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Abstract. 
This paper deals with the problem of stability for a class of Lur’e systems with interval time-varying delay and sector-bounded nonlinearity. The interval time-varying delay function is not assumed to be differentiable. We analyze the global exponential stability for uncertain neutral and Lur’e dynamical systems with some sector conditions. By constructing a set of improved Lyapunov-Krasovskii functional combined with Leibniz-Newton’s formula, we establish some stability criteria in terms of linear matrix inequalities. Numerical examples are given to illustrate the effectiveness of the results.


1. Introduction
In many practical systems, models of system are described by neutral differential equations, in which the models depend on the delays of state and state derivatives. Heat exchanges, distributed networks containing lossless transmission lines, and population ecology are examples of neutral systems. Because of its wider application, therefore, several researchers have studied neutral systems and provided sufficient conditions to guarantee the asymptotic stability of neutral time delay systems, see [1–6] and references cited therein.
It is well known that nonlinearities may cause instability and poor performance of practical systems, which have driven many researchers to study [3–9]. Many nonlinear control systems can be modeled as a feedback connection of a linear neutral system and a nonlinear element. One of the important classes of nonlinear systems is the Lur’e system whose nonlinear element satisfies certain sector constraints. Lur’e systems with sector bound have been widely interested in the control system such as Kalman-YaKubovih-Popov lemma, Popov criterion, and Circle criterion [10–12]. On the other hand, it is well known that the existence of time delay in a system may cause instability and oscillations. Example of time delay systems are chemical engineering systems, biological modeling, electrical networks, physical networks, and many others, [3–5].
The stability criteria for system with time delays can be classified into two categories: delay-independent and delay-dependent. Delay-independent criteria does not employ any information on the size of the delay; while delay-dependent criteria makes use of such information at different levels. Delay-dependent stability conditions are generally less conservative than delay-independent ones especially when the delay is small. In most of the existing results, the range of time-varying delay considered in paper is form 0 to an upper bound. In practice, the range of delay may vary in a range for which the lower bound is not restricted to be 0, that is, interval time-varying delay. A typical example with interval time delay is the networked control system, which has been widely studied in the recent literature (see, e.g., [3, 13, 14]). However there are fewer results for removing restriction to the derivative of interval time-varying delays. Therefore their methods have a conservatism which can be improved upon.
It is known that exponential stability is more favorite property than asymptotic stability since it gives a faster convergence rate to the equilibrium point, the decay rates (i.e., convergent rates) are important indices of practical systems, and the exponential stability analysis of time-delay systems has been a popular topic in the past decades; see, for example, [3, 13, 15] and their references. In [13], delay-dependent exponential stability for uncertain linear systems with interval time-varying delays, in [15], global exponential periodicity and global exponential stability of a class of recurrent neural networks with time-varying delays.
Recently, there are many research study on the asymptotic stability of a class of neutral and Lur’e dynamical systems with time delay, see, for example, [8, 9, 16, 17]. The problems have been dealt with stability analysis for neutral systems with mixed delays and sector-bounded nonlinearity [8], robust absolute stability criteria for uncertain Lur’e systems of neutral type [16], and robust stability criteria for a class of Lur’e systems with interval time-varying delay [9]. However, it is worth pointing out that, even though these results above were elegant, there still exist some points waiting for the improvement. Firstly, most of the work above the time-varying delays are required to be differentiable. In fact, the constraint on the derivative of the time-varying delay is not required which allows the time-delay to be a fast time-varying function. Secondly, in most studies on the asymptotic stability of Lur’e dynamical systems still need to be improved to the exponential stability.
Based on the above discussions, we consider the problem of robust stability for a class of uncertain neutral and Lur’e dynamical systems with sector-bounded nonlinearity. The time delay is a continuous function belonging to a given interval, which means that the lower and upper bounds for the time varying delay are available, but the delay function is not necessary to be differentiable. To the best of the authors knowledge, there were no global stability results for uncertain neutral and Lur’e dynamical systems with some sector conditions [8, 9, 16, 17]. Based on the construction of improved Lyapunov-Krasovskii functionals combined with Liebniz-Newton’s formula and the integral terms, new delay-dependent sufficient conditions for the uncertain neutral and Lur’e dynamical of system are established of LMIs. The new stability condition is much less conservative and more general than some existing results. Numerical examples are given to illustrate the effectiveness of our theoretical results.
The rest of this paper is organized as follows. In Section 2, we give notations, definition, propositions, and lemma to be used in the proof of the main results. Delay-dependent sufficient conditions for uncertain neutral and Lur’e dynamical systems with sector-bounded nonlinearity are presented in Section 3. Numerical examples illustrated the obtained results and are given in Section 4. The paper ends with conclusions in Section 5 and cited references.
2. Problem Formulation and Preliminaries
The following notation will be used in this paper: 
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. The symmetric term in a matrix is denoted by *.
 Consider the following uncertain Lur’e system of neutral type with interval time-varying delays and sector-bounded nonlinearity:
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				ℝ
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				𝜎
				(
				𝑡
				)
				)
				=
			

			

				1
			

			
				
				𝜎
			

			

				1
			

			
				
				𝑓
				(
				𝑡
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				𝑓
			

			

				𝑚
			

			
				
				𝜎
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					We introduce the following technical well-known propositions and definition, which will be used in the proof of our results.
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3. Main Results
Now we present a new delay-dependent condition for the uncertain system (2.1) satisfying the sector conditions (2.3). 
Assumption 3.1. All the eigenvalues of matrix C are inside the unit circle. 
Theorem 3.2.  Under Assumption 3.1, given 
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				𝜙
				0
				𝐼
				0
				−
				𝐼
				0
				0
				0
				0
				0
				<
				0
				,
				ℳ
				=
			

			
				1
				1
			

			

				𝜙
			

			
				1
				2
			

			

				𝜙
			

			
				1
				3
			

			

				𝜙
			

			
				1
				4
			

			

				𝜙
			

			
				1
				5
			

			

				𝜙
			

			
				1
				6
			

			

				𝜙
			

			
				1
				7
			

			

				𝜙
			

			
				1
				8
			

			

				𝜙
			

			
				1
				9
			

			
				∗
				𝜙
			

			
				2
				2
			

			

				𝜙
			

			
				2
				3
			

			

				𝜙
			

			
				2
				4
			

			

				𝜙
			

			
				2
				5
			

			

				𝜙
			

			
				2
				6
			

			

				𝜙
			

			
				2
				7
			

			

				𝜙
			

			
				2
				8
			

			

				𝜙
			

			
				2
				9
			

			
				∗
				∗
				𝜙
			

			
				3
				3
			

			
				0
				0
				0
				0
				0
				0
				∗
				∗
				∗
				𝜙
			

			
				4
				4
			

			
				0
				0
				0
				0
				0
				∗
				∗
				∗
				∗
				𝜙
			

			
				5
				5
			

			

				𝜙
			

			
				5
				6
			

			

				𝜙
			

			
				5
				7
			

			

				𝜙
			

			
				5
				8
			

			

				𝜙
			

			
				5
				9
			

			
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				6
				6
			

			

				𝜙
			

			
				6
				7
			

			

				𝜙
			

			
				6
				8
			

			
				0
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				7
				7
			

			
				0
				0
				∗
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				8
				8
			

			
				0
				∗
				∗
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				9
				9
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
			

		
	

						where 
							
	
 		
 			
				(
				3
				.
				3
				)
			
 		
	

	
		
			

				𝜙
			

			
				1
				1
			

			
				=
				𝑃
				𝐴
				+
				𝐴
			

			

				𝑇
			

			
				𝑃
				+
				𝑄
				+
				𝑄
			

			

				𝑇
			

			
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			
				𝑅
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑅
				+
				2
				𝛼
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑃
				𝑥
				(
				𝑡
				)
				,
				𝜙
			

			
				1
				2
			

			
				=
				𝑃
				𝐴
			

			

				1
			

			
				+
				𝐴
			

			

				𝑇
			

			

				𝑁
			

			
				𝑇
				1
			

			
				,
				𝜙
			

			
				1
				3
			

			
				=
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			
				𝑅
				,
				𝜙
			

			
				1
				4
			

			
				=
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑅
				,
				𝜙
			

			
				1
				7
			

			
				=
				𝑃
				𝐶
				,
				𝜙
			

			
				1
				8
			

			
				=
				𝑃
				𝐷
				,
				𝜙
			

			
				1
				9
			

			
				=
				𝜖
			

			

				𝑖
			

			

				𝐸
			

			
				𝑇
				1
			

			
				,
				𝜙
			

			
				1
				6
			

			
				=
				𝐴
			

			

				𝑇
			

			
				𝐿
				+
				𝐴
			

			

				𝑇
			

			

				𝑁
			

			
				𝑇
				3
			

			
				,
				𝜙
			

			
				1
				5
			

			
				=
				𝐴
			

			

				𝑇
			

			
				𝐻
				𝑍
			

			

