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In this paper, we explore a certain class of Non-selfadjoint operators acting on a complex separable Hilbert space. We consider a
perturbation of a nonselfadjoint operator by an operator that is also nonselfadjoint. Our consideration is based on known
spectral properties of the real component of a nonselfadjoint compact operator. Using a technique of the sesquilinear forms
theory, we establish the compactness property of the resolvent and obtain the asymptotic equivalence between the real
component of the resolvent and the resolvent of the real component for some class of nonselfadjoint operators. We obtain a
classification of nonselfadjoint operators in accordance with belonging their resolvent to the Schatten-von Neumann class and
formulate a sufficient condition of completeness of the root vector system. Finally, we obtain an asymptotic formula for the
eigenvalues.

1. Introduction

It is remarkable that initially, the perturbation theory of self-
adjoint operators was born in the works of Keldysh [1–3] and
had been motivated by the works of famous scientists such as
Carleman [4] and Tamarkin [5]. Many papers were pub-
lished within the framework of this theory over time, for
instance Browder [6], Livshits [7], Mukminov [8], Glazman
[9], Krein [10], Lidsky [11], Marcus [12, 13], Matsaev [14,
15], Agmon [16], Katznelson [17], and Okazawa [18]. Now-
adays, there exists a huge amount of theoretical results for-
mulated in the work of Shkalikov [19]. However, for
applying these results for a concrete operator W, we must
have a representation of it by a sum of operators W = T + A.
It is essential that T must be an operator of a special type
either a selfadjoint or normal operator. If we consider a case
where in the representation the operator T is neither selfad-
joint nor normal and we cannot approach the required repre-
sentation in an obvious way, then it is possible to use another
technique based on the properties of the real component of
the initial operator. Note that in this case, the made assump-

tions related to the initial operator W allow us to consider a
m-accretive operator class which was thoroughly studied by
mathematicians such as Kato [20] and Okazawa [21, 22].
This is a subject to consider in the second section. In the third
section, we demonstrate the significance of the obtained
abstract results and consider concrete operators. Note that
the relevance of such consideration is based on the following.
The eigenvalue problem is still relevant for the second-order
fractional differential operators. Many papers were devoted
to this question, for instance the papers [23–27]. The singular
number problem for the resolvent of the second-order differ-
ential operator with the Riemann-Liouville fractional deriva-
tive in the final term is considered in the paper [23]. It is
proved that the resolvent belongs to the Hilbert-Schmidt
class. The problem of root functions system completeness is
researched in the paper [24], also a similar problem is consid-
ered in the paper [25]. We would like to study the spectral
properties of some class of nonselfadjoint operators in the
abstract case. Via obtained results, we study a multidimen-
sional case corresponding to the second-order fractional dif-
ferential operator; this case can be reduced to the cases
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considered in the papers listed above. We consider a Kipriya-
nov fractional differential operator, considered in detail in
the papers [28–30], which presents itself as a fractional deriv-
ative in a weaker sense with respect to the approach classi-
cally known with the name of the Riemann-Liouville
derivative. More precisely, in the one-dimensional case, the
Kipriaynov operator coincides with the Marchaud operator,
in which relationship with the Weyl and Riemann-Liouville
operators is well known [31, 32].

2. Preliminaries

Let C, Ci, i ∈ℕ0 be positive real constants. We assume that
the values of C can be different in various formulas but the
values of Ci, i ∈ℕ0 are certain. Everywhere further, we con-
sider linear densely defined operators acting on a separable
complex Hilbert space H. Denote by BðHÞ, the set of linear
bounded operators acting inH:Denote by DðLÞ, RðLÞ, NðLÞ,
the domain of definition, the range, and the inverse image of
zero of the operator L accordingly. The deficiency (codimen-
sion) of RðLÞ is denoted by def L: Let PðLÞ be a resolvent set
of the operator L: Denote by RLðζÞ, ζ ∈ PðLÞ, ½RL ≔ RLð0Þ�,
the resolvent of the operator L: Let λiðLÞ, i ∈ℕ, denote the
eigenvalues of the operator L: Suppose L is a compact
operator and ∣L ∣ ≔ðL∗LÞ1/2, rð∣L ∣ Þ≔ dimRð∣L ∣ Þ, then the
eigenvalues of the operator ∣L ∣ are called singular num-
bers (s-numbers) of the operator L and are denoted by si
ðLÞ, i = 1, 2,⋯; ;rð∣L ∣ Þ: If rð∣L ∣ Þ <∞, then we put by defi-
nition si = 0, i = rð∣L ∣ Þ + 1, 2,⋯. According to the terminol-
ogy of the monograph [33], the dimension of the root
vector subspace corresponding to a certain eigenvalue λk
is called an algebraic multiplicity of the eigenvalue λk. Let
νðLÞ denote the sum of all algebraic multiplicities of the
operator L. Denote by SpðHÞ, 0 < p <∞ the Schatten-von
Neumann class, and let S∞ðHÞ denote the set of compact
operators. By definition, put

Sp Hð Þ≔ L : H⟶H, 〠
∞

i=1
spi Lð Þ <∞, 0 < p <∞

( )
: ð1Þ

Suppose L is an operator that has a compact resolvent
and snðRLÞ ≤ C n−μ, n ∈ℕ, 0 ≤ μ <∞ ; then, we denote by
μðLÞ the order of the operator L in accordance with the def-
inition given in the paper [19]. Denote by LR ≔ ðL + L∗Þ/2,
LI ≔ ðL − L∗Þ/2i the real and the imaginary component of
the operator L accordingly, and let ~L denote the closure of
the operator L. In accordance with the terminology of the
monograph [34], the set ΘðLÞ≔ fz ∈ℂ : z = ðLf , f ÞH, f ∈D
ðLÞ,k f kH = 1g is called numerical range of the operator L.
We use the definition of the sectorial property given in
[34], p.280. An operator L is called sectorial, if its numerical
range belongs to a closed sector LγðθÞ≔ fζ : jarg ðζ − γÞj ≤
θ < π/2g, where γ is the vertex and θ is the semiangle of the
sector LγðθÞ. We shall say that the operator L has a positive
sector if Im γ = 0, γ > 0. According to the terminology of
the monograph [34], an operator L is called strictly accretive
if the following relation holds Re ðLf , f ÞH ≥ Ck f k2H, f ∈D

ðLÞ. In accordance with the definition [34], p.279, an opera-
tor L is called m -accretive if the next relation holds
ðA + ζÞ−1 ∈BðHÞ, kðA + ζÞ−1k ≤ ðRe ζÞ−1, Re ζ > 0. An oper-
ator L is called m -sectorial if L is sectorial and L + β is m
-accretive for some constant β. An operator L is called sym-
metric if one is densely defined and the next equality holds
ðLf , gÞH = ð f , LgÞH, f , g ∈DðLÞ. A symmetric operator is
called positive if the values of its quadratic form are nonneg-
ative. Denote byHL, k·kL the energetic space generated by the
operator L and the norm on this space, respectively (see [35,
36]). In accordance with the denotation of the paper [34], we
consider a sesquilinear form t½·, · � defined on a linear mani-
fold of the Hilbert space H (further we use the term form).
Denote by t½·� the quadratic form corresponding to the ses-
quilinear form t½·, · �. Let Re t = ðt + t∗Þ/2,Imt = ðt − t∗Þ/
2i be the real and imaginary component of the form t, respec-
tively, where t∗½u, v� = t �½v, u�, Dðt∗Þ = DðtÞ. According to
these definitions, we have Re t½·� = Re t½·�,Imt½·� = Im t½·�.
Denote by ~t the closure of the form t. The range of a qua-
dratic form t½ f �, f ∈DðtÞ, k f kH = 1 is called range of the ses-
quilinear form t and is denoted by ΘðtÞ. A form t is called
sectorial if its range belongs to a sector having the vertex γ sit-
uated at the real axis and the semiangle 0 ≤ θ < π/2. Suppose l
is a closed sectorial form; then, a linear manifoldD′ ⊂DðlÞ is
called core of l if the restriction of l to D′ has the closure l.
Due to Theorem 2.7 [34], p.323, there exist unique m-secto-
rial operators Ll, LRe l, associated with the closed sectorial
forms l,Re l, respectively. The operator LRe l is called a real
part of the operator Ll and is denoted by Re Ll. Suppose L is
a sectorial densely defined operator and k½u, v�≔ ðLu, vÞH,
DðkÞ = DðLÞ ; then, due to Theorem 1.27 [34], p.318, the
form k is closable, due to Theorem 2.7 [34], p.323 there exists
a unique m-sectorial operator T~k associated with the form ~k:
In accordance with the definition [34], p.325 the operator T~k

