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Abstract: The aim of this work is the integration of a virtual environment containing a deformable object,
manipulated by an open kinematical chain virtual slave robot, to a bilateral teleoperation scheme based
on a real haptic device. The virtual environment of this hybrid bilateral teleoperation system combines
collision detection algorithms, dynamical, kinematical and geometrical models with a position–position
and/or force–position bilateral control algorithm, to produce on the operator side the reflected forces
corresponding to the virtual mechanical interactions, through a haptic device. Contact teleoperation
task over the virtual environment with a flexible object is implemented and analysed.
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INTRODUCTION

Teleoperation extends user presence into remote or haz-
ardous environments, for it allows users to control ma-
chines at large distances through a person–machine inter-
face. Tough three components are essential: a master robot
operated by the user, a slave robot to perform contact tasks
at a remote location and a computerised electronic interface
to control and communicate mechanical parts. Force feed-
back provides useful information to the operator of such
a system, improving safety for the user, slave robot and
materials being handled. When force is directly provided
to users by means of the master, teleoperation systems are
bilaterally controlled (Hannaford 1989).

In a typical bilateral teleoperation system, the master
robot is used to enhance the force and the reach of the
user, the slave robot is therefore a big and powerful ma-
chine when compared with the former (Khatib et al. 2004,
Turro et al. 2001, Kheddar et al. 2007). Substitution of
the remote slave robot along with its environment for an
interactive virtual world results in a more efficient way to
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carry out experiments during teleoperation system devel-
opment phase; the safety of both the user and equipment is
a non-negligible additional advantage (Duriez et al. 2002,
Marmolejo et al. 2005). The components of the hybrid tele-
operation (HBT) system ought to be a haptic tool in place
of the master robot, ranging from a joystick to a 6 DoF
device (Otaduy and Lin 2006), whose duty is to reproduce
the kinesthetic component of touch when rendering a force
feedback, a virtual slave and a virtual environment to be ma-
nipulated and a person–machine interface. Virtual world
inputs: master robot position changes or forces applied by
the user, generate both: classical screen visual render and
master robot force feedback to recreate the sense of touch-
ing a real environment through a bilateral teleoperation
system and improving user’s immersion feeling (Khatib
et al. 2004, Marmolejo et al. 2005).

Hybrid teleoperation systems interactive models have
important real-time restrictions, such as bandwidth and
latency (Delingette and Ayache 2004). In a bilateral tele-
operation system there are two main sources of stability
problems: the transmission delay between the master and
the slave and contact with the environment, especially
when it is a deformable one. Stable haptic interactions
with deformable objects is a challenging task (Barbagli
et al. 2005), for they reach very high levels of computa-
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Figure 1 Hybrid bilateral teleoperation system.

tional complexity, producing low servo rates and supple-
mentary computational delays that may produce some un-
stable behaviours. Solutions that reduce computation loop
time include – to simplify deformable object algorithm
(Cavusoglu and Tendick 2000, Cotin et al. 2000); to build
an approximation of deformable object geometry that re-
sults in a haptic interaction computed at high servo rates
(Mahvash and Hayward 2004, 2006), and to ensure the
passivity of the whole hybrid system to obtain stable haptic
interactions with a wide variety of unknown virtual en-
vironments (Colgate et al. 1995, Adams and Hannaford
1999). The latter two options are independent of the sim-
ulation method and may be used to represent any kind of
deformable object model. Interactive virtual worlds, de-
spite its inherent non-linearity, non-passivity and time de-
lay, can be coupled with haptic devices in an HBT scheme
in a stable way introducing additional damping in the sys-
tem (Miller et al. 2000); therefore, when developing virtual
environments one does not have to worry about stability.
The main drawback of these algorithms is, however, that
they rely on high servo rates, which often cannot be ac-
complished when interacting with deformable objects, and
on damping, which compromises the overall transparency
(Barbagli et al. 2005).