				𝑇
			

			
				+
				𝑃
				𝐵
				+
				𝐻
				𝐾
				𝐽
				+
				𝐴
			

			

				𝑇
			

			

				𝑁
			

			
				𝑇
				2
			

			
				𝜙
				+
				2
				𝛼
				𝐻
				𝑍
				,
			

			
				2
				2
			

			
				=
				−
				2
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				+
				𝑁
			

			

				1
			

			

				𝐴
			

			

				1
			

			
				+
				𝐴
			

			
				𝑇
				1
			

			

				𝑁
			

			
				𝑇
				1
			

			
				,
				𝜙
			

			
				2
				3
			

			
				=
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				,
				𝜙
			

			
				2
				4
			

			
				=
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝜙
				𝑈
				,
			

			
				2
				5
			

			
				=
				𝐴
			

			
				𝑇
				1
			

			
				𝐻
				𝑍
			

			

				𝑇
			

			
				+
				𝑁
			

			

				1
			

			
				𝐵
				+
				𝐴
			

			
				𝑇
				1
			

			

				𝑁
			

			
				𝑇
				2
			

			
				,
				𝜙
			

			
				2
				6
			

			
				=
				𝐴
			

			
				𝑇
				1
			

			
				𝐿
				−
				𝑁
			

			

				1
			

			
				+
				𝐴
			

			
				𝑇
				1
			

			

				𝑁
			

			
				𝑇
				3
			

			
				,
				𝜙
			

			
				2
				7
			

			
				=
				𝑁
			

			

				1
			

			
				𝐶
				,
				𝜙
			

			
				2
				8
			

			
				=
				𝑁
			

			

				1
			

			
				𝜙
				𝐷
				,
			

			
				2
				9
			

			
				=
				𝜖
			

			

				𝑖
			

			

				𝐸
			

			
				𝑇
				3
			

			
				,
				𝜙
			

			
				3
				3
			

			
				=
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			
				𝑄
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			
				𝑅
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				,
				𝜙
			

			
				4
				4
			

			
				=
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑄
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑅
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝜙
				𝑈
				,
			

			
				5
				7
			

			
				=
				𝑍
				𝐻
			

			

				𝑇
			

			
				𝐶
				+
				𝑁
			

			

				2
			

			
				𝐶
				,
				𝜙
			

			
				5
				5
			

			
				=
				𝑍
				𝐻
			

			

				𝑇
			

			
				𝐵
				+
				𝐵
			

			

				𝑇
			

			
				𝐻
				𝑍
			

			

				𝑇
			

			
				−
				𝐽
				−
				𝐽
			

			

				𝑇
			

			
				+
				𝑁
			

			

				2
			

			
				𝐵
				+
				𝐵
			

			

				𝑇
			

			

				𝑁
			

			
				𝑇
				2
			

			
				,
				𝜙
			

			
				5
				6
			

			
				=
				𝐵
			

			

				𝑇
			

			
				𝐿
				−
				𝑁
			

			

				2
			

			
				+
				𝐵
			

			

				𝑇
			

			

				𝑁
			

			
				𝑇
				3
			

			
				,
				𝜙
			

			
				5
				9
			

			
				=
				𝜖
			

			

				𝑖
			

			

				𝐸
			

			
				𝑇
				2
			

			
				,
				𝜙
			

			
				5
				8
			

			
				=
				𝑍
				𝐻
			

			

				𝑇
			

			
				𝐷
				+
				𝑁
			

			

				2
			

			
				𝐷
				,
				𝜙
			

			
				8
				8
			

			
				=
				−
				𝜖
			

			

				𝑖
			

			
				𝜙
				𝐼
				,
			

			
				9
				9
			

			
				=
				−
				𝜖
			

			

				𝑖
			

			
				𝐼
				,
				𝜙
			

			
				6
				6
			

			
				=
				ℎ
			

			
				2
				1
			

			
				𝑅
				+
				ℎ
			

			
				2
				2
			

			
				
				ℎ
				𝑅
				+
				𝐹
				+
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			

				
			

			

				2
			

			
				𝑈
				−
				𝐿
				−
				𝐿
			

			

				𝑇
			

			
				−
				𝑁
			

			

				3
			

			
				−
				𝑁
			

			
				𝑇
				3
			

			
				,
				𝜙
			

			
				6
				7
			

			
				=
				𝐿
				𝐶
				+
				𝑁
			

			

				3
			

			
				𝐶
				,
				𝜙
			

			
				6
				8
			

			
				=
				𝐿
				𝐷
				+
				𝑁
			

			

				3
			

			
				𝐷
				,
				𝜙
			

			
				7
				7
			

			
				=
				−
				𝑒
			

			
				−
				2
				𝛼
				𝜂
			

			
				
				1
				−
				𝜂
			

			

				𝐷
			

			
				
				𝐹
				.
			

		
	

The solution 
	
		
			
				𝑥
				(
				𝑡
				)
			

		
	
 of the system satisfies, 
						
	
 		
 			
				(
				3
				.
				4
				)
			
 		
	

	
		
			
				
				‖
				𝑥
				(
				𝑡
				)
				‖
				≤
			

			
				
			
			
				𝑎
				‖
				𝜙
				‖
			

			

				2
			

			
				‖
				‖
				𝑀
				+
				𝑏
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				‖
				‖
				𝑀
				+
				𝑐
			

			

				2
			

			
				‖
				‖
			

			

				2
			

			
				
			
			

				𝜆
			

			

				𝑚
			

			
				,
				(
				𝑃
				)
			

		
	

					where 
	
		
			
				𝑎
				=
				𝜆
			

			

				𝑀
			

			
				(
				𝑃
				)
				+
				2
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑅
				)
				+
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑈
				)
				+
				2
				𝜆
			

			

				𝑀
			

			
				(
				𝐻
				𝑍
				𝐾
				𝐻
			

			

				𝑇
			

			

				)
			

		
	
, 
	
		
			
				𝑏
				=
				2
				𝜆
			

			

				𝑀
			

			
				(
				𝑄
				)
				(
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				)
				/
				2
				𝛼
			

		
	
 
	
		
			
				+
				2
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑅
				)
				(
				(
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				)
				/
				2
				𝛼
				)
				+
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑈
				)
				(
				(
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				)
				/
				2
				𝛼
				)
			

		
	
, and 
	
		
			
				𝑐
				=
				𝜆
			

			

				𝑀
			

			
				(
				𝐹
				)
				(
				(
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				𝜂
			

			
				)
				/
				2
				𝛼
				)
			

		
	
, 
	
		
			
				‖
				𝑀
			

			

				1
			

			
				‖
				=
				s
				u
				p
			

			
				−
				𝑚
				≤
				𝑠
				≤
				0
			

			
				‖
				𝑥
				(
				𝑠
				)
				‖
			

		
	
, 
	
		
			
				‖
				𝑀
			

			

				2
			

			
				‖
				=
				s
				u
				p
			

			
				−
				𝑚
				≤
				𝑠
				≤
				0
			

			
				‖
				̇
				𝑥
				(
				𝑠
				)
				‖
			

		
	
. 
Proof. Using (2.5), the uncertain system (2.1) can be represented as 
							
	
 		
 			
				(
				3
				.
				5
				)
			
 		
	

	
		
			
				̇
				𝑥
				(
				𝑡
				)
				=
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				𝑥
				
				𝐸
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				𝐷
				𝑝
				(
				𝑡
				)
				,
				𝑝
				(
				𝑡
				)
				=
				𝐹
				(
				𝑡
				)
			

			

				1
			

			
				𝑥
				(
				𝑡
				)
				+
				𝐸
			

			

				2
			

			
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐸
			

			

				3
			

			
				
				,
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				𝜎
				(
				𝑡
				)
				=
				𝐻
			

			

				𝑇
			

			
				
				𝑥
				(
				𝑡
				)
				=
			

			
				
			
			

				ℎ
			

			

				1
			

			
				
			
			

				ℎ
			

			

				2
			

			

				⋯
			

			
				
			
			

				ℎ
			

			

				𝑚
			

			

				
			

			

				𝑇
			

			
				
				
				ℎ
				𝑥
				(
				𝑡
				)
				,
				∀
				𝑡
				≥
				0
				,
				𝑥
				(
				𝑠
				)
				=
				𝜙
				(
				𝑠
				)
				,
				𝑠
				∈
				−
				m
				a
				x
			

			

				2
			

			
				,
				𝜂
			

			

				2
			

			
				
				
				.
				,
				0
			

		
	

						We consider the following Lyapunov-Krasovskii functional 
							
	
 		
 			
				(
				3
				.
				6
				)
			
 		
	

	
		
			
				𝑉
				(
				𝑥
				(
				𝑡
				)
				)
				=
			

			

				8
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑉
			

			

				𝑖
			

			

				,
			

		
	

						where 
							
	
 		
 			
				(
				3
				.
				7
				)
			
 		
	

	
		
			

				𝑉
			

			

