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Tunnel liner is conventionally designed according to the deterministic design methods. However, the loads transmitted from the
surrounding ground to the liner are very uncertain. In other words, the tunnel liner is subjected to nonuniform loading conditions
which may affect its performance. 'is is mainly due to the inherent randomness and spatial variability of ground properties. In
addition, since borehole drillings are usually carried out before tunnel excavation, the measured borehole data should be
considered and reflected in the tunnel liner design practice, especially when it comes to the reliability-based design using the
conditional random field theory. 'is paper presents an investigation of the tunnel liner performance from the perspective of
probabilistic analysis and reliability-based design, and a probabilistic procedure for evaluating the tunnel liner performance is
fully described. 'e random behavior of ground properties is accounted for by the conditional random field theory, and the
performance of tunnel liner is examined via finite-differencemodeling in FLAC 3D.'e evaluation procedure is performed within
the Monte Carlo simulation framework. An illustrative hypothesized tunnel is introduced to demonstrate the application of the
probabilistic evaluation procedure, and the effects of site characterization parameters and conditioning on the tunnel liner
performance are also inspected in a series of parametric studies. Before reaching conclusions, the reliability-based design of a real
tunnel is performed with respect to the liner strengths and thickness, given target reliability levels, which provides some insights
into a more reasonable and economical design of tunnel liner.

1. Introduction

In recent years, the investigation of tunnel liner has received
more and more attention from researchers in geotechnical
engineering, and an increasing number of relevant studies
have been reported in the literature [1–10]. However, most
of the studies listed above are devoted to either the de-
terministic analysis or design of tunnel liner or simple
probabilistic analysis of tunnel liner stability with only
consideration of the variability of ground properties.

For example, in the study presented by Carranza-Torres
and Diederichs [1], the proposed methodology is de-
terministic for the mechanical analysis and design of
composite tunnel liners consisting of shotcrete and steel sets.
Moreover, in the investigation conducted by Langford and

Diederichs [3], the modified point estimate method for the
reliability-based analysis and design of tunnel liner considers
only the variability of Hoek–Brown parameters. Further-
more, the simple probabilistic procedure initiated by Kroetz
et al. [7] for analyzing the tunnel liner stability, with respect
to the liner internal forces, can only account for the vari-
ability in the soil mass.

In geotechnical site investigation, one simple observa-
tion can be made that geotechnical materials close together
in space may be much more similar in property than those
separated widely. In addition, the spatial variability of
geotechnical properties, such as soil properties, has long
been recognized by geotechnical researchers (see, e.g.,
[11–16]) and has been incorporated in the random field
theory [17] in the area of probabilistic analysis of slope

Hindawi
Advances in Civil Engineering
Volume 2019, Article ID 1348767, 18 pages
https://doi.org/10.1155/2019/1348767

mailto:xinyu@student.cumtb.edu.cn
https://orcid.org/0000-0001-9796-3388
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/1348767


stability (e.g., [18–20]). As for the tunnel liner, a limited
amount of documents have been reported with respect to the
probabilistic analysis and design of tunnel liner with con-
sideration of spatial variability of soil properties.

Another observation can also be made that when using
random field theory to simulate the probabilistic nature of a
particular geotechnical project, we often have investigation
data available at that project site that should be considered
and reflected in each simulation. In tunnel engineering, for
example, an extensive borehole drilling investigation at the
planned tunnel construction area is usually carried out
before excavation occurs, which is used to identify the
ground conditions as well as secure an efficient and low-risk
construction. 'erefore, it makes sense for any simulated
geotechnical property random field to incorporate the core
sampling data collected at the borehole locations in each and
every simulation. In addition, the geotechnical properties
should only be random between the borehole locations and
become increasingly random as the distance from the
borehole locations rises. In other words, the conditional
random field theory [21, 22] should be applied in the
simulation of geotechnical properties.

Although finite-element or finite-difference method,
combined with probabilistic analysis tools, has been
implemented in the geotechnical treatments (see, e.g.,
[23–31]), very few works can be found with respect to the
combination of finite-element or finite-difference method
with conditional random field theory in the area of tunnel
liner stability analysis and design.

'us, the current work is inspired by the limitations of
previous studies. In this study, we focus on the proba-
bilistic analysis of shallow tunnel liner performance using
conditional random field theory as well as finite-difference
modeling. 'is paper is organized as follows. In Section 2,
the unconditional and conditional simulation of random
fields is described. 'en, the procedures for mapping the
conditional property values onto the finite-difference
model are developed and illustrated in Section 3. Next, the
design failures of tunnel liner with respect to compression
and tension effects are defined in Section 4. In Section 5, a
probabilistic procedure for evaluating the tunnel liner
performance is fully presented, followed by applying it
into the parametric studies of the effects of site charac-
terization parameters and conditioning on the tunnel liner
performance in Section 6. In addition, the reliability-based
design of a real tunnel is also conducted using that pro-
cedure in Section 7. Finally, a number of conclusions are
drawn.

2. Simulation of Random Fields

2.1. Unconditional Random Field. A number of methods
have been reported in the literature to simulate un-
conditional random field (URF). 'ese include fast Fourier
transform method [32], turning bands method [33], mid-
point method [34], local average subdivision method [35],
and Karhunen–Loève expansion method [36]. In this paper,
the rationale of local average subdivision (LAS) is briefly
illustrated.