is called a Friedrichs extension of the operator L:
Further, if it is not stated otherwise we use the notations

of the monographs [32–34]. Consider a pair of complex Hil-
bert spaces H,H+ such that

H+ ⊂ ⊂H: ð2Þ

This denotation implies that we have a bounded embed-
ding provided by the inequality

fk kH ≤ fk kH+
, f ∈H+, ð3Þ

moreover any bounded set in the spaceH+ is a compact set in
the spaceH:We also assume thatH+ is a dense set inH:We
consider nonselfadjoint operators that can be represented by
a sumW = T + A, where the operators T and A act onH:We
assume that: there exists a linear manifold M ⊂H+ that is
dense in H+, the operators T , A and their adjoint operators
are defined on M: Further, we assume that DðWÞ =M:
These give us the opportunity to claim that DðWÞ ⊂DðW∗Þ
thus, by virtue of this fact, the real component of W, is
defined on M. Suppose the operator W+ is the restriction
of W∗ to DðWÞ ; then, the operator W+ is called a formal
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adjoint operator with respect to W. Denote by ~W
+
the clo-

sure of the operatorW+. Further, we assume that the follow-
ing conditions are fulfilled:

iÞ Re Tf , fð ÞH ≥ C0 fk k2H+
, iiÞ Tf , gð ÞH

��� ��� ≤ C1 fk kH+
gk kH+

,

iiiÞ Re Af , fð ÞH ≥ C2 fk k2H, ivÞ∣ Af , gð ÞH∣ ≤ C3 fk kH+
gk kH, f , g ∈M:

ð4Þ

Due to these conditions, it is easy to prove that the oper-
ators W,WR are closeable (see Theorem 4 [34], p.268).
Denote by ~WR the closure of the operator WR. To make
some formulas readable, we also use the following form of
notation:

V ≔ R ~Wð ÞR,H ≔ ~WR: ð5Þ

3. Main Results

In this section, we formulate abstract theorems that are gen-
eralizations of some particular results obtained by the author.
First, we generalize Theorem 4.2 [37] establishing the secto-
rial property of the second-order fractional differential
operator.

Lemma 1. The operators ~W, ~W+
have a positive sector.

Proof. Due to inequalities (3) and (4), we conclude that the
operator W is strictly accretive, i.e.

Re Wf , fð ÞH ≥ C0 fk k2H, f ∈D Wð Þ: ð6Þ

Let us prove that the operator ~W is canonical sectorial.
Combining (4, ii) and (4, iii), we get

Re Wf , fð ÞH = Re Tf , fð ÞH + Re Af , fð ÞH
≥ C0 fk kH+

+ C2 fk kH, f ∈D Wð Þ:
ð7Þ

Obviously, we can extend the previous inequality to

Re ~Wf , f
� �

H
≥ C0 fk kH+

+ C2 fk kH, f ∈D ~W
� �

: ð8Þ

By virtue of (8), we obtainDð ~WÞ ⊂H+. Note that we have
the estimate

Im Wf , fð ÞH
��� ��� ≤ Im Tf , fð ÞH

��� ��� + Im Af , fð ÞH
��� ���

= I1 + I2, f ∈D Wð Þ:
ð9Þ

Using inequality (4, ii), the Young inequality, we get

I1 = Tv, uð ÞH − Tu, vð ÞH
��� ���

≤ Tv, uð ÞH
��� ��� + Tu, vð ÞH

��� ���
≤ 2C1 uk kH+

vk kH+
≤ C1 fk k2H+

,

ð10Þ

where f = u + i v. Consider I2. Applying the Cauchy Schwartz
inequality and inequality (4, iv), we obtain for arbitrary pos-
itive ε:

Av, uð ÞH
��� ��� ≤ C3 vk kH+

uk kH ≤
C3
2

1
ε

uk k2H + ε vk k2H+

� �
;

Au, vð ÞH
��� ��� ≤ C3

2
1
ε

vk k2H + ε uk k2H+

� �
:

ð11Þ

Hence

I2 = Av, uð ÞH − Au, vð ÞH
��� ���

≤ Av, uð ÞH∣+∣ Au, vð ÞH
��� ���

≤
C3
2

1
ε

fk k2H + ε fk k2H+

� �
:

ð12Þ

Finally, we have the following estimate

Im Wf , fð ÞH
��� ��� ≤ C3

2 ε−1 fk k2H + C3
2 ε + C1

� �
fk k2H+

, f ∈D Wð Þ:

ð13Þ

Thus, we conclude that the next inequality holds for arbi-
trary k > 0:

Re Wf , fð ÞH � k Im Wf , fð ÞH
��� ��� ≥

≥ C0 � k
C3
2 ε + C1

� �	 

fk k2H+

+ C2 � k
C3
2 ε�1

� �
fk k2H, f ∈D Wð Þ:

ð14Þ

Using the continuity property of the inner product, we
can extend the previous inequality to the setDð ~WÞ. It follows
easily that

Im ~W − γ εð Þ� �
f , f

� �
H

��� ��� ≤ 1
k εð ÞRe

~W − γ εð Þ� �
f , f

� �
H
, f ∈D ~W

� �
,

k εð Þ = C0
C3
2 ε + C1

� �−1
, γ εð Þ = C2 − k εð Þ C3

2 ε−1:

ð15Þ

The previous inequality implies that the numerical range
of the operator ~W belongs to the sector LγðθÞ with the vertex
situated at the point γ and the semiangle θ = arctan ð1/kÞ.
Solving system of equation (15) relative to ε, we obtain the
positive root ξ corresponding to the value γ = 0 and the fol-
lowing description for the coordinates of the sector vertex γ:

γ≔

γ < 0, ε ∈ 0, ξð Þ,
γ ≥ 0, ε ∈ ξ,∞½ Þ

8>><
>>: , ξ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1
C3

� �2
+ C0
C2

s
−
C1
C3

: ð16Þ
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It follows that the operator ~W has a positive sector. The
proof corresponding to the operator ~W

+
follows from the

reasoning given above if we note that W+ is formal adjoint
with respect to W:

Lemma 2. The operators ~W, ~W+
are m-accretive; their resol-

vent sets contain the half-plane fζ : ζ ∈ℂ, Re ζ < C0g:

