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Abstract. 
This paper mainly investigates the lag synchronization of nonlinear coupled complex networks using methods that are based on pinning control, where the weight configuration matrix is not necessarily symmetric or irreducible. We change the control strength into a parameter concerning time t, by using the Lyapunov direct method, some sufficient conditions of lag synchronization are obtained. To validate the proposed method, numerical simulation examples are provided to verify the correctness and effectiveness of the proposed scheme.
 

1. Introduction
In recent years, a great deal of attention has been paid to the investigation of complex networks in various fields. In fact, complex networks are shown to widely exist in our life. Common examples of complex networks include the Internet, the World Wide Web (WWW), food webs, scientific citation webs, as well as many other systems that are made up of a large number of intricately connected parts. Indeed, complex networks are an important part of our daily lives.
Synchronization of complex networks has been one of the focal points in many research and application fields. Synchronization has been studied from various angles and a variety of different synchronization phenomena have been discovered, such as complete synchronization (CS), phase synchronization (PS), lag synchronization (LS), generalized synchronization (GS), anticipatory synchronization, antiphase synchronization, clustering synchronization, projective synchronization, and others [1–15]. It is worth mentioning that, in many practical situations, a propagation delay will appear in the electronic implementation of dynamical systems. Therefore, it is very important to investigate the lag synchronization，a few results have been reported. Guo [16] investigated the lag synchronization of complex networks via pinning control. Without assuming the symmetry and irreducibility of the coupling matrix, sufficient conditions of lag synchronization are obtained by adding controllers to a part of nodes. Particularly, the following two questions are solved: (1) How many controllers are needed to pin a coupled complex network to a homogeneous solution? (2) how should we distribute these controllers? Shahverdiev et al. [17] investigated lag synchronization between unidirectionally coupled Ikeda systems with time delay via feedback control techniques; Yang and Cao [18] studied the exponential lag synchronization of a class of chaotic delayed neural networks with impulsive effects. Some sufficient conditions are established by the stability analysis of impulsive differential equations. Li et al. [19] considered the lag synchronization issue of coupled time-delayed systems with chaos, applied proposed lag synchronization strategies towards the secure communication. Wang and Shi [20] investigated the chaotic bursting lag synchronization of Hindmarsh-Rose system via a single controller. Zhou et al. [21] investigated lag synchronization of coupled chaotic delayed neural networks without noise perturbation by using adaptive feedback control techniques. Wang et al. [22] investigated lag synchronization of chaotic systems with parameter mismatches. Sun and Cao [23] and Yu and Cao [24] researched the adaptive lag synchronization of unknown chaotic delayed neural networks. 
It is noticed that almost all the regimes of lag synchronization mentioned above used the method of adding controllers to all the nodes to make complex networks get synchronized. As we know now, the real-world complex networks normally have a large number of nodes. Therefore, for the complexity of the dynamical network, it is difficult to realize the synchronization by adding controllers to all nodes. To reduce the number of the controllers, a natural way is using pinning control method [25–29].
Motivated by the above discussions, in this paper, we work on the lag synchronization of nonlinear coupled complex networks via pinning control method. The main contributions of this paper are three fold. (1) This paper deals with the lay synchronization problem for nonlinear coupled complex networks. We change the control strength into a parameter concerning time 
	
		
			

				𝑡
			

		
	
, some sufficient conditions for the synchronization are derived by constructing an effective control scheme. Particularly, the weight configuration matrix is not necessarily symmetric or irreducible. (2) Compared with some similar designs, our pinning controllers are very simple. (3) Generally, previous works require the coupling strength 
	
		
			

				𝑐
			

		
	
 to be large so that the synchronization of complex networks can be realized. However, there exists a drawback as 
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 becomes larger. This equivalently makes all weights larger simultaneously. This must raise the synchronization cost. In this paper, we show that, as a parameter, 
	
		
			