				1
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝑥
			

			

				𝑇
			

			
				𝑉
				(
				𝑡
				)
				𝑃
				𝑥
				(
				𝑡
				)
				,
			

			

				2
			

			
				
				(
				𝑥
				(
				𝑡
				)
				)
				=
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			

				𝑥
			

			

				𝑇
			

			
				𝑉
				(
				𝑠
				)
				𝑄
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				,
			

			

				3
			

			
				
				(
				𝑥
				(
				𝑡
				)
				)
				=
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				2
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			

				𝑥
			

			

				𝑇
			

			
				𝑉
				(
				𝑠
				)
				𝑄
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				,
			

			

				4
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				ℎ
			

			

				1
			

			

				
			

			
				0
				−
				ℎ
			

			

				1
			

			

				
			

			
				𝑡
				𝑡
				+
				𝑠
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				𝑉
				(
				𝜏
				)
				𝑅
				̇
				𝑥
				(
				𝜏
				)
				𝑑
				𝜏
				𝑑
				𝑠
				,
			

			

				5
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				ℎ
			

			

				2
			

			

				
			

			
				0
				−
				ℎ
			

			

				2
			

			

				
			

			
				𝑡
				𝑡
				+
				𝑠
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				𝑉
				(
				𝜏
				)
				𝑅
				̇
				𝑥
				(
				𝜏
				)
				𝑑
				𝜏
				𝑑
				𝑠
				,
			

			

				6
			

			
				
				ℎ
				(
				𝑥
				(
				𝑡
				)
				)
				=
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				−
				ℎ
			

			

				1
			

			
				−
				ℎ
			

			

				2
			

			

				
			

			
				𝑡
				𝑡
				+
				𝑠
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				𝑉
				(
				𝜏
				)
				𝑈
				̇
				𝑥
				(
				𝜏
				)
				𝑑
				𝜏
				𝑑
				𝑠
				,
			

			

				7
			

			
				
				(
				𝑥
				(
				𝑡
				)
				)
				=
			

			
				𝑡
				𝑡
				−
				𝜂
				(
				𝑡
				)
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				𝑉
				(
				𝑠
				)
				𝐹
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				,
			

			

				8
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				2
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜆
			

			

				𝑖
			

			

				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				
			

			

				𝜎
			

			

				𝑖
			

			

				0
			

			

				𝑓
			

			

				𝑖
			

			
				
				𝜎
			

			

				𝑖
			

			
				
				𝑑
				𝜎
			

			

				𝑖
			

			

				.
			

		
	

						Taking the derivative of 
	
		
			
				𝑉
				(
				𝑥
			

			

				𝑡
			

			

				)
			

		
	
 along the solution of system (3.5), we have 
							
	
 		
 			
				(
				3
				.
				8
				)
			
 		
	

	
		
			
				̇
				𝑉
			

			

				1
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				2
				𝛼
				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑃
				𝑥
				(
				𝑡
				)
				+
				2
				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑃
				̇
				𝑥
				(
				𝑡
				)
				,
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				2
				𝛼
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑃
				𝑥
				(
				𝑡
				)
				+
				2
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				𝑃
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				
				,
				̇
				𝑉
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				𝐷
				𝑝
				(
				𝑡
				)
				)
			

			

				2
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑄
				𝑥
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			

				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				𝑄
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				,
				̇
				𝑉
				
				
			

			

				3
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑄
				𝑥
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				𝑄
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				,
				̇
				𝑉
				
				
			

			

				4
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				≤
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				ℎ
			

			
				2
				1
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				̇
				𝑥
				(
				𝑡
				)
				−
				ℎ
			

			

				1
			

			

				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			

				
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				1
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				,
				̇
				𝑉
				(
				𝑠
				)
				𝑅
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
			

			

				5
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				≤
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				ℎ
			

			
				2
				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				̇
				𝑥
				(
				𝑡
				)
				−
				ℎ
			

			

				2
			

			

				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				,
				̇
				𝑉
				(
				𝑠
				)
				𝑅
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
			

			

				6
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				≤
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				
				ℎ
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			

				
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				ℎ
				(
				𝑡
				)
				𝑈
				̇
				𝑥
				(
				𝑡
				)
				−
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				,
				̇
				𝑉
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
			

			

				7
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				≤
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐹
				̇
				𝑥
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				𝜂
			

			
				
				1
				−
				𝜂
			

			

				𝑑
			

			
				
				̇
				𝑥
			

			

				𝑇
			

			
				
				,
				̇
				𝑉
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				𝐹
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
			

			

				8
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				2
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜆
			

			

				𝑖
			

			

				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				
				2
				𝛼
			

			

				𝜎
			

			

				𝑖
			

			
				0
				(
				𝑡
				)
			

			

				𝑓
			

			

				𝑖
			

			
				
				𝜎
			

			

				𝑖
			

			
				
				𝑑
				𝜎
			

			

				𝑖
			

			
				+
				𝑓
			

			

				𝑖
			

			
				
				𝜎
			

			

				𝑖
			

			
				
				(
				𝑡
				)
				̇
				𝜎
			

			

				𝑖
			

			
				
				(
				𝑡
				)
				≤
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				4
				𝛼
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				𝜎
				(
				𝑡
				)
				+
				2
				𝑓
			

			

				𝑇
			

			
				
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				̇
				𝜎
				(
				𝑡
				)
				≤
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				4
				𝛼
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				𝐻
				𝑥
				(
				𝑡
				)
				+
				2
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				𝐻
			

			

				𝑇
			

			
				
				̇
				𝑥
				(
				𝑡
				)
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				4
				𝛼
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				𝐻
				𝑥
				(
				𝑡
				)
				+
				2
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				𝐻
			

			

				𝑇
			

			
				×
				
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				.
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				𝐷
				𝑝
				(
				𝑡
				)
				
				
			

		
	

						Applying Proposition 2.3 and the Leibniz-Newton formula, we have
							
	
 		
 			
				(
				3
				.
				9
				)
			
 		
	

	
		
			
				−
				ℎ
			

			

				1
			

			

				
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				1
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				
				(
				𝑠
				)
				𝑅
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				̇
				𝑥
				(
				𝑠
				)
			

			

				𝑇
			

			
				𝑅
				
				
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				
				̇
				𝑥
				(
				𝑠
				)
				≤
				−
				𝑥
				(
				𝑡
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
			

			

				𝑇
			

			
				𝑅
				
				
				𝑥
				(
				𝑡
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				=
				−
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				𝑥
				(
				𝑡
				)
				+
				2
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				−
				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				,
				−
				ℎ
			

			

				2
			

			

				
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				
				(
				𝑠
				)
				𝑅
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				̇
				𝑥
				(
				𝑠
				)
			

			

				𝑇
			

			
				𝑅
				
				
			

			
				𝑡
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				
				̇
				𝑥
				(
				𝑠
				)
				≤
				−
				𝑥
				(
				𝑡
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			
				𝑅
				
				
				𝑥
				(
				𝑡
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				=
				−
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				𝑥
				(
				𝑡
				)
				+
				2
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				−
				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				.
			

		
	

						Note that 
							
	
 		
 			
				(
				3
				.
				1
				0
				)
			
 		
	

	
		
			
				−
				
				ℎ
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				ℎ
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				=
				−
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				−
				
				ℎ
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				ℎ
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				=
				−
			

			

				2
			

			
				
				
				−
				ℎ
				(
				𝑡
				)
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				−
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				ℎ
				(
				𝑡
				)
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				−
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				ℎ
				(
				𝑡
				)
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				−
				
				ℎ
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
			

			

				2
			

			
				
				
				−
				ℎ
				(
				𝑡
				)
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				.
			

		
	

						Using Proposition 2.3 gives
							
	
 		
 			
				(
				3
				.
				1
				1
				)
			
 		
	

	
		
			
				−
				
				ℎ
			

			

				2
			

			
				
				
				−
				ℎ
				(
				𝑡
				)
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
			

			

				𝑇
			

			
				𝑈
				
				
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			
				𝑈
				
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				,
				−
				
				
				
				ℎ
				(
				𝑡
				)
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
			

			

				𝑇
			

			
				𝑈
				
				
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				
				
				𝑥
				
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				𝑈
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				.
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

		
	

						Let 
	
		
			
				𝛽
				=
				(
				ℎ
			

			

				2
			

			
				−
				ℎ
				(
				𝑡
				)
				)
				/
				(
				ℎ
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				)
				≤
				1
			

		
	
, so we have
							
	
 		
 			
				(
				3
				.
				1
				2
				)
			
 		
	

	
		
			
				−
				
				ℎ
			

			

				2
			

			
				
				
				−
				ℎ
				(
				𝑡
				)
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				=
				−
				𝛽
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				
				ℎ
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				̇
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
				𝛽
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
			

			
				
				ℎ
				(
				𝑡
				)
				−
				ℎ
			

			

				1
			

			
				
				̇
				𝑥
			

			

				𝑇
			

			
				
				𝑥
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
				𝛽
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				𝑈
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				,
				−
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				ℎ
				(
				𝑡
				)
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				=
				−
				(
				1
				−
				𝛽
				)
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				ℎ
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				̇
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
				(
				1
				−
				𝛽
				)
			

			
				𝑡
				−
				ℎ
				(
				𝑡
				)
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				ℎ
			

			

				2
			

			
				
				−
				ℎ
				(
				𝑡
				)
				̇
				𝑥
			

			

				𝑇
			

			
				
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
				(
				1
				−
				𝛽
				)
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			
				
				
				×
				𝑈
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				.
				