'e motivation for LAS comes from the need to
properly account for the fact that most engineering mea-
surements are actually local averages of the property in
question [35]. Take the 2-dimensional random field as an
example, the LAS method involves a recursive subdivision
process in which a parent cell is divided into four equal-
sized child cells. As the process continues, the field in
question will become much finer discretized. Note that the
global average remains constant throughout the sub-
division process by requiring that the average of each four
cells generated is equivalent to the parent cell value. A
schematic diagram indicating the subdivision process is
shown in Figure 1, in which the parent cells at the sub-
division stage i are denoted Zi

l, l � 1, 2, 3, ..., and the sub-
divided child cells are denoted Zi+1

j , j � 1, 2, 3, 4. Interested
readers are referred to references [35, 37] for a complete
and thorough understanding of discretization of the ran-
dom field by LAS.

2.2. Conditional Random Field. A random field conditioned
upon some known values at corresponding locations in a
field is called a conditional random field (CRF) [37].
Mathematically, the CRF can be expressed by

Zc(x) � Z(x) z xα( , α � 1, 2, . . . , nk

 , (1)

whereZc(x) is the desired CRF at the spatial locations x;Z(x)

is the unconditional simulated random field; zxα
is the col-

lected values at the investigated locations xα, α � 1, 2, . . . , nk,
and nk is the total number of investigated locations.

To generate CRF, the random field should be sepa-
rated into two parts spatially: (1) xα, α � 1, 2, . . . , nk, being
those points at the measured locations, and at which the
random field should take on the deterministic values
z(xα); (2) xη, η � 1, 2, . . . , n − nk, being those points at the
unmeasured locations, and at which possible random
values should be simulated. 'at is, the subscripts α and η
denote the known and unknown values, respectively, and
n is the total number of points in the random field to be
simulated.

'ere are a number of methods documented in the
literature to simulate CRF. 'ese include the Hoffman
method [38–42], Bayesian method [43], and Kriging-based
method [22, 44, 45]. Note that the algorithm, initially
proposed byHoffman and Ribak [38], for the construction of
constrained (conditional) Gaussian random field is termed
here Hoffman method. Although this algorithm is refor-
mulated or redeveloped by different researchers later on for
various applications, they are basically the same. In this
study, the Hoffman method is adopted to simulate CRF
because of its simplicity in application and efficiency in
computation. 'e procedures for constructing CRF by the
Hoffman method are as follows:

Step 1. Partition the random field into known xα and
unknown xη points.
Step 2. Represent the standardGaussian values g(xα) as a
function of known values z(xα) by the inverse trans-
formation function F− 1(·) (i.e., g(xα) � F− 1[z(xα)]).
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Step 3. Simulate the unconditional standard Gaussian
random field Gu(x) at all points in the field by LAS,
using zero mean, unit variance, autocorrelation
structure R � (Ri,j), and cross-correlation structure ρ.
Note that the unconditional random field is assumed to
be stationary with mean and standard deviation un-
changed throughout the domain.
Step 4. Form the covariance matrix C between the
known points xα using the equation below, and invert it
to determine C− 1:

C � Ri,j , i, j � 1, 2, . . . , nk( . (2)

Step 5. Similarly, form the covariance B between the
unknown xη and known xα points using the following
equation:

B � Ri,j , i � 1, 2, . . . n − nk; j � 1, 2, . . . , nk( . (3)

Step 6. Generate the conditional standard Gaussian
random field Gc(xη) by the following equation at the
unknown points xη:

Gc xη  � Gu xη  + BC
− 1

g xα(  − Gu xα(  . (4)

Step 7. Transform the conditional Gaussian random
field Gc(xη) into the target conditional random field
Zc(xη) by the following transformation:

Zc xη  � F Gc xη  . (5)

Step 8. Insert the known values z(xα) into the generated
conditional random field Zc(xη) to form the overall
conditional random field Zc(x).

It is worth mentioning that the unconditional simulation
and conditioning processes in the above 8-step procedure
are concerned with the unconditional standard Gaussian
random field Gu(x) and inversely transformed standard
Gaussian values g(xα), respectively, rather than the desired
original random field Zu(x) and actual values z(xα) col-
lected at the measured points.

3. Random Property Mapping

Since the finite-difference code FLAC 3D [46] is capable of
dealing with complex geological conditions of geotechnical
problems, especially in the area of tunnel-related geo-
technical treatments (e.g., [47–49]), it is used in this study to
model and analyze the performance of tunnel liner with soil
properties mapped from the CRF.

'e present study is confined to the 2-dimensional plane
strain conditions, and the finite-difference analysis of tunnel
liner is performed with respect to the shield-driven tunnel at
the cross-section level. Suppose the finite-difference model
concerned has dimensions of l × l and is discretized into a
total number of N zones. 'en, the conditional property
field generated can be mapped onto the corresponding fi-
nite-difference zone in terms of the zone centroid co-
ordinates. Note that the conditional property field has the
same dimensions as the finite-difference model.

