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The focus of this research work is to obtain the chaotic behaviour and bifurcation in the real dynamics of a newly proposed family of
functions f λ,aðxÞ = x + ð1 − λxÞ ln ax ; x > 0, depending on two parameters in one dimension, where assume that λ is a continuous
positive real parameter and a is a discrete positive real parameter. This proposed family of functions is different from the existing
families of functions in previous works which exhibits chaotic behaviour. Further, the dynamical properties of this family are
analyzed theoretically and numerically as well as graphically. The real fixed points of functions f λ,aðxÞ are theoretically
simulated, and the real periodic points are numerically computed. The stability of these fixed points and periodic points is
discussed. By varying parameter values, the plots of bifurcation diagrams for the real dynamics of f λ,aðxÞ are shown. The
existence of chaos in the dynamics of f λ,aðxÞ is explored by looking period-doubling in the bifurcation diagram, and chaos is to
be quantified by determining positive Lyapunov exponents.

1. Introduction

During the past four decades, there are significantly develop-
ments in computational power, advances in technology, and
mathematical theory that have facilitated formulation of
nonlinear approaches for intricate systems [1, 2] since many
physical, socioeconomic, and natural systems are intrinsi-
cally nonlinear, so these systems show large range of charac-
teristics. During the same time, chaos has been also noted in
several experimental works and it redesigns many researches
in different fields of engineering and science [3–5]; also, the
study of chaotic behaviour in dynamical systems has been
the interest of many scientists, engineers, and mathemati-
cians. Applications of it can be extensively found in variety
of disciplines such as modeling [6, 7], optimization [8], stock
market [9], photovoltaic plant [10], fashion cycle model [11],
and other [5]. The global dynamical analysis of an H-bridge
parallel resonant converter under a zero current switching
control is described in [12]. The dynamics of a DC-AC reso-
nant self-oscillating LC series inverter is analyzed in [13]
from the point of view of piecewise smooth dynamical sys-
tems, and the bifurcation analysis is performed in a one-

dimensional parameter space. In [14], a discrete dynamics
approach is applied to show various tricks on using the sparse
computing method to ontology learning and verify its effi-
ciency through experiments. The recurrence in nonautono-
mous discrete dynamical systems is studied in [15]. A
bifurcation analysis of gender equality and fertility is illus-
trated in [16]; it is shown how bifurcation theory can be used
to study the process of increasing gender equality and its
implications on fertility. In [17], the discrete time neoclassi-
cal one-sector growth model with differential savings is dis-
cussed while assuming Kadiyala production function which
shows a variable elasticity of substitution symmetric with
respect to capital and labor. A nonlinear version of the
efficiency-wage competition model pioneered by Hahn
(1987) is developed in [18], and the chaotic behaviour is also
seen in the parameter region.

Appearance of chaos in systems is combined presence of
nonlinear interdependence, order and determinism, and sen-
sitive dependence. The word chaos is derived from the
ancient Greek word Xάoς; normally, it means a state lacking
order or predictability. Chaos is a fascinating mathematical
and physical phenomenon. The study of chaos shows that
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simple systems can exhibit complex and unpredictable
behaviour [19, 20]. Generally, chaos can be defined in many
different forms according to conditions, observations, or
applications of the object. As a notion in the mathematical
sense, the chaos is developed about 1980. After that, the fol-
lowing characteristic became common opinion: a determin-
istic evolution is chaotic if (i) this shows property of
sensitivity to initial condition and (ii) it consists a nonlinear
mechanism confirming the mixing of trajectories and these
return back in a bounded domain of the phase space.

The phenomenon of chaos is generally related to the field
known as dynamical systems [21], and it can be characterized
in the dynamics by sensitive dependence on the initial condi-
tions. Dynamical system is the study of the system or pro-
cesses that change over time. Often, investigations in
dynamical systems hold many surprises and show the rela-
tionships between order and disorder, simplicity and com-
plexity [19, 22]. The main purpose to study a dynamical
system is to observe the asymptotic behaviour of the trajecto-
ries that corresponds to long-term observations. In other
words, we can say which initial conditions have gone to iden-
tical long-term behaviour. And which ones lead to dramati-
cally different behaviour? One of the main things in
dynamical systems is the study of the behaviour of orbits near
fixed points. The fixed point is said to be stable if the system
tends to come back to it after a little disturbance and is said to
be unstable if the initial discrepancy goes to grow.

Moreover, the importance of the real dynamics of func-
tions can be observed in the dynamics of functions in the
complex plane and often such type of investigations describe
Fatou sets, Julia sets, and some other dynamical results in the
complex plane [23–27] and references therein.

1.1. Definitions and Basic Concepts. The mathematical
models for the above types of applications are normally for-
mulated in the forms of difference and differential equations.
To study solution of these types of equations, generally, iter-
ations are applicable. For a given initial value x0 in one
dimensional map, we compute iterations as x1 = f ðx0Þ, x2 =
f ðx1Þ, x3 = f ðx2Þ,⋯. The sequence x0, x1, x2, x3,⋯ defines
the trajectory of the dynamical variable xn, where the time
n is discrete. Points which come back to the same value after
a finite number of iterations of function are called periodic
points, and a periodic point with period equal to one is
known as a fixed point. For a periodic point x0 of period
p, the orbit x0, x1 = f ðx0Þ, x2 = f 2ðx0Þ,⋯, xp−1 = f p−1ðx0Þ is
called a cycle or a periodic cycle. The periodic point x0 of
period p is classified as follows. If jð f pÞ′ðx0Þj < 1, then the
periodic point x0 is known as attracting. If jð f pÞ′ðx0Þj > 1,
then the periodic point x0 is known as repelling. If jð f pÞ′
ðx0Þj = 1, then the periodic point x0 is known as neutral
(rationally or irrationally indifferent). A fixed point x0 of
f ðxÞ is called attracting, neutral (indifferent), or repelling
if j f ′ðx0Þj < 1, j f ′ðx0Þj = 1, or j f ′ðx0Þj > 1, respectively.

As a parameter varies, qualitative changes in the behav-
iour of the system can occur at certain parameter values.
Each of such a change is known as a bifurcation. In other
words, when the parameter crosses through the certain

value, then the dynamics of the function changes. Onemethod
displaying the points, at which a parametrized family of func-
tions bifurcates, is called a bifurcation diagram. The bifurca-
tion diagram is designed to show eventual behaviour of
iterates, such as convergence or periodicity or unpredictability.

