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(e tail void grouting is a key step in shield tunnel construction and has an important influence on the loading on the
surrounding soil and on the resulting settlement. In order to estimate the ground surface settlement caused by tail void
grouting pressure in tunnel construction, the loading on the surrounding soil is simplified as an expansion problem of the
cylindrical cavity in semi-infinite elastic space. A simple analytical formula is deduced by using the virtual image technique
and Fourier transform solutions. (e effectiveness of the proposed method is verified by case studies. (e effects of elastic
modulus, tail void grouting pressure, tunnel radius, and tunnel depth on the ground surface heave are conducted.(e results
indicate that the computed results are in accordance with Ye’s solution and it is more rational to consider the ground surface
heave induced by tail void grouting pressure in the prediction of ground settlement due to shield excavation. Moreover, the
ground surface heave owing to tail void grouting pressure resembled a Gaussian distributed curve. (us, no matter the
ground surface subsidence or ground surface heave can be predicted by means of adding the presented empirical formula to
the Peck formula which cannot predict the ground surface heave. (e ground surface heave decreases with an increase in
elastic modulus. On the contrary, as the tail void grouting pressure and tunnel radius increase, the ground surface heave
increases, respectively. (e ground surface heave first steadily increases and then declines gradually with the tunnel
depth increase.

1. Introduction

Recently in China, there are an increasing number of tunnels
under construction or being planned in order to cope with
the growing demand for public and sustainable transport in
heavily urbanized areas. Shield tunnel has become a well-
established tunnel construction method in various ground
conditions, and it is characterized by continuously applied
supporting measures to stabilize the surrounding un-
derground, to minimize surface settlements, and to prevent
an inflow of the groundwater into the construction site
during excavation. (e tail void between the lining and the

soil in a tunnel is filled with grouting during the construction
of a tunnel. So tail void grouting appears to be an important
process in shield tunnel and has an important influence on
the resulting settlement and on the loading on the sur-
rounding soil. A large amount of research methods for
prediction surface settlement induced by the shield tunnel
have been developed over these years and can be summa-
rized in empirical methods [1–8], analytical methods [9–16],
and numerical simulation [17–21]. In recent years, artificial
neural network [22–24] has been developed for analysis of
surface settlement caused by the shield tunnel. However, the
effect of tail void grouting pressure is not taken seriously in
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these methods predicting surface settlement. Some studies
on tail void grouting show that the grouting pressure in-
duced a negative settlement (i.e., soil heave) at the end of the
shield mainly based on numerical simulations [25–28],
laboratory tests [29–31], and field investigation [32–34]. In
addition, some scholars [35–37] have made an attempt using
analytical methods to analyze the surface settlement induced
by tail void grouting. Numerical simulation and field
measurement are still widely used; however, predictions of
surface settlement caused by tail void grouting based on such
methods are insufficient for most practical applications.
Existing analytical methods have the shortcoming that the
approximate solution can be obtained by numerical in-
tegration because these methods involve complex integrals.
Besides, on the whole, there are a limited number of ana-
lytical tools that can be used to predict surface settlement
induced by tail void grouting.

Hence, this paper presents an analytical methodology
to predict the surface settlement of tunnels in saturated
ground taking the influence of tail void grouting into
account. (e effect of tail void grouting pressure on the
surrounding soil is simplified as an expansion problem of
the cylindrical cavity in semi-infinite elastic solid. (en,
a formula without complex integrals is deduced by using
the virtual image technique and Fourier transform solu-
tions. (e calculation results are verified by case studies of
in situ monitored surface settlement. Although the
method is based on elasticity and does not fully account
for the behavior of the soil, the predictions are quite good
when compared with actual cases, and the solution may be
used for preliminary design. Furthermore, a parametric
analysis is also conducted to investigate the effects of
different factors on the behaviors of the ground surface
heave due to tail void grouting pressure in shield tunnel
construction, including the elastic modulus, tail void
grouting pressure, tunnel depth, and tunnel radius.

