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It has been widely recognized that the constitutive model plays an essential role in engineering application of high ductile fiber-
reinforced concrete (HDC). In this research, uniaxial compressive tests were conducted on nine groups of HDC specimens with
different mixture ratios and one group of mortar matrix specimens as comparison, discussing the effect of fiber content, water-
cement ratio, fly ash content, and sand-binder ratio. According to the characteristics of stress-strain curve of HDC under uniaxial
compression, a damage constitutive model was proposed by introducing two damage threshold parameters and then was
compared with other existing models. Results indicated that the damage model curves suggested in this paper were best consistent
with experimental curves and substantially demonstrate the damage evolution process as well as the cracking resistance effect of
fiber bridging stress.

1. Introduction

High ductile fiber-reinforced concrete (HDC) [1], just like
engineered cementitious composites (ECCs) [2, 3], is also
a kind of high performance fiber-reinforced cementitious
composite (HPFRCC) [4, 5], which is composed primarily of
cement, fine aggregate, and fiber. HDC is manufactured
based on the designed theory of micromechanics and
fracturemechanics and can be characterized by pseudostrain
hardening and multiple cracking behaviors when subjected
to tensile loading. Recently, due to its excellent durability,
high toughness, and remarkable damage resistance capacity,
HDC has been widely utilized in civil engineering, partic-
ularly in the flexure and shear-dominated members, such as
coupling beams, low-rise walls, and beam-column joints
[6–9]. Findings suggested that HDC can effectively enhance
the structural performance and improve the shear strength,
energy dissipation, and damage tolerance of members.

In the engineering application mentioned above, there
are stringent requirements on mechanical behavior and
stress-strain relationship of HDC. *erefore, many in-
vestigations have been carried out to investigate the com-
pressive property and constitutive relationship of HDC.

Fakharifar et al. [10] statistically evaluated the effect of fiber
content on compressive and flexural strengths through
adequate tests and found that the first crack and failure
strength as well as mechanical properties were enhanced by
increasing the fiber content. Ma et al. [11] suggested that
excessive amounts of fly ash tend to decrease the com-
pressive strength though ductility improved with fly ash
content. Due to the vital role of the constitutive model in the
design and analysis of structure, Li and Liu [12] and Xu et al.
[13], respectively, built the constitutive models based on the
stress-strain curves of HDC under uniaxial compression.
However, the abovementioned models neglected the
microcracks and microvoids in HDC and thus cannot reflect
the damage evolution of HDC under uniaxial compression.
So, it is necessary to build a constitutive model considering
the initial damage in HDC.

Over the past 30 years, damage mechanics has been
widely employed to describe the failure process for tradi-
tional building material. *e existing researches indicated
that damage theory is a reasonable way to evaluate the
constitutive relationship of concrete due to its powerful
theoretical framework [14–20]. Furthermore, owing to its
solid foundation for irreversible thermodynamics and
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relevant consideration of physical mechanisms, continuum
damage mechanics serves as an effective method to the
research of the stress-strain relationships of concrete and
rock in a comprehensive way [21–26]. Xue et al. [27] in-
troduced the damage threshold parameters and established
a damage constitutive model of steel fiber-reinforced con-
crete reflecting the linear elastic behavior under low stress.
*erefore, damage mechanics can be used to derive the
constitutive model of HDC. *e toughness and deform-
ability of HDC under uniaxial compression can be signifi-
cantly improved for the lateral restraint effect of the fiber
bridging stress inside the matrix, which has obvious dif-
ference with concrete [1]. *e researchers [21–27] primarily
focused on the concrete and steel fiber-reinforced concrete,
both of which can be classified as a brittle material. Con-
sequently, their models are unable to reflect the damage
accumulation and constitutive relationship of HDC under
the uniaxial compressive stress state.

*e present research reports on uniaxial compressive
tests of HDC with different mixture ratios, discussing the
effect of fiber bridging stress on the failure mode. In ad-
dition, it includes an investigation into the influence laws of
ingredients, such as polyvinyl alcohol (PVA) fiber volume,
water-cement ratio, fly ash content, and sand-binder ratio,
on the characteristic points of HDC stress-strain curves.
Besides, based on the features of experimental curves, this
paper established a modified damage constitutive model by
introducing two damage threshold parameters c and β and
then compared this damage model with the existing models.
It should be stressed that the model proposed in this paper
describes the damage evolution process and provides
a theoretical basis for the nonlinear analysis of components
and the ductility design of the structure.