				
			

		
	

						Therefore from (3.10)–(3.12), we obtain
							
	
 		
 			
				(
				3
				.
				1
				3
				)
			
 		
	

	
		
			
				−
				
				ℎ
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			
				
				
			

			
				𝑡
				−
				ℎ
			

			

				1
			

			
				𝑡
				−
				ℎ
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				
				
				(
				𝑠
				)
				𝑈
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			
				𝑈
				
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				−
				
				𝑥
				
				
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				𝑈
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				
				𝑥
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝛽
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				𝑈
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				(
				1
				−
				𝛽
				)
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			
				𝑈
				
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				.
				
				
			

		
	

						We add the following zero equation: 
							
	
 		
 			
				(
				3
				.
				1
				4
				)
			
 		
	

	
		
			
				2
				𝜉
			

			

				𝑇
			

			
				(
				𝑡
				)
			

			
				
			
			
				𝑁
				
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				𝐷
				𝑝
				(
				𝑡
				)
				−
				̇
				𝑥
				(
				𝑡
				)
				=
				0
				,
			

		
	

						where 
	
		
			
				
			
			
				𝑁
				=
				[
				𝑁
			

			
				𝑇
				1
			

			

				𝑁
			

			
				𝑇
				2
			

			

				𝑁
			

			
				𝑇
				3
			

			

				]
			

			

				𝑇
			

		
	
, 
	
		
			
				𝜉
				(
				𝑡
				)
				=
				[
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				]
			

			

				𝑇
			

		
	
 and by using the identity relation 
							
	
 		
 			
				(
				3
				.
				1
				5
				)
			
 		
	

	
		
			
				−
				̇
				𝑥
				(
				𝑡
				)
				+
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				𝐷
				𝑝
				(
				𝑡
				)
				=
				0
				,
			

		
	

						we have 
							
	
 		
 			
				(
				3
				.
				1
				6
				)
			
 		
	

	
		
			
				−
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				̇
				𝑥
				(
				𝑡
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐴
				𝑥
				(
				𝑡
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐴
			

			

				1
			

			
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐷
				𝑝
				(
				𝑡
				)
				=
				0
				.
			

		
	

						For system (2.1) with nonlinearity located in the sectors 
	
		
			
				[
				0
				,
				𝑘
			

			

				𝑗
			

			
				]
				(
				𝑗
				=
				1
				,
				2
				,
				…
				,
				𝑚
				)
			

		
	
, if there exists 
	
		
			
				𝐽
				=
				d
				i
				a
				g
				(
				𝑗
			

			

				1
			

			
				,
				𝑗
			

			

				2
			

			
				,
				…
				,
				𝑗
			

			

				𝑚
			

			

				)
			

		
	
, then we have 
							
	
 		
 			
				(
				3
				.
				1
				7
				)
			
 		
	

	
		
			

				𝑗
			

			

				𝑖
			

			

				𝑓
			

			

				𝑖
			

			
				
				𝜎
			

			

				𝑖
			

			
				𝑘
				
				
			

			

				𝑖
			

			

				ℎ
			

			
				𝑇
				𝑖
			

			
				𝑥
				(
				𝑡
				)
				−
				𝑓
			

			

				𝑖
			

			
				
				𝜎
			

			

				𝑖
			

			
				
				
				≥
				0
				,
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑚
				,
			

		
	

						which is equivalent to 
							
	
 		
 			
				(
				3
				.
				1
				8
				)
			
 		
	

	
		
			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐻
				𝐾
				𝐽
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				−
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝐽
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				≥
				0
				.
			

		
	

						Similarly, for any 
	
		
			
				𝜖
				>
				0
			

		
	
, from (3.4), we have
							
	
 		
 			
				(
				3
				.
				1
				9
				)
			
 		
	

	
		
			
				−
				𝜖
				𝑝
			

			

				𝑇
			

			
				
				𝐸
				(
				𝑡
				)
				𝑝
				(
				𝑡
				)
				+
				𝜖
			

			

				1
			

			
				𝑥
				(
				𝑡
				)
				+
				𝐸
			

			

				2
			

			
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐸
			

			

				3
			

			
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				×
				
				𝐸
			

			

				1
			

			
				𝑥
				(
				𝑡
				)
				+
				𝐸
			

			

				2
			

			
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐸
			

			

				3
			

			
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				≥
				0
				.
			

		
	

						Hence, according to (3.9), (3.13), and by adding the zero term (3.16) and (3.18)-(3.19), we get
							
	
 		
 			
				(
				3
				.
				2
				0
				)
			
 		
	

	
		
			
				̇
				𝑉
				(
				𝑥
				(
				𝑡
				)
				)
				≤
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				2
				𝛼
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑃
				𝑥
				(
				𝑡
				)
				+
				2
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				𝑃
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				𝐷
				𝑝
				(
				𝑡
				)
				)
				+
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑄
				𝑥
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			

				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				𝑄
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				𝑄
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				+
				ℎ
			

			
				2
				1
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				̇
				𝑥
				(
				𝑡
				)
				+
				ℎ
			

			
				2
				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				̇
				𝑥
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				𝑥
				(
				𝑡
				)
				+
				2
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			

				𝑥
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				+
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑄
				𝑥
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				1
			

			

				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				𝑥
			

			

				𝑇
			

			
				
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				𝑥
				(
				𝑡
				)
				+
				2
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				𝑥
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				×
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐹
				̇
				𝑥
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				𝜂
			

			
				
				1
				−
				𝜂
			

			

				𝐷
			

			
				
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				𝐹
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				2
				𝛼
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				𝐻
				𝑥
				(
				𝑡
				)
				+
				2
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝑍
				𝐻
			

			

				𝑇
			

			
				
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				𝐷
				𝑝
				(
				𝑡
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑅
				𝑥
				(
				𝑡
				)
				+
				2
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			

				𝑥
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				𝑅
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				ℎ
				
				
			

			

				2
			

			
				−
				ℎ
			

			

				1
			

			

				
			

			

				2
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑈
				̇
				𝑥
				(
				𝑡
				)
				+
				2
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐻
				𝐾
				𝐽
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				−
				2
				𝑓
			

			

				𝑇
			

			
				(
				𝜎
				(
				𝑡
				)
				)
				𝐽
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				−
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				̇
				𝑥
				(
				𝑡
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐴
				𝑥
				(
				𝑡
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐴
			

			

				1
			

			
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				+
				2
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐿
				𝐷
				𝑝
				(
				𝑡
				)
				−
				𝜖
				𝑝
			

			

				𝑇
			

			
				
				𝐸
				(
				𝑡
				)
				𝑝
				(
				𝑡
				)
				+
				𝜖
			

			

				1
			

			
				𝑥
				(
				𝑡
				)
				+
				𝐸
			

			

				2
			

			
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐸
			

			

				3
			

			
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				×
				
				𝐸
			

			

				1
			

			
				𝑥
				(
				𝑡
				)
				+
				𝐸
			

			

				2
			

			
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				+
				𝐸
			

			

				3
			

			
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			
				
				
				×
				𝑈
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				𝑈
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				
				
				𝑥
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝛽
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			
				𝑈
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				(
				1
				−
				𝛽
				)
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			
				𝑈
				
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				𝜁
			

			

				𝑇
			

			
				
				𝑥
				
				(
				𝑡
				)
				ℳ
				𝜁
				(
				𝑡
				)
				−
				𝛽
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
			

			

				𝑇
			

			

				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				𝑥
				
				𝑡
				−
				ℎ
			

			

				1
			

			
				
				
				
				
				−
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				(
				1
				−
				𝛽
				)
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
			

			

				𝑇
			

			

				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				−
				𝑥
				𝑡
				−
				ℎ
			

			

				2
			

			
				
				
				
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			
				
				𝜁
			

			

				𝑇
			

			
				
				(
				𝑡
				)
				(
				1
				−
				𝛽
				)
				ℳ
			

			

				1
			

			
				+
				𝛽
				ℳ
			

			

				2
			

			
				
				
				,
				𝜁
				(
				𝑡
				)
			

		
	

						where 
	
		
			

				ℳ
			

			

				1
			

		
	
 and 
	
		
			

				ℳ
			

			

				2
			

		
	
 are defined as in (3.1), respectively, and 
	
		
			
				𝜁
				(
				𝑡
				)
				=
				[
				𝑥
				(
				𝑡
				)
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				𝑥
				(
				𝑡
				−
				ℎ
			