				𝜀
				(
				𝑡
				)
				>
				0
			

		
	
 can be used to complete the task with a lower cost. Numerical examples are also provided to demonstrate the effectiveness of the theory. This work improves the current results that we have.
The rest of this paper is organized as follows. The network model is introduced and some necessary definitions, lemmas, and hypotheses are given in Section 2. The lag synchronization of the coupled complex networks is discussed in Section 3. Examples and their simulations are obtained in Section 4. Finally, conclusions are drawn in Section 5.
2. Model and Preliminaries
Now we consider the nonlinear coupled complex networks consisting of 
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 identical nodes that are n-dimensional dynamical units. The model is described as
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 is the state vector of node 
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				→
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 standing for the activity of an individual subsystem is a vector value function. 
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 is some nonlinear function reflecting the nonlinear coupling relationship between those nodes. 
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, denoting the coupling coefficients, and 
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 and 
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 is the coupling strength and will be fixed in this paper.
Based on the system above, we construct a response system whose state variables are denoted by 
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, whereas (2.1) is considered as the drive system with state variables denoted by 
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. In the response network, we add controllers to a part of the nodes which will be much more practical. Without loss of generality, we add the controllers to the first 
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. Therefore, the response system with delay feedback can be described as
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				0
			

		
	
 is the time delay, 
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; then we have the error system as 
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Now, we introduce some definitions, assumptions, and lemmas that will be required throughout the paper.
Definition 2.1 (see [30]).  The drive system (2.1) is said to lag synchronize with the response system (2.2) at time 
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Lemma 2.3 (see [32]).   If 
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Assumption 2.5 (see [34] (Global Lipschitz Condition)). Suppose that there exist nonnegative constants 
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3. Main Results
According to proposition in [16], we can get that the matrix 
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				𝐴
			

		
	
 is zero row sum. Moreover, due to 
	
		
			

				𝐴
			

		
	
 being an irreducible coupling matrix and 
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 a positive diagonal matrix, it is easy to verify that 
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 is also irreducible and the matrix 
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 is negative definite.
Theorem 3.1.  Suppose that Assumptions 2.4 and 2.5 hold and the coupling matrix 
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						then, the drive system (2.1) lag synchronization with the response system (2.2) at time 
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.
 Proof.  Choose the following Lyapunov functional candidate:
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				
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						By the Assumption 2.4 and Lemmas 2.2 and 2.3, we obtain 
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				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
				Δ
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
			

			

				𝑚
			

			

				
			

			
				𝑗
				=
				1
			

			
				̃
				𝑎
			

			
				𝑖
				𝑗
			

			
				
				𝑥
				𝛿
				𝑔
			

			

				𝑗
			

			
				
				(
				𝑡
				)
				≤
				−
				𝜂
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			

				Δ
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				Ξ
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				Ξ
				
				
				𝐴
				𝛿
				𝑔
				̃
				𝑥
			

			

				𝑘
			

			
				
				.
				(
				𝑡
				)
			

		
	

						By the Assumption 2.5, we obtain
							
	
 		
 			
				(
				3
				.
				5
				)
			
 		
	

	
		
			
				̇
				𝑉
				(
				𝑡
				)
				≤
				−
				𝜂
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				
				Δ
			

			

				𝑘
			

			
				
				Ξ
				
				𝐴
				Ξ
				+
				𝑐
				𝛾
				
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				(
				𝑡
				)
				.
			

		
	

						Therefore, if we have 
	
		
			

				Δ
			

			

				𝑘
			

			
				
				Ξ
				+
				𝑐
				𝛾
				(
				Ξ
				𝐴
				)
				≤
				0
				,
				𝑘
				=
				1
				,
				…
				,
				𝑛
			

		
	
 then    
							
	
 		
 			
				(
				3
				.
				6
				)
			
 		
	

	
		
			
				̇
				𝑉
				(
				𝑡
				)
				≤
				0
				.
			

		
	

						Theorem 3.1 is proved completely. 
Theorem 3.2.   Suppose that Assumptions 2.4 and 2.5 hold and the coupling matrix  
	
		
			

				𝐴
			

		
	
 is reducible. If one has when 
							
	
 		
 			
				(
				3
				.
				7
				)
			
 		
	

	
		
			

				Δ
			

			

				𝑘
			

			
				Ξ
				+
				𝑐
				𝛾
				Ξ
				𝐴
				−
				𝑐
				𝑞
				Λ
				<
				0
				𝑘
				=
				1
				,
				…
				,
				𝑛
				,
			

		
	

						where 
	
		
			
				
				Λ
				=
			

			

				𝐼
			

			
				𝑚
				1
				1
				×
				𝑚
			

			
				0
				0
				0
			

			

				
			