2. Experimental Program

2.1.Material. *e ingredients of HDC adopted in the test are
cement (PO 42.5R), fly ash, fine river sand, PVA fiber,
mineral admixtures, water, and superplasticizer. Table 1
presents the mechanical properties of PVA fiber. Nine
groups of HDC and one group of mortar matrix with dif-
ferent mix proportions were designed and three identical
specimens were cast for each group. *e dimension of
prismatic specimens was 100mm× 100mm× 300mm, and
the mixture ratios are given in Table 2. Test parameters in
this paper included PVA content (1%, 1.5%, and 2%), water-
cement ratio (0.26, 0.29, and 0.32), fly ash content (40%,
50%, and 60%), and sand-binder ratio (0.24, 0.36, and 0.48).

2.2. Testing Method. Figure 1 gives the schematic diagram
of test setup. To obtain the strain-stress curve of HDC
under uniaxial compression, the linear variable differential

transformers (LVDTs) were installed between both ends
of the specimen and measured the whole longitudinal
deformation of the specimen. *e load was applied through
a 500t microcomputer-controlled electrohydraulic servo

Table 1: Properties of PVA fiber.

Length
(mm)

Diameter
(µm)

Length-diameter
ratio

Tensile strength
(MPa)

Modulus of elasticity
(GPa)

Elongation
(%)

Density
(g/cm3)

12 39 0.31×103 1600 40 7 1.3

Table 2: Mix design for experimental program.

Code PVA
content (%)

Water-binder
ratio

Fly ash
content (%)

Sand-binder
ratio

1 0 0.29 50 0.36
2 1.0 0.29 50 0.36
3 1.5 0.29 50 0.36
4 2.0 0.29 50 0.36
5 2.0 0.26 50 0.36
6 2.0 0.32 50 0.36
7 2.0 0.29 60 0.36
8 2.0 0.29 40 0.36
9 2.0 0.29 50 0.24
10 2.0 0.29 50 0.48

Steel plate

Loading plate

Specimen

LVDT

Base of
test frame

Figure 1: *e schematic diagram of test setup.
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compressive testing machine. *e loading was controlled by
displacement at a rate of 0.5mm/min, and the data were
collected through the TDS602 Data Logger.

3. Results and Discussion

3.1. Failure Mode. Figure 2 shows the typical failure modes
of specimens. *e brittle splitting failure occurred for the
matrix specimen, and the specimen was divided into several
prisms at the ultimate stage (Figure 2(a)). In contrast, the
HDC specimens remained intact at the softening stage,
and finally a major inclined shear crack formed along the
specimens (Figures 2(b)–2(e)), which agreed with the
conclusions in research [28].*e shear failure mode of HDC
specimens exhibited obvious ductility compared with the
matrix specimen.

*e fiber bridging effect can be used to explain this
phenomenon. During the failure process of HDC under
uniaxial compression, the fiber bridging stress effectively
restrains the lateral deformation of specimens (Figure 3),
and thus, the appearance and propagation of longitudinal
cracks are delayed. *e fibers are pulled out or pulled apart
when the lateral tensile deformation exceeds the ultimate
tensile strain of HDC, leading to the inefficacy of the lateral
constraining force. *us, longitudinal cracks will appear at
the weakest part of specimens, which will run through the
specimens from top to bottom and eventually form a major
crack. During the failure process of specimens, there is
obvious dislocation at both sides of themajor diagonal crack.
*e specimens are still in good condition and have residual
bearing capacity due to the fiber bridging effect even if they
are damaged. Conclusions can be drawn that, due to the
lateral restraint effect of fiber bridging stress, the damage and
failure processes of HDC under uniaxial compression are
quite different from those of concrete.