Proof. Due to Lemma 1, we know that the operator ~W has a
positive sector, i.e., the numerical range of ~W belongs to the
sector LγðθÞ, γ > 0. In consequence to Theorem 3.2 [34],

p.268, we have ∀ζ ∈ℂ \ LγðθÞ, the set Rð ~W − ζÞ is a closed
space, and the next relation holds:

def ~W − ζ
� �

= η, η = const: ð17Þ

Due to Theorem 3.2 [34], p.268, the inverse operator

ð ~W + ζÞ−1 is defined on the subspace Rð ~W + ζÞ, Reζ > 0.
In accordance with the definition of m-accretive opera-
tor given in the monograph [34], p.279, we need to
show that

def ~W + ζ
� �

= 0, ~W + ζ
� �−1��� ��� ≤ Re ζð Þ−1, Re ζ > 0: ð18Þ

For this purpose, assume that ζ0 ∈ℂ \ LγðθÞ, Re ζ0 < 0.
Using (6), we get

Re f , ~W − ζ0
� �

f
� �

H
≥ C0 − Re ζ0ð Þ fk k2H, f ∈D ~W

� �
: ð19Þ

Since the operator ~W − ζ0 has the closed range Rð ~W −
ζ0Þ, it follows that

H = R ~W − ζ0
� �

⊕ R ~W − ζ0
� �⊥

: ð20Þ

Note that the intersection of the sets M and Rð ~W − ζ0Þ⊥
is zero. If we assume otherwise, then applying inequality (19)
for any element u ∈M ∩ Rð ~W − ζ0Þ⊥, we get

C0 − Re ζ0ð Þ uk k2H ≤ Re u, ~W − ζ0
� �

u
� �

H
= 0: ð21Þ

Hence, u = 0: Thus, the intersection of the sets M and
Rð ~W − ζ0Þ⊥ is zero. It implies that

g, vð ÞH = 0, ∀g ∈ R ~W − ζ0
� �⊥, ∀v ∈M: ð22Þ

Since M is a dense set in H+, then taking into account
(3), we obtain that M is a dense set in H. Hence, R
ð ~W − ζ0Þ⊥ = 0, defð ~W − ζ0Þ = 0. Combining this fact with
Theorem 3.2 [34], p.268, we get defð ~W − ζÞ = 0, ζ ∈ℂ \ Lγ

ðθÞ. It is clear that defð ~W + ζÞ = 0, ∀ζ, Re ζ > 0. Let us

prove that kð ~W + ζÞ−1k ≤ ðRe ζÞ−1, ∀ζ, Re ζ > 0. We must
notice that

C0 + Re ζð Þ fk k2H ≤ Re f , ~W + ζ
� �

f
� �

H

≤ fk kH ~W + ζ
� �

f
�� ��

H
, f

∈D ~W
� �

, Re ζ > 0:

ð23Þ

By virtue of the fact defð ~W + ζÞ = 0, ∀ζ, Re ζ > 0, we
know that the resolvent is defined. Therefore

~W + ζ
� �−1

f
��� ���

H
≤ C0 + Re ζð Þ−1 fk kH ≤ Re ζð Þ−1 fk kH, f ∈H:

ð24Þ

This implies that

~W + ζ
� �−1��� ��� ≤ Re ζð Þ−1, ∀ζ, Re ζ > 0: ð25Þ

If we combine inequality (8) with Theorem 3.2 [34],
p.268, we get Pð ~WÞ ⊃ fζ : ζ ∈ℂ, Re ζ < C0g. The proof
corresponding to the operator ~W

+
is absolutely analogous.

Lemma 3. The operator ~WR is strictly accretive, m-accretive,
and selfadjoint.

Proof. It is obvious that WR is a symmetric operator. Due to
the continuity property of the inner product, we can con-
clude that ~WR is symmetric, too. Hence,Θð ~WRÞ ⊂ℝ. By vir-
tue of (7), we have

WR f , fð ÞH ≥ C0 fk k2H+
, f ∈D Wð Þ: ð26Þ

Using inequality (3) and the continuity property of the
inner product, we obtain

~WR f , f
� �

H
≥ C0 fk k2H+

≥ C0 fk k2H, f ∈D ~WR

� �
: ð27Þ

It implies that ~WR is strictly accretive. In the same way as
in the proof of Lemma 2, we come to conclusion that ~WR is
m-accretive. Moreover, we obtain the relation defð ~WR − ζÞ
= 0, Im ζ ≠ 0. Hence, by virtue of Theorem 3.16 [34], p.271,
the operator ~WR is selfadjoint.

Theorem 4. The operators ~WR, ~W, ~W+
have compact

resolvents.

Proof. First, note that due to Lemma 3, the operator ~WR is
selfadjoint. Using (27), we obtain the estimates

fk kH ≥
ffiffiffiffiffi
C0

p
fk kH+

≥
ffiffiffiffiffi
C0

p
fk kH, f ∈HH , ð28Þ

where H ≔ ~WR. Since H+ ⊂ ⊂H, then we conclude that each
set bounded with respect to the energetic norm generated by
the operator ~WR is compact with respect to the norm k·kH.
Hence, in accordance with the theorem in [35], p.216, we
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conclude that ~WR has a discrete spectrum. Note that in con-
sequence to Theorem 5 [35], p.222, we conclude that a selfad-
joint strictly accretive operator with discrete spectrum has a
compact inverse operator. Thus, using Theorem 6.29 [34],
p.187, we obtain that ~WR has a compact resolvent.

Further, we need the technique of the sesquilinear forms
theory stated in [34]. Consider the sesquilinear forms:

t f , g½ � = ~Wf , g
� �

H
, f , g ∈D ~W

� �
, h f , g½ �

= ~WR f , g
� �

H
, f , g ∈D ~WR

� �
:

ð29Þ

Recall that due to inequality (8), we came to the conclu-
sion that Dð ~WÞ ⊂H+. In the same way, we can deduce that
Dð ~WRÞ ⊂H+. By virtue of Lemmas 1 and 3, it is easy to prove
that the sesquilinear forms t, h are sectorial. Applying Theo-
rem 1.27 [34], p.318, we conclude that these forms are clos-
able. Now, note that Re~t is a sum of two closed sectorial
forms. Hence, in consequence to Theorem 1.31 [34], p.319,
we conclude that Re~t is a closed form. Let us show that
Re~t = ~h. First, note that this equality is true on the elements
of the linear manifold M ⊂H+. This fact can be obtained
from the following obvious relations:

~t f , g½ � = Wf , gð ÞH, �~t g, f½ � = W+ f , gð ÞH, f , g ∈M: ð30Þ

On the other hand

~h f , g½ � = ~WR f , g
� �

H
= WR f , gð ÞH, f , g ∈M: ð31Þ

Hence

Re~t f , g½ � = ~h f , g½ �, f , g ∈M: ð32Þ

Using (4), we get

C0 fk k2H+
≤ Re ~t f½ � ≤ C4 fk k2H+

, C0 fk k2H+
≤ ~h fð Þ ≤ C4 fk k2H+

, f ∈M,
ð33Þ

where C4 = C1 + C3. Since Re~t½ f � = Re ~t½ f �, f ∈M, the ses-
quilinear forms Re~t, ~h are closed forms; then, using (33), it
is easy to prove that DðRe~tÞ = Dð~hÞ =H+. Using estimates
(33), it is not hard to prove that M is a core of the forms
Re~t, ~h. Hence, using (32), we obtain Re~t½ f � = ~h½ f �, f ∈H+.
In accordance with the polarization principle (see (1.1)
[34], p.309), we have Re~t = ~h. Now, recall that the forms ~t,
~h are generated by the operators ~W, ~WR, respectively. Note
that in consequence of Lemmas 1–3, these operators are m
-sectorial. Hence, by virtue of Theorem 2.9 [34], p.326, we
get T~t = ~W, T~h = ~WR. Since we have proved that Re~t = ~h,

then TRe~t = ~WR. Therefore, by definition, we conclude that
the operator ~WR is the real part of the m-sectorial operator
~W, by symbol ~WR = Re ~W. Since we proved above that
~WR has a compact resolvent, then using Theorem 3.3 [34],
p.337, we conclude that the operator ~W has a compact resol-

vent. The proof corresponding to the operator ~W
+
is abso-

lutely analogous.