			
				𝑚
				×
				𝑚
			

		
	
, then, the drive system (2.1) lag synchronize with the response system (2.2) at time 
	
		
			

				𝜏
			

		
	
.
Proof. We consider the following system:
							
	
 		
 			
				(
				3
				.
				8
				)
			
 		
	

	
		
			
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				
				𝑡
				)
				=
				𝑓
				𝑡
				,
				𝑦
			

			

				𝑖
			

			
				(
				
				
				𝑡
				)
				−
				𝑓
				𝑡
				,
				𝑥
			

			

				𝑖
			

			
				(
				
				𝑡
				−
				𝜏
				)
				+
				𝑐
			

			

				𝑚
			

			

				∑
			

			
				𝑗
				=
				1
			

			

				𝑎
			

			
				𝑖
				𝑗
			

			
				
				𝑥
				𝛿
				𝑔
			

			

				𝑗
			

			
				(
				
				
				𝑔
				
				𝑦
				𝑡
				)
				−
				𝑐
				𝜀
				(
				𝑡
				)
			

			

				𝑖
			

			
				
				
				𝑥
				(
				𝑡
				)
				−
				𝑔
			

			

				𝑖
			

			
				(
				𝑡
				−
				𝜏
				)
				
				
				,
				𝑖
				=
				1
				,
				…
				,
				𝑚
			

			

				1
			

			
				𝛿
				𝑥
			

			

				𝑖
			

			
				
				(
				𝑡
				)
				=
				𝑓
				𝑡
				,
				𝑦
			

			

				𝑖
			

			
				
				
				(
				𝑡
				)
				−
				𝑓
				𝑡
				,
				𝑥
			

			

				𝑖
			

			
				
				(
				𝑡
				−
				𝜏
				)
				+
				𝑐
			

			

				𝑚
			

			

				
			

			
				𝑗
				=
				1
			

			

				𝑎
			

			
				𝑖
				𝑗
			

			
				
				𝑥
				𝛿
				𝑔
			

			

				𝑗
			

			
				
				(
				𝑡
				)
				,
				𝑖
				=
				𝑚
			

			

				1
			

			
				+
				1
				,
				…
				,
				𝑚
				.
			

		
	
Choose the following Lyapunov functional candidate:
							
	
 		
 			
				(
				3
				.
				9
				)
			
 		
	

	
		
			
				1
				𝑉
				(
				𝑡
				)
				=
			

			
				
			
			

				2
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
				𝛿
				𝑥
			

			

				𝑖
			

			
				𝑐
				(
				𝑡
				)
				+
			

			
				
			
			

				2
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝛾
				𝜉
			

			

				𝑖
			

			
				
				𝜀
				(
				𝑡
				)
				−
				𝑞
			

			

				2
			

			
				
			
			
				𝛾
				𝜉
			

			

				𝑖
			

			

				,
			

		
	

						where 
	
		
			
				𝑞
				>
				0
			

		
	
.Differentiating 
	
		
			

				𝑉
			

			

				1
			

			
				(
				𝑡
				)
			

		
	
 with respect to time along the solution of (3.8) yields
							
	
 		
 			
				(
				3
				.
				1
				0
				)
			
 		
	

	
		
			
				̇
				𝑉
				(
				𝑡
				)
				=
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
				𝛿
				̇
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝛾
				𝜉
			

			

				𝑖
			

			
				
				=
				𝜀
				(
				𝑡
				)
				−
				𝑞
				̇
				𝜀
				(
				𝑡
				)
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				
				𝑓
				
				(
				𝑡
				)
				𝑃
				𝑡
				,
				𝑦
			

			

				𝑖
			

			
				
				
				(
				𝑡
				)
				−
				𝑓
				𝑡
				,
				𝑥
			

			

				𝑖
			

			
				
				(
				𝑡
				−
				𝜏
				)
				+
				𝑐
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑎
			

			
				𝑖
				𝑗
			

			
				
				𝑥
				𝛿
				𝑔
			

			

				𝑗
			

			
				
				
				𝑔
				
				𝑦
				(
				𝑡
				)
				−
				𝑐
				𝜀
				(
				𝑡
				)
			

			

				𝑖
			

			
				
				
				𝑥
				(
				𝑡
				)
				−
				𝑔
			

			

				𝑖
			

			
				
