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Abstract. Peristaltic motion of an incompressible Newtonian fluid with variable viscosity induced by periodic sinusoidal traveling
wave propagating along the walls of a finite-length tube has been investigated. A perturbation method of solution is sought.
The viscosity parameter α (α << 1) is chosen as a perturbation parameter and the governing equations are developed up to the
first-order in the viscosity parameter (α). The analytical solution has been derived for the radial velocity at the tube wall, the
axial pressure gradient across the length of the tube, and the wall shear stress under the assumption of low Reynolds number
and long wavelength approximation. The impacts of physical parameters such as the viscosity and the parameter determining
the shape of the constriction on the pressure distribution and on the wall shear stress for integral and non-integral number of
waves are illustrated. The main conclusion that can be drawn out of this study is that the peaks of pressure fluctuate with time
and attain different values with non-integral numbers of peristaltic waves. The considered problem is very applicable in study
of biological flow and industrial flow.
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1. Introduction

The peristaltic transport is traveling contraction
wave along a tube-like structure, and it results phys-
iologically from neuron-muscular properties of any
tubular smooth muscle. Peristalsis is now well-known
to the physiologists to be one of the major mechanisms
for fluid transport in many biological systems. In par-
ticular, a peristaltic mechanism may be involved in
swallowing food through the esophagus, urine trans-
port from kidney to bladder through the ureter. The
study of the mechanism of peristalsis of Newtonian and
non-Newtonian fluids has recently become the object
of scientific research. Since the first investigation
of Latham [1], several theoretical and experimental
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attempts have been made to understand peristaltic
action in different situations. The earliest models
of peristaltic pumping assumed trains of periodic
sinusoidal waves in infinitely long two-dimensional
channels or axisymmetric tubes. Such models fall
into two classes: (i) a model developed by Fung and
Yih [2] which is restricted to small amplitudes but
has no restrictions on Reynolds number; and (ii) the
lubrication-theory model introduced by Shapiro et al.
[3]. Shapiro et al. [3] theoretically examined the peri-
staltic flow of viscous fluid induced by sinusoidal wall
propagation under the assumptions of long wavelength
and low Reynolds number. Zein and Ostrach [4] stud-
ied the peristalsis of urine flow in human ureters with
long wave approximation. Ramachandra and Usha [5]
studied the peristalsis of the peripheral-layer immis-
cible fluids in a circular tube under long-wavelength
and low-Reynolds number assumptions. Some authors
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(Abd El Naby and El Misiery [6]; Abd El Naby et al.
[7]; Mekheimer [8]) studied peristaltic flow of New-
tonian fluid with constant/variable viscosity under the
effect of magnetic field or through a porous medium.
Further, some progress have been made in studying
peristalsis of non-Newtonian fluids in a channel or
a tube, we refer to some interesting studies in the
references (Siddiqui and Schwarz [9]; Tsiklauri and
Beresnev [10]; Hayat et al. [11]; Hayat et al. [12];
Abd Elmaboud and Mekheimer [13]; Mekheimer and
Abdel-Wahab [14]). Mekheimer et al. [15] investigated
the peristaltic motion of incompressible Newtonian
fluid in a planar channel. Previous studies of peristaltic
transport have universally considered periodic peri-
staltic waves in infinite tubes, ignoring the inherently
non-steady effects associated with the finite-length
tubes encountered in real peristaltic pumps and in
physiological peristaltic flows. Physiologically, trans-
port by a single bolus moving along a tube of finite
length is of particular interest as occurs in the esoph-
agus, for instance. The effect of variable viscosity on
the peristaltic flow of a Newtonian fluid in a uniform
cylindrical tube has been discussed by Abd Elnaby
and El Shamy [16]. They considered viscosity func-
tion as linear in half width of the channel as Srivastava
et al. [17]. Li and Brasseur [18] presented a model for
unsteady peristaltic transport of incompressible New-
tonian fluid, but not with variable viscosity. Therefore,
the aim of this article is to study peristalsis induced by
periodic sinusoidal traveling wave propagating along
the walls of a finite-length tube of a Newtonian incom-
pressible fluid with variable viscosity. Keeping this in
view, the mathematical model is constructed to study
the influence of the viscosity and the parameter deter-
mining the shape of constriction in swallowing of food
bolus (water) through the esophagus. The food bolus
is supposed to be viscous fluid and the geometry of the
wall surface of the esophagus is considered as peri-
staltic wave. It was noticed that the lubrication-theory
approximations remain applicable in the present inves-
tigation, since the radius of the small esophagus is very
small compared with the wavelength. The solutions of
the momentum equations are given for small Reynolds
number and long wavelength approximations. A com-
parison of our results with others shows that the results
in the present work are more general than the results
obtained by Li and Brasseur [18]. Moreover, the results
obtained from Figs. 2 and 5 are similar to those given by
Tripathi et al. [19] who found that for integral number
of waves the ratio of the relaxation to the retardation