Theorem 5. The following relation holds:

λi RHð Þ≍λi Vð Þ: ð34Þ

Proof. It was shown in the proof of Theorem 4 that H = Re
~W. Hence, in consequence to Lemmas 1, 2, and Theorem
3.2 [34], p.337, there exist the selfadjoint operators Bi ≔ fBi
∈BðHÞ,kBik≤ tan θg, i = 1, 2 (where θ is the semiangle of
the sector L0ðθÞ ⊃Θð ~WÞ) such that

~W =H1/2 I + iB1ð ÞH1/2,
~W

+ =H1/2 I + iB2ð ÞH1/2:
ð35Þ

Since the set of linear operators generates ring, it follows
that

Hf = 1
2 H1/2 I + iB1ð Þ +H1/2 I + iB2ð Þ� �

H1/2 =

= 1
2 H1/2 I + iB1ð Þ + I + iB2ð Þ½ �� �

H1/2 =

=Hf + i
2H

1/2 B1 + B2ð ÞH1/2 f , f ∈M:

ð36Þ

Consequently

H1/2 B1 + B2ð ÞH1/2 f = 0, f ∈M: ð37Þ

Let us show that B1 = −B2. In accordance with Lemma 3,
the operator H is m-accretive; hence, we have ðH + ζÞ−1 ∈
BðHÞ, Re ζ > 0. Using this fact, we get

Re H + ζ½ ��1Hf , f
� �

H
= Re H + ζ½ ��1 H + ζ½ �f , f

� �
H
� Re ζ H + ζ½ ��1 f , f

� �
H
≥

≥ fk k2H � ζj j · H + ζð Þ�1
��� ��� · fk k2H

= fk k2H 1� ζj j · H + ζð Þ�1
��� ���� �

,

Re ζ > 0, f ∈D Hð Þ:
ð38Þ

Applying inequality (27), we obtain

fk kH H + ζð Þ−1 f
��� ���

H
≥ f , H + ζ½ �−1 f

� ���� ���
≥ Reζ + C0ð Þ H + ζð Þ−1 f

��� ���2
H
, f ∈H:

ð39Þ

It implies that

H + ζð Þ−1
��� ��� ≤ Re ζ + C0ð Þ−1, Re ζ > 0: ð40Þ

5Abstract and Applied Analysis



Combining this estimate with (38), we have

Re H + ζ½ �−1Hf , f
� �

H
≥ fk k2H 1 − ζj j

Reζ + C0

� �
, Re ζ

> 0, f ∈D Hð Þ:
ð41Þ

Applying formula (3.45) [34], p.282, and taking into
account that H1/2 is selfadjoint, we get

H1/2 f , f
� �

H
= 1
π

ð∞
0
ζ−1/2 Re H + ζ½ �−1Hf , f

� �
H
dζ ≥

≥ fk k2H · C0
π

ð∞
0

ζ−1/2

ζ + C0
dζ =

ffiffiffiffiffi
C0

p
fk k2H, f ∈D Hð Þ:

ð42Þ

Since in accordance with Theorem 3.35 [34], p.281, the
set DðHÞ is the core of the operator H1/2, then we can extend
(42) to

H1/2 f , f
� �

H
≥

ffiffiffiffiffi
C0

p
fk k2H, f ∈D H1/2� �

: ð43Þ

Hence, NðH1/2Þ = 0. Combining this fact and (37), we
obtain

B1 + B2ð ÞH1/2 f = 0, f ∈M: ð44Þ

Let us show that the setM is a core of the operator H1/2.
Note that due to Theorem 3.35 [34], p.281, the operator H1/2

is selfadjoint, and DðHÞ is a core of the operatorH1/2. Hence,
we have the representation

H1/2 f
�� ��2

H
= Hf , fð ÞH, f ∈D Hð Þ: ð45Þ

To achieve our aim, it is sufficient to show the following:

∀ f 0 ∈D H1/2� �
,∃ f nf g∞1 ⊂M : f n !

H
f0, H1/2 f n!

H
H1/2 f0:

ð46Þ

Since in accordance with the definition the setM is a core
of H, then we can extend second relation (33) to

ffiffiffiffiffi
C0

p
k f kH+

≤ ðHf , f ÞH ≤
ffiffiffiffiffi
C4

p k f kH+
, f ∈DðHÞ. Applying (45),

we can write

ffiffiffiffiffi
C0

p
fk kH+

≤ H1/2 f
�� ��

H
≤

ffiffiffiffiffi
C4

p
fk kH+

, f ∈D Hð Þ: ð47Þ

Using lower estimate (47) and the fact thatDðHÞ is a core
ofH1/2, it is not hard to prove thatDðH1/2Þ ⊂H+. Taking into
account this fact and using upper estimate (47), we obtain
(46). It implies that M is a core of H1/2. Note that in accor-
dance with Theorem 3.35 [34], p.281, the operator H1/2 is
m-accretive. Hence, combining Theorem 3.2 [34], p.268,
with (43), we obtain RðH1/2Þ =H. Taking into account that
M is a core of the operator H1/2, we conclude that RðH1/2Þ
is dense in H, where H1/2 is the restriction of the operator

H1/2 to M. Finally, by virtue of (44), we conclude that the
sum B1 + B2 equal to zero on the dense subset of H. Since
these operators are defined on H and bounded, then B1 = −
B2. Further, we use the denotation B1 ≔ B.

Note that due to Lemma 2, there exist the operators R ~W ,
R ~W

+ . Using the properties of the operator B, we get

kðI ± iBÞf kHk f kH ≥ Re ð½I ± iB�f , f ÞH = k f k2H, f ∈H. Hence

I ± iBð Þfk kH ≥ fk kH, f ∈H: ð48Þ

It implies that the operators I ± iB are invertible. Since it
was proved above that RðH1/2Þ =H, NðH1/2Þ = 0, then there
exists an operator H−1/2 defined on H. Using representation
(35) and taking into account the reasonings given above, we
obtain

R ~W =H−1/2 I + iBð Þ−1H−1/2,
R ~W

+ =H−1/2 I − iBð Þ−1H−1/2:
ð49Þ

Note that the following equality can be proved easily R∗
~W

= R ~W
+ . Hence, we have

V = 1
2 R ~W + R ~W

+ð Þ: ð50Þ

Combining (49) and (50), we get

V = 1
2 H−1/2 I + iBð Þ−1 + I − iBð Þ−1� �

H−1/2: ð51Þ

Using the obvious identity ðI + B2Þ = ðI + iBÞðI − iBÞ =
ðI − iBÞðI + iBÞ, by direct calculation, we get

I + iBð Þ−1 + I − iBð Þ−1 = I + B2� �−1
: ð52Þ

Combining (51) and (52), we obtain

V = 1
2 H−1/2 I + B2� �−1

H−1/2: ð53Þ

Let us evaluate the form ðVf , f ÞH. Note that there
exists the operator RH (see Lemma 3). Since H is selfad-
joint (see Lemma 3), then due to Theorem 3 [38], p.136,
RH is selfadjoint. It is clear that RH is positive because
H is positive. Hence, by virtue of the well-known theorem
(see [39], p.174) there exists a unique square root of the
operator RH , the selfadjoint operator R̂ such that R̂R̂ =
RH . Using the decomposition H =H1/2H1/2, we get H−1/2