				(
				𝑡
				−
				𝜏
				)
				
				
				+
				𝑐
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝛾
				𝜉
			

			

				𝑖
			

			
				
				=
				𝜀
				(
				𝑡
				)
				−
				𝑞
				̇
				𝜀
				(
				𝑡
				)
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				
				𝑓
				
				(
				𝑡
				)
				𝑃
				𝑡
				,
				𝑦
			

			

				𝑖
			

			
				
				
				(
				𝑡
				)
				−
				𝑓
				𝑡
				,
				𝑥
			

			

				𝑖
			

			
				
				(
				𝑡
				−
				𝜏
				)
				−
				Δ
				𝛿
				𝑥
			

			

				𝑖
			

			
				
				+
				(
				𝑡
				)
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
				Δ
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑎
			

			
				𝑖
				𝑗
			

			
				
				𝑥
				𝛿
				𝑔
			

			

				𝑗
			

			
				
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			
				
				𝛾
				𝜉
			

			

				𝑖
			

			
				
				𝜀
				(
				𝑡
				)
				−
				𝑞
				̇
				𝜀
				(
				𝑡
				)
				−
				𝑐
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				
				𝑔
				
				𝑦
				(
				𝑡
				)
				𝑃
				𝜀
				(
				𝑡
				)
			

			

				𝑖
			

			
				
				
				𝑥
				(
				𝑡
				)
				−
				𝑔
			

			

				𝑖
			

			
				.
				(
				𝑡
				−
				𝜏
				)
				
				
			

		
	

						By the Assumption 2.4, we obtain
							
	
 		
 			
				(
				3
				.
				1
				1
				)
			
 		
	

	
		
			
				̇
				𝑉
				(
				𝑡
				)
				≤
				−
				𝜂
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				
				Δ
			

			

				𝑘
			

			
				Ξ
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑎
			

			
				𝑖
				𝑗
			

			
				
				𝑥
				𝛿
				𝑔
			

			

				𝑗
			

			
				
				(
				𝑡
				)
				−
				𝑐
				𝛾
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝑃
				𝜀
				(
				𝑡
				)
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
				𝑐
				𝛾
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝜀
				(
				𝑡
				)
				̇
				𝜀
				(
				𝑡
				)
				−
				𝑐
			

			

				𝑚
			

			

				1
			

			

				
			

			
				𝑖
				=
				1
			

			
				𝑞
				̇
				𝜀
				(
				𝑡
				)
				≤
				−
				𝜂
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				
				Δ
			

			

				𝑘
			

			
				Ξ
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				
				(
				Ξ
				𝐴
				)
				𝛿
				𝑔
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
				−
				𝑐
				𝑞
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				Λ
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				.
				(
				𝑡
				)
			

		
	

						By the Assumption 2.5, we obtain
							
	
 		
 			
				(
				3
				.
				1
				2
				)
			
 		
	

	
		
			
				̇
				𝑉
				(
				𝑡
				)
				≤
				−
				𝜂
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜉
			

			

				𝑖
			

			
				𝛿
				𝑥
			

			
				𝑇
				𝑖
			

			
				(
				𝑡
				)
				𝛿
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
			

			

				𝑛
			

			

				
			

			
				𝑘
				=
				1
			

			

				𝑝
			

			

				𝑘
			

			
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				(
				𝑡
				)
			

			

				𝑇
			

			
				
				Δ
			

			

				𝑘
			

			
				Ξ
				+
				𝑐
				𝛾
				Ξ
				𝐴
				−
				𝑐
				𝑞
				Λ
				
				
				𝛿
				̃
				𝑥
			

			

				𝑘
			

			
				
				.
				(
				𝑡
				)
			

		
	

						Therefore, if we have 
	
		
			

				Δ
			

			

				𝑘
			

			
				Ξ
				+
				𝑐
				𝛾
				Ξ
				𝐴
				−
				𝑐
				𝑞
				Λ
				<
				0
			

		
	
, 
	
		
			
				𝑘
				=
				1
				,
				…
				,
				𝑛
			

		
	
 then
							
	
 		
 			
				(
				3
				.
				1
				3
				)
			
 		
	

	
		
			
				̇
				𝑉
				(
				𝑡
				)
				≤
				0
				,
			

		
	

						Theorem 3.2 is proved completely. 
Remark 3.3. Compared with the control methods in the literature [16], the work requires the coupling strength 
	