3.2. Uniaxial Compressive Stress-Strain Curves and Charac-
teristic Points. Uniaxial compressive stress-strain curves
obtained through the test are shown in Figure 4. Charac-
teristic points of the stress-strain curves of specimens to-
gether with the corresponding values of stress and strain are
given in Table 3. It can be known from Figure 4 and Table 3
that the corresponding peak strain of mortar matrix
(mixture ratio 1) is 0.0021, which is quite close to that of
concrete. *e uniaxial compressive stress-strain curve of
HDC is a unimodal curve, and the peak strain of 9 groups
of HDC specimens is 2.61–3.15 times that of mortar matrix.
*is indicates that the deformability of HDC specimens has
been significantly improved before peak load. Once over the
peak load, the mortar matrix immediately loses bearing
capacity. Although HDC specimen also has a sudden drop of
load, there is always 10–20% residual bearing capacity in the
specimen when large compressive strain appears.

3.3. Effect of Factors on the Characteristic Points of Stress-
Strain Curves. According to the test results in Table 3, the
effects of four factors (fiber content, water-binder ratio, fly

(a) (b) (c) (d) (e)

Figure 2: Typical failure mode of specimens. (a) Matrix, (b) HDC-2, (c) HDC-4, (d) HDC-5, and (e) HDC-6.
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Figure 3: Lateral restraint effect of fiber bridging stress.
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Figure 4: Typical uniaxial compression stress-strain curves of HDC. (a)Matrix, (b) HDC-2, (c) HDC-4, (d) HDC-6, (e) HDC-8, and (f) HDC-10.
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ash content, and sand-binder ratio) on the characteristic
points of stress-strain curves of HDC under uniaxial
compression (Figure 5) can be found out. *e analyses on
four influencing factors are as follows.

3.3.1. Fiber Content. As shown in Figure 5(a), the peak stress
σ0 of the HDC specimen increases with the increase in fiber
content. Besides, ε0.85, ε0.5, and ε0.2 increase by 33.06%,
39.73%, and 62.85%, respectively, as fiber content increases
to 2% from 1%. It can be attributed to the disordered short
fibers preventing the appearance and development of
microcracks. As a result, the compressive strength and
deformability of HDC specimens were improved.

3.3.2. Water-Binder Ratio. From Figure 5(b), it can be seen
that the ultimate strain and compressive strength of HDC
specimens increase as water-binder ratio increases from 0.26
to 0.29 and then decline as the water-binder ratio increases
to 0.32. It suggested that the ratio 0.29 was more effective
than others in terms of enhancing the compressive behavior
of HDC. *is phenomenon appeared for the reason that the
increased water-binder ratio improved the workability of the
mixture, leading to the more uniform distribution of fibers
inside the matrix. Consequently, the toughness and cracking
resistance of HDC enhanced. However, the high water-
binder ratio reduced the compressive strength of HDC.

3.3.3. Fly Ash Content. As shown in Figure 5(c), the peak
strain of specimens demonstrates a significant rise when the
fly ash content increases from 40% to 50% and a slight
reduction when the fly ash content increases from 50% to
60%, together with the ultimate compressive strain. *e
cause is that fly ash can improve the interfacial bond
properties between fibers and matrix, thus preventing ex-
cessive fiber rupture and enhancing the toughness of HDC
[1]. It should also be noted that the maximum stress declines
with the increase in the fly ash content. *us, the fly ash
content should be limited, considering enough compressive
strength.

3.3.4. Sand-Binder Ratio. *e deformation capacity of
specimens improves when the sand-binder ratio rises from
0.24 to 0.36. It drops instead of rising continually when the
sand-binder ratio increases to 0.48, which can be attributed
to the fact that the friction force between fibers and matrix
increases due to the excessive sand-binder ratio. As a result,
most of the fibers are pulled apart, and the tensile
deformability of the material declines, thus reducing the
ultimate compressive strain of specimens. From Figure 5(d),
it also can be known that the maximum stress of specimens
with a sand-binder ratio of 0.36 is higher than that of
specimens with sand-binder ratios of 0.24 and 0.48. Hence,
the ratio 0.36 was most favorable to improving the com-
pressive strength and strain capacity of HDC.