It is assumed that the unconditional property field,
which is used in the generation of the CRF, is subdivided n

times to obtain a resolution of 2n × 2n. 'en, the smallest
subdivided cell has dimensions of (l/2n) × (l/2n) and the
conditional property field can be denoted by a matrix of the
form A � (am,n), (m, n � 1, 2, . . . , 2n), in which each matrix
element am,n corresponds to the unique cell specified by the
pair of subscript indices (m, n). For example, a1,1 represents
the lower-left cell, as shown in Figure 2. Note that the el-
ement values for the cells at the borehole locations are kept
constant in each and every realization of the CRF.

Because the finite-difference model is composed of N

zones and each zone has a zone centroid specified by its
coordinates (xi, zi), i � 1, . . . , N, we can find out the cor-
responding property matrix element in terms of the fol-
lowing equations:

m � ceil
xi

l/2n( )
 , (6)

n � ceil
zi

l/2n( )
 , (7)

where m and n are the subscript indices used to identify the
corresponding property value am,n; ceil is a function to
round xi/(l/2n) and zi/(l/2n) to the nearest integers towards
infinity.

Hence, the property mapping procedure can be briefly
summarized as follows:

Zi
1 Zi

2 Zi
3

Zi
1

1Z
i+1

2Z
i+1

3Z
i+1

4Z
i+1

Zi
5 Zi

3

Zi
7 Zi

8 Zi
9

Figure 1: Schematic diagram of the subdivision process of LAS
(after Ref. [37]).
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Step 1. Generate a realization of CRF and denote it as
A � (am,n), (m, n � 1, 2, . . . , 2n)

Step 2. Obtain the finite-difference zone centroid co-
ordinates (xi, zi), i � 1, . . . , N in FLAC 3D
Step 3. Positioning the zone centroid by calculating the
pair of subscript indices (m, n) in terms of equations (6)
and (7)
Step 4. Assign the random value am,n, which is specified
by the pair of subscript indices (m, n) obtained in the
above step, to the corresponding zone
Step 5. Repeat steps 3 to 4 until the finite-difference
zones are all assigned

Note that a relatively higher resolution should be applied
in the conditional property field generation process. Such
that the smallest subdivided cell has dimensions no larger
than the smallest finite-difference zone. 'is is done to
ensure that the finite-difference mesh is sufficiently ran-
domized, and thus, the effects of site characterization pa-
rameters and conditioning on the performance of tunnel
liner can be fully taken account of.

4. Failure Modes of Tunnel Liner

'e design of shallow tunnel liner involves two steps: (1)
characterizing the relevant soil properties and (2) computing
the axial stresses generated in the liner based on the

characterized soil properties. 'e reliability of the tunnel
liner depends on the relationship between the computed and
true axial stresses in the liner. Disregarding the variability in
tunnel liner and assuming that the liner resistance Q satisfies

Q � Fsσ
det
c � Fsσ

det
t , (8)

where Fs is a factor of safety and σdetc and σdett are the de-
terministic axial compressive and tensile stresses, re-
spectively, computed based on the characterized soil
properties.

'us, the probability of failure of tunnel liner can be
defined as the probability that actual compressive (tensile)
stress, computed based on the randomized soil properties,
is larger (less) than the factored liner resistance in terms of
the design standards applied in the 2nd Avenue Subway
Project in Manhattan, New York [50], and can be expressed
as

pf ,c � P σactc >Fsσ
det
c ,

pf ,t � P σactt <Fsσ
det
t ,

(9)

where pf ,c and pf ,t denote the compression and tension
failure modes of tunnel liner, respectively; σactc and σactt are
the actual compressive and tensile stresses, respectively,
computed from the conditional random finite-difference
modeling. It is assumed that the true (random) axial stresses
can be closely approximated by the conditional random
finite-difference modeling, which means that the realistic
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Figure 2: Random field cell values represented by matrix elements.
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estimates of true axial stresses can be obtained from each
realization of the conditional random finite-difference
analysis for a given set of random soil properties.

In this study, the simulated true axial stresses are nor-
malized with respect to the computed deterministic axial
stresses, as follows:

Cc �
σactc
σdetc

,

Ct �
σactt

σdett
,

(10)

where Cc and Ct are normalized compressive and tensile
stress factors, respectively.

5. A Probabilistic Evaluation Procedure

Since the Monte Carlo simulation (MCS) has been widely
applied to the reliability evaluation of geotechnical problems
(see, e.g., [51–56]), in this paper it is included in the
probabilistic evaluation framework, together with the finite-
difference analysis, to estimate the performance of tunnel
liner.

MCS is such a method that is often associated with
estimating the probabilities of failure of complex systems to
random inputs, especially when the analytical solutions are
not available to the system. However, the problem withMCS
is that if the probability of failure to be computed is rather
small, as indicated by Fenton and Griffiths [37] that most
civil engineering structures have a target failure probability
pt
f between 1/103 and 1/106, estimating such small failure

probabilities typically requires a large number of simulation
trials (i.e., at least 100/pt

f ), which makes it very tedious;
especially, when the simulation involves finite-element or
finite-difference analysis, performing large numbers of
simulations may be impractical.

