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Machine condition monitoring and diagnosis have become increasingly important, and the application of these processes has
been widely investigated. The authors previously proposed a stepwise diagnosis method for a beam structure. In that method,
the location of the abnormality is first estimated using the force identification approach, and then the cause of the abnormality is
identified. In this study, the stepwise diagnosis method was improved specifically for rotating machinery. The applicability of the
proposed method was checked by using the experimental data. In the case of a rotor system with unbalance, it was shown that
the location of the abnormality and its severity could be identified, and, in the case of a rotor system with stationary rubbing, the
location of the abnormality could be accurately identified. Therefore, it was confirmed that the proposed diagnostic method is
feasible for actual application.

1. Introduction

Machine condition monitoring and diagnosis have become
increasingly important, and the application of these pro-
cesses to beam structures and rotating machinery has been
widely investigated. At the early stage of diagnosis, abnormal-
ity data is encountered, and a primary diagnosis is required
to identify the location and cause of the abnormality.

There have been many studies about the primary diag-
nosis of abnormality. Some of them use a knowledge-based
approach, that is, an expert system in which fault-symptom
matrices, if-then rules, fuzzy logic, or neural networks are
used. Others use a model-based approach in which the
abnormal response is calculated from a mathematical model
having a certain cause of abnormality, and the residual
between the measured and simulated response is checked;
the correct cause of abnormality can then be identified as
the cause leading to the minimum residual. Many studies
use a model-based approach to the crack diagnosis of a
beam [1–5] and to the crack or unbalance diagnosis of
a rotor system [6–10]. The authors previously proposed a
stepwise primary diagnostic method [11] that was a model-
based approach in which the location of the abnormality is

first estimated using the force identification approach. The
distinguishing feature of the proposed method is that the
abnormality is considered as an additional virtual external
force in the early stage of abnormality. After that, the cause of
the abnormality is identified. A numerical example showed
that the location and cause of the abnormality could be
identified with sufficient accuracy, and that this method was
useful for primary diagnosis. Then the authors developed a
new diagnostic approach to increase the robustness of the
stepwise diagnosis method, where the mathematical model
was modified based on the difference of the response between
the measurement and the simulation [12]. The validity and
applicability of the latter proposed method were shown for
the experimental data of a free-free uniform beam excited
at its center. The authors also proposed a new regularization
method in the force identification procedure, and the
method was proved to be feasible for actual application [13].

In this study, we propose a stepwise diagnostic approach
specifically for rotating machinery. Stationary structures
have been considered in previous work, with the recom-
mendation that a vibration test be performed at regular
intervals to monitor the health of the structure. In the case of
rotating machinery, an unbalance force always exists within
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allowable limits; thus, no external force for the vibration
test is necessary. The directions of the allowable unbalance
force and the virtual external force due to abnormality are
generally different; thus, we have to modify the treatment of
the vibration change due to abnormality.

The applicability of the method was checked against ex-
perimental data. A rotor system of one disk or two disks
with abnormal unbalance and a rotor system with rubbing
were diagnosed. Of course, there are many causes of the
abnormality in rotating machinery, such as unbalance, crack,
rubbing, oil whip, oil whirl, and so on. Among them, we
often encounter unbalance in the actual rotating machinery.
The shaft vibrations and the accelerations at the bearing
housings are measured in the normal and abnormal condi-
tions, and then the location of the abnormality is estimated
by using the force identification technique. After that, the
cause of the abnormality and its severity are identified.

2. Stepwise Fault Diagnosis Method

2.1. Construction of the Mathematical Model. The stepwise
diagnosis method [11] has been proposed for a beam
structure. Here the method is modified for application to
rotating machinery.

The rotating machinery is modelled without damping. In
fact, when an abnormality occurs in machinery, its mechan-
ical properties such as mass and stiffness can change, which
in turn alters the natural frequency; however, in the proposed
method, the abnormality is considered an additional external
force for normal machinery, so the natural frequency does
not vary. Thus, response data near the critical speed cannot
be used for this diagnosis approach, and response data far
from the critical speed is almost the same in the cases with
and without damping for machinery with light damping.
Actually, rotating machinery does not operate near the
critical speed. Therefore, for simplicity of treatment, machin-
ery without damping is considered in this study. And the
nonlinear effect and the gyroscopic effect are also ignored
because the machinery considered in this study is very
simple.