			

				1
			

			
				)
				𝑥
				(
				𝑡
				−
				ℎ
			

			

				2
			

			
				)
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				̇
				𝑥
				(
				𝑡
				)
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				𝑝
				(
				𝑡
				)
				]
			

		
	
. By 
	
		
			
				(
				1
				−
				𝛽
				)
				ℳ
			

			

				1
			

			
				+
				𝛽
				ℳ
			

			

				2
			

			
				<
				0
			

		
	
 holds if and only if 
	
		
			

				ℳ
			

			

				1
			

			
				<
				0
			

		
	
 and 
	
		
			

				ℳ
			

			

				2
			

			
				<
				0
			

		
	
. For showing the convergence rate, we have 
	
		
			
				̇
				𝑉
				(
				𝑥
				(
				𝑡
				)
				)
				≤
				0
			

		
	
, and then 
	
		
			
				𝑉
				(
				𝑥
				(
				𝑡
				)
				)
				≤
				𝑉
				(
				𝑥
				(
				0
				)
				)
			

		
	
. However,
							
	
 		
 			
				(
				3
				.
				2
				1
				)
			
 		
	

	
		
			

				𝑉
			

			

				1
			

			
				(
				𝑥
				(
				0
				)
				)
				=
				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝑥
			

			

				𝑇
			

			
				(
				0
				)
				𝑃
				𝑥
				(
				0
				)
				≤
				𝜆
			

			
				m
				a
				x
			

			
				(
				𝑃
				)
				‖
				𝜙
				‖
			

			

				2
			

			
				,
				𝑉
			

			

				2
			

			
				=
				
				(
				𝑥
				(
				0
				)
				)
			

			
				0
				−
				ℎ
			

			

				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑠
				)
				𝑄
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				,
				≤
				𝜆
			

			
				m
				a
				x
			

			
				
				(
				𝑄
				)
			

			
				0
				−
				ℎ
			

			

				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				‖
				‖
				𝑀
				𝑑
				𝑠
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				=
				𝜆
			

			
				m
				a
				x
			

			
				(
				𝑄
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				‖
				‖
				𝑀
				2
				𝛼
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				,
				𝑉
			

			

				3
			

			
				=
				
				(
				𝑥
				(
				0
				)
				)
			

			
				0
				−
				ℎ
			

			

				2
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑠
				)
				𝑄
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				,
				≤
				𝜆
			

			
				m
				a
				x
			

			
				
				(
				𝑄
				)
			

			
				0
				−
				ℎ
			

			

				2
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				‖
				‖
				𝑀
				𝑑
				𝑠
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				=
				𝜆
			

			
				m
				a
				x
			

			
				(
				𝑄
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				‖
				‖
				𝑀
				2
				𝛼
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				,
				𝑉
			

			

				4
			

			
				(
				𝑥
				(
				0
				)
				)
				=
				ℎ
			

			

				1
			

			

				
			

			
				0
				−
				ℎ
			

			

				1
			

			

				
			

			
				0
				𝑠
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝜏
				)
				𝑅
				̇
				𝑥
				(
				𝜏
				)
				𝑑
				𝜏
				𝑑
				𝑠
				=
				ℎ
			

			

				1
			

			

				
			

			
				0
				−
				ℎ
			

			

				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				
				𝑥
			

			

				𝑇
			

			
				(
				0
				)
				𝑅
				𝑥
				(
				0
				)
				−
				𝑥
			

			

				𝑇
			

			
				
				(
				𝑠
				)
				𝑅
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				≤
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				
				(
				𝑅
				)
			

			
				0
				−
				ℎ
			

			

				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				𝑑
				𝑠
				‖
				𝜙
				‖
			

			

				2
			

			
				−
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				
				(
				𝑅
				)
			

			
				0
				−
				ℎ
			

			

				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				‖
				‖
				𝑀
				𝑑
				𝑠
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				=
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑅
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				2
				𝛼
				‖
				𝜙
				‖
			

			

				2
			

			
				−
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑅
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				‖
				‖
				𝑀
				2
				𝛼
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				,
				𝑉
			

			

				5
			

			
				(
				𝑥
				(
				0
				)
				)
				=
				ℎ
			

			

				2
			

			

				
			

			
				0
				−
				ℎ
			

			

				2
			

			

				
			

			
				0
				𝑠
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝜏
				)
				𝑅
				̇
				𝑥
				(
				𝜏
				)
				𝑑
				𝜏
				𝑑
				𝑠
				≤
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑅
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				2
				𝛼
				‖
				𝜙
				‖
			

			

				2
			

			
				−
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑅
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				‖
				‖
				𝑀
				2
				𝛼
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				,
				𝑉
			

			

				6
			

			
				(
				𝑥
				(
				0
				)
				)
				=
				ℎ
			

			

				2
			

			

				
			

			
				−
				ℎ
			

			

				1
			

			
				−
				ℎ
			

			

				2
			

			

				
			

			
				0
				𝑠
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝜏
				)
				𝑈
				̇
				𝑥
				(
				𝜏
				)
				𝑑
				𝜏
				𝑑
				𝑠
				≤
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑈
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				2
				𝛼
				‖
				𝜙
				‖
			

			

				2
			

			
				−
				ℎ
			

			

				2
			

			

				𝜆
			

			

				𝑀
			

			
				(
				𝑈
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				
			
			
				‖
				‖
				𝑀
				2
				𝛼
			

			

				1
			

			
				‖
				‖
			

			

				2
			

			
				,
				𝑉
			

			

				7
			

			
				=
				
				(
				𝑥
				(
				0
				)
				)
			

			
				0
				𝜂
				(
				0
				)
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				̇
				𝑥
			

			

				𝑇
			

			
				(
				𝑠
				)
				𝐹
				̇
				𝑥
				(
				𝑠
				)
				𝑑
				𝑠
				,
				≤
				𝜆
			

			

				𝑀
			

			
				
				(
				𝐹
				)
			

			
				0
				−
				𝜂
			

			

				𝑒
			

			
				2
				𝛼
				𝑠
			

			
				‖
				‖
				𝑀
				𝑑
				𝑠
			

			

				2
			

			
				‖
				‖
			

			

				2
			

			
				≤
				𝜆
			

			

				𝑀
			

			
				(
				𝐹
				)
				1
				−
				𝑒
			

			
				−
				2
				𝛼
				𝜂
			

			
				
			
			
				‖
				‖
				𝑀
				2
				𝛼
			

			

				2
			

			
				‖
				‖
			

			

				2
			

			
				,
				𝑉
			

			

				8
			

			
				(
				𝑥
				(
				𝑡
				)
				)
				=
				2
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜆
			

			

				𝑖
			

			

				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				
			

			

				𝜎
			

			

				𝑖
			

			

				0
			

			

				𝑓
			

			

				𝑖
			

			
				
				𝜎
			

			

				𝑖
			

			
				
				𝑑
				𝜎
			

			

				𝑖
			

			
				≤
				2
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝜆
			

			

				𝑖
			

			

				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				
			

			

				𝜎
			

			

				𝑖
			

			

				0
			

			
				𝑘
				𝜎
			

			

				𝑖
			

			
				(
				𝑡
				)
				𝑑
				𝜎
			

			

				𝑖
			

			
				≤
				2
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝜆
			

			

				𝑖
			

			
				𝑘
				𝜎
			

			
				2
				𝑖
			

			
				(
				𝑡
				)
				≤
				2
			

			

				𝑚
			

			

				
			

			
				𝑖
				=
				1
			

			

				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝜆
			

			

				𝑖
			

			
				𝑘
				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐻
				𝐻
			

			

				𝑇
			

			
				𝑥
				(
				𝑡
				)
				,
				𝑉
			

			

				8
			

			
				(
				𝑥
				(
				0
				)
				)
				≤
				2
				𝜆
			

			

				𝑀
			

			
				
				𝐻
				𝑍
				𝐾
				𝐻
			

			

				𝑇
			

			
				
				‖
				𝜙
				‖
			

			

				2
			

			

				,
			

		
	

						and 
	
		
			
				𝑉
				(
				𝑥
				(
				𝑡
				)
				)
				≥
				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝑃
				𝑥
				(
				𝑡
				)
				≥
				𝑒
			

			
				2
				𝛼
				𝑡
			

			

				𝜆
			

			

				𝑚
			

			
				(
				𝑃
				)
				‖
				𝑥
				(
				𝑡
				)
				‖
			

			

				2
			

		
	
. Then, from Definition 2.1, we conclude that the equilibrium point is globally exponentially stable. This completes the proof. 
Remark 3.3. For system (2.1) with uncertainty located in the sector conditions (2.4), if there exists 
	
		
			
				𝐽
				=
				d
				i
				a
				g
				(
				𝑗
			

			

				1
			

			
				,
				𝑗
			

			

				2
			

			
				,
				…
				,
				𝑗
			

			

				𝑚
			

			

				)
			

		
	
, it follows that 
							
	
 		
 			
				(
				3
				.
				2
				2
				)
			
 		
	

	
		
			

				𝑟
			

			

				𝑖
			

			

				𝑓
			

			

				𝑖
			

			
				
				𝜎
			

			

				𝑖
			

			
				
				ℎ
				(
				𝑡
				)
			

			
				𝑇
				𝑖
			

			
				𝑥
				(
				𝑡
				)
				≥
				0
				,
				𝑖
				=
				1
				,
				2
				,
				…
				,
				𝑚
				,
			

		
	

						which is equivalent to 
							
	
 		
 			
				(
				3
				.
				2
				3
				)
			
 		
	

	
		
			

				𝑥
			

			

				𝑇
			

			
				(
				𝑡
				)
				𝐻
				𝐽
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				≥
				0
				.
			