Today HBT systems may be found in computer anima-
tion, interactive games, surgical simulation, training sys-
tems, computer-aided design, interactive path planning,
and in manufacture, HBT assembly and maintenance pro-
totypes (Barbagli et al. 2005, Cotin et al. 2000, Marmolejo
et al. 2005). In this inherently interdisciplinary field an ap-
plication ought to combine computer graphics, Newtonian
dynamics, continuum mechanics, numerical computation,
differential geometry, vector calculus, approximation and
control theories, among others, into a vast and powerful
toolkit, which, in our case, is being further explored and
extended.

Components of our HBT system, shown in Figure 2,
are geometrical models of both the slave robot and its envi-
ronment, containing a flexible or elastic object along with
rigid walls, rendered to the screen; dynamical models to
govern deformations of the flexible virtual object when
manipulated by the virtual slave, and to track the vir-
tual slave movement; collision detection module to no-
tice contact between the virtual slave robot tip and scene
objects, collision response in which deformation and pen-

etration depth are calculated in order to trigger object’s
dynamical model and to obtain reaction forces and bilat-
eral control ensuring stability of the 6 DoF master robot
(Marmolejo et al. 2005).

The next section of this article is devoted to geometrical
and dynamical models of 3-D deformable objects, includ-
ing a comparison between linear models of continuum me-
chanics and inherently discrete mass-spring models, while
the modelling of rigid bodies is the object of the third sec-
tion. The fourth section presents the interaction between
virtual objects including collision detection and force cal-
culation algorithms. The fifth section shows the obtained
experimental results and, finally, some conclusions are
presented.

MODELLING DEFORMABLE OBJECTS

Geometrical properties and dynamical behaviour of de-
formable objects present in the environment ought to be
represented in an HBT system by models, especially upon
interaction between these models and the virtual manipu-
lator. The field of physically based deformable models in
computer graphics has expanded tremendously and is very
active and fruitful with many visual stunning achievements
to account for.

Significant contributions were made in many key ar-
eas, e.g. object modelling, fracture, plasticity, cloth ani-
mation, stable fluid simulation, time integration strategies,
discretisation and numerical solution of partial differential
equations, modal analysis, space-time adaptivity, multi-
resolution modelling and real-time simulation (Cotin et al.
2000, Delingette and Ayache 2004).

The first model used to animate deformable objects,
based on Hooke’s law, integrates energy-based Lagrange

Figure 2 HBT system components.
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equations with finite differences or finite elements and was
proposed by Terzopoulos et al. (1987). After this seminal
paper, substantial work has appeared on physically based
deformable object modelling, simulation and animation in
computer graphics and related scientific fields (Cavusoglu
et al. 2001, 2002, Corso et al. 2003, Cotin et al. 2000,
Debunne et al. 1999, 2001, Delingette and Ayache 2004,
Duriez et al. 2002, Kuroda et al. 2002, and Mahvash and
Hayward 2006); although not all are suited for interactive
applications.

There are some different criteria in classifying exist-
ing modelling methods: regarding their nature, they are
divided into physical models, based on classical dynamics,
and geometrical models, such as parametric curves and sur-
faces, and free-form deformations. Physically based meth-
ods may be classified this time into Lagrangian, wherein
models consist of a set of points with varying locations and
properties, and Eulerian methods, wherein model proper-
ties are computed by a set of stationary points. When using
Lagrangian mesh-based methods in order to model ob-
ject deformation under the action of an external force, the
system has to compute for each step and each object ver-
tex, velocity vi and position xi . This may be done through
a mass-spring model or with a continuum object model.
Mass-spring model considers discrete mass elements con-
centrated in the nodes of a grid. Each node is connected
to its neighbours by massless springs, thereby producing
a discrete object representation. On the other hand, a nu-
merical method should be applied to solve a continuum
object model in order to obtain a representation of a force
function with values found in predefined sample points.