time for a Jeffrey fluid decreases the magnitude of the
pressure difference. We formulate the problem in Sect.
2. In Sect. 3, we solve the problem. The graphical
results and discussion as well as the conclusions are
presented in Sects. 4 and 5, respectively.

2. Formulation of the problem and
mathematical model

In this paper, the flow of an incompressible
Newtonian fluid with variable viscosity through a
finite-length tube of length L′ with peristalsis is con-
sidered. The wall motion is supposed to be created by
waves propagating along the tube wall (Fig. 1) which
are mathematically modeled as

h′(Z′, t′) = a + b cos2
(π

λ
(Z′ − ct′)

)
, (2.1)

where h′ represents the transverse vibration of the wall,
a is the average radius of the bolus, b is the amplitude
of the wave, λ is the wavelength and c is wave velocity.

The problem has been studied in cylindrical coordi-
nate system (R′, Z′), where the Z′-axis is taken along
the axis of the tube while R′ is taken along the radial.

The equations governing the motion of an incom-
pressible Newtonian fluid with variable viscosity in
the laboratory frame, are given by

∂V ′

∂R′ + ∂U ′

∂Z′ + V ′

R′ = 0, (2.2)

ρ

[
∂V ′

∂t′
+ V ′ ∂V ′

∂R′ + U ′ ∂V ′

∂Z′

]

= −∂P ′

∂R′ + ∂

∂R′
[
2µ′(R′)

(∂V ′

∂R′
)]

+ ∂

∂Z′
[
µ′(R′)

(∂V ′

∂Z′ + ∂U ′

∂R′
)]

+2µ′(R′)
R′

(∂V ′

∂R′ − V ′

R′
)
, (2.3)

ρ

[
∂U ′

∂t′
+ V ′ ∂U ′

∂R′ + U ′ ∂U ′

∂Z′

]

= −∂P ′

∂Z′ + 1

R′
∂

∂R′
[
µ′(R′)R′(∂V ′

∂Z′

+∂U ′

∂R′
)] + ∂

∂Z′
[
2µ′(R′)

(∂V ′

∂Z′ + ∂U ′

∂R′
)]

, (2.4)
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with the boundary conditions

U ′|R′=h′ = 0, V ′|R′=h′ = ∂h′

∂t′
,

∂U ′

∂R′ |R′=0 = 0, V ′|R′=0 = 0,

P ′|Z′=0 = P ′
0, P ′|Z′=L′ = P ′

L′ , (2.5)

where ρ is the density, P ′ is the pressure, µ′(R′) is the
viscosity function, U ′ and V ′ are the axial and the radial
velocities and P ′

i , P
′
L′ are the uniform pressures applied

to the inlet and the outlet of the tube (Z = 0, L′),
respectively. Consider the following non-dimensional
variables and parameters:

R = R′

a
, Z = Z′

λ
, U = U ′

c
, V = λV ′

ac
,

P = a2

λµ0c
P ′, µ(R) = µ′(R′)