		
	
By replacing (3.18) with (3.23) and letting 
	
		
			
				𝛼
				=
				0
			

		
	
, we obtain the following robust stability criterion.
Corollary 3.4.  Under Assumption 3.1, the system (2.1) satisfying the sector condition (2.4) is asymptotically stable if there exist symmetric positive definite matrices 
	
		
			

				𝑃
			

		
	
, 
	
		
			

				𝑄
			

		
	
, 
	
		
			

				𝑅
			

		
	
, 
	
		
			

				𝑈
			

		
	
, 
	
		
			

				𝐹
			

		
	
, 
	
		
			

				𝐿
			

		
	
; symmetric positive semidefinite matrices 
	
		
			
				𝑍
				=
				d
				i
				a
				g
				(
				𝑧
			

			

				1
			

			
				,
				𝑧
			

			

				2
			

			
				,
				…
				,
				𝑧
			

			

				𝑚
			

			

				)
			

		
	
 and 
	
		
			
				𝐽
				=
				d
				i
				a
				g
				(
				𝑗
			

			

				1
			

			
				,
				𝑗
			

			

				2
			

			
				,
				…
				,
				𝑗
			

			

				𝑚
			

			

				)
			

		
	
; scalars 
	
		
			

				𝜖
			

			

				1
			

			
				>
				0
			

		
	
 and 
	
		
			

				𝜖
			

			

				2
			

			
				>
				0
			

		
	
; matrices 
	
		
			

				𝑁
			

			

				𝑖
			

		
	
; 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				3
			

		
	
 of appropriate dimension such that the following LMI holds:
							
	
 		
 			
				(
				3
				.
				2
				4
				)
			
 		
	

	
		
			

				ℳ
			

			

				1
			

			
				
				
				=
				ℳ
				−
				0
				𝐼
				−
				𝐼
				0
				0
				0
				0
				0
				0
			

			

				𝑇
			

			
				×
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				
				ℳ
				0
				−
				𝐼
				𝐼
				0
				0
				0
				0
				0
				0
				<
				0
				,
			

			

				2
			

			
				
				
				=
				ℳ
				−
				0
				−
				𝐼
				0
				𝐼
				0
				0
				0
				0
				0
			

			

				𝑇
			

			
				×
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝜙
				0
				𝐼
				0
				−
				𝐼
				0
				0
				0
				0
				0
				<
				0
				,
				ℳ
				=
			

			
				1
				1
			

			

				𝜙
			

			
				1
				2
			

			

				𝜙
			

			
				1
				3
			

			

				𝜙
			

			
				1
				4
			

			

				𝜛
			

			
				1
				5
			

			

				𝜙
			

			
				1
				6
			

			

				𝜙
			

			
				1
				7
			

			

				𝜙
			

			
				1
				8
			

			

				𝜙
			

			
				1
				9
			

			
				∗
				𝜙
			

			
				2
				2
			

			

				𝜙
			

			
				2
				3
			

			

				𝜙
			

			
				2
				4
			

			

				𝜙
			

			
				2
				5
			

			

				𝜙
			

			
				2
				6
			

			

				𝜙
			

			
				2
				7
			

			

				𝜙
			

			
				2
				8
			

			

				𝜙
			

			
				2
				9
			

			
				∗
				∗
				𝜙
			

			
				3
				3
			

			
				0
				0
				0
				0
				0
				0
				∗
				∗
				∗
				𝜙
			

			
				4
				4
			

			
				0
				0
				0
				0
				0
				∗
				∗
				∗
				∗
				𝜛
			

			
				5
				5
			

			

				𝜙
			

			
				5
				6
			

			

				𝜙
			

			
				5
				7
			

			

				𝜙
			

			
				5
				8
			

			

				𝜙
			

			
				5
				9
			

			
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				6
				6
			

			

				𝜙
			

			
				6
				7
			

			

				𝜙
			

			
				6
				8
			

			
				0
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				7
				7
			

			
				0
				0
				∗
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				8
				8
			

			
				0
				∗
				∗
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				9
				9
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				,
			

		
	

						where 
							
	
 		
 			
				(
				3
				.
				2
				5
				)
			
 		
	

	
		
			

				𝜛
			

			
				1
				5
			

			
				=
				𝐴
			

			

				𝑇
			

			
				𝐻
				𝑍
			

			

				𝑇
			

			
				+
				𝑃
				𝐵
				+
				𝐻
				𝐽
				,
				𝜛
			

			
				5
				5
			

			
				=
				𝑍
				𝐻
			

			

				𝑇
			

			
				𝐵
				+
				𝐵
			

			

				𝑇
			

			
				𝐻
				𝑍
			

			

				𝑇
			

			

				.
			

		
	

Remark 3.5. The following stability criteria are presented for finite and infinite sector conditions, for systems without uncertainties.
Corollary 3.6.  Under Assumption 3.1, given 
	
		
			
				𝛼
				>
				0
			

		
	
. The system (2.1) without uncertainties satisfying the sector condition (2.3) is 
	
		
			

				𝛼
			

		
	
-exponentially stabilizable if there exist symmetric positive definite matrices 
	
		
			

				𝑃
			

		
	
, 
	
		
			

				𝑄
			

		
	
, 
	
		
			

				𝑅
			

		
	
, 
	
		
			

				𝑈
			

		
	
, 
	
		
			

				𝐹
			

		
	
, 
	
		
			

				𝐿
			

		
	
; symmetric positive semidefinite matrices 
	
		
			
				𝑍
				=
				d
				i
				a
				g
				(
				𝑧
			

			

				1
			

			
				,
				𝑧
			

			

				2
			

			
				,
				…
				,
				𝑧
			

			

				𝑚
			

			

				)
			

		
	
 and 
	
		
			
				𝐽
				=
				d
				i
				a
				g
				(
				𝑗
			

			

				1
			

			
				,
				𝑗
			

			

				2
			

			
				,
				…
				,
				𝑗
			

			

				𝑚
			

			

				)
			

		
	
; matrices 
	
		
			

				𝑁
			

			

				𝑖
			

		
	
; 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				3
			

		
	
 of appropriate dimension such that the following LMI holds:
							
	
 		
 			
				(
				3
				.
				2
				6
				)
			
 		
	

	
		
			

				ℳ
			

			

				1
			

			
				
				
				=
				ℳ
				−
				0
				𝐼
				−
				𝐼
				0
				0
				0
				0
			

			

				𝑇
			

			
				×
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				
				ℳ
				0
				−
				𝐼
				𝐼
				0
				0
				0
				0
				<
				0
				,
			

			

				2
			

			
				
				
				=
				ℳ
				−
				0
				−
				𝐼
				0
				𝐼
				0
				0
				0
			

			

				𝑇
			

			
				×
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝜙
				0
				𝐼
				0
				−
				𝐼
				0
				0
				0
				<
				0
				,
				ℳ
				=
			

			
				1
				1
			

			

				𝜙
			

			
				1
				2
			

			

				𝜙
			

			
				1
				3
			

			

				𝜙
			

			
				1
				4
			

			

				𝜙
			

			
				1
				5
			

			

				𝜙
			

			
				1
				6
			

			

				𝜙
			

			
				1
				7
			

			
				∗
				𝜙
			

			
				2
				2
			

			

				𝜙
			

			
				2
				3
			

			

				𝜙
			

			
				2
				4
			

			

				𝜙
			

			
				2
				5
			

			

				𝜙
			

			
				2
				6
			

			

				𝜙
			

			
				2
				7
			

			
				∗
				∗
				𝜙
			

			
				3
				3
			

			
				0
				0
				0
				0
				∗
				∗
				∗
				𝜙
			

			
				4
				4
			

			
				0
				0
				0
				∗
				∗
				∗
				∗
				𝜙
			

			
				5
				5
			

			

				𝜙
			

			
				5
				6
			

			

				𝜙
			

			
				5
				7
			

			
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				6
				6
			

			

				𝜙
			

			
				6
				7
			

			
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				7
				7
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				.
			