4. Damage Constitutive Model of HDC under
Uniaxial Compression

4.1. Establishment of Damage Constitutive Model. Let A be
the cross-sectional area of the material under undamaged
condition and A be the effective bearing area decreased by
the damage.*en, the damage variableD can be expressed as

D �
A− A

A
� 1−

A

A
. (1)

*e effective bearing area can be expressed as
A � (1−D)A. (2)

Let σ be the ratio of external load F to the effective
loading area. *en,

σ �
F

A
�

F

(1−D)A
�

σ
(1−D)

, (3)

where σ is the nominal stress on the cross section of
components, and σ � F/A.

According to the equivalent strain hypothesis theory
proposed by Lemaitre [29], the constitutive relation of
damaged material can be derived from the constitutive
equation of the nondestructive material under uniaxial stress
by replacing the nominal stress of the constitutive relation of

Table 3: Characteristic points of HDC stress-strain curve.

Code Pm (kN) σ0 (MPa) σ0.2 (MPa) ε0 (10−3) ε0.85 (10−3) ε0.5 (10−3) ε0.2 (10−3)
1 630.55 63.06 — 2.13 — — —
2 502.78 50.28 10.06 5.69 6.02 6.67 8.64
3 568.50 56.85 11.37 6.01 6.66 6.95 11.28
4 622.52 62.25 12.45 6.72 8.01 9.32 14.07
5 560.35 56.04 11.21 6.33 7.05 7.69 11.16
6 528.38 52.84 10.57 6.52 7.88 9.52 12.76
7 536.35 53.64 10.73 6.34 7.90 9.47 13.80
8 644.32 64.43 12.89 5.61 6.41 6.94 8.87
9 519.60 51.96 10.39 6.48 8.14 9.23 13.57
10 560.05 56.01 11.20 5.56 6.05 6.66 8.10
Note: (1) Pm is peak load; σ0 is peak stress; ε0 is the strain corresponding to peak stress; (2) σ0.2 is the stress value when the stress declines to 20% of peak
stress; (3) ε0.85, ε0.5, and ε0.2 are the corresponding ultimate compressive strain values when the stress declines to 85%, 50%, and 20% of peak stress,
respectively.
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Figure 5: Continued.
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the undamaged material with the effective stress. Let ε be the
damaged elastic strain, and then the damage constitutive
relation of the material is (σ � Eε)

σ � E(1−D)ε. (4)

4.2. Derivation of Damage Evolution Equation. As for the
damage fracture of rock and concrete, the literature [25, 26]
suggests that the damage variable D of the material fulfills
Weibull distribution. *us,

D � 1− exp −
ε
η

 

m

 , (5)

where m and η (nonnegative numbers), respectively, are the
shape parameter and scale parameter.

From the stress-strain curve of the HDC specimen, it
should be noted that the linear elastic stage elongates and the
strain corresponding to the initial damage is enlarged. In

addition, the damage of HDC tends to be stable, and there is
10%–20% residual bearing capacity in specimens when the
strain exceeds a certain value. Based on the above analysis,
two damage thresholds c and β are introduced in this paper
to build the damage constitutive model of HDC. c is the
initial point at the nonlinear ascent stage, and β is the initial
point at the residual stage. *en, the damage variable can be
expressed as follows:

Damage variable:

D �

0 (ε< c)

1− exp − ε− c

η 
m

  (c≤ ε≤ β)

Du (ε> β),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(6)
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Figure 5: Influence of factors on the characteristic points of stress-strain curves of HDC. (a) Fiber content. (b) Water-binder ratio. (c) Fly
ash content. (d) Sand-binder ratio.
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where Du is the damage value when the strain ε is equal to β,
that is, the maximum damage variable.

Damage constitutive model:

σ �

Eε (ε< c)

E(1−D)ε (c≤ ε≤ β)

1−Du( σ0 (ε> β).

⎧⎪⎪⎨

⎪⎪⎩
(7)

4.3. Determination of Model Parameter. *e shape of the
stress-strain curve of HDC under uniaxial compression can
be obtained (Figure 6).

