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*e deformation and failure of tunnel surrounding rock is the result of tunnel excavation disturbance and rock stress release.
When the local stress of surrounding rock exceeds the elastic limit of rock mass, the plastic analysis of surrounding rock must be
carried out to judge the stability of tunnel. In this study, the Lade–Duncan yield criterion is used to calculate the analytic solutions
for the surrounding rock in a tunnel, and the radius and displacement of the plastic zone are deduced using an equilibrium
equation. *e plastic zone radius and displacement based on Lade–Duncan criterion and Mohr–Coulomb criterion were
compared by using single-factor analysis method under the different internal friction angles, in situ stresses, and support re-
sistances. *e results show that the solutions of the radius and displacement of plastic zone calculated by the Lade–Duncan
criterion are close to those of Mohr–Coulomb criterion under the high internal friction angle and support resistance or low in situ
rock stress; however, the radius and displacement of the plastic zone calculated by the Lade–Duncan criterion are larger under
normal circumstances, and the Lade–Duncan criterion is more applicable to the stability analysis of the surrounding rock in
a tunnel.

1. Introduction

*e original equilibrium state of stress is disrupted due to
the excavation of underground engineering, which causes
the stress to be redistributed [1–3]. We know that the de-
formation of surrounding rock is the result of excavation
disturbance and stress release. Before the tunnel excavation,
the rock mass is in the stress equilibrium state. After ex-
cavation, the stress of surrounding rock will redistribute
greatly, the radial stress around the tunnel will decrease to
zero, the strength of surrounding rock will decrease obvi-
ously, and then the tangential stress concentration will
appear. Generally, the surrounding rock around the tunnel
will crack first and gradually develop into the deep zone,
forming a fracture zone and a plastic zone, while the deeper
rock is still in an elastic state, which is called the elastic zone.
When the local stress of surrounding rock exceeds the elastic

limit of rock mass and enters the plastic state, the elasto-
plastic analysis of surrounding rock is necessary to provide
the reference for design of tunnel support. *e size of plastic
zone and stress distribution of tunnel surrounding rock are
very important to the design of tunnel support [4].

*e design of excavation and support based on a proper
strength criterion could not only reasonably reflect the
mechanical properties of the rock, but also bring huge
economic benefit to the construction of rock engineering.
Many failure criteria have been proposed to the elastoplastic
analysis of the surrounding rock in a tunnel such as the
Mohr–Coulomb strength criterion [5–7], Hoek–Brown
strength criterion [8–10], and the unified strength theory,
which considers the effect of intermediate principal stress
[11–15]. *e studies show that the intermediate principal
stress has significant effects on surrounding rock stress dis-
tribution, plastic zone radius, and displacement. However,
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Mohr–Coulomb criterion andHoek–Brown criterion ignored
the e	ects of intermediate principal stress on rock mass
strength, which led to unfavorable results for engineering
applications. Although the uni�ed strength theory can re�ect
intermediate principal stress, the expression of this criterion is
complex, and parameters are di�cult to be measured in the
surrounding rock of the actual roadway.

One of the most attractive of all the alternative failure
criteria is the Lade–Duncan failure criterion [16], which has
been widely used in geotechnical engineering. In this study,
the Lade–Duncan strength theory is used to carry out the
analysis of roadway surrounding rock.�e plastic zone radius
and displacement based on Lade–Duncan criterion and
Mohr–Coulomb criterion were analyzed and compared by
using single factor analysis method according to the di	erent
support resistances, internal friction angles and in situ stress.

2. Description of the Lade–Duncan Criterion

�e Mohr–Coulomb criterion cannot re�ect the e	ect of
intermediate principal stress on damage and the yield
characteristics caused by pure hydrostatic pressure. Its yield
surface is a hexagonal pyramid with apex in the principal
stress space. Once the stress point lies at the ridge or cone
top, it will cause di�culties in mathematical processing. In
1975, Lade and Duncan proposed the Lade–Duncan failure
criterion based on the results of triaxial strength failure
tests of sand. After that, the yield surface function was
improved by Lade [17, 18]. When a spherical yield surface is
added to the triangular cone of the open curved edge, it
becomes a hat-type model, which is a concentric similar
curved triangle on the plane of the stress space as shown
in Figure 1.�e Lade surface gives a smooth approximation
to the Mohr–Coulomb surface [19]. Because of its
smooth surface, the Lade–Duncan failure criterion is be-
coming more and more popular. �e Lade–Duncan model
can not only consider the in�uence of intermediate prin-
cipal stress, but also has simple form. So it is easy to be
applied in engineering. Lade–Duncan strength criterion is
expressed as

I31
I3
� k �

(3− sin φ)3

(1 + sin φ)(1− sin φ)2
, (1)

where k is the material constant, φ is the internal friction
angle, and I1 and I3 are the �rst and third stress tensor
invariants.