µ0
,

L = L′

λ
, φ = b

a
, Re = ρca

µ
,

δ = a

λ
, h = h′

a
= 1 + φ cos2 π(Z − t), (2.6)

where φ is the amplitude ratio, Re is the Reynolds
number, δ is the dimensionless wave number. To pro-
ceed, we non-dimensionalize Equations (2.2–2.5), this
yields

1

R

∂

∂R
(RV ) + ∂U

∂Z
= 0, (2.7)

Re δ3
[∂V

∂t
+ V

∂V

∂R
+ U

∂V

∂Z

]

= −∂P

∂R
+ δ2 ∂

∂R

[
2µ(R)

(∂V

∂R

)]

+δ2 ∂

∂Z

[
µ(R)

(
δ2 ∂V

∂Z
+ ∂U

∂R

)]

+δ2 2µ(R)

R

(∂V

∂R
− V

R

)
, (2.8)

Re δ

[
∂U

∂t
+ V

∂U

∂R
+ U

∂U

∂Z

]

= −∂P

∂Z
+ 1

R

∂

∂R

[
µ(R)R

(
δ2 ∂V

∂Z
+ ∂U

∂R

)]

+δ
∂

∂Z

[
2µ(R)

(
δ2 ∂V

∂Z
+ ∂U

∂R

)]
. (2.9)

Fig. 1. Schematic diagram of the problem.

The dimensionless boundary conditions will be in the
form

U|R=h = 0, V |R=h = ∂h

∂t
,

∂U

∂R
|R=0 = 0, V |R=0 = 0,

P |Z=0 = Pi, P |Z=L = PL. (2.10)

To reduce the problem, we will use the lubrication
theory approximations of infinitesimally small wall
curvature ( δ → 0 ) and Reynolds number (Re → 0).
The approximations assume that inertial effects are
negligible and that the dominant axial scale is much
larger than the dominant radial scale. In this limit, pres-
sure is uniform on each cross-section and the governing
equations and boundary conditions become

1

R

∂

∂R
(RV ) + ∂U

∂Z
= 0, (2.11)

0 = −∂P

∂R
(2.12)

0 = −∂P

∂Z
+ 1

R

∂

∂R

[
µ(R)R

(∂U

∂R

)]
, (2.13)

U|R=h = 0, V |R=h = ∂h

∂t
,

∂U

∂R
|R=0 = 0, V |R=0 = 0,

P |Z=0 = Pi, P |Z=L = PL. (2.14)

For the present problem, we choose the variation of the
viscosity model in the dimensionless form as: µ(R) =
1 − αRn, where α (α < 1) is viscosity parameter and
n (≥ 2) is the parameter determining the shape of the
constriction [16]. Substituting the value of µ(R) in the
Equation (2.13) we get
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0 = −∂P

∂Z
+ 1

R

∂

∂R

[
(1 − αRn)R

(∂U

∂R

)]
. (2.15)

3. Method of solution

It is evident that Equation (2.15) can be solved
directly to get the solutions, but it is convenient for
the present problem to expand the flow quantities in a
power series of the small parameter α as follows:

U = U0 + αU1 + α2U2 + ....,

V = V0 + αV1 + α2V2 + ....,

P = P0 + αP1 + α2P2 + ...., (3.1)

If we substitute (3.1) into (2.11, 2.12, 2.14 and 2.15)
and separate the terms of different order in α, we obtain
the following systems of partial differential equations
together with boundary conditions as follows:

System of order zero

1

R

∂

∂R
(RV0) + ∂U0

∂Z
= 0, (3.2)

0 = −∂P0

∂R
(3.3)

0 = −∂P0

∂Z
+ 1

R

∂

∂R

[
R

(∂U0

∂R

)]
, (3.4)

with the boundary conditions:

U0|R=h = 0, V0|R=h = ∂h

∂t
,

∂U0

∂R
|R=0 = 0, V0|R=0 = 0,

P0|Z=0 = Pi, P0|Z=L = PL. (3.5)

System of order one

1

R

∂

∂R
(RV1) + ∂U1

∂Z
= 0, (3.6)

0 = −∂P1

∂R
(3.7)