In view of this, more efficient methods such as com-
bining response surface method with subset simulation [22]
and integrating MCS with distribution fitting [37] are de-
veloped. Since the latter method is much easier in imple-
mentation and the required reliability level of tunnel liner is
around 1/104 according to US Army Corps of Engineers
[57], it is applied in this study to compute the probability of
failure of tunnel liner.

'us, the probabilistic procedures for evaluating the
tunnel liner performance can be described as follows:

Step 1. Define the tunnel geometrical dimensions and
discretize the domain into a set of finite-difference
elements
Step 2. Determine the random soil properties and their
statistics (i.e., the distribution type, autocorrelation
function, correlation length, mean, coefficient of var-
iation, and cross-correlation coefficient)
Step 3. Generate realizations of CRF by the Hoffman
method described in Section 2.2 and map it onto the
corresponding finite-difference element via the random
property mapping procedure presented in Section 3

Step 4. Perform as many finite-difference analyses (e.g.,
500 or more) as possible within the MCS loop to get a
sufficient amount of desired responses (i.e., Cc and Ct)
Step 5. Construct the histogram for each of the obtained
responses
Step 6. Fit an appropriate distribution to each of the
constructed histograms
Step 7. Estimate the failure probability of tunnel liner
under each failure mode with the corresponding dis-
tribution parameters fitted in Step 6

6. An Illustrative Example

In this section, a hypothesized simple tunnel is introduced to
demonstrate the procedures for conducting a probabilistic
analysis of the tunnel liner performance. Besides, the effects
of site characterization parameters and conditioning on the
tunnel liner performance are also investigated thoroughly in
a series of parametric studies.

6.1. Problem Description. A shallow circular tunnel with
radius R � 1m, supported by concrete liner, is driven 30m
under the ground in the soil mass. 'e soil is assumed to be
elastic, perfectly plastic with a Mohr–Coulomb failure cri-
terion.'e far-field boundaries are located at a distance of 10
tunnel radius from the tunnel axis. 'e two-dimensional
finite-difference mesh is discretized into 3060 elements in
total. 'e boundary conditions are such that in situ stresses
of 600 kPa vertical and 300 kPa horizontal are installed at the
top, left, and right sides. 'e bottom of the model is fully
restrained.

Suppose that core drillings have been carried out at five
different borehole locations separated by an equal interval of
5m. 'us, the finite-difference elements within such bore-
hole extent will be exposed and taken as core samples, as
indicated in Figure 3 where borehole locations are repre-
sented by BH and exposed elements are in red. In addition,
there are totally nk � 318 core samples uncovered by the core
drillings in the finite-difference mesh, which is to say that
soil properties at such sample elements are completely
determined.

It should be noted that the property values of the exposed
sample elements at the borehole locations are randomly
picked up from one of the realizations of unconditional
simulation of the random field, and then these property
values are kept invariant in each and every simulation of the
conditional random field.

Since the cohesion and friction angle of soil are
usually treated as lognormally distributed random vari-
ables in the literature (see, e.g., [58–60]), they are also
randomized in the present study, while the rest Mohr–
Coulomb parameters of soil and the tunnel liner prop-
erties are held constant for simplicity, as tabulated in
Table 1.

'e lognormally distributed cohesion and friction angle
can be transformed from the standard normal distribution
via the following equation:

Advances in Civil Engineering 5



y(x) � exp μlny + σ lnyGlny(x) , (11)

where x is the spatial position of the desired variable y; the
parameters μlny and σlny are obtained from the variable
mean μy and standard deviation σy using the following
transformations:

σ2lny � ln 1 +
σy

μy

 

2
⎡⎣ ⎤⎦,

μlny � ln μy  −
1
2
σ2lny.

(12)

'e autocorrelation function between cohesion and
friction angle is assumed to be exponential in the form of

Ri,j � exp −
2|xi − xj|

λh
−
2|zi − zj|

λv
 , i, j � 1, 2, . . . , 28 ,

(13)

where Ri,j is the spatial correlation between the ith and jth
subdivided cells in the two-dimensional random field; note
that the random field is subdivided 8 times to obtain a
resolution of 28 × 28; λh and λv are the horizontal and
vertical correlation lengths, respectively.

Since it is unlikely in practice to obtain a complete cross-
correlation structure between cohesion and friction angle, a
set of cross-correlation coefficients ranging from ρ � − 0.7 to
ρ � 0.7, as listed in Table 2, are assumed in the parametric
studies that follow.

In order to make this study dimensionless, the coefficient
of variation that is assumed to be the same for both cohesion
and friction angle is used to represent soil property
variability:

cov �
σc
μc

�
σϕ
μϕ

, (14)

where σc, σϕ and μc, μϕ are the standard deviations and
means of cohesion and friction angle, respectively. In ad-
dition, the horizontal and vertical correlation lengths are
normalized with respect to the tunnel radius R, respectively,
as follows:

θh �
λh
R

,

θv �
λv
R

,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(15)

where θh and θv are the normalized horizontal and vertical
correlation lengths, respectively.