		
			

				𝑐
			

		
	
 and 
	
		
			

				𝑘
			

			

				𝑖
			

		
	
(
	
		
			

				𝑢
			

			

				𝑖
			

			
				(
				𝑡
				)
				=
				𝑘
			

			

				𝑖
			

			
				(
				𝑥
			

			

				𝑖
			

			
				(
				𝑡
				−
				𝜏
				)
				−
				𝑦
			

			

				𝑖
			

			
				(
				𝑡
				)
				)
			

		
	
, where 
	
		
			

				𝑘
			

			

				𝑖
			

		
	
 are positive constants) to be large so that the lag synchronization of complex networks can be realized. However, there exists a drawback as 
	
		
			

				𝑐
			

		
	
 becomes larger. This equivalently makes all weights larger simultaneously. This must raise the synchronization cost. In this paper, we show that, as a parameter, 
	
		
			
				𝜀
				(
				𝑡
				)
				>
				0
			

		
	
 can be used to complete the task with a lower cost.
4. Illustrative Examples
In this section, a numerical example will be given to demonstrate the validity of the lag synchronization criteria obtained in the previous sections. Considering the following network:
						
	
 		
 			
				(
				4
				.
				1
				)
			
 		
	

	
		
			
				̇
				𝑦
			

			

				𝑖
			

			
				
				(
				𝑡
				)
				=
				𝑓
				𝑡
				,
				𝑦
			

			

				𝑖
			

			
				
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑚
			

			

				
			

			
				𝑗
				=
				1
			

			

				𝑎
			

			
				𝑖
				𝑗
			

			
				𝑔
				
				𝑦
			

			

				𝑗
			

			
				
				
				𝑔
				
				𝑦
				(
				𝑡
				)
				−
				𝑐
				𝜀
				(
				𝑡
				)
			

			

				𝑖
			

			
				
				
				𝑥
				(
				𝑡
				)
				−
				𝑔
			

			

				𝑖
			

			
				(
				𝑡
				−
				𝜏
				)
				
				
				,
				𝑖
				=
				1
				,
				…
				,
				𝑚
			

			

				1
			

			
				̇
				𝑦
			

			

				𝑖
			

			
				
				(
				𝑡
				)
				=
				𝑓
				𝑡
				,
				𝑦
			

			

				𝑖
			

			
				
				(
				𝑡
				)
				+
				𝑐
			

			

				𝑚
			

			

				
			

			
				𝑗
				=
				1
			

			

				𝑎
			

			
				𝑖
				𝑗
			

			
				𝑔
				
				𝑦
			

			

				𝑗
			

			
				
				(
				𝑡
				)
				,
				𝑖
				=
				𝑚
			

			

				1
			

			
				+
				1
				,
				…
				,
				𝑚
				,
			

		
	

					where 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑚
			

		
	
, 
	
		
			
				𝑓
				(
				𝑡
				,
				𝑦
			

			

				𝑖
			

			
				(
				𝑡
				)
				)
				=
				𝐷
				𝑦
			

			

				𝑖
			

			
				(
				𝑡
				)
				+
				ℎ
				(
				𝑦
			

			

				𝑖
			

			
				(
				𝑡
				)
				)
				+
				𝐵
			

		
	
, 
	
		
			

				𝑦
			

			

				𝑖
			

			
				(
				𝑡
				)
				=
				(
				𝑦
			

			
				𝑖
				1
			

			
				(
				𝑡
				)
				,
				𝑦
			

			
				𝑖
				2
			

			
				(
				𝑡
				)
				,
				𝑦
			

			
				𝑖
				3
			

			
				(
				𝑡
				)
				)
			

			

				𝑇
			

		
	
, Here 
	
		
			
				𝐵
				=
				[
				0
				,
				0
				,
				0
				.
				1
				]
			

			

				𝑇
			

		
	
, 
	
		
			
				ℎ
				(
				𝑥
			

			

				𝑖
			

			
				)
				=
				(
				0
				,
				0
				,
				𝑦
			

			
				𝑖
				1
			

			

				𝑦
			

			
				𝑖
				3
			

			

				)
			

			

				𝑇
			

		
	
, 
	
		
			

				𝑚
			

			

				1
			

			
				=
				1
			

		
	