H−1/2H = I. Hence, RH ⊂H−1/2H−1/2, but DðRHÞ =H. It
implies that RH =H−1/2H−1/2. Using the uniqueness prop-
erty of the square root, we obtain H−1/2 = R̂. Let us use
the shorthand notation S≔ I + B2. Note that due to the
obvious inequality ðkSf kH ≥ k f kH, f ∈HÞ, the operator

S−1 is bounded on the set RðSÞ. Taking into account the
reasoning given above, we get
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Vf , fð ÞH = H−1/2S−1H−1/2 f , f
� �

H
= S−1H−1/2 f ,H−1/2 f
� �

H
≤

≤ S−1H−1/2 f
�� ��

H
H−1/2 f

�� ��
H
≤ S−1
�� �� · H−1/2 f

�� ��2
H
= S−1
�� �� · RH f , fð ÞH, f ∈H:

ð54Þ

On the other hand, it is easy to see that ðS−1 f , f ÞH ≥
kS−1 f k2H, f ∈ RðSÞ. At the same time, it is obvious that S

is bounded, and we have kS−1 f kH ≥ kSk−1k f kH, f ∈ RðSÞ.
Using these estimates, we have

Vf , fð ÞH = S−1H−1/2 f ,H−1/2 f
� �

H
≥ S−1H−1/2 f
�� ��2

H
≥

≥ Sk k−2 · H−1/2 f
�� ��2

H
= Sk k−2 · RH f , fð ÞH, f ∈H:

ð55Þ

Note that due to Theorem 4, the operator RH is com-
pact. Combining (50) with Theorem 4, we conclude that
the operator V is compact. Taking into account these facts
and using Lemma 1.1 [33], p.45, we obtain (34).

Remark 6. Since it was proved above that RH is selfadjoint
and positive, then we have λiðRHÞ = siðRHÞ, i ∈ℕ. Note that
in accordance with the facts established above, the operator
H ≔ ~WR has a discrete spectrum and a compact resolvent.
Due to results represented in [40–42], we have an opportu-
nity to obtain the order of the operator H in an easy way in
most particular cases.

The following theorem is formulated in terms of order
μ≔ μðHÞ and devoted to the Schatten-von Neumann classi-
fication of the operator R ~W .

Theorem 7. We have the following classification:

R ~W ∈Sp, p =
l, l > 2/μ, μ ≤ 1,
1, μ > 1

8>><
>>: : ð56Þ

Moreover, under the assumption λnðRHÞ ≥ C n−μ, n ∈ℕ,
we have

R ~W ∈Sp ⇒ μp > 1, 1 ≤ p <∞, ð57Þ

where μ≔ μðHÞ:

Proof. Consider the case ðμ ≤ 1Þ. Since we already know that
R∗

~W
= R ~W

+ , then it can easily be checked that the operator
R∗

~W
R ~W is a selfadjoint positive compact operator. Due to

the well-known fact [39], p.174, there exists the operator
jR ~W j. By virtue of Theorem 9.2 [39], p.178, the operator
jR ~W j is compact. Since NðjR ~W j2Þ = 0, it follows that
NðjR ~W jÞ = 0, Hence applying Theorem [38], p.189, we con-
clude that the operator ∣R ~W ∣ has an infinite set of the eigen-
values. Using condition (4, iii), we get

Re R ~W f , fð ÞH ≥ C0 R ~W fk k2H, f ∈H: ð58Þ

Hence

R ~Wj j2 f , f� �
H
= R ~W fk k2H ≤ C−1

0 Re R ~W f , fð ÞH
= C−1

0 Vf , fð ÞH, V ≔ R ~Wð ÞR:
ð59Þ

Since we already know that the operators jR ~W j2, V are
compact, then using Lemma 1.1 [33], p.45, and Theorem 5,
we get

λi R ~Wj j2� �
≤ C−1

0 λi Vð Þ ≤ Ci−μ, i ∈ℕ: ð60Þ

Recall that by definition, we have siðR ~WÞ = λið∣R ~W ∣ Þ.
Note that the operators jR ~W j, jR ~W j2 have the same eigenvec-
tors. This fact can be easily proved if we note the obvious
relation jR ~W j2 f i = jλiðjR ~W jÞj2 f i, i ∈ℕ and the spectral repre-
sentation for the square root of a selfadjoint positive compact
operator

∣R ~W ∣f = 〠
∞

i=1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λi R ~Wj j2� �q

f , φið Þφi, f ∈H, ð61Þ

where f i, φi are the eigenvectors of the operators jR ~W j, jR ~W j2,
respectively (see (10.25) [39], p.201). Hence, λið∣R ~W ∣ Þ =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λiðjR ~W j2Þ
q

, i ∈ℕ. Combining this fact with (60), we get

〠
∞

i=1
spi R ~Wð Þ = 〠

∞

i=1
λp/2i R ~Wj j2� �

≤ C〠
∞

i=1
i−μp/2: ð62Þ

This completes the proof for the case ðμ ≤ 1Þ:
Consider the case ðμ > 1Þ. It follows from (50) that the

operator V is positive and bounded. Hence, by virtue of
Lemma 8.1 [33], p.126, we conclude that for any orthonor-
mal basis fψig∞1 ⊂H, the following equalities hold

〠
∞

i=1
Re R ~Wψi, ψið ÞH = 〠

∞

i=1
Vψi, ψið ÞH = 〠

∞

i=1
V φi, φið ÞH, ð63Þ

where fφig∞1 is the orthonormal basis of the eigenvectors of
the operator V . Due to Theorem 5, we get

〠
∞

i=1
Vφi, φið ÞH = 〠

∞

i=1
si Vð Þ ≤ C〠

∞

i=1
i−μ: ð64Þ

By virtue of Lemma 1, we get jIm ðR ~Wψi, ψiÞHj ≤ k−1ðξÞ
Re ðR ~Wψi, ψiÞH. Combining this fact with (63), we conclude
that the following series is convergent

〠
∞

i=1
R ~Wψi, ψið ÞH <∞: ð65Þ

Hence, by definition [33], p.125, the operator R ~W has a
finite matrix trace. Using Theorem 8.1 [33], p.127, we get
R ~W ∈S1. This completes the proof for the case ðμ > 1Þ.
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Now, assume that λnðRHÞ ≥ C n−μ, n ∈ℕ, 0 ≤ μ <∞. Let
us show that the operator V has the complete orthonormal
system of the eigenvectors. Using formula (53), we get

V−1 = 2H1/2 I + B2� �
H1/2, D V−1� �

= R Vð Þ: ð66Þ

Let us prove that DðV−1Þ ⊂DðHÞ. Note that the set
DðV−1Þconsists of the elements f + g, where f ∈Dð ~WÞ, g
∈Dð ~W+Þ. Using representation (35), it is easy to prove that
Dð ~WÞ ⊂DðHÞ, Dð ~W+Þ ⊂DðHÞ. This gives the desired result.
Taking into account the facts proven above, we get