As seen in Figure 6, the stress-strain curve of HDCmeets
the following boundary conditions:

(1) ε � 0, σ � 0
(2) ε � 0, dσ/dε � E (E is the initial elastic modulus)
(3) σ � σ0, ε � ε0
(4) σ � σ0, dσ/dε � 0

*rough the features (1), (2), (3), and (4) of stress-strain
curves of HDC, the parameters (m, η) can be calculated as
follows:

m �
ε0 − c

ε0

1
ln Eε0σ0( 

, (8)

η �
ε0 − c

ε0 − c/mε0( 
1/m

. (9)

4.4. Comparisons of Experimental Curves and Model
Curves. *e parameters of HDC damage constitutive
model under uniaxial compression was calculated, and
the results of model parameters and damage variable
(at point ε0 and β) are listed in Table 4. *e parameters
m, η can be worked out through expressions (8) and (9).
μ and δ are the average and coefficient of variation of
parameters.

As shown in Table 4, the value c/ε0 of HDC is about 0.83.
*is indicates that the elastic section of HDC stress-strain
curves elongates and the damage resistance ability is
stronger. Let c be 0.8ε0 and β be 1.3ε0 so as to substitute
the two damage thresholds into expression (7). *en, the
damage constitutive model of HDC under uniaxial com-
pression can be worked out. *en, there is

σ �

Eε ε< 0.8ε0( 

Eε exp − ε− c

η 
m

  0.8ε0 ≤ ε< 1.3ε0( 

1−Du( σ0 ε≥ 1.3ε0( .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(10)

Li and Liu [12] and Xu et al. [13] suggested the con-
stitutive models of this material in which the damage in
HDCwas not considered.*e descent stage of curve adopted
the same equation in these models, whereas the ascent stage
used rational fraction equation and polynomial equation,
respectively. *ose are as follows:

*e descent stage:

y �
x

B(x− 1)2 + x
(x≥ 1). (11)

*e ascent stage:
Li’s model:

y �
Ax−x2

1 +(A− 2)x
(0≤ x< 1). (12)

Xu’s model:

y � C1 + C2x + C3x
2

+ C4x
3

(0≤ x< 1), (13)

where x � ε/ε0, y � σ/σ0, and A, B, C1, C2, C3, C4 are the
fitting coefficients.

*is research, respectively, calculated the correlation
coefficients of three model curves and the experimental
curves as shown in Table 4. *e fitting coefficients
A, B, C1, C2, C3, C4 in Li’s model and Xu’s model were

Table 4: Parameters of damage constitutive model.

Code m η (×10−3) c/ε0 β/ε0
D Correlation coefficient of model

ε0 β New proposal Li Xu
2 5.78 0.26 0.80 1.21 0.03 0.89 0.983 0.987 0.962
3 4.36 0.27 0.82 1.27 0.04 0.85 0.975 0.972 0.947
4 2.56 0.38 0.84 1.43 0.06 0.83 0.982 0.982 0.948
5 5.22 0.22 0.82 1.20 0.03 0.87 0.978 0.980 0.947
6 3.94 0.28 0.82 1.28 0.04 0.85 0.985 0.982 0.957
7 2.92 0.29 0.84 1.38 0.05 0.84 0.977 0.980 0.941
8 3.74 0.19 0.84 1.29 0.04 0.87 0.991 0.993 0.974
9 2.63 0.30 0.82 1.41 0.06 0.79 0.991 0.986 0.964
10 4.60 0.19 0.83 1.26 0.04 0.88 0.990 0.989 0.978
μ — — 0.83 1.30 0.05 0.85 0.984 0.983 0.958
δ — — 0.013 0.060 0.243 0.035 0.006 0.006 0.013
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given in Table 5. Figure 7 describes the comparisons
of experimental curves and constitutive model curves.
*e relation curves between the damage variable D and
strain are shown in Figure 8, and then the damage
evolution process of HDC under uniaxial compression is
observed. Compared with the Li’s and Xu’s models, the
damage model suggested in this paper had the following
features:

(1) *e damage model curves are in best agreement
with experimental curves reflecting the charac-
teristic of linear elastic deformation and the
residual bearing capacity of HDC which can be
attributed to the restraint effect of fiber bridging
stress. However, the ascent stage of Xu’s model
curves had great difference with the experi-
mental curves whose correlation coefficient is
smaller than those in the damage model and Li’s
model.

(2) *e damage model describes the damage develop-
ment process and the effect of toughness and crack
resistance of fiber in this period, whereas Li’s and

Xu’s models cannot reflect the damage evolution of
HDC under uniaxial compression.

