)
				×
				𝑑
				−
				3
				+
				𝑘
				,
				−
				7
				+
				𝑗
				=
				(
				−
				(
				−
				1
				0
				+
				𝑗
				)
				𝛽
				+
				(
				−
				9
				+
				𝑗
				)
				𝛽
				)
				𝑐
				−
				9
				+
				𝑗
				,
				−
				1
				0
				+
				𝑗
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				1
				(
				−
				3
				+
				𝑗
				)
				(
				−
				5
				+
				𝜆
				)
				+
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				
				𝑐
				[
				]
				+
				
				1
				(
				−
				6
				+
				𝑗
				)
				(
				5
				+
				𝜆
				)
				−
				6
				+
				𝑗
				,
				−
				3
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				5
				+
				𝑗
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				+
				𝑎
			

			
				1
				2
			

			
				𝜆
				−
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				−
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				4
				+
				𝑗
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				−
				𝑎
			

			
				1
				2
			

			
				𝜆
				+
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				
				𝑐
				[
				]
				+
				
				1
				−
				5
				+
				𝑗
				,
				−
				4
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				4
				+
				𝑗
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				+
				𝑎
			

			
				2
				1
			

			
				𝜆
				−
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				−
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				5
				+
				𝑗
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				−
				𝑎
			

			
				2
				1
			

			
				𝜆
				+
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				
				𝑐
				[
				]
				+
				
				1
				−
				4
				+
				𝑗
				,
				−
				5
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				3
				+
				𝑗
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				+
				𝑎
			

			
				3
				0
			

			
				𝜆
				−
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				−
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				6
				+
				𝑗
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				−
				𝑎
			

			
				3
				0
			

			
				𝜆
				+
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				
				𝑐
				[
				]
				+
				
				−
				1
				−
				3
				+
				𝑗
				,
				−
				6
				+
				𝑗
			

			
				
			
			
				𝑏
				1
				0
			

			
				0
				3
			

			
				1
				(
				−
				2
				+
				𝑗
				)
				(
				−
				5
				+
				𝜆
				)
				−
			

			
				
			
			
				𝑏
				1
				0
			

			
				0
				3
			

			
				
				[
				]
				[
				]
				+
				
				1
				(
				−
				7
				+
				𝑗
				)
				(
				5
				+
				𝜆
				)
				×
				𝑐
				−
				2
				+
				𝑗
				,
				−
				7
				+
				𝑗
				+
				(
				−
				(
				−
				1
				0
				+
				𝑗
				)
				𝛽
				+
				(
				−
				9
				+
				𝑗
				)
				𝛽
				)
				𝑑
				−
				9
				+
				𝑗
				,
				−
				1
				0
				+
				𝑗
			

			
				
			
			
				𝑏
				1
				0
			

			
				0
				3
			

			
				(
				1
				−
				3
				+
				𝑗
				)
				(
				−
				5
				+
				𝜆
				)
				+
			

			
				
			
			
				𝑏
				1
				0
			

			
				0
				3
			

			
				(
				
				𝑑
				[
				]
				+
				
				−
				1
				−
				6
				+
				𝑗
				)
				(
				5
				+
				𝜆
				)
				−
				6
				+
				𝑗
				,
				−
				3
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				4
				+
				𝑗
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				+
				𝑎
			

			
				3
				0
			

			
				𝜆
				−
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				+
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				5
				+
				𝑗
				)
				5
				𝑎
			

			
				3
				0
			

			
				+
				5
				𝑏
			

			
				1
				2
			

			
				−
				𝑎
			

			
				3
				0
			

			
				𝜆
				+
				𝑏
			

			
				1
				2
			

			
				𝜆
				
				
				𝑑
				[
				]
				+
				
				−
				1
				−
				5
				+
				𝑗
				,
				−
				4
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				5
				+
				𝑗
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				+
				𝑎
			

			
				2
				1
			

			
				𝜆
				−
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				+
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				4
				+
				𝑗
				)
				5
				𝑎
			

			
				2
				1
			

			
				+
				5
				𝑏
			

			
				2
				1
			

			
				−
				𝑎
			

			
				2
				1
			

			
				𝜆
				+
				𝑏
			

			
				2
				1
			

			
				𝜆
				
				
				𝑑
				[
				]
				+
				
				−
				1
				−
				4
				+
				𝑗
				,
				−
				5
				+
				𝑗
			

			
				
			
			
				
				1
				0
				(
				−
				6
				+
				𝑗
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				+
				𝑎
			

			
				1
				2
			

			
				𝜆
				−
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				+
				1
			

			
				
			
			