V−1 f , f
� �

H
= 2 SH1/2 f ,H1/2 f

� �
H
≥ 2 H1/2 f

�� ��2
H

= 2 Hf , fð ÞH, f ∈D V−1� �
,

ð67Þ

where S = I + B2. Since V is selfadjoint, then due to Theorem 3
[38], p.136, the operator V−1 is selfadjoint. Combining (67)
with Lemma 3, we conclude that V−1 is strictly accretive.
Using these facts, we can write

fk kV−1 ≥ C fk kH , f ∈HV−1 : ð68Þ

Since the operatorH has a discrete spectrum (see Theorem
5.3 [37]), then any set bounded with respect to the normHH is
a compact set with respect to the normH (see Theorem 4 [35],
p.220). Combining this fact with (68) and Theorem 3 [35],
p.216, we conclude that the operator V−1 has a discrete spec-
trum, i.e., it has the infinite set of the eigenvalues λ1 ≤ λ2 ≤
⋯≤ λi ≤⋯, λi ⟶∞, i⟶∞, and the complete orthonor-
mal system of the eigenvectors. Now note that the operators
V , V−1 have the same eigenvectors. Therefore the operator V
has the complete orthonormal system of the eigenvectors.
Recall that any complete orthonormal system is a basis in sep-
arable Hilbert space. Hence, the complete orthonormal system
of the eigenvectors of the operator V is a basis in the spaceH.
Let fφig∞1 be the complete orthonormal system of the eigen-
vectors of the operator V , and suppose R ~W ∈Sp; then, by vir-
tue of inequalities (7.9) [33], p.123, and Theorem 5, we get

〠
∞

i=1
si R ~Wð Þj jp ≥ 〠

∞

i=1
R ~Wφi, φið ÞH

��� ���p ≥ 〠
∞

i=1
Re R ~Wφi, φið ÞH
��� ���p =

= 〠
∞

i=1
Vφi, φið ÞH

��� ���p = 〠
∞

i=1
λi Vð Þj jp ≥ C〠

∞

i=1
i−μp:

ð69Þ

We claim that μp > 1. Assuming the converse in the previ-
ous inequality, we come to the contradiction with the condi-
tion R ~W ∈Sp. This completes the proof.

The following theorem establishes the completeness
property of the system of root vectors of the operator R ~W .

Theorem 8. Suppose θ < πμ/2; then, the system of root vectors
of the operator R ~W is complete, where θ is the semiangle of the
sector L0ðθÞ ⊃Θð ~WÞ, μ≔ μðHÞ.

Proof. Using Lemma 1, we have

∣ Im R ~W f , fð ÞH∣ ≤ k−1 ξð Þ Re R ~W f , fð ÞH, f ∈H: ð70Þ

Therefore, �ΘðR ~WÞ ⊂L0ðθÞ. Note that the map z : ℂ
⟶ℂ, z = 1/ζ takes each eigenvalue of the operator R ~W to
the eigenvalue of the operator ~W. It is also clear that z :
L0ðθÞ⟶L0ðθÞ. Using the definition [33], p.302, let us
consider the following set:

P≔ z : z = t ξ, ξ ∈ �Θ R ~Wð Þ, 0 ≤ t <∞
� �

: ð71Þ

It is easy to see that P coincides with a closed sector of
the complex plane with the vertex situated at the point
zero. Let us denote by ϑðR ~WÞ the angle of this sector. It is
obvious that P ⊂ L0ðθÞ. Therefore, 0 ≤ ϑðR ~WÞ ≤ 2θ. Let us
prove that 0 < ϑðR ~WÞ, i.e., the strict inequality holds. If we
assume that ϑðR ~WÞ = 0, then we get e−i arg z = ς, ∀z ∈P \ 0,
where ς is a constant independent on z. In consequence
to this fact, we have Im ΘðςR ~WÞ = 0. Hence, the operator
ςR ~W is symmetric (see Problem 3.9 [34], p.269), and by vir-
tue of the fact DðςR ~WÞ =H, one is selfadjoint. On the other
hand, taking into account the equality R∗

~W
= R ~W

+ (see the
proof of Theorem 5), we have ðςR ~W f , gÞH = ð f , �ςR ~W

+gÞ
H
,

f , g ∈H. Hence, ςR ~W = �ςR ~W
+ . In the particular case, we

have ∀f ∈H, Im f = 0 : Re ςR ~W f = Re ςR ~W
+ f , Im ςR ~W f =

−Im ςR ~W
+ f . It implies that NðR ~WÞ ≠ 0. This contradiction

concludes the proof of the fact ϑðR ~WÞ > 0. Let us use Theo-
rem 6.2 [33], p.305, according to which we have the follow-
ing. If the following two conditions (a) and (b) are fulfilled,
then the system of root vectors of the operator R ~W is
complete.

(a) ϑðR ~WÞ = π/d, where d > 1

(b) For some β, the operator B≔ ðeiβR ~WÞ
I
: siðBÞ = o

ði−1/dÞ, i⟶∞.

Let us show that conditions (a) and (b) are fulfilled. Note
that due to Lemma 1, we have 0 ≤ θ < π/2. Hence, 0 < ϑðR ~WÞ
< π. It implies that there exists 1 < d <∞ such that ϑðR ~WÞ
= π/d. Thus, condition (a) is fulfilled. Let us choose the certain
value β = π/2 in condition (b) and notice that ðeiπ/2R ~WÞ

I
=

ðR ~WÞ
R
. Since the operator V ≔ ðR ~WÞ

R
is selfadjoint, then

we have siðVÞ = λiðVÞ, i ∈ℕ. In consequence to Theorem 5,
we obtain

si Vð Þ i1/d = si Vð Þ iμ · i1/d−μ ≤ C · i1/d−μ, i ∈ℕ: ð72Þ

Hence, to achieve condition (b), it is sufficient to show that
d > μ−1. By virtue of the conditions ϑðR ~WÞ ≤ 2θ, θ < πμ/2, we
have d = π/ϑðR ~WÞ ≥ π/2θ > μ−1. Hence, we obtain siðVÞ =
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oði−1/dÞ. Since both conditions (a) and (b) are fulfilled, then
using Theorem 6.2 [33], p.305, we complete the proof.

Theorem 7 is devoted to the description of s-number
behavior, but questions related with asymptotic of the eigen-
values λiðR ~WÞ, i ∈ℕ, are still relevant in our work. It is a well-
known fact that for any bounded operator with the compact
imaginary component, there is a relationship between the s
-numbers of the imaginary component and the eigenvalues
(see [33]). Similarly, using the information on s-numbers of
the real component, we can obtain an asymptotic formula
for the eigenvalues λiðR ~WÞ, i ∈ℕ. This idea is realized in
the following theorem.

Theorem 9. The following inequality holds:

〠
n

i=1
λi R ~Wð Þj jp ≤ secpθ S�1�� ��〠n

i=1
λpi RHð Þ, ð73Þ

n = 1; 2,⋯, ν R ~Wð Þð Þ, 1 ≤ p <∞: ð74Þ
Moreover, if νðR ~WÞ =∞ and the order μðHÞ ≠ 0, then the

following asymptotic formula holds:

λi R ~Wð Þj j = o i−μ+εð Þ, i⟶∞,∀ε > 0: ð75Þ

Proof. Let L be a bounded operator with a compact imaginary
component. Note that according to Theorem 6.1 [33], p.81,
we have

〠
k

m=1
Im λm Lð Þj jp ≤ 〠

k

m=1
sm LIð Þj jp, k = 1, 2,⋯, νI Lð Þð Þ, 1

≤ p <∞,
ð76Þ

where νIðLÞ ≤∞ is the sum of all algebraic multiplicities
corresponding to the not real eigenvalues of the operator L
(see [33], p.79). It can easily be checked that

iLð ÞI = LR, Im λm i Lð Þ = Re λm Lð Þ, m ∈ℕ: ð77Þ

By virtue of (70), we have Re λmðR ~WÞ > 0,m = 1, 2,⋯,
νðR ~WÞ. Combining this fact with (77), we get νIðiR ~WÞ =
νðR ~WÞ. Taking into account the previous equality and
combining (76) and (77), we obtain

〠
k

m=1
Re λm R ~Wð Þj jp ≤ 〠

k

m=1
sm Vð Þj jp, k = 1, 2,⋯; ;ν R ~Wð Þð Þ, V

≔ R ~Wð ÞR:
ð78Þ

Note that by virtue of (70), we have

Im λm R ~Wð Þj j ≤ tan θ Re λm R ~Wð Þ,m ∈ℕ: ð79Þ

Hence

λm R ~Wð Þj j =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Im λm R ~Wð Þj j2 + Re λm R ~Wð Þj j2

q
≤

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tan2θ + 1

p
Re λm R ~Wð Þj j = sec θ Re λm R ~Wð Þj j,m ∈ℕ:

ð80Þ

Combining (78), (80), we get

〠
k

m=1
λm R ~Wð Þj jp ≤ secpθ 〠

k

m=1
sm Vð Þj jp, k = 1, 2,⋯; ;ν R ~Wð Þð Þ:

ð81Þ

Using (34), we complete the proof of inequality (73).
Suppose νðR ~WÞ =∞, μðHÞ ≠ 0, and let us prove (75).