		
	

Corollary 3.7.  Under Assumption 3.1, the system (2.1) without uncertainties satisfying the sector condition (2.4) is asymptotically stable if there exist symmetric positive definite matrices 
	
		
			

				𝑃
			

		
	
, 
	
		
			

				𝑄
			

		
	
, 
	
		
			

				𝑅
			

		
	
, 
	
		
			

				𝑈
			

		
	
, 
	
		
			

				𝐹
			

		
	
, 
	
		
			

				𝐿
			

		
	
; symmetric positive semidefinite matrices 
	
		
			
				𝑍
				=
				d
				i
				a
				g
				(
				𝑧
			

			

				1
			

			
				,
				𝑧
			

			

				2
			

			
				,
				…
				,
				𝑧
			

			

				𝑚
			

			

				)
			

		
	
 and 
	
		
			
				𝐽
				=
				d
				i
				a
				g
				(
				𝑗
			

			

				1
			

			
				,
				𝑗
			

			

				2
			

			
				,
				…
				,
				𝑗
			

			

				𝑚
			

			

				)
			

		
	
; matrices 
	
		
			

				𝑁
			

			

				𝑖
			

		
	
; 
	
		
			
				𝑖
				=
				1
				,
				2
				,
				3
			

		
	
 of appropriate dimension such that the following LMI holds: 
							
	
 		
 			
				(
				3
				.
				2
				7
				)
			
 		
	

	
		
			

				ℳ
			

			

				1
			

			
				
				
				=
				ℳ
				−
				0
				𝐼
				−
				𝐼
				0
				0
				0
				0
			

			

				𝑇
			

			
				×
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				
				ℳ
				0
				−
				𝐼
				𝐼
				0
				0
				0
				0
				<
				0
				,
			

			

				2
			

			
				
				
				=
				ℳ
				−
				0
				−
				𝐼
				0
				𝐼
				0
				0
				0
			

			

				𝑇
			

			
				×
				𝑒
			

			
				−
				2
				𝛼
				ℎ
			

			

				2
			

			
				𝑈
				
				
				⎡
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎢
				⎣
				𝜙
				0
				𝐼
				0
				−
				𝐼
				0
				0
				0
				<
				0
				,
				ℳ
				=
			

			
				1
				1
			

			

				𝜙
			

			
				1
				2
			

			

				𝜙
			

			
				1
				3
			

			

				𝜙
			

			
				1
				4
			

			

				𝜛
			

			
				1
				5
			

			

				𝜙
			

			
				1
				6
			

			

				𝜙
			

			
				1
				7
			

			
				∗
				𝜙
			

			
				2
				2
			

			

				𝜙
			

			
				2
				3
			

			

				𝜙
			

			
				2
				4
			

			

				𝜙
			

			
				2
				5
			

			

				𝜙
			

			
				2
				6
			

			

				𝜙
			

			
				2
				7
			

			
				∗
				∗
				𝜙
			

			
				3
				3
			

			
				0
				0
				0
				0
				∗
				∗
				∗
				𝜙
			

			
				4
				4
			

			
				0
				0
				0
				∗
				∗
				∗
				∗
				𝜛
			

			
				5
				5
			

			

				𝜙
			

			
				5
				6
			

			

				𝜙
			

			
				5
				7
			

			
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				6
				6
			

			

				𝜙
			

			
				6
				7
			

			
				∗
				∗
				∗
				∗
				∗
				∗
				𝜙
			

			
				7
				7
			

			
				⎤
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎥
				⎦
				.
			

		
	

Remark 3.8. In this paper, the restriction that the state delay is differentiable is not required which allows the state delay to be fast time-varying. Meanwhile, this restriction is required in some existing result, see [8, 9, 16, 17]. 
Remark 3.9. It is worth pointing out that we can extend this method to more complex dynamical network models, such as neutral-type neural networks [18, 19] or BAM neutral-type neural networks [20, 21].

4. Numerical Examples
 In this section, we provide numerical examples to show the effectiveness of our theoretical results.

Example 4.1. Consider the following nominal Lur’e system with time-varying delays which is studied in [8, 9, 17]: 
							
	
 		
 			
				(
				4
				.
				1
				)
			
 		
	

	
		
			
				̇
				𝑥
				(
				𝑡
				)
				−
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				=
				𝐴
				𝑥
				(
				𝑡
				)
				+
				𝐴
			

			

				1
			

			
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				𝐵
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				,
				𝜎
				(
				𝑡
				)
				=
				𝐻
			

			

				𝑇
			

			
				
				ℎ
				𝑥
				(
				𝑡
				)
				=
			

			

				1
			

			

				ℎ
			

			

				2
			

			

				
			

			

				𝑇
			

			
				𝑥
				(
				𝑡
				)
				,
				∀
				≥
				0
				,
			

		
	

						where 
							
	
 		
 			
				(
				4
				.
				2
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				𝐴
				=
				−
				2
				0
				.
				5
				0
				−
				1
				,
				𝐴
			

			

				1
			

			
				=
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				,
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				.
				1
				0
				.
				4
				0
				.
				4
				−
				1
				,
				𝐵
				=
				−
				0
				.
				5
				−
				0
				.
				7
				5
				𝐶
				=
				0
				.
				2
				0
				.
				1
				0
				.
				1
				0
				.
				2
				,
				𝐻
				=
				0
				.
				2
				0
				.
				6
			

		
	

						Tables 1 and 2 give comparison of maximum allowable value of 
	
		
			

				ℎ
			

			

				2
			

		
	
 for (4.1) obtained in Corollary 3.6 with nonlinearity satisfying (2.3), where 
	
		
			
				𝑘
				=
				1
				0
				0
			

		
	
 and Corollary 3.7 with nonlinearity satisfying (2.4), respectively. We see that, when 
	
		
			

				ℎ
			

			

				1
			

			
				=
				0
			

		
	
, the maximum allowable bounds for 
	
		
			

				ℎ
			

			

				2
			

		
	
 obtained from Corollaries 3.6 and 3.7 are much better than those obtained in [8, 9, 17]. The results obtained in [8, 9] may not be used for the case when 
	
		
			

				ℎ
			

			

				1
			

			
				≠
				0
			

		
	
. Moreover, the differentiability of the time delay 
	
		
			
				ℎ
				(
				𝑡
				)
			

		
	
 is not required in Corollaries 3.6 and 3.7.
Table 1: Upper delay bound 
	
		
			

				ℎ
			

			

				2
			

		
	
 with 
	
		
			

				ℎ
			

			

				1
			

			
				=
				0
			

		
	
.
	

	
	
		
			

				𝜂
			

			

				𝐷
			

		
	
	 Method 	
	
		
			

				ℎ
			

			

				𝐷
			

		
	
	 0.6 	 0.8 	 No restriction on 
	
		
			
				̇
				ℎ
			

			

				𝐷
			

		
	

	

	 0.1 	 [8] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.9888 	 0.7228 	 —
	 Corollary 3.4	
	
		
			

				ℎ
			

			

				2
			

		
	
	—	—	 1.0651
	

	0.5 	 [8] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.7793 	 0.6282 	—
	 Corollary 3.4	
	
		
			

				ℎ
			

			

				2
			

		
	
	—	—	 0.9210
	

	0.9 	 [8] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.0983 	 0.0967 	—
	 Corollary 3.4	
	
		
			

				ℎ
			

			

				2
			

		
	
	—	—	 0.1177
	



Table 2: Upper delay bound 
	
		
			

				ℎ
			

			

				2
			

		
	
 with 
	
		
			

				ℎ
			

			

				1
			

			
				=
				0
			

		
	
.
	

	
	
		
			

				𝜂
			

			

				𝐷
			

		
	
	 Method 	
	
		
			

				ℎ
			

			

				𝐷
			

		
	
	 0.6 	 0.8 	 No restriction on 
	
		
			
				̇
				ℎ
			

			

				𝐷
			

		
	

	

	 0.5 	 [8] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.7793 	 0.6282 	—
	 [17] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.7901 	 0.6321 	—
	 Corollary 3.6	
	
		
			

				ℎ
			

			

				2
			

		
	
	—	—	 0.9209
	

	0.9 	 [8] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.0983 	 0.0967 	—
	 [17] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.0994 	 0.0981 	—
	 [9] 	
	
		
			

				ℎ
			

			

				2
			

		
	
	 0.1086 	 0.1086 	—
	 Corollary 3.6	
	
		
			

				ℎ
			

			

				2
			

		
	
	—	—	 0.1181
	




We let 
	
		
			
				ℎ
				(
				𝑡
				)
				=
				0
				.
				7
				|
				c
				o
				s
				𝑡
				|
			

		
	
, 
	
		
			
				𝜂
				(
				𝑡
				)
				=
				1
			

		
	
, 
	
		
			
				𝜙
				(
				𝑡
				)
				=
				[
				−
				0
				.
				1
				c
				o
				s
				𝑡
				,
				c
				o
				s
				𝑡
				]
			

		
	
, for all 
	
		
			
				𝑡
				∈
				[
				−
				1
				,
				0
				]
			

		
	
, and 
	
		
			
				𝑓
				(
				𝑥
				(
				𝑡
				)
				)
				=
				𝛿
				|
				𝑥
				(
				𝑡
				)
				|
			

		
	
, 
	
		
			
				|
				𝛿
				|
				≤
				0
				.
				5
			

		
	
. Figure 1 shows the trajectories of solutions 
	
		
			

				𝑥
			

			

				1
			

			
				(
				𝑡
				)
			

		
	
 and 
	
		
			

				𝑥
			

			

				2
			

			
				(
				𝑡
				)
			

		
	
 of the nominal Lur’e system with time-varying delays (4.1). 