I1 � σ1 + σ2 + σ3,

I3 � σ1σ2σ3,
(2)

where σ1, σ2, and σ3 are the principal stresses.

3. Stability Analysis of Tunnel
Surrounding Rock

3.1. Mechanical Model and Basic Assumptions. Rock mass is
a kind of material with complex structure, so it is di�cult to
describe its mechanical behavior with speci�c constitutive
equation. In order to carry out the elastoplastic analysis of

surrounding rock mass, the following assumptions are
made:

(1) Rock mass is a continuous, homogeneous, and
isotropic elastoplastic material.

(2) �e section of the tunnel is circular and the length is
in�nite, so it can be simpli�ed as plane strain
problem.

(3) Ignoring the e	ects of the surrounding rock weight
on the yield, the original rock stress can be simpli�ed
as a uniform stress distribution. So the tunnel is
under the conditions of uniform stress p0 and
support resistance pi.

(4) �e radius of plastic zone produced by tunnel ex-
cavation is Rp.

Based on the above assumption, the problem can be
simpli�ed as the mechanical model as shown in Figure 2.
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Figure 1: �e Mohr–Coulomb and Lade–Duncan failure surfaces
in the π-plane.
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Figure 2: Calculation model of tunnel surrounding rock.
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3.2. Stress Analysis of Tunnel Surrounding Rock. *e radial
stress σr, tangential stress σθ, and axial stress σz of tunnel are
orthogonal to each other. When the lateral pressure co-
efficient λ � 1, the stresses σr, σθ, and σz can be regarded as
three principal stresses. If the body strain εv of the sur-
rounding rock in the plastic zone is zero, we know that the
relationship of stresses is satisfied: σθp > σzp > σrp (where p
stands for the stress component of the plastic zone) and

σzp �
1
2

σrp + σθp . (3)

We see that the three principal stresses in plastic zone are
σ1 � σθp, σ2 � σzp, and σ3 � σrp. According to (1), we have

σrp + σθp + σzp 
3
− k σθpσrpσzp  � 0. (4)

Substituting (3) in (4), we can get the relationship be-
tween σθp and σrp as follows:

σθp � σrp + 2

�����

k− 27
27



�����
σθpσrp


. (5)

3.3. Basic Equilibrium Differential Equation. In the elastic
and plastic zone, the equilibrium differential equation can be
written as

dσr
dr

+
σr − σθ

r
� 0, (6)

and the geometric equation is expressed as follows:

εr �
du

dr
,

εθ �
u

r
,

(7)

where u is the radial displacement; and r is the radius of the
excavation.

3.4. Stress Solutions of the Elastic Zone. *e stress of the
elastic zone of the surrounding rock can be obtained by the
axisymmetric plane strain problem. *e equations can be
obtained as follows:

σre � p0 1−
R2
p

r2
  + σR

R2
p

r2
,

σθe � p0 1 +
R2
p

r2
 − σR

R2
p

r2
,

(8)

where σR is the radial stress on the interface between the
elastic and plastic zones and e stands for the stress com-
ponent of elastic zone.

3.5.Stress Solutionsof thePlasticZone. Substituting (5) in (6),
then we can get

ln r + c0 � b

��σr
σθ



, (9)

where b �
�����������
(27/(k− 27))


, c0 is an integration constant.

Introducing the boundary conditions r � r0 and σr � pi

in (5) and (9), c0 can be obtained as follows:

c0 �
�����
b2 + 1

√
− ln r0 − 1, (10)

where b �
�����������
(27/(k− 27))


.

From (5), (6), (9), and (10), the stress condition of the
plastic zone can be expressed as follows:

σrp �
pi

(
����������
(k/(k− 27))


)2

ln
r

r0
+

�����

k

k− 27



− 1⎛⎝ ⎞⎠

2

,

σθp �
pi

(
����������
(k/(k− 27))


)2

ln
r

r0
+

�����

k

k− 27



⎛⎝ ⎞⎠

2

− 1⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦.

(11)

3.6.Radius of thePlasticZone. *e stress state at the radius of
the plastic zone satisfies both the plastic stress condition and
the elastic stress condition. We have σrp � σre � σR and
σθp � σθe. From (8), we can obtain the following condition:

σθe + σre( 
r�Rp

� σθp + σrp 
r�Rp

� 2p0. (12)

Introducing (12) in (11), we obtain the radius of the
plastic zone as follows:

ln
Rp

r0
+

�����

k

k− 27



⎛⎝ ⎞⎠ ln
Rp

r0
+

�����

k

k− 27



− 1⎛⎝ ⎞⎠

−
p0(

����������
(k/(k− 27))


− 1)2

pi

� 0.