Note that for μ > 0 and for any ε > 0, we can choose p so that
μp > 1, μ − ε < 1/p. Using the condition μp > 1, we obtain
convergence of the series on the left side of (73). It implies
that

∣λi R ~Wð Þ∣i1/p ⟶ 0, i⟶∞: ð82Þ

It is obvious that

∣λi R ~Wð Þ∣iμ−ε < ∣λi R ~Wð Þ∣i1/p, i ∈ℕ: ð83Þ

Taking into account (82), we obtain (75).

4. Applications

We begin with Definitions. Suppose Ω is a convex domain of
the n-dimensional Euclidian space with the sufficient smooth
boundary, L2ðΩÞ is a complex Lebesgue space of summable
with square functions, H2ðΩÞ,H1ðΩÞ are complex Sobolev
spaces, Dif ≔ ∂f /∂xi, 1 ≤ i ≤ n is the weak partial derivatives
of the function f . Consider a sum of a uniformly elliptic oper-
ator and the extension of the Kipriyanov fractional differen-
tial operator of order 0 < α < 1 (see Lemma 2.5 [37]):

Lu≔ � Dj a
ijDi f

� �
+Dα

0+ f ,

D Lð Þ =H2 Ωð Þ ∩H1
0 Ωð Þ,

ð84Þ

with the following assumptions relative to the real-valued
coefficients

aij Qð Þ ∈ C1 �Ω
� �

, aijξiξj ≥ a ξj j2, a > 0: ð85Þ

It was proved in the paper [37] that the operator L+ f ≔
−DiðaijDj f Þ +Dα

d− f ,DðL+Þ = DðLÞ is formal adjoint with
respect to L. Note that in accordance with Theorem 2 [43],
we have RðLÞ = RðL+Þ = L2ðΩÞ, due to the reasonings of The-
orem 3.1 [44], the operators L, L+ are strictly accretive. Tak-
ing into account these facts, we can conclude that the
operators L, L+ are closed (see Problem 5.15 [34], p.165).
Consider the operator LR. Having made the absolutely anal-
ogous reasonings as in the previous case, we conclude that
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the operator LR is closed. Applying the reasonings of Theo-
rem 4.3 [37], we obtain that the operator LR is selfadjoint
and strictly accretive. Recall that to apply the methods
described in the paper [19], we must have some decomposi-
tion of the initial operator L on a sum L =T +A , where T
must be an operator of a special type either a selfadjoint or
a normal operator. Note that the uniformly elliptic operator
of second-order is neither selfadjoint no normal in the gen-
eral case. To demonstrate the significance of the method
obtained in this paper, we would like to note that a search
for a convenient decomposition of L on a sum of a selfadjoint
operator and some operator does not seem to be a reasonable
way. Now, to justify this claim, we consider one of possible
decompositions of L on a sum. Consider a selfadjoint strictly
accretive operator T : H⟶H.

Definition 10. In accordance with the definition of the paper
[19], a quadratic form a≔ a½ f � is called a T -subordinated
form if the following condition holds:

a f½ �j j ≤ b t f½ � +M fk k2H, D að Þ ⊃D tð Þ, b < 1, M > 0, ð86Þ

where t½ f � = kT 1/2k2H, f ∈DðT 1/2Þ. The form a is called a
completely T -subordinated form if, besides of (86), we have
the following additional condition ∀ε > 0∃b,M > 0 : b < ε.

Let us consider the trivial decomposition of the operator
L on the sum L = 2LR − L+ and let us use the notation T ≔
2LR,A ≔−L+. Then, we have L =T +A . Due to the secto-
rial property proven in Theorem 4.2 [37], we have

∣ A f , fð ÞL2 ∣ = sec θf ∣ Re A f , fð ÞL2 ∣

= sec θf
1
2 T f , fð ÞL2 , f ∈D Tð Þ,

ð87Þ

where 0 ≤ θf ≤ θ, θf ≔ jarg ðL+ f , f ÞL2 j, L2 ≔ L2ðΩÞ and θ is
the semiangle corresponding to the sector L0ðθÞ. Due to The-
orem 4.3 [37], the operator T is m-accretive. Hence, in con-
sequence to Theorem 3.35 [34], p.281, we conclude that
DðT Þ is a core of the operator T 1/2. It implies that we can
extend relation (87) to

1
2 t f½ � ≤ ∣a f½ �∣ ≤ sec θ 12 t f½ �, f ∈D tð Þ, ð88Þ

where a is a quadratic form generated by A and t½ f � =
kT 1/2 f k2H. If we consider the case 0 < θ < π/3, then it is obvi-
ous that there exist constants b < 1 and M > 0 such that the
following inequality holds:

a f½ �j j ≤ b t f½ � +M fk k2L2 , f ∈D tð Þ: ð89Þ

Hence, the form a is a T -subordinated form. In accor-
dance with the definition given in the paper [19], it means
T -subordination of the operator A in the sense of form.

Assume that ∀ε > 0∃b,M > 0 : b < ε. Using inequality (88),
we get

1
2 t f½ � ≤ ε t f½ � +M εð Þ fk k2L2 ; t f½ � ≤ 2M εð Þ

1 − 2εð Þ fk k2L2 , f ∈D tð Þ, ε < 1/2:

ð90Þ

Using the strictly accretive property of the operator L (see
inequality (4.9) [37]), we obtain

fk k2H1
0
C ≤ t f½ �, f ∈D tð Þ: ð91Þ

On the other hand, using the results of the paper [37], it is
easy to prove that H1

0ðΩÞ ⊂DðtÞ. Taking into account the
facts considered above, we get

fk kH1
0
≤ C fk kL2 , f ∈H

1
0 Ωð Þ, ð92Þ

but as it is well known, this inequality is not true. This contra-
diction shows us that the form a is not a completely T

-subordinated form. It implies that we cannot use Theorem
8.4 [19] which could give us an opportunity to describe the
spectral properties of the operator L. Note that the reasonings
corresponding to another trivial decomposition of L on a
sum are analogous.