In the dynamics of functions, chaos is generally desig-
nated by the sensitive dependence on the initial conditions.
Several techniques are available to identify as well as quan-
tify the chaotic behaviour in the dynamics. It can identify
by looking period-doubling in the bifurcation diagram or
observing time series behaviour. A positive value of the
Lyapunov exponent proves that chaotic behaviour exists in
the dynamical system [28, 29]. For a trajectory fxkg, k =
0, 1, 2,⋯ starting from x0, the Lyapunov exponent of f ðxÞ is
defined as

L = lim
j→∞

1
j
〠
j−1

k=0
ln f ′ xkð Þ�� ��: ð1Þ

1.2. PreviousWorks.Using powerful computation through the
computer, many research works have been involved in the
field of dynamical systems associated with chaos. For discrete
time systems, maps are easy and fast to simulate on the com-
puter. Recently, many developments have been happened in
theoretical studies which can be seen in [30]. Specific periodic
motions in the pendulum are predicted semianalytically and
analytical bifurcation trees of periodic motions to chaos are
determined by using the discrete maps [31]. The following
three discrete models of population dynamics are described
in [32]: (i) the classical delay logistic equation, (ii) its variant
which incorporates a harvesting rate, and (iii) the Perez–
Malta–Coutinho equation.

A one-parameter family of maps which unfolds a
Landen-type map obtained by Boros and Moll is consid-
ered in [33], and it described the Neimark-Sacker bifurca-
tions that appear in the route towards the parameter value
that corresponds to this map. Neimark-Sacker bifurcation
and controlling chaos in a two-dimensional discrete-time
predator-prey system are investigated in [34]. The stability
of the fixed point of the model and the existence condi-
tions of the Neimark-Sacker bifurcation are also studied.
The dynamics of a family of one-dimensional linear-power
maps is found in [35], and cascades of alternating smooth
bifurcations and border collision bifurcations with singular-
ity are described there.

For a large set of parameter values, the cobweb diagram
exhibits observable chaos by using numerical simulation
[36]. A specific sequence of bifurcations gives a route to
chaos. The following are three evidences of typical routes
for dissipative systems: (i) the period-doubling route, (ii)
the intermittency, and (iii) the Ruelle-Takens bifurcation
[30]. For a family of one-dimensional maps corresponding
to Fibonacci-generating functions, the chaotic behaviour in
the dynamics is described [37]. For a family of one-
dimensional transcendental functions, the real dynamics is
studied in [38, 39]. For families of transcendental functions
depending on two parameters, the bifurcation as well as cha-
otic behaviour in the real dynamics is investigated in [38, 40]
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and the analysis of the real dynamics of iterative methods is
found in [41]. The real dynamics of ðbx − 1Þ/x associated with
one parameter is explained in [42]. For two-parameter families
of special type of generating functions, the bifurcation as well
as chaos in the real dynamics is described by author [43, 44].
The description of the real dynamics of transcendental func-
tions is essential in many phenomena. For instance, the
dynamics (iteration) associated with Newton’s method is as
the root finder.

Sometimes, the discrete systems become more important
when, for the ODE systems, some complex models were
transformed into discrete models, namely, the Poincaré
map. Such Poincaré map, as a discrete system, is an impor-
tant tool to analyze the dynamics of the continuous-time sys-
tems, for example, the biped robots, as complex systems,
where the determination of discrete system is important
to analyze the motion. See the following associated works
on these themes: (i) design of an explicit expression of the
Poincaré map for the passive dynamic walking of the
compass-gait biped model [45]; (ii) walking dynamics of
the passive compass-gait model under OGY-based state-
feedback control: (a) rise of the Neimark-Sacker bifurcation
[46], (b) emergence of bifurcations and chaos [47], and (c)
analysis of local bifurcations via the hybrid Poincaré map
[48]; and (iii) calculation of the Lyapunov exponents in
the compass-gait model under OGY control via a hybrid
Poincaré map [49].

1.3. Organization of the Present Work. The dynamics of two-
parameter family of functions changes when both values of
parameters cross through certain values. We can observe
these changes in the dynamics by the bifurcation diagram.
In the real dynamics, the period-doubling in the bifurcation
diagram shows route of chaos. Consider a discrete dynamical
system in the present paper which is obtained by iteration of
function f λ,aðxÞ, depending on real parameters λ and μ. For
computation of the bifurcation points, we have to solve the
equations associated to fixed points and neutral fixed point
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Figure 1: The graph of ζðxÞ = 1 − ðln ax/xÞ for a = 0:1,1, 2:6,7:

condition, i.e., solve the following equations f pλ,aðxÞ = x and

jð f pλ,aÞ′ðxÞj = 1.
The organization of this paper is as follows. The real fixed

points of f λðxÞwith their nature on the real line are described
in Section 2. The real periodic points of f λðxÞ of period more
than or equal to 2 are numerically discussed in Section 4. Fur-
ther, in Section 4, the real periodic points of f λðxÞ of period
three are explained. Furthermore, the bifurcation and chaos
in the dynamics are explored in Section 5. At the end, in Sec-
tion 6, conclusions are mentioned.

2. Real Fixed Points and Periodic Points of f λ
∈F with Their Nature

Generally, the dynamics of polynomials as well as rational
functions is somewhat simpler than transcendental functions.
The present research work deals with the investigation of the
dynamical properties of a newly proposed family of transcen-
dental functions which depends on two parameters. Let

F = f λ,a xð Þ = x + 1 − λxð Þ ln ax : x > 0, λ > 0, a > 0
� � ð2Þ

be a family of transcendental functions depending on two
parameters in one dimension associated with logarithmic
map. In this study, assume that λ is a continuous parameter
and a is a discrete parameter. This proposed family of func-
tions is different from the existing families of functions in pre-
vious research works which exhibits chaotic behaviour.

In this section, we focus on the real fixed points as well as
the real periodic points of the functions f λ ∈F . The follow-
ing lemma is needed in the sequel:

Lemma 1. Suppose ζðxÞ = 1 − ðln ax/xÞ, x ∈ℝ+ \ f0g, a > 0.
Then, the function ζðxÞ attains local minima at x = e/a.
Its local minimum value is 1 − ða/eÞ and ζðx∗Þ = −1, where
x∗ is a solution of e2x − ax = 0. Moreover, ζðxÞ⟶ +∞ as
x⟶ 0+ and ζðxÞ⟶ 1 as x⟶ +∞.