0 = −∂P1

∂Z
+ 1

R

∂

∂R

[
R

∂U1

∂R
− Rn+1 ∂U0

∂R

]
, (3.8)

with the boundary conditions:

U1|R=h = 0, V1|R=h = 0,

∂U1

∂R
|R=0 = 0, V1|R=0 = 0,

P1|Z=0 = 0, P1|Z=L = 0. (3.9)

Solving the above sets of equations with the corre-
sponding boundary conditions, we get

Zero order solution

U0 = 1

4

∂P0

∂Z
(R2 − h2), (3.10)

V0 = R

4

[
h

∂h

∂z

∂P0

∂Z
− ∂2P0

∂Z2 (
1

4
R2 − 1

2
h2)

]
, (3.11)

Evaluating the radial velocity at the tube wall and using
the condition V0|R=h = ∂h

∂t
, we can get a relationship

between the motion of the tube wall and the axial pres-
sure gradient ∂P0

∂Z
as:

∂h

∂t
= h3

16

∂2P0

∂Z2 + h2

4

∂h

∂Z

∂P0

∂Z
. (3.12)

Then, integrating Equation (3.12) from 0 to Z, the pres-
sure gradient across the length of the tube is given
by

∂P0

∂Z
= 1

h4(Z, t)

(
G0(t)

+16
∫ Z

0
h(S, t)

∂h(S, t)

∂t
dS

)
, (3.13)

where G0(t) is a constant. Integrating Equation (3.13)
from 0 to Z, the pressure difference is obtained as

P0(Z, t) − P0(0, t)

= G0(t)
∫ Z

0
h−4(S1, t)dS1 + 16

∫ Z

0

(
h−4(S1, t)

∫ S1

0
h(S2, t)

∂h(S2, t)

∂t
dS2

)
dS1. (3.14)

By using the condition P0|Z=L = PL, with Equation
(3.14) we can determine Go(t) as follows:

G0(t) =
(PL − Pi) − 16

∫ L

0

(
h−4(S1, t)

∫ S1
0 h(S2, t)

∂h(S2,t)
∂t

dS2

)
dS1∫ L

0 h−4(S1, t)dS1
. (3.15)
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Fig. 2. Pressure distributions along the tube at six time instants in one wave period with two waves in the tube for: (a) t = 0, 1, (b) t =
0.02; (c) t = 0.04; (d) t = 0.49; (e) t = 0.96; (f ) t = 0.98, with different values of α at n = 2, φ = 0.9 and L = 2.

The wall shear stress in this order given by

τ0 = ∂U0

∂R
|R=h = 1

2h3(Z, t)

(
G0(t)

+16
∫ Z

0
h(S, t)

∂h(S, t)

∂t
dS

)
. (3.16)

First order solution

U1 = 1

4

∂P1

∂Z
(R2 − h2) + 1

2(n + 2)

∂P0

∂Z
(Rn+2−hn+2),

(3.17)

V1 = 1

4
hR

∂h

∂Z

∂P1

∂Z
+ R

8

∂2P1

∂Z2 (h2 − r2

2
) + r

4(n + 2)

∂2P0

∂Z2

[
hn+2 − 2rn+2

n + 4

] + Rhn+1

4

∂h

∂Z

∂P0

∂Z
. (3.18)

To get the axial pressure gradient ∂P1
∂Z

in this order, we
will evaluate the radial velocity (V1) at the tube wall
and using the condition V1|R=h = 0, we get:

Fig. 3. Pressure distributions along the tube with different values of
n at α = 0.2, t = 0.49, φ = 0.9 and L = 2.
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Fig. 4. Pressure distributions along the tube at six time instants with non-integral sinusoidal waves L = 1.82: (a) t = 0, (b) t = 0.02; (c) t =
0.04; (d) t = 0.49; (e) t = 0.96; (f ) t = 0.98, with different values of α at n = 2, φ = 0.9.

h2

4

∂h

∂Z

∂P1

∂Z
+ h3

16

∂2P1

∂Z2

+ hn+3

4(n + 4)

∂2P0

∂Z2 + hn+2

4

∂h

∂Z

∂P0

∂Z
= 0. (3.19)