				×
				
				1
				0
				(
				−
				3
				+
				𝑗
				)
				5
				𝑎
			

			
				1
				2
			

			
				+
				5
				𝑏
			

			
				3
				0
			

			
				−
				𝑎
			

			
				1
				2
			

			
				𝜆
				+
				𝑏
			

			
				3
				0
			

			
				𝜆
				
				
				𝑑
				[
				]
				−
				
				1
				−
				3
				+
				𝑗
				,
				−
				6
				+
				𝑗
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				1
				(
				−
				2
				+
				𝑗
				)
				(
				−
				5
				+
				𝜆
				)
				+
			

			
				
			
			
				𝑎
				1
				0
			

			
				0
				3
			

			
				
				[
				]
				.
				(
				−
				7
				+
				𝑗
				)
				(
				5
				+
				𝜆
				)
				×
				𝑑
				−
				2
				+
				𝑗
				,
				−
				7
				+
				𝑗
			

		
	

Acknowledgments
 Many thanks are due to the anonymous referee for his/her valuable comments and suggestions that helped improve the presentation of the work. This research is supported by the National Nature Science Foundation of China (11071222, 11101126).
References
	W. S. Loud, “Behavior of the period of solutions of certain plane autonomous systems near centers,” Contributions to Differential Equations, vol. 3, pp. 21–36, 1964.
	J. Chavarriga, J. Giné, and I. A. García, “Isochronous centers of a linear center perturbed by fourth degree homogeneous polynomial,” Bulletin des Sciences Mathematiques, vol. 123, no. 2, pp. 77–96, 1999.
	J. Chavarriga, J. Giné, and I. A. García, “Isochronous centers of a linear center perturbed by fifth degree homogeneous polynomials,” Journal of Computational and Applied Mathematics, vol. 126, no. 1-2, pp. 351–368, 2000.
	C. Rousseau and B. Toni, “Local bifurcation in vector fields with homogeneous nonlinearities of the third degree,” Canadian Mathematical Bulletin, vol. 36, pp. 473–484, 1993.
	C. J. Christopher and J. Devlin, “Isochronous centers in planar polynomial systems,” SIAM Journal on Mathematical Analysis, vol. 28, no. 1, pp. 162–177, 1997.
	C. Rousseau and B. Toni, “Local bifurcations of critical periods in the reduced Kukles system,” Canadian Journal of Mathematics, vol. 49, no. 2, pp. 338–358, 1997.
	P. Mardesic, C. Rousseau, and B. Toni, “Linearization of isochronous centers,” Journal of Differential Equations, vol. 121, no. 1, pp. 67–108, 1995.
	P. Mardešić, L. Moser-Jauslin, and C. Rousseau, “Darboux linearization and isochronous centers with a rational first integral,” Journal of Differential Equations, vol. 134, no. 2, pp. 216–268, 1997.
	I. García, J. Giné, and J. Chavarriga, “Isochronous centers of cubic systems with degenerate infinity,” Differential Equations and Dynamical Systems, vol. 7, no. 2, pp. 221–238, 1999.
	N. G. Lloyd, J. Christopher, J. Devlin, J. M. Pearson, and N. Uasmin, “Quadratic like cubic systems,” Differential Equations Dynamical Systems, vol. 5, no. 3-4, pp. 329–345, 1997.
	W. Huang and Y. Liu, “Conditions of infinity to be an isochronous center for a class of differential systems,” in Differential Equations with Symbolic Computation, D. Wang and Z. Zheng, Eds., pp. 37–54, Birkhäuser, 2005.
	W. Huang, Y. Liu, and W. Zhang, “Conditions of infinity to be an isochronous centre for a rational differential system,” Mathematical and Computer Modelling, vol. 46, no. 5-6, pp. 583–594, 2007.
	Y. Liu and W. Huang, “Center and isochronous center at infinity for differential systems,” Bulletin des Sciences Mathematiques, vol. 128, no. 2, pp. 77–89, 2004.
	J. Li, “Hilbert's 16th problem and bifurcations of planar polynomial vector fields,” International Journal of Bifurcation and Chaos in Applied Sciences and Engineering, vol. 13, no. 1, pp. 47–106, 2003.
	J. Giné, “On some open problems in planar differential systems and Hilbert's 16th problem,” Chaos, Solitons and Fractals, vol. 31, no. 5, pp. 1118–1134, 2007.
	Y. Liu, “Theory of center-focus for a class of higher-degree critical points and infinite points,” Science in China, Series A, vol. 44, no. 3, pp. 365–377, 2001.
	H. Chen, Y. Liu, and X. Zeng, “Center conditions and bifurcation of limit cycles at degenerate singular points in a quintic polynomial differential system,” Bulletin des Sciences Mathematiques, vol. 129, no. 2, pp. 127–138, 2005.
	J. Giné, “Sufficient conditions for a center at a completely degenerate critical point,” International Journal of Bifurcation and Chaos in Applied Sciences and Engineering, vol. 12, no. 7, pp. 1659–1666, 2002.
	J. Giné and J. Llibre, “Integrability, degenerate centers, and limit cycles for a class of polynomial differential systems,” Computers and Mathematics with Applications, vol. 51, no. 9-10, pp. 1453–1462, 2006.