2. Statement of the Problem

(e tail void grouting is a key step in shield tunnel con-
struction, which has a significant influence on controlling
the ground surface deformation. (e grouting at shield tail
void may exert radial pressure on the surrounding soil,
causing the deformation of the surrounding soil. (e effect
of tail void grouting on the surrounding soil can be sim-
plified as an expansion problem of the cylindrical cavity in
semi-infinite elastic solid (Figure 1).

(e radius of the tunnel buried at a depth h in soft clay
is R. P stands for tail void grouting pressure, and the origin
of the coordinate is at the ground surface above the tunnel.
(e basic assumptions made in developing the solutions
presented in this study are stated below: (a) the soil around
the tunnel is an elastic and homogeneous isotropic satu-
rated medium and undrained conditions apply; (b) the
longitudinal length of the tunnel is large enough to meet
plane strain conditions; (c) the formation of grouting
pressure is mainly in the cross section, and the dissipation
of grouting pressure is not considered in the process of tail
void grouting; and (d) the tail void is completely filled with

the slurry. (e penetration between soil and slurry is
neglected.

3. The Analytical Solution

3.1. +e Analytical Solution Steps. Based on basic assump-
tions, the effect of tail void grouting pressure on the
surrounding soil can be simplified as an expansion
problem of the cylindrical cavity in semi-infinite elastic
solid. (e virtual image technique proposed by Sagaseta
[38] was presented for obtaining the strain field in an
initially isotropic and homogeneous incompressible soil
due to near-surface ground loss. (e effectiveness of the
virtual image technique has been verified and widely used
by hundreds of scholars [10–13, 39–42]. (erefore, the
virtual image technique can be used to analyze the ground
surface deformation induced by tail void grouting at the
shield tunnel in this work. (e analysis of a problem such
as that depicted in Figure 1 involves several steps, as
follows (Figure 2): (a) (e effect of the ground surface is
neglected, and the strains are computed as the expansion
of the cylindrical cavity due to tail void grouting pressure
on the surrounding soil was in an infinite medium. (b)
Taking a virtual positive image of the actual expansion
with respect to the top surface will produce the same
normal stresses and opposite shear stresses.(e strains due
to the virtual positive image are added to those calculated
in step (a). (c) (e remaining normal stresses at the surface
are then evaluated and subsequently removed. (e
resulting strains are again added to those obtained in steps
(a) and (b).

3.2. +e Analytical Solution. According to step (a), the so-
lutions of actual expansion of the cylindrical cavity in an
infinite medium can be obtained based on elastic foundation
theory in polar coordinates (Figure 3):
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Figure 1: Cylindrical cavity expansion in semi-infinite elastic
space.
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Similarly, the solutions of virtual positive image ex-
pansion based on the symmetry axis of the ground are given
as follows:
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where σr1 and σr2 are the radial stresses caused by actual
expansion and virtual positive image in the infinite medium,
respectively; σφ1 and σφ2 are the tangential stresses caused by
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Figure 2: Steps in the analysis: (a) actual problem; (b) infinite medium; (c) positive image; (d) surface stresses.
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Figure 3: Modified positive stresses on the ground of cylindrical cavity expansion.
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actual expansion and virtual positive image in the infinite
medium, respectively; ur1 and ur2 are the radial deformation
caused by actual expansion and virtual positive image in the
infinite medium, respectively; p is the expansion pressure of
the cylindrical cavity in an infinite medium, which is the
difference between grouting pressure and initial total stresses;
R is the excavation radius of the shield tunnel; r1 and r2 are
the distance from the arbitrary point in soil to the actual,
virtual positive image expansion centerline and can be

expressed as r1 �

�����������

(z− h)2 + x2


and r2 �

�����������

(z + h)2 + x2


,
respectively, in which x and z are the coordinates with origin
at the ground surface above the tunnel and h is the depth from
the ground surface to the tunnel centerline; and μ, E, and G

denote the Poisson ratio, the elastic modulus, and the shear
modulus of the soil, respectively.

(en, from (1) and (2), it can be obtained by converting
the polar coordinate system into the rectangular coordinate
system that
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where σx0, σz0, and τxz0 are the horizontal stress, vertical
stress, and shear stress in plane x-z, respectively, and ux0 and
uz0 are the horizontal displacements and vertical displace-
ments, respectively.