In the parametric studies, the effects of site character-
ization parameters, including the coefficient of variation,
horizontal (vertical) correlation length, and cross-correla-
tion coefficient, on the probability of failure of tunnel liner
are investigated. 'e mean cohesion (μc � 12380 Pa) and
mean friction angle (μϕ � 30∘) are held constant together
with the rest soil and tunnel liner properties listed in Table 1,
while the coefficient of variation, horizontal (vertical) cor-
relation length, and cross-correlation coefficient are varied
systematically according to Table 2. Notice that the site
characterization parameters for both cohesion and friction
angle are assumed to be the same in this study and changed
simultaneously.

In order to maintain accuracy and run-time efficiency,
an investigation of the sensitivity of mean strength factor
(i.e., mCc

and mCt
) to the number of MCS trials is conducted.

As can be seen from Figure 4, the mean strength factors all
begin to converge after 5000MCS trials or so.'us, the MCS
trials are determined to be 5000 in the parametric studies,
which is believed to give accurate and reproducible results.

For each set of the 5000 computed strength factors (i.e.,
CCRF
c , CCRF

t , CURF
c , and CURF

t ), a relative frequency histogram
is plotted, followed by fitting an appropriate distribution to
that histogram, as indicated in Figure 5. Note that the
strength factors are normalized with the deterministic
compressive and tensile strengths of σdetc � 9.7MPa and
σdett � − 0.46MPa, respectively.

6.2. Effect of theCoefficient ofVariation. Figures 6(a) and 6(b)
show the effects of the coefficient of variation on the prob-
ability of compression and tension failures of tunnel liner,
respectively, with consideration of both unconditional and
conditional random fields. It can be seen that the coefficient of

Table 1: Deterministic input parameters for the hypothesized
tunnel.

Category Variable Value

Soil
Young’s modulus Esoil (MPa) 48

Poisson’s ratio ]soil 0.34
Dilation angle ψ (°) 0

Liner
Young’s modulus Eliner (GPa) 25

Poisson’s ratio ]liner 0.15
'ickness t (mm) 50

BH BH BH BH BH

Figure 3: Supposed borehole locations and exposed elements.
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variation can significantly affect the probability of failure. As
anticipated, the probability of failure increases as the soil
becomes increasingly variable. However, the rate of change of
probability is small at low values of coefficient of variation,
and then the failure probability goes up dramatically for
moderately high coefficients of variation. As it continues to
increase, the failure probability rises at a slower rate. It is also
interesting to note that the probabilities based on the URF are
always obviously greater than those based on the CRF, as
shown in Figure 6(a). However, quite the opposite is observed
in Figure 6(b) where the failure probabilities based on the
URF are clearly lower than those based on the CRF.

6.3.Effect of theHorizontalCorrelationLength. As can be seen
from Figure 7(a), the horizontal correlation length has a minor
effect on the probability of compression failure of tunnel liner
under both unconditional and conditional random fields, and
the failure probabilities based on the CRF are significantly lower
than those based on the URF. However, quite the opposite is
observed in Figure 7(b) where the effect of conditioning sig-
nificantly increases the probability of tension failure. In addition,
the failure probability based on the CRF gradually decreases as
the horizontal correlation length increases, while the probability
of tension failure based on the URF is almost unchanged as the
horizontal correlation length varies, as shown in Figure 7(b).

Table 2: Parameters used in the parametric studies.

Parametric study
Site characterization parameter

cov θh θv ρ

Effect of the coefficient of variation 0.1, 0.2, 0.3, 0.4, 0.5, 0.6,
0.7 20 5 − 0.5

Effect of the horizontal correlation
length 0.2 10, 20, 30, 40, 50, 60,

70 5 − 0.5

Effect of the vertical correlation length 0.2 20 1, 2, 3, 4, 5, 6, 7 − 0.5
Effect of the cross-correlation
coefficient 0.2 20 5 − 0.7, − 0.5, − 0.3, 0, 0.3, 0.5,

0.7
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F
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Figure 4: 'e sensitivity of mean strength factors to the number of MCS trials: (a) mCCRF
c

, (b) mCCRF
t

, (c) mCURF
c

, and (d) mCURF
t

.
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6.4. Effect of the Vertical Correlation Length. Compared with
the horizontal correlation length, the vertical correlation
length has much more obvious influence on the probability
of compression failure of tunnel liner, as shown in
Figure 8(a). Specifically, the failure probability based on the
CRF gradually decreases as the vertical correlation length
increases. By contrast, the failure probability based on the
URF shows a slight upward trend as the vertical correlation
length rises. It should also be noted that the probability of
compression failure based on the CRF is higher than that
based on the URF initially and then becomes lower and
lower as the vertical correlation length increases.

As for the influence on the probability of tension
failure, the vertical correlation length shows some sim-
ilarities with the horizontal correlation length when
comparing Figure 8(b) with Figure 7(b), except that the
failure probabilities based on the CRF in Figure 8(b)
show a moderate upward trend instead of a downward
trend.

6.5. Effect of the Cross-Correlation Coefficient. It can be seen
from Figures 9(a) and 9(b) that the cross-correlation co-
efficient has a very significant influence on the performance
of tunnel liner. To be specific, the probability of compression
(tension) failure increases under both the CRF and the URF,
and that increase is most clearly observed when the cross-
correlation coefficient is less than 0. In addition, the
probability of compression failure decreases remarkably
after conditioning, as indicated in Figure 9(a). By contrast,
the effect of conditioning leads to a significant increase in the
probability of tension failure, as shown in Figure 9(b).