	W. Huang, Several classes of bifurcations of limit cycles and isochronous centers for differential autonomoues systems, Doctoral dissertation, Central South University, 2004.
	H. Giacomini, J. Giné, and J. Llibre, “The problem of distinguishing between a center and a focus for nilpotent and degenerate analytic systems,” Journal of Differential Equations, vol. 227, no. 2, pp. 406–426, 2006.
	H. Giacomini, J. Giné, and J. Llibre, “Corrigendum to: “The problem of distinguishing between a center and a focus for nilpotent and degenerate analytic systems” [Journal of Differential Equations, vol. 227, pp. 406–426, 2006],” Journal of Differential Equations, vol. 232, no. 2, p. 702, 2007.
	J. Giné, “On the centers of planar analytic differential systems,” International Journal of Bifurcation and Chaos, vol. 17, no. 9, pp. 3061–3070, 2007.
	J. Giné, “On the degenerate center problem,” International Journal of Bifurcation and Chaos in Applied Sciences and Engineering, vol. 2011, pp. 1383–1392, 2011.
	J. Llibre and C. Valls, “Classification of the centers, their cyclicity and isochronicity for a class of polynomial differential systems generalizing the linear systems with cubic homogeneous nonlinearities,” Journal of Differential Equations, vol. 246, no. 6, pp. 2192–2204, 2009.
	J. Llibre and C. Valls, “Classification of the centers and isochronous centers for a class of quartic-like systems,” Nonlinear Analysis, Theory, Methods and Applications, vol. 71, no. 7-8, pp. 3119–3128, 2009.
	J. Llibre and C. Valls, “Classification of the centers, their cyclicity and isochronicity for the generalized quadratic polynomial differential systems,” Journal of Mathematical Analysis and Applications, vol. 357, no. 2, pp. 427–437, 2009.
	J. Llibre and C. Valls, “Classification of the centers, of their cyclicity and isochronicity for two classes of generalized quintic polynomial differential systems,” Nonlinear Differential Equations and Applications, vol. 16, no. 5, pp. 657–679, 2009.
	J. Llibre and C. Valls, “Centers and isochronous centers for two classes of generalized seventh and ninth systems,” Journal of Dynamics and Differential Equations, vol. 22, no. 4, pp. 657–675, 2010.
	C. Xingwu, W. Huang, V. G. Romanovski, and W. Zhang, “Linearizability conditions of a time-reversible quartic-like system,” Journal of Mathematical Analysis and Applications, vol. 383, no. 1, pp. 179–189, 2011.
	Y. Liu, “The generalized focal values and bifurcations of limit circles for quasi-quadratic system,” Acta Matnematic Sinca, vol. 45, pp. 671–682, 2002 (Chinese).
	Y. Liu, J. Li, and W. Huang, “Singular point vaules,center problem and bifurcations os limit circles of two dimensional differential autonomous systems,” Science Press, pp. 162–190, 2009.
	Y. R. Liu and J. B. Li, “Center and isochronous center problems for quasi analytic systems,” Acta Mathematica Sinica, vol. 24, no. 9, pp. 1569–1582, 2008.
	C. Du, H. Chen, and Y. Liu, “Center problem and bifurcation behavior for a class of quasi analytic systems,” Applied Mathematics and Computation, vol. 217, no. 9, pp. 4665–4675, 2011.
	Y. Wu and C. Zhang, “Bifurcation of Limit Cycles and Pseudo-Isochronicity at Degenerate Singular Point in a Septic System,” Results in Mathematics, vol. 57, no. 1, pp. 97–119, 2010.
	Y. Liu and H. Chen, “Formulas of singular point quantities and the first 10 saddle quantities for a class of cubic system,” Acta Mathematicae Applicatae Sinica, vol. 25, pp. 295–302, 2002 (Chinese).
	Y. Liu and W. Huang, “A new method to determine isochronous center conditions for polynomial differential systems,” Bulletin des Sciences Mathematiques, vol. 127, no. 2, pp. 133–148, 2003.
	Y. Liu and J. Li, “Theory of values of singular point in complex autonomous differential system,” Science China Series A, vol. 3, pp. 245–255, 1989.
	J. Giné, “The nondegenerate center problem and the inverse integrating factor,” Bulletin des Sciences Mathematiques, vol. 130, no. 2, pp. 152–161, 2006.


OEBPS/page-template.xpgt
 

   


     
	 
    

     
	 
    


     
	 
    


     
         
             
             
             
        
    

  





OEBPS/pageMap.xml
 
                                 
                                



OEBPS/Fonts/xits-italic.otf


OEBPS/Fonts/xits-bolditalic.otf


OEBPS/Fonts/xits-regular.otf


OEBPS/Fonts/xits-math.otf