Early animations were computationally intensive; La-
grangian models based on Hook’s law were then applied
(Terzopoulos et al. 1987). Other approaches showing fast
representation of simple dynamic flexible objects but with
restrictions that affected realism of animation have later
on appeared. Multi-resolution models, together with an
adaptive sampling, minimised calculations on this kind of
physically based models (Debunne et al. 1999). Discrete
linear elastostatic models (LEM) are important physically
based elastic primitives that are used for haptic rendering
because they admit a high degree of numeric compression.
Intuitively, Green’s functions became a basis for describing
all possible deformations of LEM, which is a simple but sta-
ble linear 3-D mass-spring model. Green’s functions have
been suitable for force feedback rendering of stiff elastic
objects during continuous contact. The fact that the model
is linear is a crucial enabling factor. The implementation of
LEM benefits from a significant pre-computation. Linear
elastostatic model includes many global aspects of deforma-
tion that is appropriate in dealing with boundary discretisa-
tion. However, it is inaccurate for some materials and large
deformations. The work done by researchers at l’Institute
National de Recherche en Informatique et Automatique
(INRIA) has been relevant. They use an elastostatic finite
element method (FEM) model for liver surgical inter-
active application (Delingette and Ayache 2004), which

allows real-time interaction with deformable objects for
force feedback and computer animation (Cotin et al. 2000).

To solve the same problem, at Johns Hopkins Univer-
sity the soft environment is modelled considering a fixed
impedance, and then the deformation is a force function
(Cavusoglu and Tendick 2000, Cavusoglu et al. 2002). The
flexible objects can be defined also by a discretised medial
axis transform, which consists of an ordered set of spheres
whose centres are connected by a skeleton. Their algorithm
automatically generates a high dimensional parametric sur-
face that encapsulates the object shape, stiffness, damping,
and mass, then, to compute the force upon deformation,
it is used as a mass-spring-damper model that takes into
account both normal and shear surface forces (Corso et al.
2003).

Visual rendering could be implemented by surface or
volume techniques. Surface technique is the most com-
monly used as it takes basic polygonal elements (triangles,
quads) to obtain the entire scene. Volume rendering based
on polyhedral elements (cubes, tetrahedral) is more realis-
tic and well suited to model objects that can be fractured
(Cotin et al. 2000). Quality is proportional to the number
of polygonal elements. However, the updating rate on the
graph display is inversely proportional to this number.

Geometrical model: boundary representation

The first task in virtual object implementation is defining
its geometry, as a teleoperation task nature function and
robot slave type. Here the end effector of the robot slave is a
little sphere used to touch an elastic sphere that is five times
bigger, placed on the floor. In this case, the object in the vir-
tual environment may be represented through its bound-
ary. The penetration depth of the end effector tip into
the non-deformed virtual object is required to obtain the
corresponding reaction force to be rendered to the master
robot.

Polygonal meshes are widely used to represent virtual
objects in computer graphics. Among these meshes, trian-
gles are preferred as the graphical primitive in the descrip-
tion of a virtual surface and, with appropriate constraints,
are also used to build solid volumes (Lin and Gottshalk
1998). The triangular mesh representing the elastic sphere
to be touched in this exercise was created over an initial
coarse polygonal mesh and a recursive refinement method
that allows progressive approximation error decrease of the
actual grid. Platonic solids (octahedral, icosahedra) were
used in the initial step. Each refinement level increased the
number of triangles by a factor of 4 (Leech 1989).

The initial coarse mesh used was an origin-centred
icosahedra. In each approximation step, every triangle
in the actual mesh was subdivided by adding a new
point in the middle of every edge. As the sphere had a
unitary radius, every new point was normalised in order
to move it to the sphere’s surface. After five iterations,
it contained a redundant set of 15,360 points, for almost
every vertex belonged to six neighbouring triangles. An
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additional list of non-redundant vertices with 2560 points
was obtained. Comparing the triangles list with the point
list, the non-redundant points were grouped by faces,
getting a column called Vertices in Figure 3 example, of
5120 sets of three points, each one belonging to a triangle,
in accordance with the number of triangles modelling the
sphere derived from an icosahedra. In the triangular mesh
shown in Figure 3, it is easy to find all the triangles to
which vertex 7 belongs, by searching in each set of the
column Vertices, vertex 7 and relating it to a triangles
list getting that vertex 7 belongs to triangle B, C, D,
H, I and J. Finally, by scanning the faces list, a new
table of neighbouring vertices is created. In the graphical
example shown in Figure 3, by following the previous
method, vertex 1 has vertices 2 and 6 as its neighbours.
One can get the redundant list of first neighbours for
vertex 11 from the example by locating the set of faces
containing vertex 11 in the column Vertices, which are
I which includes vertices 7, 11 and 10; J with 7, 8 and
11; K has vertices 8, 12 and 11, M formed by 10, 11
and 13; N with 11, 14 and 7; O includes vertices 11,
12 and 14. Extracting from these points, vertex 11 the
resulting neighbours are 7, 10, 7, 8, 8, 12, 12, 14, 14, 13,
10 and 13, after eliminating redundancies we now know,
without reading it from the triangular mesh, that vertex
11 has as its first neighbours vertices 7, 10, 8, 12, 14 and 13.