To proceed, we integrate Equation (3.19) from 0 to Z,
the pressure gradient in this order across the length of
the tube is given by

∂P1

∂Z
= −16

h4

[ hn+4

4(n + 4)

∂P0

∂Z
+ G1(t)

]
, (3.20)

where G1(t) is an integrating constant. Integrating
Equation (3.20) along the tube from 0 to Z, the pressure
difference is obtained as

P1(Z, t)−P1(0, t)=−16
[ 1

4(n + 4)

∫ Z

0
hn(S, t)

∂P0

∂Z
dS

+ G1(t)∫ Z

0 h4(S, t)dS

]
. (3.21)

By using the conditions P1|Z=L = 0 and P1|Z=0 =
0, with Equation (3.21), we can determine G1(t) as
follows:

G1(t) = −
∫ Z

0 h4(S, t)dS

4(n + 4)

∫ Z

0
hn(S, t)

∂P0

∂Z
dS.

(3.22)
The wall shear stress in this order given by

τ1 = ∂U1

∂R
|R=h = h

2

∂P1

∂Z
+ hn+1

2

∂P0

∂Z
. (3.23)

Analytical expressions given by Equations (3.14 and
3.21 ) represent the pressure difference (	p) between
the inlet and any axial station z.

4. Numerical results and discussion

In this section, we consider the finite tube length on
transport characteristics. We have presented the numer-
ical and computational results for analyzing the impact
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Fig. 5. Wall shear stress distribution at four time instants (a) t = 0, (b) t = 0.25; (c) t = 0.5; (d) t = 0.75, with different values of α at n = 4,
φ = 0.9 and L = 2.

Fig. 6. Wall shear stress distribution with different values of n at
α = 0.01, t = 0.5, φ = 0.9 and L = 2.

of the parameters determining the viscosity parameter
α and the shape of constriction n, on the local vari-
ables such as pressure distribution along the tube, 	p

and the shear stress distribution at the wall, τ. For this

objective, Figs. (2–7) have been plotted using com-
putational programmes of Mathematica 7.0 software.
One of the cases known as free pumping, i.e. pressures
at both ends of the tube are zero ( Pi= PL = 0), is
taken to discuss the characteristic of peristaltic flow
pattern through the finite length of tube. This condi-
tion is rather important in the study that distinguishes
the cases of finite length flow and infinite length tube
flow. Notice that when the amplitude ratio φ is varied,
the wave amplitude is adjusted to keep the volume of
fluid within one wave fixed. In the figures, the solid
and dotted lines are the pressure distributions along
the tube, and the crossing middle solid lines are the
corresponding wave shape. Figure 2a–f depict the tem-
poral examinations of the pressure distribution along
the length of the tube at various instants, i.e. for dis-
crete values of t in the range 0.0–1.0. In Fig. 2a (t = 0),
it is observed that the pressure tends to rise sharply
at the inlet, reaches some peak, then falls at a lower
rate at the middle of the bolus, comes down further
to a lower trough and finally rises sharply to meet
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Fig. 7. Wall shear stress distribution at four time instants with non-integral sinusoidal waves L = 1.82: (a) t = 0, (b) t = 0.25; (c) t =
0.5; (d) t = 0.75, with different values of α at n = 4 and φ = 0.9.

the leading end of the bolus. The same distribution
is repeated for the next bolus. After one fourth of the
periodic cycle (Fig. 2d), the bolus moves ahead and
a trailing bolus is on the way to entry. The graphs for
higher values of t represent a systematic progress of the
boluses in the tube. Eventually, at the time t = 1, which
represents the completion of one period, the pressure
distributions resembles that at t = 0; this indicates that
a new cycle is ready to set out (Fig. 2a). Further, we
notice that within each peristaltic wave there exist two
peaks in the pressure distribution with a gradual pres-
sure ramp in between. The transition from a large
negative peak to a large positive peak takes place at
the point of minimum radius (the point of maximum
occlusion) within the contraction zones. To the right
of this point, the tube wall is moving radially inward
( ∂h

∂t
< 0), creating a large gradient in pressure there.