(13)

With the first term of (11), the radial stress on the
elastoplastic interface can be obtained as follows:

σR �
pi

(
����������
(k/(k− 27))


− 1)2

ln
Rp

r0
+

�����

k

k− 27



− 1⎛⎝ ⎞⎠

2

. (14)

3.7. Displacement of Plastic Zone. According to the theory of
literature [2], the elastic zone deformation can be treated as
a thick wall cylinder, which has the infinite of the outside
boundary radius, and the inner boundary radius is the plastic
radius of Rp. *e radial displacement component ue of
tunnel surrounding rock in the elastic zone can be expressed
as follows:

ue �
p0 − σR( Rp

2G
, (15)

where G � E/(2(1 + μ)); E is the modulus of elasticity, and μ
is the Poisson ratio.

Since the volume of the tunnel rock in the plastic zone
can be assumed as constant, we can set up the following
equation:

R
2
p − Rp − ue 

2
� r

2
0 − r0 − up 

2
. (16)

According to (16), we have
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up �
Rp

r0
ue. (17)

From (14), (15), and (17), the following equation can be
obtained:

up �
R2
p

2r0G
p0−

pi
(
����������
(k/(k−27))
√

−1)2
ln
Rp

r0
+

�����
k

k− 27

√

− 1 
2

 .

(18)

4. Compared with the Mohr–Coulomb
Criterion in Engineering Application

In the reference example, a tunnel is excavated in limestone
with di	erent rock masses, which is H � 200 m in buried
depth. �e radius of the tunnel is r0 � 4 m, the properties of
the intact rock are σci � 50.0 MPa, mi � 8, GSI � 25, and
D � 0.6.�e rock bulk density is c � 0.027 KN/m3, so the in
situ rock stress is p0 � cH � 5.4 MPa. �e physical and
mechanical parameters of the surrounding rock are
G � 3.0 GPa�, c � 0.36 MPa, pi � 1 MPa, and φ � 22°. �e
parameters G, c, and φ are shear modulus, cohesion, and
internal friction angle of rock mass, respectively [20–22].

4.1. Comparison of Plastic Zone Radius. In order to better
analyze the solution of plastic zone radius Rp computed by
Lade–Duncan criterion in this study, the prediction is com-
pared with the results computed by the Mohr–Coulomb cri-
terion. According to the literature [21], the equation of plastic
radius derived from Mohr–Coulomb criterion is as follows:

Rp � r0
p0 + c · cot φ
pi + c · cot φ

(1− sin φ)[ ]
(1−sin φ)/(2sin φ)

. (19)

Single-factor analysis is used to consider the in�uence
of internal friction angle φ, in situ rock stress p0, and
support resistance pi on the radius of plastic zone of
surrounding rock. Referring to related literature and ex-
perimental data, the range of rock internal friction angle φ
in this paper is 18°∼32°, the in situ rock stress p0 is 2∼8MPa,
and the supporting resistance pi is 0.6∼2.0MPa. When
considering the in�uence of the variation of the internal
friction angle on the radius of the plastic zone, we let the
original rock stress p0 � 5.4 MPa and the support re-
sistance pi � 1 MPa. When considering the in�uence of the
variation of the in situ stress on the radius of the plastic
zone, we let the internal friction angle φ � 22° and the
support resistance pi � 1 MPa. When considering the in-
�uence of the support resistance on the radius of the plastic
zone, we let the internal friction angle φ � 22° and the
original rock stress p0 � 5.4 MPa.

As shown in Figures 3 and 4, the plastic radius Rp de-
creases as the internal friction angle φ and the supporting
resistance pi increase. According to Figure 5, plastic radius
Rp increases as the in situ stress p0 increases. From com-
parison, it is found that the growth rate of the Lade–Duncan
criterion solution is larger than the solution of the Mohr–

Coulomb criterion, and also we note that the radius of the
plastic zone obtained by the Lade–Duncan criterion is
gradually larger as the p0 increases. As we know, the increase
of p0 means the increase of the buried depth, that is to say,
when the tunnel is too deep, the Rp obtained by the
Lade–Duncan criterion will tend to be larger. We can also
�nd that the variation tendency of the two yield criteria is the
same.�e results show that the solution of the Lade–Duncan
criterion is larger than the solution of the Mohr–Coulomb
criterion. As we all know, the empirical range of rock
mechanics for the radius of plastic zone after tunneling is
3∼5r0, which in this paper is 12∼20m. So we can see that the
radius of plastic zone obtained by Lade–Duncan criterion
is much closer to the empirical range of rock mechanics.
�e radius of plastic zone obtained by Mohr–Coulomb
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Figure 3: Relation curves between internal friction angle and
plastic zone radius.
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FIGURE 4: Relation curves between support resistance and plastic
zone radius.
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criterion is too small, which may lead to danger in engi-
neering application. It is because that the Mohr–Coulomb
criterion completely ignores the in�uence of the in-
termediate principal stress on the deformation of tunnel
surrounding rock, but the Lade–Duncan criterion takes into
account the in�uence of the intermediate principal stress.