� Vertices Point Faces

A 1, 2, 6 1 A
B 2, 7, 6 2 A, B, C
C 2, 3, 7 3 C, D, E
D 3, 8, 7 4 E, F, G
E 3, 4, 8 5 G
F 4, 9, 8 6 A, B, H
G 4, 5, 9 7 B, C, D, H, I, J
H 6, 7, 10 8 D, E, F, L, K, J
I 7, 11, 10 9 F, G, L
J 7, 8, 11 10 H, I, M
K 8, 12, 11 11 I, J, K, O, N, M
L 8, 9, 12 12 K, L, O
M 10 11, 13 13 M, N, P
N 11, 14, 13 14 N, O, P
O 11, 12, 14 15 P
P 13, 14, 15

The neighbours list informs which vertices are influ-
enced by a change in position from any of them. If vertex
11 is taken out from its equilibrium position by the user,
the dynamical model notices that it and its neighbours suf-
fer an internal force and responds to it. This sphere may be
further scaled without deformation, due to its symmetrical
nature.

Teleoperation visual and haptic render of a deformable
object needs, besides calculation of its geometrical evolu-
tion after deformation due to user interaction, computa-

Figure 3 Data set creation example allowing simulation of a
deformable object.

tion of resulting forces by means of a physical based model.
Triangular meshes may be used to build complex virtual
objects as well, but the attachment of a dynamical model
requires a data set containing triangles, vertices, points,
faces and neighbours.

Dynamical model

In the animation of deformable objects under the action
of an external force, discrete systems like particle systems
such as mass-spring systems are widely used in the ani-
mation of flexible virtual objects. Easier to implement and
faster than finite element methods, these systems allow the
animation of dynamic behaviours. The main advantages
of mass-spring models are its easy implementation, fast
calculation and inherently discrete nature; while its disad-
vantages are no triangular area preservation, useful only in
small deformations and valid for small time steps. One of
the main drawbacks of mass-spring systems is that neither
isotropic nor anisotropic materials can be generated and
controlled easily. Another problem is that most of the mate-
rials found in nature maintain a constant or quasi-constant
volume during deformations. Mass-spring models do not
have this property (van Gelder 1998, Bourguignon and
Canni 2000), then, to overcome the volume conservation
problem, a constraint, transformed into a force, was added
by the inclusion of radial springs to our sphere, as described
by Marmolejo et al. (2005).

In our application we considered a sphere whose geo-
metrical model represents its surface through an adaptive
triangular mesh as explained before. To rule the dynami-
cal behaviour of the considered elastic sphere, the external
force exerted over it was computed by calculating the pene-
tration depth as will be shown in the fourth section. Forces
exerted by the sphere deformed part over its neighbouring
material elements were computed as well using the Navier
equation:

ρ a = µ �d + (λ + µ) ∇ (∇ · d) , (1)

wherein λ and µ are Lamé coefficients, ρ represents object
density, a stands for acceleration, d for deformation vector
and �d for the deformation of the Laplacian. Equation
(1) has two terms: the deformation of the Laplacian and
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Figure 4 Evolution of the elastic sphere using Navier equation.

a term that limits the volume deformation. To solve the
differential equation, among numerical methods, the fi-
nite difference method was applied to each term obtaining
(Cotin et al. 2000):

�di = 2∑
j |xi − x j |

∑
j

di − d j

|xi − x j |

∇(∇ · d)i = 2∑
j |xi − x j |

∑
j

[(di − d j ) · u] u
|xi − x j |

(2)

wherein di stands for the deformation suffered by element
i , and |xi −x j | for the separation distance between neigh-
bouring nodes, and u = (xi −x j )/|xi −x j | for the unit
vector between them. Equation (2) may be used for sim-
ulating the small deformation of complex objects as long
as the deformation of each vertex may be computed along
with the distance separating neighbouring nodes. Advan-
tages of the Navier equation are an available wider range of
softness, preservation of the triangular area and linearity
that leads to an easy implementation, whereas its disad-

Figure 5 Phase graph of the deformed vertex moving freely.

vantages are the need of discretisation, useful only in small
deformations and unable to rotate the object.