The mass matrix [M] and the stiffness matrix [K] under
normal conditions were constructed in advance using the
Finite Element Method (FEM), and they are modified by
the model update procedure so that the simulated response
sufficiently agrees with the experimental one.

In the case of rotating machinery, an allowable unbalance
force usually exists, and it can be used as the external force
of vibration test. Its magnitude is given as Mdiscεω2, where
Mdisc is the mass of the disk, ε is the eccentricity, and ω
is the rotational speed, respectively. The unbalance force in
the horizontal direction is Mdiscεω2 cosωt while that in the
vertical direction is Mdiscεω2 sinωt. In the case of stationary
structures, the virtual external force due to the abnormality
acts on the structure in the same direction as the external
force of the vibration test. But for the rotating machinery, the
direction of the external force due to the abnormality is not
same as that of the allowable unbalance force. The unbalance,
for example, may occur at an arbitrary position of the disk.

Thus, in this study, only the external force and the response
in one direction are considered. The equation of motion and
the output equation under normal conditions are obtained
as follows:

[M]{ẍn} + [K]{xn} =
{
f
}

, {xm} = [C]{xn}, (1)

where {xn} is the vertical response of the rotating machinery
which consists of the translational and rotational displace-
ments, and { f } is the allowable translational unbalance force
expressed as follows in the case of the rotor system of one
disk:

{
f
} = {0 · · · 0 Mdiscεω

2 0 · · · 0
}T

sinωt. (2)

The centrifugal force Mdiscεω2 is located at the element
corresponding to the disk position. And [C] is the coefficient
matrix which expresses the measurement positions and
directions, that is, the translational displacements only are
measured.

2.2. Estimation of the Location of the Abnormality. In the
abnormal conditions, the response changes because the mass
and/or stiffness matrices change due to abnormality, even if
the same allowable unbalance force acts on the machinery.
However, the change of response is considered to be the result
of an additional external force, { fa}, exerted on the normal
machinery as follows:

[M]{ẍa} + [K]{xa} =
{
f
}

+
{
fa
}

, (3)

where

{xa} = {xn} + {Δx}, {Δxm} = [C]{Δx}. (4)

The external force { fa} is expressed as

{
fa
} = {0 · · · 0 Fa 0 · · · 0}T sin

(
ωt + φ

)
, (5)

where Fa is set at the location of the abnormality, and the
angle φ is the direction of the abnormality from the direction
of the allowable unbalance force. An abnormality in the early
stage occurs locally in the machinery, so that the additional
external force is considered to act only on the ith element of
the finite element model. The difference {Δx} of the response
is synchronous with the additional external force due to the
abnormality. The component of ω from the difference {Δx}
is extracted by the frequency analysis procedure, and the
magnitudes of {Δx} and { fa} are defined as {ΔX} and {Fa},
respectively. Their relationship is expressed as follows:

(
[K]− ω2[M]

){ΔX} = {Fa}. (6)

The magnitude of the measured response {ΔXm} is defined
as [C]{ΔX}, and the additional external force {Fai} of the ith
element can be identified using the relationship

{ΔXm} = [H(ω)]{Fai}, (7)

where [H(ω)] is a compliance matrix between the measured
responses and the assumed external force. In the actual
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Figure 2: Experimental disk.

practice of solving (7), the compliance matrix [H(ω)] is
often ill-posed, and thus the truncation of small singular
values is needed. Then, {Fai} is identified and {ΔXmi} can
be obtained.

The next objective function, J1, is calculated for every
element number, i, as follows:

J1 = |{ΔXm} − {ΔXmi}|, (8)

where | • | represents the Euclidean norm. It is considered
that the abnormality will occur at the element where J1 is
significantly small.

2.3. Identification of the Cause of the Abnormality. After the
location of the abnormality is thus estimated as the Ith
element, we consider the possible causes of the abnormality.
One cause is set as ( j). A mathematical model with the
cause of abnormality ( j) in the Ith element is constructed.

The mass and stiffness matrices are expressed as [M
( j)
aI ] and

[K
( j)
aI ], respectively. The subscript “a” means that the matrix

has an abnormality. The response {X ( j)
aI } is calculated under

the normal unbalance force using the equation of motion,

([
K

( j)
aI

]
− ω2

[
M

( j)
aI

]){
X

( j)
aI

}
= {F}, (9)
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Figure 3: Sensor and disk locations.