Proof. We have ζ′ðxÞ = ð−1 + ln axÞ/x2. For extrema, ζ′ðxÞ
= 0, then x = e/a. Since ζ′′ðxÞ = ð3 − 2 ln axÞ/x3, then ζ′′ðe/
aÞ = ða3/e3Þ > 0 for a > 0. Hence, ζðxÞ attains local minima
at x = e/a if a > 0. The local minimum value of ζðe/aÞ is given
as 1 − ða/eÞ. We can easily see the rest of the part in Figure 1.

For real fixed points of f λ,aðxÞ, we have f λ,aðxÞ = x. It
gives us x + ð1 − λxÞ ln ax = x. Then, it provides two real
fixed points xλ = 1/λ and xa = 1/a. For fix a positive, the
nature of the fixed points xλ and xa of f λ,aðxÞ is described
as follows:

f λ,a′ xð Þ = 1 + 1
x
− λ 1 + ln axð Þ,

f λ,a′ xλð Þ = 1 − ln axλ
xλ

,

f λ,a′ xað Þ = 1 − λ + 1
xa

:

ð3Þ
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(i) For a = 1, we define λ1 = 1. We have f λ,1′ ðxλÞ = 1
− ðln xλ/xλÞ. Using Lemma 1, we get f λ,1′ ðxλÞ > 1
for 0 < λ < λ1, f 1,1′ ðxλÞ = 1 for λ = λ1, and 0 < f λ,1′
ðxλÞ < 1 for λ > λ1. Hence, the fixed point xλ of
f λ,1ðxÞ is repelling for 0 < λ < λ1, rationally indif-
ferent for λ = λ1, and attracting for λ > λ1

(ii) For a = 7, we define λ2 = 1/a and λ3 = 1/x∗, where x∗
is a solution of the equation e2x − 7x = 0. We have
f λ,7′ ðxλÞ = 1 − ln 7xλ/xλ. Using Lemma 1, we get f λ,7′
ðxλÞ > 1 for λ > λ2. Therefore, the fixed point xλ of
f λ,7ðxÞ is repelling for λ > λ2. Further, f λ,7′ ðxλÞ = 1
for λ = λ2. Consequently, the fixed point xλ of
f λ,7ðxÞ is rationally indifferent for λ = λ2. Further-

more, −1 < f λ,7′ ðxλÞ < 1 for λ3 < λ < λ2. It follows

that j f λ,7′ ðxλÞj < 1 for λ3 < λ < λ2. Hence, the fixed
point xλ of f λ,7ðxÞ is attracting for λ3 < λ < λ2.

Next, f λ,7′ ðxλÞ = −1 for λ = λ3 by Lemma 1. It gives

that j f λ,7′ ðxλÞj = 1 for λ = λ3. Consequently, the fixed
point xλ of f λ,7ðxÞ is rationally indifferent for λ = λ3.

Moreover, f λ,7′ ðxλÞ < −1 for λ < λ3 by Lemma 1. It

shows that j f λ,7′ ðxλÞj > 1 for λ < λ3. Therefore, the
fixed point xλ of f λ,7ðxÞ is repelling for λ < λ3

3. Numerical Simulation of Real Cycles of
Periods 2, 4, 8, and 16 with Their Nature

The real periodic points of f λ,a ∈F are discussed here with
their nature. The periodic points of f λ,aðxÞ are roots of

f kλ,aðxÞ = x, i.e., f k−1λ,a ðxÞ + ð1 − λf k−1λ,a ðxÞÞ ln ðaf k−1λ,a ðxÞÞ = x.
The analytical calculation of these periodic points of f λ,aðxÞ
is significantly difficult and complicated to be obtained.
When parameter λ increases beyond certain value, then the
function f λ,aðxÞ exhibits periodic points of period more than
or equal to 2. For a = 0:1,0:2,0:3,0:9,1, 1:1, the real cycles of
periods 2, 4, 8, and 16 with their stability are discussed by
choosing certain values of parameter λ.

For a = 0:1, the periodic points of periods 2, 4, 8, and 16
of f λ,aðxÞ are numerically calculated at the following values
of parameter λ = 2:4,2:55,2:58,2:592, respectively:

(i) If λ = 2:4, then the periodic points of 2-cycle of f λ,a
ðxÞ are obtained as α1 = 5:48280 and α2 = 12:78982.
It follows that

f λ,a′ α1ð Þf λ,a′ α2ð Þ�� �� = 0:22471 × −1:91237ð Þj j
≈ 0:42973 < 1:

ð4Þ

Therefore, the periodic 2-cycle of f2:4,0:1ðxÞ is
attracting

(ii) If λ = 2:55, then the periodic points of 4-cycle of
f λ,aðxÞ are found as α1 = 3:89824, α2 = 12:32074, α3
= 5:97255, and α4 = 13:30685. It gives that

f λ,a′ α1ð Þf λ,a′ α2ð Þf λ,a′ α3ð Þf λ,a′ α4ð Þ�� ��

= 1:10878 × −2:00102ð Þj
× −0:06827ð Þ × −2:20337ð Þj ≈ 0:33375 < 1:

ð5Þ

Hence, the periodic 4-cycle of f2:55,0:1ðxÞ is attracting
(iii) If λ = 2:58, then the periodic points of 8-cycle

of f λ,aðxÞ are determined as α1 = 3:81940, α2 =
12:34135, α3 = 5:85338, α4 = 13:40578, α5 = 3:56143,
α6 = 12:01541, α7 = 6:50730, and α8 = 13:29114. It
follows that

f λ,a′ α1ð Þf λ,a′ α2ð Þf λ,a′ α3ð Þf λ,a′ α4ð Þf λ,a′ α5ð Þf λ,a′ α6ð Þf λ,a′ α7ð Þf λ,a′ α8ð Þ�� ��

= 1:16505 × −2:04173ð Þ × −0:02740ð Þj
× −2:26161ð Þ × 1:36444 × −1:97047ð Þ
× −0:31780ð Þ × −2:23880ð Þj ≈ 0:28197 < 1:

ð6Þ

It provides that the periodic 8-cycle of f2:58,0:1ðxÞ is
attracting

(iv) If λ = 2:592, then the periodic points of 16-cycle
of f λ,aðxÞ are calculated as α1 = 3:79505, α2 =
12:35688, α3 = 5:79026, α4 = 13:44454, α5 = 3:42588,
α6 = 11:86701, α7 = 6:77289, α8 = 13:22379, α9 =
3:92537, α10 = 12:50473, α11 = 5:48341, α12 =
13:42254, α13 = 3:47607, α14 = 11:94007, α15 =
6:62972, and α16 = 13:28181. It gives that

f λ,a′ α1ð Þf λ,a′ α2ð Þf λ,a′ α3ð Þf λ,a′ α4ð Þf λ,a′ α5ð Þf λ,a′ α6ð Þf λ,a′
��

� α7ð Þf λ,a′ α8ð Þf λ,a′ α9ð Þf λ,a′ α10ð Þ × f λ,a′ α11ð Þf λ,a′
� α12ð Þf λ,a′ α13ð Þf λ,a′ α14ð Þf λ,a′ α15ð Þf λ,a′ α16ð Þ��

= 1:18286 × −2:05961ð Þ × −0:00301ð Þ × −2:28482ð Þj
× 1:47652 × −1:95142ð Þ × −0:43436ð Þ × −2:24067ð Þ
× 1:08659 × −2:09140ð Þ × 0:14779 × −2:28046ð Þ
× 1:43460 × −1:96785ð Þ × −0:37579ð Þ × −2:25234ð Þj

≈ 0:08596 < 1:

ð7Þ

Consequently, the periodic 16-cycle of f2:592,0:1ðxÞ is
attracting

For a = 0:2, the periodic points of periods 2, 4, 8, and 16
of f λ,aðxÞ are numerically simulated at the following values
of parameter λ = 2:5,2:62,2:67,2:69, respectively:

(i) If λ = 2:5, then the periodic points of 2-cycle of f λ,a
ðxÞ are obtained as β1 = 2:88749 and β2 = 6:30188.
It follows that

f λ,a′ β1ð Þf λ,a′ β2ð Þ�� �� = 0:21895× −1:91984ð Þj
≈ 0:42035 < 1:

ð8Þ
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Therefore, the periodic 2-cycle of f2:5,0:2ðxÞ is
attracting

(ii) If λ = 2:62, then the periodic points of 4-cycle of
f λ,aðxÞ are found as β1 = 2:30475, β2 = 6:20685, β3
= 2:90697, and β4 = 6:49514. It gives that

f λ,a′ β1ð Þf λ,a′ β2ð Þf λ,a′ β3ð Þf λ,a′ β4ð Þ�� ��

= 0:84298 × −2:02537ð Þ × 0:14490 × −2:15148ð Þj j
≈ 0:53226 < 1:

ð9Þ

Hence, the periodic 4-cycle of f2:62,0:2ðxÞ is attracting
(iii) If λ = 2:67, then the periodic points of 8-cycle of

f λ,aðxÞ are determined as β1 = 2:05248, β2 =
6:04153, β3 = 3:17847, β4 = 6:57015, β5 = 2:05248,
β6 = 6:04153, β7 = 3:17847, and β8 = 6:57015. It fol-
lows that

f λ,a′ β1ð Þf λ,a′ β2ð Þf λ,a′ β3ð Þf λ,a′ β4ð Þf λ,a′
��

� β5ð Þf λ,a′ β6ð Þf λ,a′ β7ð Þf λ,a′ β8ð Þ��
= 1:19456 × −2:00970ð Þ × −0:14577ð Þ × −2:24697ð Þj

× 1:19456 × −2:00970ð Þ × −0:14577ð Þ × −2:24697ð Þj
≈ 0:61834 < 1:

ð10Þ

It provides that the periodic 8-cycle of f2:67,0:2ðxÞ is
attracting

(iv) If λ = 2:695, then the periodic points of 16-cycle of
f λ,aðxÞ are calculated as β1 = 1:91280, β2 = 5:90522,
β3 = 3:42346, β4 = 6:53944, β5 = 2:07739, β6 =
6:11643, β7 = 2:99582, β8 = 6:61913, β9 = 1:89548,
β10 = 5:88041, β11 = 3:47228, β12 = 6:51975, β13 =
2:12190, β14 = 6:16627, β15 = 2:89184, and β16 =
6:61159. It gives that

f λ,a′ β1ð Þf λ,a′ β2ð Þf λ,a′ β3ð Þf λ,a′ β4ð Þf λ,a′ β5ð Þf λ,a′ β6ð Þf λ,a′
��

� β7ð Þf λ,a′ β8ð Þf λ,a′ β9ð Þf λ,a′ β10ð Þ × f λ,a′ β11ð Þf λ,a′
� β12ð Þf λ,a′ β13ð Þf λ,a′ β14ð Þf λ,a′ β15ð Þf λ,a′ β16ð Þ��

= 1:41733 × −1:97410ð Þ × −0:38207ð Þ × −2:26546ð Þj
× 1:15346 × −2:07466ð Þ × 0:01923 × −2:29994ð Þ
× 1:44663 × −1:96204ð Þ × −0:42434ð Þ × −2:25687ð Þ
× 1:08622 × −2:09785ð Þ × 0:12644× −2:29670Þj

≈ 0:46100 < 1:

ð11Þ

Consequently, the periodic 16-cycle of f2:695,0:2ðxÞ is
attracting

For a = 0:3, the periodic points of periods 2, 4, 8, and 16
of f λ,aðxÞ are numerically computed at the following values
of parameter λ = 2:6,2:71,2:79,2:8, respectively:

(i) If λ = 2:6, then the periodic points of 2-cycle of f λ,a
ðxÞ are obtained as γ1 = 2:00940 and γ2 = 4:14754.
It follows that

f λ,a′ γ1ð Þf λ,a′ γ2ð Þ�� �� = 0:21362 × −1:92711ð Þj ≈ 0:41166 < 1:
ð12Þ

Therefore, the periodic 2-cycle of f2:6,0:3ðxÞ is
attracting

(ii) If λ = 2:71, then the periodic points of 4-cycle of
f λ,aðxÞ are found as γ1 = 1:93317, γ2 = 4:24257, γ3
= 1:71065, and γ4 = 4:13613. It gives that

f λ,a′ γ1ð Þf λ,a′ γ2ð Þf λ,a′ γ3ð Þf λ,a′ γ4ð Þ�� ��

= 0:28372 × −2:12793ð Þ × 0:68242 × −2:05301ð Þj j
≈ 0:84584 < 1:

ð13Þ

Hence, the periodic 4-cycle of f2:71,0:3ðxÞ is attracting
(iii) If λ = 2:79, then the periodic points of 8-cycle of

f λ,aðxÞ are determined as γ1 = 1:48950, γ2 =
4:03152, γ3 = 2:08267, γ4 = 4:34522, γ5 = 1:39642,
γ6 = 3:91613, γ7 = 2:31675, and γ8 = 4:30450. It fol-
lows that

f λ,a′ γ1ð Þf λ,a′ γ2ð Þf λ,a′ γ3ð Þf λ,a′ γ4ð Þf λ,a′ γ5ð Þf λ,a′ γ6ð Þf λ,a′ γ7ð Þf λ,a′ γ8ð Þ�� ��

= 1:12881 × −2:07253ð Þ × 0:00235 × −2:29950ð Þj
× 1:35359 × −1:98420ð Þ × −0:34334ð Þ × −2:27105ð Þj

≈ 0:02653 < 1:
ð14Þ

It provides that the periodic 8-cycle of f2:79,0:3ðxÞ is
attracting

(iv) If λ = 2:8, then the periodic points of 16-cycle of
f λ,aðxÞ are calculated as γ1 = 1:51681, γ2 = 4:07343,
γ3 = 1:98697, γ4 = 4:34796, γ5 = 1:37857, γ6 =
3:90374, γ7 = 2:33510, γ8 = 4:30627, γ9 = 1:47443,
γ10 = 4:02627, γ11 = 2:08592, γ12 = 4:35500, γ13 =
1:36226, γ14 = 3:88060, γ15 = 2:38085, and γ16 =
4:28767. It gives that

f λ,a′ γ1ð Þf λ,a′ γ2ð Þf λ,a′ γ3ð Þf λ,a′ γ4ð Þf λ,a′ γ5ð Þf λ,a′
��

� γ6ð Þf λ,a′ γ7ð Þf λ,a′ γ8ð Þf λ,a′ γ9ð Þf λ,a′ γ10ð Þ
× f λ,a′ γ11ð Þf λ,a′ γ12ð Þf λ,a′ γ13ð Þf λ,a′ γ14ð Þf λ,a′ γ15ð Þf λ,a′ γ16ð Þ��

= 1:06390 × −2:11594ð Þ × 0:15189 × −2:31406ð Þj
× 1:39757 × −1:98613ð Þ × −0:37518ð Þ × −2:28486ð Þ
× 1:16219 × −2:08046ð Þ × −0:00806ð Þ × −2:31897ð Þ
× 1:43959 × −1:96795ð Þ × −0:43774ð Þ × −2:27173ð Þj

≈ 0:23985 < 1:
ð15Þ
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Consequently, the periodic 16-cycle of f2:8,0:3ðxÞ is
attracting

For a = 0:9, the periodic points of periods 2, 4, 8, and 16
of f λ,aðxÞ are numerically computed at the following values
of parameter λ = 3,3:35,3:4,3:412, respectively:

(i) If λ = 3, then the periodic points of 2-cycle of f λ,aðxÞ
are obtained as ρ1 = 0:92614 and ρ2 = 1:24997. It fol-
lows that

f λ,a′ ρ1ð Þf λ,a′ ρ2ð Þ�� �� = −0:37396ð Þ × −1:55327ð Þj j ≈ 0:58086 < 1:
ð16Þ

Thus, the periodic 2-cycle of f3,0:9ðxÞ is attracting
(ii) If λ = 3:35, then the periodic points of 4-cycle of

f λ,aðxÞ are found as ρ1 = 0:79227, ρ2 = 1:35171,
ρ3 = 0:66014, and ρ4 = 1:29091. It gives that

f λ,a′ ρ1ð Þf λ,a′ ρ2ð Þf λ,a′ ρ3ð Þf λ,a′ ρ4ð Þ�� ��

= 0:04519 × −2:26683ð Þ × 0:90905 × −2:07780ð Þj j
≈ 0:19347 < 1:

ð17Þ

Hence, the periodic 4-cycle of f3:35,0:9ðxÞ is attracting
(iii) If λ = 3:4, then the periodic points of 8-cycle of

f λ,aðxÞ are determined as ρ1 = 0:61675, ρ2 =
1:26247, ρ3 = 0:84200, ρ4 = 1:35862, ρ5 = 0:63074,
ρ6 = 1:27879, ρ7 = 0:80822, and ρ8 = 1:36456. It
follows that

f λ,a′ ρ1ð Þf λ,a′ ρ2ð Þf λ,a′ ρ3ð Þf λ,a′ ρ4ð Þf λ,a′ ρ5ð Þf λ,a′ ρ6ð Þf λ,a′ ρ7ð Þf λ,a′ ρ8ð Þ�� ��

= 1:22284 × −2:04211ð Þ × −0:26942ð Þ × −2:34773ð Þj
× 1:11057 × −2:09591ð Þ × −0:08058ð Þ × −2:36576ð Þj

≈ 0:70089 < 1:
ð18Þ

It provides that the periodic 8-cycle of f3:4,0:9ðxÞ is
attracting

(iv) If λ = 3:412, then the periodic points of 16-cycle of
f λ,aðxÞ are calculated as ρ1 = 0:60493, ρ2 = 1:25186,
ρ3 = 0:86169, ρ4 = 1:35490, ρ5 = 0:63623, ρ6 =
1:28903, ρ7 = 0:78430, ρ8 = 1:36810, ρ9 = 0:60493,
ρ10 = 1:25186, ρ11 = 0:86169, ρ12 = 1:35490, ρ13 =
0:63623, ρ14 = 1:28903, ρ15 = 0:78430, and ρ16 =
1:36810. It gives that

f λ,a′ ρ1ð Þf λ,a′ ρ2ð Þf λ,a′ ρ3ð Þf λ,a′ ρ4ð Þf λ,a′ ρ5ð Þf λ,a′ ρ6ð Þf λ,a′
��

� ρ7ð Þf λ,a′ ρ8ð Þf λ,a′ ρ9ð Þf λ,a′ ρ10ð Þ × f λ,a′ ρ11ð Þf λ,a′
� ρ12ð Þf λ,a′ ρ13ð Þf λ,a′ ρ14ð Þf λ,a′ ρ15ð Þf λ,a′ ρ16ð Þj

= 1:31559 × −2:02013ð Þ × −0:38409ð Þ × −2:35076ð Þj
× 1:06211 × −2:14301ð Þ × 0:05149ð Þ × −2:39098ð Þ
× 1:31559 × −2:02013ð Þ × −0:38409ð Þ × −2:35076ð Þ
× 1:06211 × −2:14301ð Þ × 0:05149 × −2:39098ð Þj

≈ 0:45220 < 1:

ð19Þ

Consequently, the periodic 16-cycle of f3:412,0:9ðxÞ is
attracting

For a = 1, the periodic points of periods 2, 4, 8, and 16 of
f λ,aðxÞ are numerically simulated at the following values of
parameter λ = 3:2,3:43,3:51,3:52, respectively:

(i) If λ = 3:2, then the periodic points of 2-cycle of f λ,a
ðxÞ are obtained as σ1 = 0:77084 and σ2 = 1:15258.
It follows that

f λ,a′ σ1ð Þf λ,a′ σ2ð Þ�� �� = −0:06982ð Þ × −1:78680ð Þj j
≈ 0:12475 < 1:

ð20Þ

Hence, the periodic 2-cycle of f3:2,1ðxÞ is attracting
(ii) If λ = 3:43, then the periodic points of 4-cycle of

f λ,aðxÞ are found as σ1 = 0:70235, σ2 = 1:20020, σ3
= 0:63143, and σ4 = 1:16743. It gives that

f λ,a′ σ1ð Þf λ,a′ σ2ð Þf λ,a′ σ3ð Þf λ,a′ σ4ð Þ�� ��

= 0:20572 × −2:22275ð Þ × 0:73067 × −2:10441ð Þj j
≈ 0:70312 < 1:

ð21Þ

It provides that the periodic 4-cycle of f3:43,1ðxÞ is
attracting

(iii) If λ = 3:51, then the periodic points of 8-cycle of
f λ,aðxÞ are determined as σ1 = 0:77980, σ2 =
1:21185, σ3 = 0:58668, σ4 = 1:15156, σ5 = 0:72229,
σ6 = 1:22175, σ7 = 0:56315, and σ8 = 1:12396. It fol-
lows that

f λ,a′ σ1ð Þf λ,a′ σ2ð Þf λ,a′ σ3ð Þf λ,a′ σ4ð Þf λ,a′
��

� σ5ð Þf λ,a′ σ6ð Þf λ,a′ σ7ð Þf λ,a′ σ8ð Þ��
= −0:35462ð Þ × −2:35925ð Þ × 1:06627 × −2:13692ð Þj

× 0:01636 × −2:39449ð Þ × 1:28116 × −2:03046ð Þj
≈ 0:19425 < 1:

ð22Þ

Therefore, the periodic 8-cycle of f3:51,1ðxÞ is
attracting
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(iv) If λ = 3:52, then the periodic points of 16-cycle of
f λ,aðxÞ are calculated as σ1 = 0:70033, σ2 = 1:22223,
σ3 = 0:55955, σ4 = 1:12253, σ5 = 0:78139, σ6 =
1:21320, σ7 = 0:58114, σ8 = 1:14866, σ9 = 0:72687,
σ10 = 1:22407, σ11 = 0:55511, σ12 = 1:11661, σ13 =
0:79338, σ14 = 1:20830, σ15 = 0:59273, and σ16 =
1:16094. It gives that

f λ,a′ σ1ð Þf λ,a′ σ2ð Þf λ,a′ σ3ð Þf λ,a′ σ4ð Þf λ,a′ σ5ð Þf λ,a′ σ6ð Þf λ,a′
��

� ρ7ð Þf λ,a′ σ8ð Þf λ,a′ σ9ð Þf λ,a′ σ10ð Þ × f λ,a′ σ11ð Þf λ,a′
� σ12ð Þf λ,a′ σ13ð Þf λ,a′ σ14ð Þf λ,a′ σ15ð Þf λ,a′ σ16ð Þ��

= 0:16171 × −2:40819ð Þ × 1:31092 × −2:03603ð Þj
× −0:37194ð Þ × −2:37602ð Þ × 1:11127 × −2:13729ð Þ
× −0:02132ð Þ × −2:41473ð Þ × 1:35330 × −2:01269ð Þ
× −0:44486ð Þ × −2:35844ð Þ × 1:00810 × −2:18393ð Þj

≈ 0:70651 < 1:
ð23Þ

Consequently, the periodic 16-cycle of f3:52,1ðxÞ is
attracting

For a = 1:1, the periodic points of periods 2, 4, 8, and 16
of f λ,aðxÞ are numerically calculated at the following param-
eter λ = 3:3,3:55,3:61,3:62, respectively:

(i) If λ = 3:3, then the periodic 2-cycle points of f λ,aðxÞ
are obtained as τ1 = 0:70921 and τ2 = 1:04202. It fol-
lows that

f λ,a′ τ1ð Þf λ,a′ τ2ð Þ�� �� = −0:07062ð Þ × −1:79068ð Þj j
≈ 0:12645 < 1:

ð24Þ

Therefore, the periodic 2-cycle of f3:3,1:1ðxÞ is
attracting

(ii) If λ = 3:55, then the periodic points of 4-cycle of
f λ,aðxÞ are found as τ1 = 0:66490, τ2 = 1:09044, τ3
= 0:56821, and τ4 = 1:04622. It gives that

f λ,a′ τ1ð Þf λ,a′ τ2ð Þf λ,a′ τ3ð Þf λ,a′ τ4ð Þ�� ��

= 0:06443 × −2:27867ð Þ × 0:87824 × −2:09294ð Þj j
≈ 0:26987 < 1:

ð25Þ

Hence, the periodic 4-cycle of f3:55,1:1ðxÞ is attracting
(iii) If λ = 3:61, then the periodic points of 8-cycle of

f λ,aðxÞ are determined as τ1 = 0:54556, τ2 =
1:04060, τ3 = 0:66816, τ4 = 1:10296, τ5 = 0:52658,
τ6 = 1:01854, τ7 = 0:71422, and τ8 = 1:09500. It fol-
lows that

f λ,a′ τ1ð Þf λ,a′ τ2ð Þf λ,a′ τ3ð Þf λ,a′ τ4ð Þf λ,a′ τ5ð Þf λ,a′ τ6ð Þf λ,a′ τ7ð Þf λ,a′ τ8ð Þ�� ��

= 1:06636 × −2:13677ð Þ × −0:00176ð Þ × −2:40118ð Þj
× 1:26021 × −2:03861ð Þ × −0:33893ð Þ × −2:36845ð Þj

≈ 0:01989 < 1:
ð26Þ

It provides that the periodic 8-cycle of f3:61,1:1ðxÞ is
attracting

(iv) If λ = 3:62, then the periodic points of 16-cycle of
f λ,aðxÞ are calculated as τ1 = 0:52206, τ2 = 1:01563,
τ3 = 0:71902, τ4 = 1:09498, τ5 = 0:54358, τ6 =
1:04126, τ7 = 0:66533, τ8 = 1:10501, τ9 = 0:51949,
τ10 = 1:01225, τ11 = 0:72587, τ12 = 1:09221, τ13 =
0:55014, τ14 = 1:04815, τ15 = 0:65042, and τ16 =
1:10395. It gives that

f λ,a′ τ1ð Þf λ,a′ τ2ð Þf λ,a′ τ3ð Þf λ,a′ τ4ð Þf λ,a′ τ5ð Þf λ,a′ τ6ð Þf λ,a′
��

� ρ7ð Þf λ,a′ τ8ð Þf λ,a′ τ9ð Þf λ,a′ τ10ð Þf λ,a′ τ11ð Þ × f λ,a′
� τ12ð Þf λ,a′ τ13ð Þf λ,a′ τ14ð Þf λ,a′ τ15ð Þf λ,a′ τ16ð Þ��

= 1:30341 × −2:03653ð Þ × −0:38015ð Þ × −2:38022ð Þj
× 1:08133 × −2:15103ð Þ × 0:01303 × −2:42152ð Þ
× 1:33067 × −2:02120ð Þ × −0:42757ð Þ × −2:36875ð Þ
× 1:01591 × −2:18120ð Þ × 0:12957 × −2:41718ð Þj

≈ 0:33319 < 1:
ð27Þ

Consequently, the periodic 16-cycle of f3:62,1:1ðxÞ is
attracting

4. Numerical Simulation of Real Cycles of
Period 3 with Their Nature

The real cycle of period 3 corresponding to λ =
2:782,2:892,3, 3:635,3:735,3:84 with their nature is deter-
mined for a = 0:1,0:2,0:3,0:9,1, 1:1, respectively, as follows.

(i) For a = 0:1 and λ = 2:782, the periodic points of 3-
cycle of f λ,aðxÞ are found as α1 = −14:05325, α2 =
1:09033, and α3 = 5:59632. It follows that

f λ,a′ α1ð Þf λ,a′ α2ð Þf λ,a′ α3ð Þ�� ��

= −2:65747ð Þ × 5:30037 × 0:01157j j
≈ 0:16302 < 1:

ð28Þ

Therefore, the periodic 3-cycle of f2:782,0:1ðxÞ is
attracting

(ii) For a = 0:2 and λ = 2:892, the periodic points of 3-
cycle of f λ,aðxÞ are calculated as β1 = 2:88261, β2 =
6:92313, and β3 = 0:73290. It follows that
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f λ,a′ β1ð Þf λ,a′ β2ð Þf λ,a′ β3ð Þ�� ��

= 0:04765 × −2:68870ð Þ × 5:02564j j
≈ 0:64388 < 1:

ð29Þ

Consequently, the periodic 3-cycle of f2:892,0:2ðxÞ is
attracting

(iii) For a = 0:3 and λ = 3, the periodic points of 3-cycle
of f λ,aðxÞ are determined as γ1 = 0:60380, γ2 =
1:99006, and γ3 = 4:55372. It gives that

f λ,a′ γ1ð Þf λ,a′ γ2ð Þf λ,a′ γ3ð Þ�� ��

= 4:78163 × 0:04991 × −2:71631ð Þj j
≈ 0:64832 < 1:

ð30Þ

Therefore, the periodic 3-cycle of f3,0:3ðxÞ is
attracting

(iv) For a = 0:9 and λ = 3:635, the periodic points of 3-
cycle of f λ,aðxÞ are given as ρ1 = 0:75942, ρ2 =
1:42939, and ρ3 = 0:37250. It follows that

f λ,a′ ρ1ð Þf λ,a′ ρ2ð Þf λ,a′ ρ3ð Þ�� �� = 0:06512 × −2:85102ð Þ × 4:02216j j
≈ 0:74674 < 1:

ð31Þ

Thus, the periodic 3-cycle of f3:635,0:9ðxÞ is attracting
(v) For a = 1 and λ = 3:735, the periodic points of 3-

cycle of f λ,aðxÞ are computed as σ1 = 0:70636, σ2 =
1:27587, and σ3 = 0:35853. It gives that

f λ,a′ σ1ð Þf λ,a′ σ2ð Þf λ,a′ σ3ð Þ�� ��

= −0:02088ð Þ × −2:86116ð Þ × 3:88537j j
≈ 0:23208 < 1:

ð32Þ

It provides that the periodic 3-cycle of f3:735,1ðxÞ is
attracting

(vi) For a = 1:1 and λ = 3:84, the periodic points of 3-
cycle of f λ,aðxÞ are found as τ1 = 0:34162, τ2 =
0:64682, and τ3 = 1:15187. It gives that

f λ,a′ τ1ð Þf λ,a′ τ2ð Þf λ,a′ τ3ð Þ�� �� = 3:84560 × 0:01311 × −2:88075ð Þj j
≈ 0:14520 < 1:

ð33Þ

Therefore, the periodic 3-cycle of f3:84,1:1ðxÞ is attracting
The presence of periodic points of periods more than or

equal to 2 can be visualized by bifurcation diagrams, and

presence of chaotic behaviour in our dynamical systems can
be quantified by Lyapunov exponents which are given in
the following section.

5. Chaos by Bifurcation Diagrams and
Lyapunov Exponents

In this section, we observe chaos in the real dynamics of
f λ,a ∈F by portraying bifurcation diagrams and by comput-
ing Lyapunov exponents.