	



	
	



	
	



	
	



	
	



	
	


	
	



	



	
	
	



	
	
	



	
	
	



	
	
	



	


	
	
	


	
	




	
		
			
		
		
			
			
			
		
	


	
		
			
			
			
			
		
		
			
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	
	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	


	
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
		
			
		
	

Figure 1: The trajectories of 
	
		
			

				𝑥
			

			

				1
			

			
				(
				𝑡
				)
			

		
	
 and 
	
		
			

				𝑥
			

			

				2
			

			
				(
				𝑡
				)
			

		
	
 of the the nominal Lur’e system with time-varying delays (4.1).


Example 4.2. Consider the following uncertain Lur’e system with interval time-varying delay with the following parameters: 
							
	
 		
 			
				(
				4
				.
				3
				)
			
 		
	

	
		
			
				
				𝐴
				̇
				𝑥
				(
				𝑡
				)
				−
				𝐶
				̇
				𝑥
				(
				𝑡
				−
				𝜂
				(
				𝑡
				)
				)
				=
				(
				𝐴
				+
				Δ
				𝐴
				(
				𝑡
				)
				)
				𝑥
				(
				𝑡
				)
				+
			

			

				1
			

			
				+
				Δ
				𝐴
			

			

				1
			

			
				
				(
				𝑡
				)
				𝑥
				(
				𝑡
				−
				ℎ
				(
				𝑡
				)
				)
				+
				(
				𝐵
				+
				Δ
				𝐵
				(
				𝑡
				)
				)
				𝑓
				(
				𝜎
				(
				𝑡
				)
				)
				,
			

		
	

						where 
							
	
 		
 			
				(
				4
				.
				4
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				𝐴
				=
				−
				2
				0
				0
				−
				0
				.
				9
				,
				𝐴
			

			

				1
			

			
				=
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				,
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				−
				1
				0
				−
				1
				−
				1
				,
				𝐵
				=
				−
				0
				.
				2
				−
				0
				.
				3
				,
				𝐶
				=
				0
				.
				2
				0
				0
				0
				.
				2
				𝐻
				=
				0
				.
				4
				0
				.
				8
				,
				𝐷
				=
				𝐸
			

			

				1
			

			
				=
				𝐸
			

			

				3
			

			
				=
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				0
				.
				1
				0
				0
				0
				.
				1
				,
				𝐸
			

			

				2
			

			
				=
				⎡
				⎢
				⎢
				⎣
				0
				⎤
				⎥
				⎥
				⎦
				.
				0
				.
				1
			

		
	

Solution. From the conditions (3.1) of Theorem 3.2, we let 
	
		
			
				𝛼
				=
				0
				.
				4
			

		
	
, 
	
		
			

				ℎ
			

			

				1
			

			
				=
				0
				.
				1
			

		
	
, 
	
		
			

				ℎ
			

			

				2
			

			
				=
				0
				.
				4
			

		
	
, 
	
		
			
				𝑡
				=
				0
				.
				8
			

		
	
, 
	
		
			
				𝜂
				=
				0
				.
				1
			

		
	
, and 
	
		
			
				𝐾
				=
				0
				.
				5
			

		
	
. By using the LMI Tool-box in MATLAB, we obtain 
							
	
 		
 			
				(
				4
				.
				5
				)
			
 		
	

	
		
			
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				,
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				,
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				
				
				⎡
				⎢
				⎢
				⎣
				⎤
				⎥
				⎥
				⎦
				,
				𝑃
				=
				2
				8
				.
				6
				7
				1
				3
				−
				0
				.
				2
				2
				3
				7
				−
				0
				.
				2
				2
				3
				7
				2
				.
				4
				0
				2
				6
				,
				𝑄
				=
				2
				5
				.
				1
				1
				7
				6
				0
				.
				7
				6
				1
				6
				0
				.
				7
				6
				1
				6
				1
				.
				0
				7
				7
				2
				,
				𝑈
				=
				2
				3
				.
				6
				7
				9
				8
				3
				.
				0
				0
				4
				5
				3
				.
				0
				0
				4
				5
				3
				.
				1
				1
				4
				8
				𝐹
				=
				7
				.
				0
				9
				3
				9
				−
				0
				.
				3
				6
				5
				7
				−
				0
				.
				3
				6
				5
				7
				0
				.
				8
				0
				1
				8
				,
				𝑁
				1
				=
				−
				3
				.
				1
				7
				3
				6
				0
				.
				4
				4
				2
				6
				−
				1
				.
				4
				6
				0
				1
				1
				.
				2
				0
				0
				8
				,
				𝐿
				=
				1
				6
				.
				5
				5
				5
				4
				0
				0
				1
				6
				.
				5
				5
				5
				4
				𝑁
				3
				=
				−
				5
				.
				5
				0
				0
				6
				−
				0
				.
				4
				4
				4
				1
				−
				0
				.
				9
				8
				9
				2
				−
				1
				4
				.
				4
				1
				0
				1
				,
				𝑁
				2
				=
				−
				1
				.
				6
				4
				1
				0
				0
				.
				2
				8
				4
				3
				,
				𝑅
				=
				1
				2
				.
				0
				9
				0
				6
				0
				.
				2
				3
				1
				3
				0
				.
				2
				3
				1
				3
				2
				.
				2
				3
				5
				4
				𝑍
				=
				0
				.
				9
				7
				1
				7
				,
				𝐽
				=
				4
				.
				7
				8
				5
				1
				,
				𝑒
			

			

				1
			

			
				=
				1
				0
				.
				2
				1
				1
				2
				,
				𝑒
			

			

				2
			

			
				=
				1
				8
				.
				1
				8
				7
				0
				.
			

		
	

						Thus, the system (2.1), is 0.4-exponentially stabilizable. Given 
	
		
			
				𝛼
				>
				0
			

		
	
, we will give the values of the maximum allowable upper bounds of the uncertain Lur’e system with interval time-varying delay (4.3) for difference 
	
		
			

				𝜂
			

			

				𝑑
			

		
	
 of the delay for different decay rates 
	
		
			
				0
				.
				1
				≤
				𝛼
				≤
				0
				.
				4
			

		
	
. From Theorem 3.2, we obtain the maximum allowable upper bound of the time-varying delay 
	
		
			

				ℎ
			

			

				2
			

		
	
, as shown in Table 3.We let 
	
		
			
				ℎ
				(
				𝑡
				)
				=
				0
				.
				1
				+
				0
				.
				6
				5
				|
				s
				i
				n
				𝑡
				|
			

		
	
, 
	
		
			
				𝜂
				(
				𝑡
				)
				=
				0
				.
				5
				+
				0
				.
				4
				|
				s
				i
				n
				𝑡
				|
			

		
	
, 
	
		
			
				𝜙
				(
				𝑡
				)
				=
				[
				−
				c
				o
				s
				𝑡
				,
				c
				o
				s
				𝑡
				]
			

		
	
, for all 
	
		
			
				𝑡
				∈
				[
				−
				0
				.
				9
				,
				0
				]
			

		
	
, and 
	
		
			
				𝑓
				(
				𝑥
				(
				𝑡
				)
				)
				=
				𝛿
				|
				𝑥
				(
				𝑡
				)
				|
			

		
	
, 
	
		
			
				|
				𝛿
				|
				≤
				0
				.
				5
			

		
	
. Figure 2 shows the trajectories of solutions 
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 and 
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 of the uncertain Lur’e system with interval time-varying delay (4.3). 
Table 3: Maximum allowable upper bounds 
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Figure 2: The trajectories of 
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				(
				𝑡
				)
			

		
	
 and 
	
		
			

				𝑥
			

			

				2
			

			
				(
				𝑡
				)
			

		
	
 of the uncertain Lur’e system with interval time-varying delay (4.3).


5. Conclusions
 In this paper, we have investigated the delay-dependent robust stability criteria for uncertain neutral and Lur’e dynamical systems with sector-bounded nonlinearity. Based on Lyapunov-krasovskii theory, new delay-dependent sufficient conditions for robust stability have been derived in terms of LMIs. The interval time-varying delay function is not required to be differentiable which allows time-delay function to be a fast time-varying function. The global exponential stability for uncertain neutral and Lur’e dynamical systems with some conditions are investigated. Numerical examples are given to illustrate the effectiveness of the theoretic results which show that our results are much less conservative than some existing results in the literature.
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