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Spaces for backfills are often constrained and narrowed when retaining walls must be built close to existing stable walls in urban areas
or near rock faces in mountainous areas. +e discrete element method (DEM), using Particle Flow Code (PFC-2D) software, was
employed to simulate the behavior of cohesionless soil with narrow width behind a rigid retaining wall when the wall translation
moved away from the soils.+e simulations focused on the failure model of the soil when the movement of the wall reaches the value
where active earth pressure occurs, and the shape of the sliding surface was captured. +en, based on the limit equilibrium method
with the obtained slip surfaces in PFC-2D, a simplified analytical method is presented to obtain a solution of the active earth pressure
acting on rigid retaining with narrow backfill width. +e point of application of the active earth pressure is also obtained. +e
calculated values agree well with those from physical tests in the previous literature. Furthermore, the effects of the width of the
backfill, internal friction angle of soil, and wall-soil friction angle on the distribution of active earth pressure are discussed.

1. Introduction

In engineering practice, for simplification, traditional
methods such as those based on the Rankine theory and
Coulomb theory are commonly used to estimate the active
lateral earth pressure. However, both of the theories assume
the backfills can extend to a sufficient distance in which the
failure plane can fully develop, so that these approaches
cannot take account of the influence of the backfill width
behind the wall [1, 2].+is is not a realistic case; in fact, more
and more cases with narrow backfill width are considered in
recent years; e.g., rock formations are close to the wall in
mountain area [3–6], mechanically stabilized earth (MSE)
walls built in front of previously stabilized walls in order to
widen the existed highways for traffic [7–9], and the pit
supporting structure built near the existing building in
urban agglomeration areas, all as shown in Figure 1. In these
cases, the narrow backfill has an obvious influence on the full
development of a failure wedge when predicted by the

Rankine theory or Coulomb’s theory. It indicates the lim-
itation of those methods in the utilization.

Furthermore, the discrepancy of the active earth pressure
of narrow cohesionless backfill against rigid retaining walls
is calculated by traditional theories, and the field data have
been verified by centrifugemodel tests. Frydman and Keissar
[10] carried out a series of centrifugal model tests on rigid
retaining walls with sand backfill to observe the changes in
earth pressures behind the wall from at-rest conditions to
active conditions. It is observed that the coefficient of active
lateral earth pressure decreases with the depth and is smaller
than the value calculated with the Rankine theory. Cen-
trifugal tests [11] were carried out to investigate on the
arching effects on unyielding retaining walls with narrow
backfill width, while the lateral earth pressure acting on a
retaining wall with narrow backfills is clearly smaller than
the estimation based on the Rankine theory or Coulomb’s
theory. Afterwards, centrifugal model tests on reinforced soil
walls adjacent to a stable face, conducted by Woodruff [12],
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indicate that the slip line of the backfill is bilinear rather than
the linear failure plane with an inclination angle of (45° +φ/
2) from the horizontal assumed by the Rankine theory,
where φ is the internal friction angle of the soil. All these
suggest that traditional methods that assume the Rankine
failure plane to evaluate the active thrusts are not applicable
for narrow walls, and an appropriate approach must be used.

As a consequence, some novel approaches should be
provided for solving this problem. In this regard, numerical
methods such as the finite element method (FEM), the
discrete element method (DEM), and finite element limit
analysis (FELA) were used to reveal the failure mechanic of
the narrow backfill behind the retaining wall under more
complex geometrical and geotechnical conditions in practice
[4, 8, 13–15]. Taking the various geometries of the limited
backfill space, Fan and Fang [4] found that the coefficients of
the active earth pressure are considerably less than the
Coulomb solution based on FEM, while the result of active
earth pressure is generally located at locations higher than
the lower one-third of the wall height. In addition, the in-
stability mechanism of the backfill under constrained spaces
was revealed, and the reduction factors of the active earth
pressure had been also proposed based on FEM [8, 14] when
the soil was reinforced. Li et al. [13] built a series of discrete
element models with different soil widths to simulate the
transition of the resultant lateral force and found that the
resultant lateral force exerted on the wall decreases with the

wall movement and eventually reaches a constant value.
Chen et al. [15] explored the active earth pressure acting on
the retaining wall of a narrow backfill under the translation
mode using a finite element limit analysis. +e results show
that due to the boundary conditions, reflective shear bands
occur in the backfill when it is failing.