Experimental results using the Navier equation

The Navier equation along with a linear strain tensor was
tested with the sphere, moving one of its vertices out of
its equilibrium position, as if its surface was pushed inside
using a single operation point, in order to observe its be-
haviour; in the first case without restricting the movement
of any vertex and in the second one, keeping the deformed
vertex out of its equilibrium position at all times.

In the first case, when all vertices are allowed to move
freely after deformation, it is possible to watch in the
graphical rendering (Figure 4) the deformed vertex mov-
ing around its equilibrium point. This same behaviour
is observed through the phase graph presented in Figure
5, in which at first the particle moves along a spiral-like
path, proper of a stable system, and then it goes back and
forth as if it felt no frictional forces. In the second experi-
ment, where the deformed vertex is forced to stay outside
of its equilibrium position, the graphical rendering shows
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Figure 6 Evolution of the virtual sphere with a vertex out of its equilibrium position at all times.

(Figure 6) first that neighbouring particles move in order
to be as near as possible of every other vertex next to
it, and then it oscillates around its equilibrium position
(Figure 7).

Simulation experiments showed that, when modelling
non-moving objects, the Navier equation discretised model
along with a linear strain tensor is to be chosen, but if the
object is to suffer large deformations or to change position,
the best option is to work with a linear Navier equation and
a non-linear strain tensor, for under rotations of the object,
the linear strain tensor does not remain invariant (Etzmuss
et al. 2003).

Figure 7 Distance to equilibrium and force magnitude of a neighbour of deformed vertex at all times.

VIRTUAL SLAVE MODEL

The virtual slave robot is a typical open kinematic chain of
6 DoF with rigid links, whose end effector is a sphere. The
dynamical behaviour of this manipulator is given by the
classical equation representing the joint forces and torques
τ acting in the mechanism:

M (q )
..
q +C (q ,

.
q )

.
q +G (q ) + F (q ) = τ (3)

where M(q ) represents the inertia matrix, C (q , q̇ ) is a
matrix including Coriolis and centrifugal forces and vectors
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G(q ) and F(q ) are gravitational and friction forces. The
interaction between the slave robot and its environment
generates forces that must be reflected to the user through
the haptic device. The expression used to calculate these
forces is

τ = J (q )Tγ, (4)

where γ represents the resultant force at the end effector
of the robot, relating the resultant force and torque felt
by the end effector when a collision with the virtual envi-
ronment is detected. The geometric Jacobian used in force
transformation is given by the next expression (Siciliano
2000):

J (q ) =
[

zi−1 × (P − Pi−1)
zi−1

]
. (5)

Finally, the velocity of the end effector is computed with
the following expression based on the geometric Jacobian:

v =
[ .

p

�

]
= J (q )

.
q . (6)

Differential equations representing dynamical be-
haviour of the slave robot, given by Equations (3)–(6),
are solved using Open Dynamics Engine (ODE). For vi-
sualisation purposes, each link of the virtual robot slave is
modelled as a simple 3-D box but it is characterised by its
real dynamic parameters.

Hybrid teleoperation includes the kinematics of the slave
robot and a classical algorithm for the Jacobian matrix
calculation used in the force feedback loop.