Figure 4: A displacement sensor and an accelerometer on the
bearing housing.

and the vibration difference at the measurement points is
obtained as follows:

{
ΔX

( j)
aIm

}
= [C]

({
X

( j)
aI

}
− {Xms}

)
, (10)

where {Xms} is the normal response.
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Figure 5: Finite element model of rotor system.

The next objective function, J2, is calculated as

J2 =
∣
∣
∣{ΔXm} −

{
ΔX

( j)
aIm

}∣∣
∣, (11)

and the cause of the abnormality is identified when J2 is
significantly small.

The procedure of the diagnosis method is summarized as
follows,

(1) Monitoring of the shaft vibration, Detection of an
abnormality when the shaft vibration exceeds the
threshold value.

(2) Calculation of the vibration change and estimation of
the location of the abnormality, and

(3) Identification of the cause of the abnormality.

3. Experimental Setup and Analytical Model

The diagnosis method previously proposed [11] was con-
firmed its validity for the beam structure. In this study, the
method is improved for the rotating machinery though the
fundamental idea is common. Therefore, in this study, we
will skip the numerical example to check the validity of the
method and check the applicability of the proposed method
using experimental data. In this section, the experimental
setup and its analytical model are shown.

3.1. Experimental Setup. Figure 1 shows the experiment
setup in the case of two disks, which is a model rotor
system made by Bently Nevada (General Electric). This

rotor system can simulate various abnormalities such as
unbalance, rubbing, and so on. In this study, a shaft with
one disk or two disks supported by rolling bearings was
considered. The length and the diameter of the shaft were
0.5 m and 0.01 m, respectively. In the case of one disk, the
disk was set at the center of the shaft while, in the case of
two disks, they were set 0.125 m from the bearing locations.
Figure 2 shows an 800 g disk with holes at intervals of 22.5
degrees and 0.03 m in the radius from the disk center. A
certain weight can be added for balancing or simulating an
unbalance condition.

To measure the vertical responses of the rotor system, two
displacement sensors and two accelerometers were used. The
sensor locations are shown in Figure 3. An accelerometer is
attached on the bearing housing, and a displacement sensor
is set as shown in Figure 4.

3.2. Analytical Model. Figure 5 shows the analytical models
of one disk and two disks, namely, a shaft with one disk or
two disks elastically supported at both ends. To construct a
mathematical model, the shaft was divided into 20 elements,
and the characteristic matrices were obtained by FEM using
a beam element.

4. Diagnosis of a Rotor System of
One Disk with Unbalance

4.1. Response under Normal Conditions and Its Mathematical
Model. The rotor system of one disk as shown in Figure 5(a)
was considered first. In the initial condition, it was shown
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Figure 6: Amplitude of shaft vibration under normal conditions.

that the shaft vibration was large because of the initial
unbalance, and the critical speed was about 1860 rpm. Thus,
the operating speed was set as 2700 rpm, and the balancing
was carried out using trial weight to suppress the shaft
vibration at the operating speed. The amplitude of the shaft
vibration is shown in Figure 6.

Then the mathematical model under normal conditions
was constructed by identifying the spring constants of
the bearings and the residual amount of unbalance. The
identified results were as follows:

k1 = 1.83× 105 [N/m], k2 = 2.02× 105 [N/m],

Ures=Mrotorε=800
[
g
]× 2.8× 10−3 [mm]=2.24

[
g ·mm

]
.

(12)

In Figure 6, the simulated amplitude of the shaft vibration is
also shown.
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Figure 7: Time history of shaft vibration and pulse signal at sensor
Sd1.

Figure 8: The keyway.

4.2. Response under Abnormal Conditions and Definition of
Vibration Difference. The time histories of the vertical shaft
vibration under normal and abnormal conditions are shown
in Figure 7. These results are the frequency component of
2700 rpm extracted from the measured data. As shown in
Figure 8, the pulse signal of the keyway attached near the
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Figure 9: Objective function in the case of rotor of one disk. (a) In the case that an unbalance is at 0 degree from the keyway. (b) In the case
that an unbalance is at 90 degrees from the keyway. (c) In the case that an unbalance is at 180 degrees from the keyway. (d) In the case that
an unbalance is at 270 degrees from the keyway.

coupling is measured by a displacement sensor set in the
horizontal direction, while the shaft vibration is measured in
the vertical direction. Thus, the vibration signal in Figure 7
has been shifted 90 degrees from the original data. Under
normal conditions, when the pulse signal appears, that is, the
keyway is at the sensor location as shown in Figure 7(a), the
shaft was close to the sensor. The rotational speed, 2700 rpm,
is over the critical speed; thus, the residual unbalance was
located at the opposite side of the keyway.