(e same normal stresses and opposite shear stresses are
produced at the ground surface in the first two steps, thus
violating the stress-free condition. (en, substituting z� 0
and r1 � r2 into (3), we can obtain the normal stresses at the
ground surface:

σz�0 � q(x) � 2pR
2 h2 −x2

h2 + x2( )
2. (4)

In order to meet the free-surface condition, the opposite
normal stresses should be acted on the ground surface
(Figure 3). (is problem can be solved by displacement
analytical solution based on elastic theory. (e equilibrium
differential equation expressed with the displacement
component of plane strain is
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where ux3 and uz3 are the horizontal displacements and
vertical displacements owing to the opposite normal stresses,
respectively.

(e boundary conditions can be described as follows:
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In order to avoid the complex integrals, the equation can
be solved with the Fourier transform [43]. According to
Fourier transforms properties, the functions are given as
below:

ux3 � 
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where Ux3 and Uz3 are the Fourier transforms formulas of
ux3 and uz3, respectively; F stands for Fourier transform; and
ω is the Fourier transform parameter.

(en, the equilibrium differential equations (5) after
Fourier transform are obtained:
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Similarly, the boundary conditions (6) are given as
below:
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(e general solution of (10) is
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where A and B are the undetermined coefficients.
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Substituting (12) into (11), the following equations can
be obtained:

A � B, (13)
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According to the definition of Fourier transform,
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combining (14) and (15):
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Combining (7), (8), (12), (13), and (17), ux3 and uz3 can
be expressed as follows:
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(e final displacement expressions caused by tail void
grouting pressure in semi-infinite soft clay for a shield tunnel
are then obtained from (3), (18), and (19):

ux � ux0 + ux3,

uz � uz0 + uz3,
(20)

where ux and uz are the horizontal displacements and
vertical displacements induced by the expansion of the
cylindrical cavity in semi-infinite soft clay soil, respectively.

(e vertical displacements are generally of a greater
concern than the horizontal displacements in the process of
tail void grouting at shield tunnel construction. Accordingly,
the vertical displacements of the ground surface can be
obtained from (20) with z� 0:

uz � uz3 �
4 1− μ2( pR2

E

h

h2 + x2.
(21)

Furthermore, the maximum vertical displacements of
the ground surface owing to tail void grouting pressure in
shield tunnel construction can be obtained from (21) with
x� 0:

uzmax �
4 1− μ2( pR2

Eh
. (22)

3.3. +e Modified Vertical Displacements. In the actual
construction of the shield tunnel, the pressure effect of tail
void grouting on the surrounding soil is intermittent. In
addition, the vertical displacements are related to the dis-
tance away from the position of grouting pressure acting on
the surrounding soil. So modified coefficient of vertical
displacements can be acquired according to the method
presented by Sagaseta [45] and Wei and Xu [46]:
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2
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Hence, the modified vertical displacements of the
ground surface caused by tail void grouting pressure can be
given as below with z� 0:

uz � βuz3 �
(h−R)2

2
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√
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Moreover, the maximum vertical displacements of the
ground surface can be obtained:

uzmax �
(h−R)2

2(h + R)2
4 1− μ2( pR2

Eh
. (25)

4. Case Studies

4.1. Case Study 1. To investigate the rationality of the pre-
sented solutions, the prediction of the presented analytic
solution is compared with Ye’s solution [36]. (is case study
proposed by Ye et al. [36] is adopted, and the parameters of
the shield tunnel construction are given as follows: the radius
of the shield tunnel is R� 3.2m, the depth from the ground
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surface to the tunnel centerline is h� 10m, the initial total
stress is P0 � 0.24MPa, the elastic modulus of soil is
E� 4.03MPa, the Poisson ratio of soil is ] � 0.5, the tail void
grouting pressure is Pg � 0.30MPa, and the cohesive force
and internal friction angle of soil are c� 0.006MPa and
φ � 18°, respectively. For more information of this study,
refer [36]. Substituting the relevant parameters into (24), the
vertical displacements of the ground surface induced by tail
void grouting pressure in shield tunnel construction can be
obtained. (e calculated results and Gauss fitting results are
illustrated in Figure 4. (e presented results are compared
with Ye’s results.