INTERACTION BETWEEN VIRTUAL OBJECTS

The virtual environment in our HBT system includes de-
formable and rigid bodies. In a teleoperation task perfor-
mance with the HBT system, the user moves the slave
robot rigid tip and touches the boundary surface of an elas-
tic polygonal structure placed on the floor, formed by a
mesh of some thousands of triangular faces; the applica-
tion reports a collision detection event and calls the 3-D
deformable object dynamical model and the robot’s slave
tip penetration depth computation algorithms, which are
the two things needed to be done when recreating in-
teraction between objects in a virtual scene: detect its
collision and respond to it. The former is a kinemati-
cal problem involving relative positions among objects,
whereas the latter is a dynamical one requiring prediction
of its behaviour in accordance to physical laws (Moore
and Wilhelms 1988). In the simplest case, the question is
if models associated to the virtual objects have collided;
sometimes it is necessary to find contact points or distance
between disconnected objects. When there is penetration
between them, minimal displacement required to separate
them has to be found. In systems based on physical models

with collision response, penetration distance between ob-
jects is used for computing interaction forces (Baraff 1997,
Teschner et al. 2005).

There are two kinds of algorithms available in colli-
sion detection of convex virtual objects represented by
B-Reps geometrical models: featured based and simplex
based. Featured based collision detection algorithms per-
form some geometrical calculations on the object features
(vertices, edges and faces forming object borders) and de-
termine if objects are disjoint; if they are, then minimal
distance between them is found; when distance is zero, the
corresponding pair of convex polyhedra is in contact (Layer
2002). Simplex-based algorithms look for the existence of
a separation plane in between a pair of convex polyhedral
objects, as in the one used here known as the Gilbert–
Johnson–Keerthi algorithm (1998), (see also Moore and
Wilhelms 1988, Etzmuss et al. 2003).

Collision detection algorithms are executed faster if they
rely on hierarchical data structures such as boundary vol-
ume hierarchies. Among them axis aligned bounding boxes
(AABB) are preferred when working with deformable ob-
jects (Terzopoulos et al. 1987). When performed in a
brut force fashion, calculation of the collision between two
polygonal objects has a complexity O (n2); therefore, the
need to apply spatial subdivision methods to accelerate the
execution of this task whose complexity then becomes O (n
log n) (Marmolejo et al. 2005).

When performing collision detection tasks with de-
formable objects, among bounding volumes (BV), AABB
along with binary tree spatial subdivision are preferred (van
den Bergen 1997). Here the BV is a parallelepiped whose
orientation coincides with those of the world coordinates
and whose position and size is such as to enclose each of
the objects present in the virtual scene.

Contact detection algorithm is to be done continuously.
The first step is to detect if the BV attached to a pair
of objects are touching; if they are not, a FALSE signal
is produced, but if BVs are in contact, a TRUE signal
triggers BV subdivision in two halves. In the second step,
each new half is examined for collision, subdividing in two
only the one that remains in contact with the part detected
as touching the other object semi-box, obtaining a binary
tree associated to each virtual object.

Tree depth depends on some specific criteria. If leafs
of both binary trees are still in contact, collision test is
to be executed for every pair of faces contained in each
object tree leaf, identifying, if in touch, a pair of faces,
each belonging to one of the pair of objects in question
(Marmolejo et al. 2005).

Reaction force direction is taken as the normal com-
ponent of the applied force and used to compute forces
exerted between the two objects. Since the objects must
not overlap, the set of points returned are constrained to
remain on the surface of both objects. Upon penetration,
forces are applied to each object so that they will separate
quickly while maintaining the proper collision response
behaviour.
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Figure 8 Detection of collision between a rigid and a
deformable object.

Penetration depth for each point is defined as the mini-
mum translational distance and direction for each point to
escape penetration. It is difficult to describe what useful
penetration information means; this is largely dependent
on what the simulation is trying to accomplish. For rigid
body and non-volume preserving deformable body simu-
lation, the useful information is the identification of points
inside the boundary of the object. A volume preserving de-
formable body simulation might require all points within
the volume of penetration and their penetration depth.
Figure 8 shows two bodies penetrating and the informa-
tion returned by the collision detection. The dotted area
around the deformable body is defined by the collision tol-
erance. When the rigid body is within the boundary, it is
considered to be colliding.