An example under abnormal conditions is shown in
Figure 7(b) when the unbalance weight 0.4 g (amount of
unbalance 0.4 [g] × 30.0 [mm] = 12.0 [g · mm]) was at-
tached at 90 degrees from the keyway. The shaft vibration was
larger than in the normal case, and the shaft was closest to the
sensor at a 90 degrees shift from the pulse signal because of
the unbalance. This shaft vibration is {xa} in (4).

The vibration difference {Δx} was obtained by subtract-
ing the normal data from the abnormality data with the
two signals aligned with respect to the pulse signal and
calculating the amplitude of the response.

4.3. Estimation of the Location of the Abnormality. To obtain
the objective function J1, the inverse problem in (7) is
solved. In this study, we use the beam element to express the
rotor system so that the external force vector {Fai} has four
elements as follows:

{Fai} =
{
fxi fθi fx j fθ j

}T
, (13)

where fxi and fx j are the translational forces at both ends of
the ith element, respectively, and fθi and fθ j are the bending
moments at both ends of the ith element, respectively.
The displacements are measured at four points so that the
compliance matrix has four singular values. Although there
are only four singular values, some of them are very small
with respect to the spatial relationship between the sensor
and the additional external force. If a small singular value is
adopted in the identification process, the identified external
force becomes very large so that it cannot be considered as
an additional external force corresponding to an abnormality
in the early stage. In this study, the external forces are
identified for various truncation orders of singular values,
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Figure 10: Amplitude of shaft vibration under abnormal condi-
tions.

and the magnitudes of the forces are checked. Then, we adopt
a singular value.

Some results of estimation for various angles of unbal-
ance are shown in Figure 9. The horizontal axis is the element
number where the virtual external force is assumed, and the
vertical axis is the objective function of (8). The location of
the minimum objective function is considered as the site of
the abnormality.

In this experiment, the disk is set at the center of the shaft
so that the element number of the disk is 10 or 11. From the
figures, the objective functions show the minimum value at
number 10 or 11. Therefore, it is shown that the location
of the abnormality can be estimated for various angles of
unbalance on the disk.

4.4. Estimation of the Cause of the Abnormality and Its
Severity. After estimation of the location of the abnormality,
the cause of the abnormality and its severity are estimated.
In this experiment, the location of the abnormality was
estimated at the disk position, so that the unbalance is
assumed as a cause of abnormality because the synchronous

Table 1: The severity of unbalance.

Exact value Identified value Error

Case 1
unbalance [g·mm] 12.0 12.9 0.9

angle [deg.] 0 −9.9 −9.9

Case 2
unbalance [g·mm] 12.0 13.2 1.2

angle [deg.] 45 45.4 0.4

Case 3
unbalance [g·mm] 12.0 13.2 1.2

angle [deg.] 90 88.9 −1.1

Case 4
unbalance [g·mm] 12.0 13.2 1.2

angle [deg.] 135 136.4 1.4

Case 5
unbalance [g·mm] 12.0 13.2 1.2

angle [deg.] 180 179.9 −0.1

Case 6
unbalance [g·mm] 12.0 12.9 0.9

angle [deg.] 225 227.4 2.4

Case 7
unbalance [g·mm] 12.0 12.6 0.6

angle [deg.] 270 270.9 0.9

Case 8
unbalance [g·mm] 12.0 12.6 0.6

angle [deg.] 315 310.4 −4.6

frequency with the rotating speed changes, which is usually
reflective of unbalance. Here the amount and angle of
unbalance have to be identified. The angle of unbalance
is defined from the keyway. The objective function J2 is
calculated for various amounts and angles of unbalance
on the disk, and the results are shown in Table 1. The
error means the difference between the exact value and the
identified value. From this table, it is shown that excellent
identification results can be obtained.