5.1. Period-Doubling and Period 3 Window in Bifurcation
Diagrams. The purpose of this section is to visualize graphi-
cally the dynamical behaviour of f λ,a ∈F by using graphs
of bifurcation diagrams. By drawing bifurcation diagrams,
it is easy to see the periodicity of orbits graphically. It is
familiar that the occurrence of period-doubling in the real
dynamics of functions is route to chaos, and moreover, the
periodic point of period three implies chaos [50]. It is
observed from Section 2.1 that the stability of fixed points
of f λ,aðxÞ varies whenever parameter λ crosses a certain
value. The appearance of periodic points of period two or
greater in the real dynamics is exhibited through bifurcation
diagrams (Figures 2(a)–2(f)) for a = 0:1,0:2,0:3,0:9,1, 1:1
with 2 ≤ λ ≤ 2:8, 2 ≤ λ ≤ 2:9, 2 ≤ λ ≤ 3:05, 2:7 ≤ λ ≤ 3:7, 2:8
≤ λ ≤ 3:8, and 2:9 ≤ λ ≤ 3:9, respectively. In these bifurcation
diagrams, the period-doubling occurs which presents a route
to chaos in the dynamics of f λ,a ∈F .

When a varies from 0:1 to 1:1, it is clear from
Figures 2(a)–2(f) that the period-doubling in bifurcation dia-
grams happens for little larger values of parameter λ. In these
figures, white regions indicate the presence of nonchaotic
windows in the bifurcation diagrams. This chaotic behaviour
is observed in the bifurcation diagrams for very short interval
of parameter λ. If a varies from 0:1 to 1:1, then the dark
region in bifurcation diagrams shifted to little larger value
of λ.

From the above discussion and numerical calculation, it
is evidenced that saddle-node bifurcation happens in the
dynamics of f λ,aðxÞ which is also demonstrated in bifurca-
tion diagrams; see Figures 2(a)–2(f) and Figures 3(a)–3(f).

After zooming in the above bifurcation diagrams, a
periodic-three window is clearly visible in these diagrams of
f λ,aðxÞ for a = 0:1,0:2,0:3,0:9,1, 1:1 corresponding to λ =
2:782,2:892, 3,3:635,3:735,3:84, respectively (Figures 3(a)–
3(f)) which interprets chaotic behaviour in the dynamics.
For numerical computation of the bifurcation points, we
solve the equations associated to fixed points and neutral
fixed point conditions as f 3λ,aðxÞ = x and jð f 3λ,aÞ′ðxÞj = 1.

We can observe ahead of the periodic-3 window, new
higher periodic cycles come into existence. Beyond that
dynamics exhibits extremely more complicated behaviour.
It demonstrates that the real dynamics of f λ,aðxÞ changes
suddenly under small changes in the parameters.

Next, the Lyapunov exponents are plotted corresponding
to values of λ and a for which period-doubling happens in
the above bifurcation diagrams.
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Figure 2: Bifurcation diagrams for a = 0:1, a = 0:2, a = 0:3, a = 0:9, a = 1, and a = 1:1.
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5.2. Lyapunov Exponents and Chaotic Behaviour.We are famil-
iar that the chaotic behaviour happens in the dynamics of func-
tions if the Lyapunov exponents are positive [50]. To compute
the Lyapunov exponent of f λ,a ∈F , formula (1) is used:

L = lim
j→∞

1
j
〠
j−1

k=0
ln 1 + 1

xk
− λ 1 + ln axkð Þ

����

����: ð34Þ

We pick j = 5000 and x0 = 0:4 in our computation. In
Figure 4, the calculated values of Lyapunov exponents are
plotted for a = 0:1,0:2,0:3,0:9,1, 1:1 with 2:6 ≤ λ ≤ 2:8, 2:6 ≤
λ ≤ 2:9, 2:6 ≤ λ ≤ 3:05, 2:6 ≤ λ ≤ 3:7, 2:6 ≤ λ ≤ 3:8, and 2:6 ≤
λ ≤ 3:9, respectively. For certain intervals of parameter λ, it
is seen that the Lyapunov exponents are positive. Therefore,
this shows that chaotic behaviour presences in the real
dynamics of f λ,a ∈F .

2

4

6

8

10

12

14

16

1

2

3

4

5

6

7

3.0532.95

0.5

1

1.5

2

2.5

3

3.5

4

4.5

0.4

0.6

0.8

1

1.2

1.4

1.6

0.4

0.6

0.8

1

1.2

1.4
a = 1 a = 1.1

a = 0.3 a = 0.9

a = 0.1 a = 0.2

(e)

2.75 2.76 2.77 2.78 2.79 2.8 2.85 2.86 2.87 2.88 2.89 2.9

3.55 3.6 3.65 3.7

3.7 3.72 3.74 3.76 3.78 3.8 3.8 3.82 3.84 3.86 3.88 3.9

0.4

0.6

0.8

1

1.2

x
n

x
n

x
n

x
n

x
n

x
n

𝜆

(f)
𝜆

(a)
𝜆

(b)
𝜆

(c)
𝜆

(d)
𝜆

Figure 3: Bifurcation diagrams for period-3 window.
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Figure 4: Lyapunov exponents for a = 0:1, a = 0:2, a = 0:3, a = 0:9, a = 1, and a = 1:1.
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For a = 0:1,0:2,0:3,0:9,1, 1:1 and certain intervals of
parameter λ, the dark regions in bifurcation diagrams
(Figure 2) corresponding to positive Lyapunov exponents
(Figure 4) have good agreement among them which repre-
sents the chaotic behaviour in the real dynamics f λ,aðxÞ. Fur-
ther, for certain ranges, the bifurcation diagrams have white
regions corresponding to negative values of Lyapunov expo-
nents which present that the nonchaotic regions come up
temporarily into chaotic regions.

6. Conclusion

In this article, the dynamical properties of a newly proposed
two-parameter family of transcendental functions in one
dimension associated with logarithmic map have been pre-
sented and simulated. The real fixed points with their nature
have been theoretically found although the periodic points
have been numerically simulated. By periodic-doubling as
well as by period-three window in bifurcation diagrams, the
presence of chaotic behaviour has been explored. Chaos is
recognized by calculating positive Lyapunov exponents. As
the possibility of further study in this direction, such results
may extend for a family of functions having three or more
parameters and moreover a family of functions having
dimension more than or equal to 2.
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