7. Reliability-Based Design of a Real Tunnel

7.1. Project Background. In this part, we conduct a re-
liability-based design of the tunnel liner at the cross-section
level, with respect to the shield-driven tunnel section be-
tween Caihuying and Xitieying of Beijing subway line 14
(i.e., Figure 10(a)). 'e tunnel has a circular cross section
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with a radius of 3m and is supported by precast concrete
liner, as shown in Figure 10(b). 'e whole length of the
tunnel section is 1367.6m, and the tunnel is driven 15.5m to
30.7m below the ground surface. 'e main soil layer
through which the tunnel passes is silty clay. A total of 37
borehole logs provide the statistical information of the
cohesion and friction angle of soil mass, as listed in Table 3.

Because of the limited number of borehole logs, the
autocorrelation function is assumed to be equation (11),
while the horizontal and vertical correlation lengths are
taken to be 20m and 5m, respectively, in terms of the studies
by Phoon and Kulhawy [61]. In addition, the cross-corre-
lation coefficient is determined to be − 0.5 with reference to
Li and Low [62]. 'e rest soil and tunnel liner properties are

considered as deterministic and used with their respective
mean values, as tabulated in Table 4.

Since the procedures for evaluating the performance of
the real tunnel liner are similar to those described in the
previous section with respect to the hypothesized example
tunnel, the major focus of this section is to conduct a re-
liability-based design of the real tunnel liner for practical
application. 'erefore, the process of conducting the
probabilistic evaluation of the real tunnel liner by finite-
difference modeling within the Monte Carlo simulation
framework is omitted here for simplicity and only the re-
liability-based design is presented in the following text.

It is found that 5000 Monte Carlo simulations can also
deliver comparable precision and reproducible results this
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Figure 6: Effect of the coefficient of variation on the probability of failure of tunnel liner under both unconditional and conditional random
fields: (a) compression failure and (b) tension failure.
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Figure 7: Effect of the horizontal correlation length on the probability of failure of tunnel liner under both unconditional and conditional
random fields: (a) compression failure and (b) tension failure.
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random fields: (a) compression failure and (b) tension failure.
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Figure 9: Effect of the cross-correlation coefficient on the probability of failure of tunnel liner under both unconditional and conditional
random fields: (a) compression failure and (b) tension failure.
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Figure 10: Beijing subway line 14: (a) the shield-driven tunnel entrance and (b) the precast concrete liner.
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time for the real tunnel problem. So, 5000 trials are selected
in the probabilistic evaluation procedure. Note that the
coefficient of variation cov � 0.2 in Table 3 is used for
simplicity for both cohesion and friction angle in the fol-
lowing reliability-based design, although the coefficient of
variation of friction angle is 0.18.

7.2. Design with respect to the Compressive Strength of the
Liner. A reasonable criticism of the traditional factor of
safety is that it is not able to give as much physical insight
into the likelihood of design failure of structures as a
probabilistic measure [63]. In this subsection, a reliability-
based design of the tunnel liner, with respect to liner
strength, is performed by relating the conventional factor of
safety to the probability of design failure for different
horizontal and vertical correlation lengths, respectively, in
terms of the failure modes defined in Section 4.

It would be of interest to investigate the probability of
design failure of tunnel liner with respect to its compressive
and tensile strengths. For instance, if the probability of
failure of 0.01% is desired, then we concern about how much
compressive and tensile strengths should be applied to the
tunnel liner in order to meet that desired reliability.

According to the expected performance level of civil
structures defined by US Army Corps of Engineers [57], we
selected a set of target failure probabilities of liner in the
following study, ranging from 0.1% to 0.003%, which cor-
respond to the performance levels of “above average” to
“good” [64].

For the CRF, it can be seen from Figure 11(a) that the
probability of compression failure of tunnel liner rises
initially and then falls gradually as the horizontal correlation
length increases, for all the factors of safety. As for the URF,
the failure probability increases rapidly at first, and then
levels off as the horizontal correlation length rises, as in-
dicated in Figure 11(b).

For a target failure probability pf ,c � 1E − 4, the re-
quired factor of safety is Fs � 1.82 for the case of CRF if
the horizontal correlation length is θh � 20, which means
that the concrete liner installed should at least have a

compressive strength of 1.82σdetc (i.e., 27.3MPa) in order
to reach that target reliability. Note that the deterministic
compressive strength of the real tunnel liner obtained
from the finite-difference analysis is σdetc � 15MPa, while
a factor of safety more than Fs � 1.82 is required for the
case of URF under the same conditions. Similar obser-
vations can also be made for other target probabilities of
failure.

As can be seen from Figure 12(a) and 12(b), similar
trends to what is shown in the corresponding figures of
Figure 11 can be found, except that the range of change of
failure probability in Figure 12 is larger than that in Fig-
ure 11. It should also be noted that the required factor of
safety, given a target probability of failure, for the CRF is
slightly smaller than that for the URF. For example, the
required factor of safety is about Fs � 1.82 for the CRF if the
vertical correlation length is θv � 5 for a given target failure
probability of pf ,c � 1E − 4, while, for the URF, the required
factor of safety is larger than Fs � 1.82 to reach that target
reliability level, given the vertical correlation length of
θv � 5.