In the oesophagus, for instance, this inward motion of
the tube wall is produced by the contraction of circu-
lar muscles within the oesophageal wall. To the left of
this point of maximal occlusion, the tube wall is mov-
ing radially outward leading to a corresponding drop
in pressure there. In Fig. 3, the same pressure distri-
bution in one-wave period with two waves in the tube
was studied for various values of the shape of con-

striction n, i.e. throughout one time period. Temporal
effects were found to be similar to those observed for
different values of α . Thus, they were excluded to
avoid repetition. In Figs. 2 and 3, the effects of the
parameters determining the viscosity parameter α and
the shape of constriction n, on the pressure distribu-
tion along the length of the tube are presented. It is
observed that the magnitude of the pressure along the
length of the tube reduces with increasing the mag-
nitude of α whereas it increases with increasing n. A
similar observation is made for all values of t rang-
ing from 0–1, i.e., throughout one-time period. Figures
4a–f elucidate the time-varying pressure distribution
for a non-integral number of peristaltic waves in the
tube where all the variables are the same as in Fig. 2
except for L = 1.82. We define 
 as the relative dif-
ference in amplitude between the maximum pressure
and minimum pressure, i.e. 
 = Pmax − Pmin, which
is invariant with time. When an integral number of
waves occupies the tube, the peristaltic waves enter
and leave the tube ends simultaneously, so the pressure
waveform oscillates as a whole with a period equal to
the period of a single wave. With a non-integral num-
ber of waves, the wave entering the tube is out of phase
with the wave exiting the tube, leading to a shift in the
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waveforms between the two waves. In other words, it
is observed that the peaks of pressure for the two dif-
ferent types of boluses are identical in the integral case
while the peaks are different in the non-integral case.
So that fluctuates with time only in the non-integral
case. The effects of the physical parameters, α and n,
do not reveal any difference in both cases. A relation
between the local wall shear stress along the length of
the tube at various instants and the axial distance is
presented in Figs. 5–7. In Figs. 5 and 6, it is observed
that the range between the peak and trough of local
wall shear distribution decreases with an increase in
the magnitude of α while enhances with an increase in
the magnitude of n for integral number of peristaltic
waves. The graphs for higher values of t represent a sys-
tematic progress for the stress distribution in the tube.
It is further concluded that the temporal effects of the
shear stress for different values of α are the same as
those observed for different values of n. The figures of
the latter case were excluded so as to avoid repetition.
Figures 7a–7f depict the influence of viscosity param-
eter α on local wall shear stress along the length of the
tube for non-integral number of peristaltic waves. It is
revealed that the range between the peak and trough
of local wall shear stress reduces with increasing the
magnitude of α.

5. Conclusions

In this study, we observe the inclusion of the param-
eters determining the viscosity (α) and the shape of
constriction (n), into the peristaltic flow of incompress-
ible Newtonian fluid with variable viscosity through a
finite-length tube. The problem is solved by means of
a perturbation analysis with implementing the lubrica-
tion theory approximation of infinitesimally small wall
curvature and Reynolds number. The considered prob-
lem is very applicable in study of biological flow and
industrial flow. The main findings can be summarized
as follows:

� The peaks of the pressure are identical in the
integral number of waves propagating along the
length of the tube, while the peaks are different
in the non-integral number of waves propagating
along the length of the tube.

� The physical parameters α and n have the same
effect on both the integral and non-integral num-
ber of waves.

� The range between the peak and trough of local
wall shear stress reduces with increasing the mag-
nitude of α.

� The pressure distribution is the same at both
times; t = 0 and t = 1.

� Unlike the infinite-tube model, fixed pressure at
the ends induces fluctuations in pressure as the
peristaltic waves pass through the tube inlet or
outlet. Such fluctuations in pressure arise from
the existence of non-integral number of peri-
staltic waves within the tube.

� A comparison of our results with others shows
that the results in the present work are more gen-
eral than the results obtained by Li and Brasseur
[18].
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