For tasks in which virtual deformable objects are
touched by a robot fingertip, the tool may be considered
as a single point. When a collision is detected, the robot
fingertip is located inside the object. In this case, the hap-
tic feedback will be proportional to the distance between
the actual fingertip position and the location on the object
surface where the fingertip has initiated the contact. The
corresponding deformation is calculated with this distance,
while the reaction force is calculated with

F = kx. (7)

Since computation steps are small, the supposition that
the fingertip follows a linear path through time t is not
restrictive. Locating the intersection point between this
line and the touched object face, identified in the collision
detection module, the following parametric equation can
be used:

P(w) = (1 − w)P + wP0 = P − w(P0 − P), (8)

wherein P and P0 are the points in which the robot fin-
gertip was at the beginning and at the end of the animation
step. Consequently, in the next step, the corresponding de-
formation on the object surface is obtained by moving these
triangle vertices until P0 is in its surface. To detect colli-
sion between a moving point and a fix triangle (Figure 9),
the value of the parameter w must be calculated using the
next equation (Levey et al. 1999):

P + w (P0 − P) = P0 + (P1 − P0)u + (P2 − P0)v.

Figure 9 Intersection between a line and a planar triangle.

This vector equation contains three scalar equations
with three unknowns; it can be solved by parametric vari-
ables u , v and w through a matrix inversion. First, verifying
collision, for 0 <w<1, u> 0, v> 0 and u+v= 1; and sec-
ond, finding the place where the line intersects the triangle
by substituting the value of w in Equation (8). After calcu-
lating penetration distance through x = |P(w)−P0|, the
reaction force may be obtained by Equation (7).

EXPERIMENTAL RESULTS

Experiments were realised on the HBT system whose di-
agrams are shown in Figures 1 and 2. This system is con-
stituted by the 6 DoF haptic device, the electronic system
and the virtual environment. The electronic system used
to control and communicate the haptic device is based on
a DSP – TMS320F2812 from Texas Instruments, whose
principal technical characteristic are

� a calculating power of 150 MIPS–150 MHz,
� 256 KB memory,
� communication ports SPI, CAN and USB.

USB port (v1.0) is used for processing control loop to 166.7
Hz. To obtain more sensibility in force feedback, control
loop has been processed to 2 KHz using SPI port.

The virtual environment is simulated on a digital com-
puter (CPU AMD Athlon, 2 GHz, 512 Mb on RAM and
video card NVIDIA with 32 Mb). The characteristics of
this video card are

� resolution: 640 × 480,
� vertical frequency: 60 Hz,
� horizontal frequency: 31.5 Hz,
� colour depth: 16 bpp = 65 K colours.

A position–position control scheme (Figure 10),
wherein the operator closes the control loop, is used to
control master and virtual robots in the hybrid bilateral
teleoperation system. The master device and virtual robot
dynamics are described by M(s ) and S(s ), respectively.
The controllers are represented by the gains Kpm and Kps .
The position error e p is calculated as the difference be-
tween master and slave position (xm−xs ). Finally, gain Ke
represents the remote environment.

Our interest is focused in applications where the slave
robot is in contact with the environment. This physical
restriction that makes the force commands demanded by
an operator produces very slow movements. In this case,
the robot dynamics is linear and decoupled, and we can use
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Figure 10 Position–position control scheme.

SISO controllers in each slave robot’s DoF (Hirche et al.
2007, Ferre et al. 2007).

A force–position control scheme is used in the force re-
flection loop (Figure 11). This figure shows the relation
between forces applied by the operator ( fh ) and the master
( fm ). The force reflected to the operator should be propor-
tional to the interaction force slave ( fs ) and environment
( fe ). The force reflection is manually scaled through a gain,
to have soft or hard contacts. The control scheme guaran-
tees stability, even in presence of transmission delays (Ferre
et al. 2007).

The HBT virtual world was built by combining geomet-
rical and dynamical models of the elastic sphere and the
virtual slave robot, programmed with visual.net C++ with
the simulation software Open Dynamics Engine (ODE) in
Windows. The integration of the whole HBT system is a
really hard task. In our prototype, the next three experi-
ments were developed over this platform.

(1) Simulation of a deformable sphere with zero gravity.
The sphere has no interaction with the rest of the virtual
environment. Evolution of the sphere shape is illustrated
in Figure 4. Figure 15 shows the position evolution of a
point on the sphere surface when a small force is applied

Figure 11 Force–position control scheme.