It should be noted that the thickness of the liner is fixed
at t � 200mm in the design process with respect to the
compressive strength of the liner.

7.3. Design with respect to the Tensile Strength of the Liner.
Figure 13(a) shows that the probability of tension failure of
tunnel liner decreases as the horizontal correlation length
rises. However, quite the opposite is observed in
Figure 13(b) that the failure probability displays a slight
upward trend as the horizontal correlation length increases.
It might also be interesting to note that the required
tensile strength of the liner, given a target probability of
failure, for the CRF is always greater than that for the
URF, as indicated in Figures 13(a) and 13(b). For example,
if the target probability of failure is pf ,t � 1E − 4,
the liner installed should have a tensile strength of 3.4σdett
or so (i.e., − 2.72MPa) for the CRF and about 2.7σdett
(i.e., − 2.16MPa) for the URF when the horizontal corre-
lation length is θh � 20. Note that the deterministic tensile
strength of the real tunnel liner obtained from the finite-
difference analysis is σdett � − 0.8MPa.

It can be seen from Figures 14(a) and 14(b) that similar
trends to what is shown in the corresponding figures of
Figure 13 can be found, except that the range of change of
failure probability in Figure 14 is larger than that in Fig-
ure 13. It should also be noted that the required factor of
safety, given a target probability of failure, for the CRF is
always greater than that for the URF. For example, the
required factor of safety is less than Fs � 3.4 for the CRF if
the vertical correlation length is θv � 5 for a given target
failure probability of pf ,t � 1E − 4, while, for the URF, the
required factor of safety is about Fs � 2.7 to reach the target
failure probability of pf ,t � 1E − 4 under the vertical cor-
relation length of θv � 5.

It should be noted that the thickness of the liner is fixed
at t � 200mm in the design process with respect to the
tensile strength of the liner.

Table 3: Statistical information of the cohesion and friction angle
of soil.

Property Distribution Max Min Mean cov
Cohesion c (kPa) Lognormal 37 13 22 0.2
Friction angle ϕ (°) 27 12 18 0.18

Table 4: Deterministic properties for the real tunnel.

Category Property Value

Soil Young’s modulus Esoil (MPa) 13
Poisson’s ratio ]soil 0.2

Liner

Young’s modulus Eliner (MPa) 30
Poisson’s ratio ]liner 0.25

Compressive strength σlinerc (MPa) 23.4
Tensile strength σlinert (MPa) − 2.2

'ickness t (mm) 300

Advances in Civil Engineering 11



7.4. Design with respect to LinerAickness. In the case where
the required liner strengths for a given target probability
of failure is larger than the strength capacity of the liner
installed, the thickness of the liner should be designed as
an alternative method. For instance, the compressive
strength designed based on the CRF in the previous
subsection for the target reliability level of 0.01%, given the
horizontal correlation length of θh � 20, the vertical
correlation length of θv � 5, and the coefficient of variation
of cov � 0.2, is 27.3MPa, which is greater than the
compressive strength capacity of the liner of 23.4MPa, as

listed in Table 4. In such a case, the thickness of the liner
should be designed in order to meet the target reliability
level of 0.01%.

In Figures 15(a) and 15(b), a relationship between the
designed compressive strength (i.e., σCRFc,d and σURFc,d ) and
liner thickness is developed based on the CRF and the URF,
respectively, for four given target probabilities of failure
(i.e., pt

f � 0.1%, 0.03%, 0.01%, and 0.003%, respectively). It
can be seen that the required compressive strength of liner
decreases as the liner thickness is increased. When the liner
thickness is increased to t � 250mm or so, the target
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Figure 11: Probability of compression failure of tunnel liner under different random fields as a function of the horizontal correlation length
and factor of safety: (a) CRF and (b) URF.
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Figure 12: Probability of compression failure of tunnel liner under different random fields as a function of the vertical correlation length and
factor of safety: (a) CRF and (b) URF.
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probability of failure of 0.01% can be reached under the
CRF and a liner thickness of a little more than t � 250mm
is required under the URF with the liner installed in this
project. However, the concrete liner installed at the real
tunnel has a thickness of t � 300mm, as indicated in
Figure 16. It can be, therefore, argued that the precast
concrete liner installed at the tunnel project is too
conservative.

It can be seen from Figures 17(a) and 17(b) that the
absolute value of the desired tensile strength (i.e., σCRFt,d and
σURFt,d ) decreases as the liner becomes increasingly thick
under both the CRF and the URF. However, the target
reliability level can be reached, given a specific liner

thickness is very different for the CRF and URF. For ex-
ample, the highest performance level under the CRF can be
reached for the liner installed in this project is about pt

f �

0.01% if the liner has a thickness of t � 250mm, while a
target probability of failure of far less than pt

f � 0.003% can
be achieved under the URF.