5. Diagnosis of a Rotor System of
Two Disks with Unbalance

5.1. Response under Normal Conditions and Its Mathematical
Model. Next, a rotor system of two disks as shown in
Figure 5(b) was considered. To simulate normal conditions,
the balancing was carried out using the influence coefficient
method. The shaft vibration under normal conditions is
shown in Figure 10. The critical speed was about 1875 rpm;
thus, in this study, the operating speed was set as 3000 rpm.

The mathematical model was then constructed. To
present the experimental shaft vibration by the mathematical
model, the parameters of the spring constants at both
ends, the amounts of unbalance of the two disks, and
the relative angle of residual unbalance were identified. In
this experiment, the shaft vibration around the operating
speed was very small, so two types of mathematical mod-
els were considered. The one represents the experimental
shaft vibration at 3000 rpm, and the other represents the
vibrations from 2800 rpm to 3200 rpm on average. Sufficient
estimations of the location of the abnormality could not be
obtained using the latter mathematical model. The result
shows that the mathematical model at the exact operating
speed is required to obtain good results. In this experiment,
the shaft vibration under normal conditions was very small
after balancing, so that the construction of a mathematical
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Figure 11: Objective function J1 in the case of Disk 1 with unbalance. (a) In the case that an unbalance is at 0 degree from the keyway. (b)
In the case that an unbalance is at 90 degrees from the keyway. (c) In the case that an unbalance is at 180 degrees from the keyway. (d) In the
case that an unbalance is at 270 degrees from the keyway.

model proved difficult. In the case of the stationary structures
in our previous studies [6, 7], the vibration under normal
conditions by a vibration test was not so small. We are
considering this point as a future problem. In this study,
the mathematical model representing the experimental shaft
vibration at 3000 rpm was adopted, and the parameters were
as follows:

k1 = 1.00 × 107 [N/m], k2 = 1.00 × 107 [N/m],

Ures1 =Mrotorε1 = 800
[
g
]× 6.2 × 10−3 [mm]

= 4.96
[
g ·mm

]
,

Ures2 =Mrotorε2 = 800
[
g
]× 6.0 × 10−3 [mm]

= 4.80
[
g ·mm

]
, θ = 213.4

[
deg .

]
.

(14)

5.2. Estimation of the Location of the Abnormality. Figure 11
shows some estimation results of the case of Disk 1 with
unbalance. Disk 1 is located at element number 5 or 6.

From the figure, good estimation results can be obtained for
various angles of unbalance. Figure 12 shows some results of
the case of Disk 2 with unbalance. Disk 2 is located at element
number 15 or 16. From the figure, good estimation results
can be obtained for various angles of unbalance.

5.3. Estimation of the Cause of the Abnormality and Its
Severity. In this case, the location of the abnormality was
also estimated at the disk position; thus, the unbalance
was assumed as a cause of abnormality. The estimation
results of the amount and angle of unbalance are shown
in Tables 2 and 3. From these tables, it is shown that the
identification results are slightly less accurate than in the
case of a single disk; that is, the largest error of the angle is
26.0 degrees. In this experiment, it is shown that the angle
can be estimated within an error of 30 degrees. Accurate
result may be obtained using more accurate mathematical
model, but the construction of the accurate mathematical
model is difficult because the shaft vibration is very small
after balancing as mentioned in Section 5.1.
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Figure 12: Objective function J1 in the case of Disk 2 with unbalance. (a) In the case that an unbalance is at 0 degree from the keyway. (b)
In the case that an unbalance is at 90 degrees from the keyway. (c) In the case that an unbalance is at 180 degrees from the keyway. (d) In the
case that an unbalance is at 270 degrees from the keyway.

Figure 13: Experiment for stationary rubbing.

6. Diagnosis of a Rotor System of One Disk with
Stationary Rubbing

In this section, the stationary rubbing of the shaft is
considered an abnormality. The normal rotor system was

constructed by balancing and the mathematical model was
obtained by identifying the parameters as follows:

k1 = 1.60× 105 [N/m], k2 = 1.81× 105 [N/m],

Ures=Mrotorε=800
[
g
]× 2.6× 10−3 [mm]=2.08

[
g ·mm

]
.