This rather particular example does not aim at showing
the inability of using remarkable methods considered in
the paper [19] but only creates prerequisite for some
value of another method based on using spectral proper-
ties of the real component of the initial operator L. Now, we
would like to demonstrate the effectiveness of this method.
Suppose H≔ L2ðΩÞ, H+ ≔H1

0ðΩÞ, Tf ≔ −DjðaijDi f Þ, Af ≔
Dα

0+ f , DðTÞ, DðAÞ =H2ðΩÞ ∩H1
0ðΩÞ; then, due to the

Rellich-Kondrachov theorem, we conclude that condition
(2) is fulfilled. Due to the results obtained in the paper [37],
we conclude that condition (4) is fulfilled. Applying the
results obtained in the paper [37], we conclude that the
operator LR has nonzero order. Hence, we can apply the
abstract results of this paper to the operator L. In fact, The-
orems 7–9 describe the spectral properties of the operator L:

We deal with the differential operator acting in the com-
plex Sobolev space and defined by the following expression

L f ≔ ck f
kð Þ

� � kð Þ
+ ck�1 f

k�1ð Þ
� � k�1ð Þ

+⋯ + c0 f ,

D Lð Þ =H2k Ið Þ ∩Hk
0 Ið Þ, k ∈N,

ð93Þ

where I ≔ ða, bÞ ⊂ℝ, and the complex-valued coefficients cj
ðxÞ ∈ CðjÞð�IÞ satisfy the condition sign ðRe cjÞ = ð−1Þj, j = 1,
2,⋯, k. It is easy to see that

Re L f , fð ÞL2 Ið Þ ≥ 〠
k

j=0
Re cj
�� �� f jð Þ

��� ���2
L2 Ið Þ

≥ C f jð Þ
��� ���2

Hk
0 Ið Þ

, f ∈D Lð Þ:
ð94Þ
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On the other hand

L f , fð ÞL2 Ið Þ
��� ��� = 〠

k

j=0
−1ð Þj cj f

jð Þ, g jð Þ
� �

L2 Ið Þ

�����
����� ≤ 〠

k

j=0
cj f

jð Þ, g jð Þ
� �

L2 Ið Þ

����
���� ≤

≤C〠
k

j=0
f jð Þ

��� ���
L2 Ið Þ

g jð Þ
��� ���

L2 Ið Þ
≤ fk kHk

0 Ið Þ gk kHk
0 Ið Þ, f ∈D Lð Þ:

ð95Þ

Consider the Riemann-Liouville operators of fractional
differentiation of arbitrary nonnegative order α (see [32],
p.44) defined by the expressions

Dα
a+ f =

d
dx

� � α½ �+1
I1− αf g
a+ f ;

Dα
b− f = −

d
dx

� � α½ �+1
I1− αf g
b− f ,

ð96Þ

where the fractional integrals of arbitrary positive order α are
defined by

Iαa+ fð Þ xð Þ = 1
Γ αð Þ

ðx
a

f tð Þ
x − tð Þ1−α dt,

Iαb− fð Þ xð Þ = 1
Γ αð Þ

ðb
x

f tð Þ
t − xð Þ1−α dt, f ∈ L1 Ið Þ:

ð97Þ

Suppose 0 < α < 1, f ∈ ACl+1ð�IÞ, f ðjÞðaÞ = f ðjÞðbÞ = 0, j = 0
, 1,⋯, l; then, the next formulas follow from Theorem 2.2
[32], p.46:

Dα+l
a+ f = I1−αa+ f l+1ð Þ, Dα+l

b− f = −1ð Þl+1I1−αb− f l+1ð Þ: ð98Þ

Further, we need the following inequalities (see [45]):

Re Dα
a+ f , fð ÞL2 Ið Þ ≥ C fk k2L2 Ið Þ, f ∈ I

α
a+ L2ð Þ, Re Dα

b− f , fð ÞL2 Ið Þ
≥ C fk k2L2 Ið Þ, f ∈ I

α
b− L2ð Þ,

ð99Þ

where Iαa+ðL2Þ, Iαb−ðL2Þ are the classes of the functions
representable by the fractional integrals (see [32]). Consider
the following operator with the constant real-valued
coefficients:

Df ≔ pnD
αn
a+ + qnD

βn
b� + pn�1D

αn�1
a+ + qn�1D

βn�1
b� +⋯ + p0D

α0
a+ + q0D

β0
b�,

D Dð Þ =H2k Ið Þ ∩Hk
0 Ið Þ, n ∈N,

ð100Þ

where αj, βj ≥ 0, 0 ≤ ½αj�, ½βj� < k, j = 0, 1,⋯, n,

qj ≥ 0, sign pj =
−1ð Þ α j½ �+1/2, αj

� �
= 2m − 1,m ∈ℕ,

−1ð Þ α j½ �/2, αj

� �
= 2m, m ∈ℕ0:

8<
:

ð101Þ

Using (98) and (99), we get

pjD
α j
a+ f , f

� �
L2 Ið Þ

= pj
d
dx

� �m

D
m−1+ α jf g
a+ f , f

� �
L2 Ið Þ

= −1ð Þmpj I
1− α jf g
a+ f mð Þ, f mð Þ

� �
L2 Ið Þ

≥ C I
1− α jf g
a+ f mð Þ

����
����
2

L2 Ið Þ
= C D

α jf g
a+ f m−1ð Þ

����
����
2

L2 Ið Þ

≥ C f m−1ð Þ
��� ���2

L2 Ið Þ
,

ð102Þ

where f ∈DðDÞ is a real-valued function and ½αj� = 2m − 1,
m ∈ℕ. Similarly, we obtain for orders ½α j� = 2m, m ∈ℕ0

pjD
α j
a+ f , f

� �
L2 Ið Þ

= pj D
2m+ α jf g
a+ f , f

� �
L2 Ið Þ

= −1ð Þmpj D
m+ α jf g
a+ f , f mð Þ

� �
L2 Ið Þ

= −1ð Þmpj D
α jf g

a+ f mð Þ, f mð Þ
� �

L2 Ið Þ

≥ C f mð Þ
��� ���2

L2 Ið Þ
:

ð103Þ

Thus, in both cases, we have

pjD
α j
a+ f , f

� �
L2 Ið Þ

≥ C f sð Þ
��� ���2

L2 Ið Þ
, s = αj

� �
/2

� �
: ð104Þ

In the same way, we obtain the inequality

qjD
αj
b− f , f

� �
L2 Ið Þ

≥ C f sð Þ
��� ���2

L2 Ið Þ
, s = αj

� �
/2

� �
: ð105Þ

Hence, in the complex case, we have

Re Df , fð ÞL2 Ið Þ ≥ C fk k2L2 Ið Þ, f ∈D Dð Þ: ð106Þ
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Combining Theorem 2.6 [32], p.53, with (98), we get

pjD
α j
a+ f

��� ���
L2 Ið Þ

= I
1− α jf g
a+ f α j½ �+1ð Þ

����
����
L2 Ið Þ

≤ C f αj½ �+1ð Þ��� ���
L2 Ið Þ

≤ C fk kHk
0 Ið Þ ;

qjD
α j

b− f
��� ���

L2 Ið Þ
≤ C fk kHk

0 Ið Þ, f ∈D Dð Þ:

ð107Þ

Hence, we obtain

Dfk kL2 Ið Þ ≤ C fk kHk
0 Ið Þ, f ∈D Dð Þ: ð108Þ

Now, we can formulate the main result. Consider the
operator

G =L +D,
D Gð Þ =H2k Ið Þ ∩Hk

0 Ið Þ:
ð109Þ

Suppose H≔ L2ðIÞ,H+ ≔Hk
0ðIÞ, T ≔L , A≔D; then

due to the well-known fact of the Sobolev spaces theory,
condition (2) is fulfilled, due to the reasonings given above,
condition (4) is fulfilled. Taking into account the equality

LR f = Re ck f kð Þ
� � kð Þ

+ Re ck−1 f k−1ð Þ
� � k−1ð Þ

+⋯+ Re c0 f , f ∈D Dð Þ
ð110Þ

and using the method described in the paper [46], we can
prove that the operator ~GR has nonzero order. Hence, we
can successfully apply the abstract results of this paper to
the operator G. Now, it is easily seen that Theorems 7–9
describe the spectral properties of the operator G.
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