Figure 12 Deformable sphere interacting with rigid bodies,
in presence of gravity.

on a point of its surface, managing to deform the surface
submerged in an environment with gravity zero and goes
recovering its shape without being destroyed in a long
time. The radius of the sphere is the steady state value
of this point position, measured in metres (0.25 m).

(2) Simulation of a deformable sphere with gravity equal
to 9.81 m/s2, interacting within the rigid objects of
the virtual environment. Figure 12 depicts the obtained
results.

(3) Collision between the virtual slave robot and the sphere
producing some deformation, when the virtual robot is
teleoperated with the haptic device. Figure 13 shows the
results obtained in this experiment.

Measurement of positions and forces

Visual rendering shows that the virtual slave robot follows
every master robot (haptic device) movement performed
by the user. With every contact detection between vir-
tual slave’s operation point and any environmental object
surface present in the virtual scene, computation of a re-
action force to be rendered triggers in response. The user
feels the force reflected to the master robot whose magni-
tude is proportional to the interaction extent, noticing an
increased compliant behaviour while touching the elastic
sphere when compared to that felt when the floor or a wall
is touched. Evolution of the elastic sphere is shown in Fig-
ure 13 through six images isolated from a video taken to
the visual rendering of the HBT system while touching the
ball. The sequence shows the slave’s tip approaching stage,
first contact, pressure exertion over the sphere’s surface,
tip slippery and departing stage. When the applied force is
vanishing, the sphere again recovers its original shape.

Figures 13–16 show the evolution along some seconds
of position and force measurements corresponding to two
of the three experiments mentioned above.

Figure 14 represents the position of one point over the
sphere surface, i.e. the radius variations of the sphere at this
point, corresponding to the first experiment. The initial
position of this point is 5 mm over the steady state surface
of the sphere. The force variations at this point are shown
in Figure 14. The relationship between deformation and
force in this experiment is shown in Figure 16.

Finally, the results obtained in the third experiment are
shown in Figure 17. The graph in this figure represents
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Figure 13 Collision between the virtual robot and the
deformable sphere in a bilateral teleoperation task.

the reaction force of the sphere at the point touched by
the virtual slave robot tip as a function of the deformation
produced by the contact.

The graph in Figure 17 shows an erratic behaviour of
the interaction force for small deformations, i.e. at the

Figure 14 Position.

Figure 15 Force.

Figure 16 Relationship between position and force.

Figure 17 Evolution in the time.

beginning of the experiment, not only because it is not easy
for the operator to take a stable contact with the virtual ball
through the haptic device but the difficulty of the small
force measurements.

CONCLUSIONS

The computational cost of the HBT is high since it in-
cludes the real time calculation of kinematics and collision
detection; dynamics, position-position and force-position
control loops, and visualisation of the virtual world.

Nevertheless, the structure of the developed algorith-
mic and the used video card, characterised by its high speed
and big memory, permits to obtain a suitable response of
the HBT in accord to the known visual and haptic restric-
tions. To appreciate correctly collisions and deformation
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of elastic objects, the duty cycle of visual render must be in
the range of 10–60 Hz. On the other hand, to have stable
behaviours, the force feedback from slave robot to the hap-
tic device must be, for soft contact forces, of 0.1–1 kHz.,
and for hard contact forces of 10–100 Hz.

The behaviour of the HBT is very close to the real
bilateral teleoperation system; then it is possible to use
the HBT in the analysis and tuning of the control loops
of the real system. Moreover, the HBT will be useful in
a lot of teleoperation applications like surgical training,
spatial teleoperation, etc. Ergonomics of the haptic device
is important in all kinds of bilateral teleoperation tasks but
when telemanipulated objects are elastic this property is
more relevant.

The obtained experimental results demonstrate that it
is feasible to model the interaction between rigid and de-
formable bodies within the virtual environment to calculate
the visual and haptic renders in an HBT system. Further-
more, the haptic interface of the HBT interacts with the
virtual environment, in bilateral teleoperation tasks, re-
specting the above mentioned bandwidth restrictions.

Use of our hybrid bilateral teleoperation systems allows
to carry out experiments for the development of the con-
trol laws in a safe way for both the users and equipment,
mainly when the slave robot is used to amplify the human
characteristics like dexterity, force or velocity.
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