From Figure 4, tail void grouting pressure can make the
ground surface heave. (e results given by the presented
method are in good agreement with Ye’s results. However,
the results obtained with the presented solution are a little
larger than Ye’s results. It could be attributed to the fact that
Ye’s solution is obtained by numerical integration resulting
in approximate results. In this work, closed-form analytical
solution is performed. In addition, the ground surface heave
induced by tail void grouting pressure from the presented
method and Ye’s method are both well fitted by the Gaussian
relation.

4.2. Case Study 2. A research site is chosen within the
Channel Tunnel Rail Link Contract 250 (C250), which
covers the construction of 5.2 km of twin bored tunnels of
8.126m cut diameter between Ripple Road, Dagenham, and
Barrington Road, Newham, to the east of London in Essex.
(e site, being built on only superficially with small nearby
buildings, is considered to represent essentially greenfield
conditions. At the instrumented site, tunnelling takes place
through about 12.5m London Clay using the earth pressure
balance machines mode. Tunnel axes are at 18.9m below
the ground level, and the diameter of the shield is 8.126m,
with an overcutting bead of 19mm thickness. Lining rings
are assembled and erected within the shield, which is 10m
long. (e nominal 0.155m annulus left between the lining
and the excavated soil profile is filled by tail void grouting
using a sand grout of proportions. (e initial total stresses
and tail void grouting pressure are 0.34MPa and 0.38MPa,
respectively. (e elastic modulus and Poisson ratio are
29MPa and 0.5. (e parameters for the site stratigraphy,
plan of the ground instrumentation, and other information
are proposed by Standing and Selemetas [47]. Substituting
the relevant parameters into (24), the vertical displace-
ments of the ground surface owing to tail void grouting
pressure in the shield tunnel construction can be obtained.
(e ground surface heave caused by tail void grouting using
the presented method and Gauss fitting result is shown in
Figure 5. Besides, the comparison of the results between
measured data and predicted data without/with the ground
surface heave caused by tail void grouting pressure is made
in Figure 5. It is noted that the predicted data without
ground surface heave caused by tail void grouting pressure
are proposed by Liang et al. [37]. (e pressures induced by
the compressing effect of cutter head, the skin frictions
along the shield, and the soil movements caused by volume

loss are considered in his study on the basis of the Mindlin
solution. (e predicted data with the ground surface heave
caused by tail void grouting pressure are obtained by
superimposing the results of this study and those of Liang
et al. [37].

As shown in Figure 5, we can confirm that tail void
grouting pressure can indeed make the ground surface
heave and the analytical solution heave resembles a Gauss
probability function. Referring to Figure 5, the measured
data of ground surface settlement are much larger than the
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predicted data without taking the ground surface heave
caused by tail void grouting pressure into consideration
and less than the predicted data by taking the ground
surface heave caused by tail void grouting pressure into
consideration. From the former phenomenon, if the
ground surface heave caused by tail void grouting pressure
is ignored, the ground surface settlement will be under-
estimated, resulting in serious consequences. (e reason
for the latter phenomenon may be that the space occupied
by the shield and lining is ignored in theoretical calculation.
On the whole, the ground surface settlement caused by
shield tunnel construction can be better predicted by taking
the ground surface heave by the presented method into
consideration, and the prediction data can be in good
agreements with the measured data.