(15)

Stationary rubbing was induced by pressing a bar on the
shaft as shown in Figure 13. The pressing force was about
75 N measured by a push-pull gage (IMADA DPS-50R). The
locations of rubbing were set at 50 mm, 150 mm, 200 mm,
300 mm, 350 mm, and 400 mm from the left bearing. These
locations correspond to the element number 2 or 3, 6 or 7, 8
or 9, 12 or 13, 14 or 15, and 18 or 19, respectively.

Some estimation results for the location of the abnor-
mality are shown in Figure 14. From these results, various
rubbing locations could be accurately estimated.

In this case, the estimation of abnormality type is not
performed because the location of the abnormality is con-
sidered to be of prime importance in the actual application.
In the actual rotating machinery, we can first check the rotor
system at the estimated location.



10 Advances in Acoustics and Vibration

2 4 6 8 10 12 14 16 18 20

Element number

lo
g 1

0
J 1

−6.2

−6

−5.8

−5.6

(a)

2 4 6 8 10 12 14 16 18 20

Element number

lo
g 1

0
J 1

−6.2

−6

−5.8

−5.6

(b)

−6

−5.8

−6.2

−5.6

−5.4

−5.2

2 4 6 8 10 12 14 16 18 20

Element number

lo
g 1

0
J 1

(c)

−6

−5.8

−6.2

−5.6

−5.4

−5.2

2 4 6 8 10 12 14 16 18 20

Element number

lo
g 1

0
J 1

(d)

Figure 14: Objective function J1 in the case of stationary rubbing. (a) In the case that the stationary rubbing occurs 150 mm from the left
bearing. (b) In the case that the stationary rubbing occurs 200 mm from the left bearing. (c) In the case that the stationary rubbing occurs
300 mm from the left bearing. (d) In the case that the stationary rubbing occurs 350 mm from the left bearing.

Table 2: The severity of unbalance (Disk 1).

Exact value Identified value Error

Case 1
unbalance [g·mm] 12.0 13.7 1.7

angle [deg.] 0 −15.9 −15.9

Case 2
unbalance [g·mm] 12.0 14.1 2.1

angle [deg.] 45 33.1 −12.0

Case 3
unbalance [g·mm] 12.0 14.0 2.0

angle [deg.] 90 77.0 −13.0

Case 4
unbalance [g·mm] 12.0 12.9 0.9

angle [deg.] 135 120.9 −14.1

Case 5
unbalance [g·mm] 12.0 11.5 −0.5

angle [deg.] 180 164.9 −15.1

Case 6
unbalance [g·mm] 12.0 11.7 −0.3

angle [deg.] 225 204.4 −20.6

Case 7
unbalance [g·mm] 12.0 12.5 0.5

angle [deg.] 270 244.0 −26.0

Case 8
unbalance [g·mm] 12.0 12.5 0.5

angle [deg.] 315 300.8 −14.2

Table 3: The severity of unbalance (Disk 2).

Exact value Identified value Error

Case 1
unbalance [g·mm] 12.0 13.1 1.1

angle [deg.] 0 −2.1 −2.1

Case 2
unbalance [g·mm] 12.0 12.9 0.9

angle [deg.] 45 46.2 1.2

Case 3
unbalance [g·mm] 12.0 13.8 1.8

angle [deg.] 90 77.0 −13.0

Case 4
unbalance [g·mm] 12.0 12.8 0.8

angle [deg.] 135 116.5 −18.5

Case 5
unbalance [g·mm] 12.0 11.2 −0.8

angle [deg.] 180 156.1 −23.9

Case 6
unbalance [g·mm] 12.0 11.1 −0.9

angle [deg.] 225 200.0 −25.0

Case 7
unbalance [g·mm] 12.0 11.4 −0.6

angle [deg.] 270 252.8 −17.2

Case 8
unbalance [g·mm] 12.0 11.8 −0.2

angle [deg.] 315 300.8 −14.2
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7. Conclusion

In this study, a stepwise primary diagnosis method for
rotating machinery was proposed using a new procedure
with respect to the vibration difference between the normal
and the abnormal conditions. The applicability of the
proposed method was checked against experimental data.
In the case of a rotor system with unbalance, it was shown
that the location of abnormality and its severity could be
identified; in the case of a rotor system with stationary
rubbing, the location of abnormality could be accurately
identified. Therefore, it was confirmed that the proposed
diagnosis method is feasible for actual application.
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