, 
	
		
			
				𝑐
				=
				0
				.
				5
			

		
	
, 
	
		
			
				𝜏
				=
				0
				.
				0
				1
			

		
	
, 
	
		
			
				𝑔
				(
				y
				)
				=
				c
				o
				s
				𝑦
				+
				3
				𝑦
			

		
	
. And
						
	
 		
 			
				(
				4
				.
				2
				)
			
 		
	

	
		
			
				
				
				⎡
				⎢
				⎢
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎥
				⎥
				⎦
				.
				𝐷
				=
				0
				−
				1
				−
				1
				1
				0
				.
				1
				0
				1
				0
				−
				1
				0
				,
				A
				=
				−
				6
				1
				2
				1
				1
				1
				1
				−
				5
				2
				1
				0
				1
				2
				2
				−
				7
				0
				1
				2
				1
				1
				0
				−
				7
				2
				3
				1
				0
				1
				2
				−
				5
				1
				1
				1
				2
				3
				1
				−
				8
			

		
	

					The following quantities are utilized to measure the process of lag synchronization
						
	
 		
 			
				(
				4
				.
				3
				)
			
 		
	

	
		
			
				𝐸
				(
				𝑡
				)
				=
			

			

				𝑁
			

			

				
			

			
				𝑖
				=
				1
			

			
				‖
				‖
				𝑦
			

			

				𝑖
			

			
				(
				𝑡
				)
				−
				𝑥
			

			

				𝑖
			

			
				‖
				‖
				𝑒
				(
				𝑡
				−
				𝜏
				)
			

			

				1
			

			
				‖
				‖
				𝑦
				(
				𝑡
				)
				=
			

			

				1
			

			
				(
				𝑡
				)
				−
				𝑥
			

			

				1
			

			
				‖
				‖
				,
				(
				𝑡
				−
				𝜏
				)
			

		
	

					where 
	
		
			
				𝐸
				(
				𝑡
				)
			

		
	
 is the error of lag synchronization for this controlled network (2.2); 
	
		
			

				𝑒
			

			

				1
			

			
				(
				𝑡
				)
			

		
	
 is used to display the synchronization process of the first pinned node. The simulation results are given in Figures 1, 2, 3, and 4. From Figure 4, we see the time evolution of control strength. The numerical results show that the theoretical results are effective.








	
		
	



	
		
		
	



	
		
		
	





	
		
	



	
		
		
	



	
		
		
	



	
		
	



	
		
	



	
		
		
	



	
		
		
	



	
		
		
	


















	
		
	













































































































	
		
	


	


	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	


	
		
	
	
		
	
	
		
	


Figure 1: The chaotic behavior of time-delayed Rossler system.   








	



	



	



	



	


	
	



	



	
	
	



	
	
	



	
	
	



	
	
	



	



	
	
	


	
	
	


	


	
		
	


	
		
		
		
		
	


Figure 2: Time evolution of the lag synchronization errors 
	
		
			
				𝐸
				(
				𝑡
				)
			

		
	
. 









	



	



	



	



	


	
	


	



	
	
	
	



	
	
	



	
	
	
	



	
	
	



	
	
	
	



	
	
	



	
	
	
	


	
	
	



	


	
		
	
	
		
	
	
		
	
	
		
	
	
		
	


Figure 3: Time evolution of the lag synchronization errors 
	
		
			

				𝑒
			

			

				1
			

			
				(
				𝑡
				)
			

		
	
.








	



	



	



	



	


	
	


	



	
	
	
	
	



	
	
	
	



	
	
	
	
	



	
	
	
	



	
	
	
	
	



	
	
	
	


	
	
	
	
	



	
		
	


	


	


	


	


Figure 4: Time evolution of control strength 
	
		
			
				𝜀
				(
				𝑡
				)
			

		
	
.


Remark 4.1. In this paper we designed controllers to ensure that the special networks could get lag synchronization. It indeed provides some new insights for the future practical engineering design.
5. Conclusions
The problems of lag synchronization and pinning control for the nonlinear coupled complex networks are investigated. It is shown that lag synchronization can be realized via pinning controller. The study showed that the use of simple control law helps to derive sufficient criteria which ensure that the lag synchronization of the network model is derived. In addition, numerical simulations were performed to verify the effectiveness of the theoretical results.
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