4.3. Results and Discussion. From the two case studies, the
ground surface heave caused by tail void grouting pressure
using the presented method can be in good agreement with
the Gauss probability function. Referring to the Peck for-
mula, we can define ig as the horizontal distance from the
tunnel centerline to the point of inflection on the surface
heave trough induced by tail void grouting pressure. (en,
the empirical formulas for prediction of the ground surface
heave induced by tail void grouting pressure can be
obtained:

Sg � Sgmax exp
−x2

2i2g

⎛⎝ ⎞⎠, (26)

where Sg is the ground surface heave caused by tail void
grouting pressure, Sgmax is the maximum ground surface
heave caused by tail void grouting pressure above the tunnel
centerline, and x is the horizontal distance from the tunnel
centerline. To make up the limitation in predicting the
ground surface heave of the Peck formula, the empirical
formulas for prediction of the ground surface heave induced
by tail void grouting pressure can be added with the Peck
formula which cannot predict the ground surface heave.
(us, no matter the ground surface subsidence or ground
surface heave can be predicted in this way.

5. Parametric Analysis

In the previous section, the effectiveness of the proposed
method has been validated by comparison with two selected
case histories for the problem of the ground surface heave
induced by tail void grouting pressure. In this section, in
order to investigate the influences of different parameters on
the ground surface heave caused by tail void grouting
pressure, taking Channel Tunnel Rail Link Contract 250
(C250) as an example, a series of parametric analyses are
carried out on the basis of (24). (e influences of the elastic
modulus, tail void grouting pressure, tunnel radius, and
tunnel depth are considered and analyzed. It is noted that, in
analysis for investigating the effects of each parameter, the
value of one parameter is changed, while the other pa-
rameters are kept constant as those in case study 2. (e
results are shown in Figure 6.

Referring to Figure 6, it can be seen that all the curves
have similar heave patterns and points located above the
tunnel centerline have a bigger ground surface heave than
the other points. (e ground surface heave decreases with
an increase in elastic modulus. On the contrary, as the tail
void grouting pressure and tunnel radius increase, the
ground surface heave increases, respectively. (e in-
teresting finding is that the ground surface heave first
steadily increases and then declines gradually with the
tunnel depth increase. After the tunnel depth is more than
2D (D�2R), the effect of grouting pressure on the ground
surface will weaken gradually. (is can be responsible for
the interesting finding. Furthermore, by increasing the
elastic modulus from 1MPa to 30MPa, the ground surface
heave sharply decreases. (is is because the ground with
larger values of elastic modulus possesses greater ground
stiffness, and hence, it will significantly reduce the ground
surface heave in the tunnel. In addition, it is found that the
ground surface heave does not change much when tunnel
radius is greater than 6m.

6. Conclusions

(e effect of tail void grouting pressure on the surrounding
soil is simplified as an expansion problem of the cylindrical
cavity in semi-infinite elastic space. An analytical method
using the virtual image technique and Fourier transform
solutions is proposed to estimate the ground surface set-
tlement caused by tail void grouting pressure in shield
tunnel construction. Closed-form solution without high
complex integrals and numerical integration has been
obtained taking some assumptions as a basis. Two case
histories are used to verify the effectiveness of the proposed
method. (e computed results are in general agreement
with Ye’s solution and measured observations. In addition,
it is found that the application of Gaussian probability
function can be extended to estimate the ground surface
heave due to tail void grouting pressure in shield tunnel
construction. (us, the empirical formulas for prediction
of the ground surface heave induced by tail void grouting
pressure can be added to the Peck formula which cannot
predict the ground surface heave. In this way, not only the
ground surface subsidence but also the ground surface
heave can be predicted. Furthermore, a parametric analysis
is also conducted to investigate the effects of different
factors on the behaviors of the ground surface heave due to
tail void grouting pressure in shield tunnel construction,
including elastic modulus, the tail void grouting pressure,
tunnel radius, and tunnel depth. (e ground surface heave
decreases with an increase in elastic modulus. On the
contrary, as the tail void grouting pressure and tunnel
radius increase, the ground surface heave increases, re-
spectively. (e ground surface heave first steadily increases
and then declines gradually with the tunnel depth increase.
(e ground surface heave does not change much when
tunnel radius is greater than 6m.

Finally, it is suggested that further studies should be
performed to investigate the accuracy of new equation.
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Figure 6: Relationship between the ground surface heave and (a) elastic modulus (MPa); (b) tail void grouting pressure (MPa); (c) tunnel
radius (m); (d) tunnel depth (m).
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