4.2. Comparison of Plastic Zone Displacement. Due to the
e	ect of in situ rock stress, the deformation and displace-
ment will appear around the tunnel, and the plastic zone,
which is harmful to the stability of surrounding rock, will
gradually develop. In the following content, we compare the
displacement of the plastic zone of tunnel surrounding rock
obtained by the Lade–Duncan criterion and the Mohr–
Coulomb criterion. According to the literature [21], the
equation of plastic zone displacement derived from
Mohr–Coulomb criterion is as follows:

up �
R2
p p0sin φ + cos φ( )

2r0G
. (20)

Similar to the analysis of radius of plastic zone, we still
use single factor method. When considering the in�uence of
the internal friction angle on the displacement of the plastic
zone, we let p0 � 5.4 MPa and pi � 1 MPa. When consid-
ering the in�uence of the variation of the internal friction
angle on the displacement of the plastic zone, we let φ � 22°
and pi � 1 MPa. When considering the in�uence of the
variation of the internal friction angle on the displacement of
the plastic zone, we let φ � 22° and p0 � 5.4 MPa. �e
calculated results by two methods are shown in Figures 6
and 7 and Figure 8.

As shown in Figures 6 and 8, plastic zone displacement
up decreases as the internal friction angle φ and the sup-
porting resistance pi increases. And it can be seen that with
the increase of φ and pi, the up obtained by the Lade–
Duncan criterion and the Mohr–Coulomb criterion will

approach gradually. According to Figure 7, the plastic zone
displacement up increases as the in situ stress p0 increases.
By comparison, we can �nd that the solution of the
Lade–Duncan criterion is larger than the solution of the
Mohr–Coulomb criterion. By analyzing the radius of plastic
zone above, we can know that the plastic zone displacement
of tunnel surrounding rock obtained by Mohr–Coulomb
criterion is smaller in a certain range. �e main reason for
this result is that the Mohr–Coulomb criterion completely
ignores the intermediate principal stress.

4.3. Stress Analysis of Tunnel Surrounding Rock. In order to
better analyze the stress distribution in tunnel surrounding
rock, we let the supporting resistance pi � 1 MPa, the
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Figure 5: Relation curves between in situ stress and plastic zone
radius.
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internal friction angle φ � 22°, the radius of the tunnel is
r0 � 4 m, and the in situ rock stress p0 � 5.4 MPa.

As shown in Figure 9, the radial stress and tangential
stress increase with the increase of the radius, when the
radius is equal to the plastic zone radius, and the tangential
stress reaches a maximum and then begins to decline. After
the radius is equal to the radius of the plastic zone, the radial
stress increases continuously, but the rate of increase de-
creases gradually; �nally both approach the values of the in
situ rock stress.

5. Conclusions

�e selection of yield criterion has a great in�uence on the
stability analysis of the surrounding rock. Di	erent yield
criteria have di	erent sensitivities to strength parameters, in

situ rock stress, and support resistance of rock mass. In this
study, the Lade–Duncan criterion is used to analyze the
stability of surrounding rock of circular tunnel. �e fol-
lowing conclusions can be obtained:

(1) �e elastoplastic analysis of the surrounding rock of
circular tunnel is carried out by combining the
equilibrium equation and geometric equation. �e
expressions of elastoplastic stress, radius, and dis-
placement of plastic zone based on the Lade–Duncan
yield criterion are obtained.

(2) �e comparisons of the radius of plastic zone and the
law of stress distribution of tunnel surrounding rock
calculated by using Lade–Duncan criterion and
Mohr–Coulomb criterion are compared. �e results
show that they are approximately similar; however,
the radius and displacement of the plastic zone under
the Lade–Duncan criterion are larger than that of the
Mohr–Coulomb criterion. It is because that the
Lade–Duncan criterion takes the in�uence of in-
termediate principal stress into consideration.

(3) �e radius of plastic zone and displacement solution
of Lade–Duncan criterion is approximately close to
Mohr–Coulomb criterion under the high internal
friction angle and support resistance or low in situ
rock stress. However, under normal circumstances,
the solution of the Lade–Duncan criterion is closer to
the engineering practice.
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