(3) As fiber content increases, the parameter m of the
damage constitutive model decreases, whereas
η constantly increases. *erefore, the area
enclosed by the stress-strain curve also increases
gradually. It suggested that the energy dissipation
capacity of HDC was improved with added fiber
content.

(4) When strain reaches the damage threshold β, the
damage variable D is about 0.85 (smaller than 1.0).
HDC is still not damaged completely when the
deformation is large. It suggests that fibers can delay
the damage propagation of concrete, just like the fact
that the fiber bridging stress can delay the crack
propagation.

5. Conclusions

*is research dealt with the effects of ingredients on the
compressive properties of HDC. *e damage constitutive

Table 5: Fitting coefficients.

Code A B C1 C2 C3 C4

2-1 1.034 37.134 0.0047 0.8317 −0.1147 0.2940
2-2 1.074 43.974 0.0100 0.7613 0.2643 −0.0267
2-3 1.073 43.258 0.0135 0.7258 0.2227 0.0569
3-1 1.078 27.678 0.0070 0.4882 1.0398 −0.5319
3-2 1.091 32.823 0.0059 0.3222 1.6317 −0.9484
3-3 1.080 28.726 0.0131 0.6201 0.3015 0.0776
4-1 1.109 20.536 0.0065 0.4160 1.6010 −1.0100
4-2 1.091 20.647 0.0197 0.5249 1.0022 −0.5326
4-3 1.083 16.407 0.0137 0.3248 1.4095 −0.7329
5-1 1.024 42.674 0.0029 0.6888 −0.0087 0.3471
5-2 1.032 38.564 0.0000 0.7332 −0.2785 0.5767
5-3 1.035 42.354 0.0056 0.3815 1.0399 −0.4061
6-1 1.087 20.680 0.0052 0.6321 0.7937 −0.4198
6-2 1.093 15.564 −0.0022 0.8249 0.3049 −0.1172
6-3 1.119 14.659 0.0085 0.6399 0.8406 −0.4703
7-1 1.093 12.386 −0.0009 0.6471 0.5464 −0.1774
7-2 1.103 14.471 0.0076 0.5708 0.9070 −0.4720
7-3 1.104 12.851 0.0172 0.3625 1.0927 −0.4394
8-1 1.075 35.291 0.0023 0.7590 0.6093 −0.3669
8-2 1.080 39.523 0.0062 0.5423 1.1401 −0.6759
8-3 1.073 33.200 0.0139 0.3904 1.2833 −0.6612
9-1 1.099 14.372 0.0115 0.5952 0.7945 −0.3913
9-2 1.094 15.626 0.0100 0.4324 1.4337 −0.8676
9-3 1.093 17.578 0.0028 0.6649 0.4437 −0.0906
10-1 1.055 39.618 0.0118 0.5097 0.9268 −0.4402
10-2 1.058 42.618 0.0006 0.6400 0.8168 −0.4523
10-3 1.070 35.641 0.0005 0.6940 0.4779 −0.1649
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model was established by using two damage threshold pa-
rameters c and β based on the stress-strain relationship
attaining from uniaxial compressive tests. �e following
conclusions can be drawn:

(1) �e mortar matrix specimen fails in brittle split
under uniaxial compression and is divided into
several prisms after failure. In contrast, the ductile
shear failure occurs for the HDC specimens due to
the lateral con�nement e�ect of �ber bridging
stress.

(2) �e stress-strain curve of HDC under uniaxial
compression is a unimodal curve, and the peak
deformation is 2.61–3.15 times that of mortar matrix.
Besides, the HDC specimens still remain intact and

have 10–20% residual bearing capacity at the ulti-
mate stage.

(3) Based on the features of stress-strain curves of HDC
under uniaxial compression, two damage threshold
parameters are introduced and then a damage
constitutive model is built. Besides, the damage
model curves �t best with the experimental curves
and re�ect the damage development process of HDC
compared with two existing models.

(4) As the �ber content increases, the parameter m of the
damage constitutive model gradually decreases,
whereas η constantly increases. It suggests that the
energy dissipation capacity of HDC is improved with
the added �ber content.
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Figure 7: Comparisons of experimental curves and model curves. (a) HDC 2-2, (b) HDC 4-2, (c) HDC 6-2, and (d) HDC 8-1.
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