No matter the performance of tunnel liner evaluated
based on the CRF or the URF, the precast concrete liner
installed at the tunnel project, which has a thickness of
t � 300mm, is thick enough to reach the target reliability
level of pt

f � 0.01%, which means that the liner thickness is
too conservative and should be much thinner from the
perspective of reliability-based design.
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Figure 13: Probability of tension failure of tunnel liner under different random fields as a function of the horizontal correlation length and
factor of safety: (a) CRF and (b) URF.
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Figure 14: Probability of tension failure of tunnel liner under different random fields as a function of the vertical correlation length and
factor of safety: (a) CRF and (b) URF.
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Figure 15:'e relationship between the designed compressive strength and liner thickness under different random fields for different target
probabilities of failure: (a) CRF and (b) URF.
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Figure 16: A realistic photo indicating the thickness of the precast concrete liner.
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Figure 17: 'e relationship between the designed tensile strength and liner thickness under different random fields for different target
probabilities of failure: (a) CRF and (b) URF.
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8. Summary and Conclusions

Although it is widely recognized that the soil properties are
spatially variable and a sufficient amount of borehole dril-
lings are usually carried out before tunnel excavation, this
has not led to a widespread application of random field
methods, especially conditional random field method, to the
design of tunnel supports (e.g., tunnel liner). However, the
probabilistic evaluation and design of tunnel support based
on random fields can result in a better understanding of the
relationship between the tunnel risk and the required target
reliability level, which in turn leads to more reasonable and
cost-effective decision-making on the selection of appro-
priate support type and support parameters.

In this paper, a probabilistic procedure for evaluating the
tunnel liner performance is clearly described first and then
applied to a hypothesized tunnel to investigate the effects of
site characterization parameters and conditioning on the
tunnel liner performance. In addition, a reliability-based
design of a real tunnel at Beijing subway line 14 is conducted
using the probabilistic evaluation procedure described
above, in which the borehole logs at the project site are fully
taken account of and the measured data values are applied in
the construction of the conditional random field. According
to the results from the parametric studies and the reliability-
based design, we find that the conditioning and site char-
acterization parameters, including the coefficient of varia-
tion, the horizontal (vertical) correlation length, and the
cross-correlation coefficient all have significant effects on the
performance of tunnel liner. Specifically, a number of
conclusions can be drawn as follows:

(1) For failures in compression and tension, the failure
probability increases obviously as the coefficient of
variation rises, especially for the medium to high
values of coefficient of variation (e.g., cov � 0.3 to
cov � 0.7). However, the tunnel liner is less likely to
fail in compression and more prone to fail in tension
after conditioning the random field on the measured
data obtained at the borehole locations.

(2) 'e probabilities based on the URF are almost un-
changed as the horizontal correlation length varies
for both failures in compression and in tension.
However, the probabilities based on the CRF show a
slight upward trend for failure in compression and a
downward trend for failure in tension.

(3) 'e vertical correlation length has very similar but
more obvious effects on both failures in compression
and in tension compared with the horizontal cor-
relation length, especially for the compression failure
based on the CRF.

(4) For failures in compression and tension, the prob-
abilities based on the CRF are much more affected by
the variation of the cross-correlation coefficient,
especially when the cross-correlation coefficient is
less than 0, while the probabilities based on the URF
are less influenced by the cross-correlation efficient,
especially for the probabilities of tension failure.

(5) 'e effect of conditioning on the performance of
liner is very significant. For all the site character-
ization parameters included in the parametric study,
the probability decreases for failure in compression
and increases for failure in tension after condi-
tioning. 'at is to say the measured data at the
borehole locations should be considered in the
probabilistic evaluation procedure and the effect of
conditioning should be honored.

(6) 'e probabilistic evaluation procedure can relate
the probability of design failure with the more
conventional factor of safety, which facilitates the
reliability-based design of the tunnel liner in
practice by directly applying the corresponding
factor of safety to the target reliability level. Besides,
it is also capable of associating the liner strength
capacity with the liner thickness for a given
target reliability level, which implies that the
probabilistic evaluation procedure allows flexibility
in application.

(7) 'e probabilistic evaluation procedure described in
this study can lead to more reasonable and eco-
nomical designs of tunnel liner in practice, given the
required reliability level.

'e motivation of this study is to provide some general
insights into the area of reliability analysis and design of
tunnel liner with consideration of conditional random field
theory combined with finite-difference modeling using
FLAC 3D in the framework of Monte Carlo simulation.'e
present work is also motivated by the desire to offer tunnel
engineers with a general procedure for conducting re-
liability-based analysis and design of tunnel liner in
practice.

With these motivations in mind, the investigation in this
paper is carried out and the conclusions drawn above can
provide tunnel engineers with evidence that site-specific
investigation should not be ignored and the randomness and
spatial variability of soil properties should be seriously
considered in the design of tunnel support; especially, the
measured data values from the borehole logs should be
honored.

Although the reliability-based design of the tunnel liner
in this study is performed with consideration of the
measured data values from the borehole logs, some
problems still exist. Due to the limited number of borehole
logs and the amount of computation effort required, the
present work is conducted with the assumptions of (1)
stationary random field with constant mean and variance
throughout the domain; (2) exponential autocorrelation
structure with the horizontal and vertical correlation
lengths of 20m and 5m, respectively; (3) cross-correlation
coefficient of − 0.5 between cohesion and friction angle; and
(4) 2-dimensional finite-difference model at the cross-
section level. 'erefore, care should be taken for interested
readers when dealing with real projects where geological
and geotechnical conditions may be different or much
more complicated.
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