However, the numerical method is seldom used because
of its complexity; hence, many formulas deduced from
analytical studies were proposed to satisfy the requirement
of the practice engineers. Spangler and Handy [16] pio-
neered to develop an equation based on Janssen’s arching
theory [17] for calculating the lateral pressure caused by
cohesiveness soil acting on the wall of a silo. Li and Aubertin
[18] modified the Marston-based arching solution in order
to consider the nonuniform distribution of the vertical
stresses exerted on the walls retaining stope fills, and the
pore pressure effects were further considered [18]. +ese
studies found that the reason for the reduction of the lateral
earth pressure acting on a retaining wall with narrow
backfills is mostly due to soil arching effects. Additionally,
taking the advantage of simplicity of the formulation, an-
alytical solutions also have been derived for retaining walls
with narrow backfills under the assumption that failure
surfaces are planar and segmental [5, 19]. All these methods
are useful for assessing the earth pressure for retaining walls
with narrow backfills though with various degrees of
approximation.
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Figure 1: A schematic for narrow width soil behind a retaining wall: (a) near a rock; (b) near an existing road; (c) near an existing building.
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It is well worth pointing out that, in theoretical analyses, a
reasonable assumption for the slip surface is fundamental to
the study of active earth pressure. In this regard,many types of
the planar slip surface have been proposed so far, such as lines
(Coulomb and Rankine theory), segment lines [5, 19], circles
[20], catenary lines [21], and curves composed of a line and a
logarithmic spiral [22, 23]. Nevertheless, little attention in
previous researches has been paid to the change of the slip
surface, with which the narrow soil behind a retaining wall
varies with the width of the backfill. To address this problem,
the DEM was involved to analyze the exact slip surface shape
of the soil behind a retaining wall with different aspect ratios
of the limited backfill space. Additionally, a simple solution
for evaluating the active earth pressure exerted by narrow
backfill based on the exact slip surface, in terms of the limit
equilibrium method, was presented. Meanwhile, the distri-
bution, as well as the location of the resultant of active earth
pressures, was also discussed in the paper.

2. Numerical Modeling by Using DEM
and Verification

2.1. PFC-2D. Over the last few decades, the discrete element
method (DEM) has been widely used by many researchers
[24–29], especially in the study of particulate mechanics for
macroscopic granular materials. +e prime advantage of this
method is its simplicity to simulate the interaction between
granular particles and other boundaries, which means no
description of the deformation behavior of granular materials
itself is required. Furthermore, each distinct element is
allowed to translate, rotate, and even arbitrarily separate to
simulate the large deformation problems of granular soils
caused by the movements of retaining wall. +erefore, the
Particle Flow Code, PFC-2D/3D, based on the theory of DEM
can be used to analyze the behavior of granular soils. It is well
known that there are limitations when using the PFC-2D
model when compared with the PFC-3D model, e.g., smaller
number of particles and increasing arching effects in the
simulation. Nevertheless, at present, it is still very usual to use
the PFC-2Dmodel to simulate behavior of granular soils, e.g.,
earth pressure [13, 30, 31], and these studies can obtain good
simulation results. Herein, a numerical model established
using the PFC-2D code program [32] was developed to in-
vestigate the behavior of narrow width soil behind a retaining
wall, which was moved away from the soil gradually until
reached the active state and formulated the final slip surface.

Unlike the analytical approach based on the continuous
medium theory, the soil sample is assumed to be assembled
by plenty of discrete rigid particles in PFC-2D, with which
only the equilibrium equation of the element should be
taken into account. Hence, the unbalanced forces or mo-
ments acting on the every particle will prompt it to move
according to Newton’s second law of motion, while the
movement of each particle is affected by the resistance forces
from other particles in contact as well. PFC-2D repeatedly
utilizes explicit time-stepping successive cycles until the
equilibrium equations for every single particle are satisfied.
+e forces and displacements of the particles are based on
Newton’s second law of motion and the contact forces based

on the force-displacement law. Additionally, the macro-
mechanical properties of granular soils and their contact will
be determined by some micromechanical parameters, which
are discussed subsequently in this study.

2.2. General Model for Soil behind Retaining Wall. +e nu-
merical model used for the failure mode of narrow co-
hesionless soil behind a retaining wall investigation is 9m in
height with upper 8.5m-high section and the lower 0.5m-
high section, as shown in Figure 2. +e lower section was
fixed as the cushion layer for reducing boundary effects. +e
wall on the right is fixed to model the stationary wall and the
left side wall moves away from the material, and the ho-
mogeneous soil was modeled as disc-shaped particles with
radius ranging from 0.03m to 0.05m. Notice that the se-
lected particles were chosen here just for saving computing
time. To ensure the uniformity of the numerical specimens,
the nine horizontal layers were prepared in this study. For
each layer, a set of particles is first generated inside a box
without contacting and then allowing them to move
downward and come into contact with each other under
gravity (g � 9.81m/s2), and the standard of the equilibrium
state was the maximum contact force ratio reaching 0.001.
Noted that all the wall elements are fixed, and the friction
coefficient of the particle-wall interface is set to 0 during the
sample preparation stage.

After the last layer reaching the equilibrium state, the
friction coefficient of the particles was then increased to a
maximum value, so as to compensate the lack of angularity for
circular particles. +e friction coefficient (μw) between the
particles and the walls were kept constant during the whole
process. +us, the general calculated model was generated.

2.3. Material Properties. All the tiny particles, the rigid
segments, and the contact between particles should be
endowed some micromechanical parameters to reflect the
known macromechanical properties. In this study, a linear
contact stiffness model, governed by the value of normal and
tangential stiffness, was used to describe the relationship
between the force and displacement of each particle as well
as the rigid segments.+e parameters of stiffness and contact
bond strength of the particles can be typically calculated by
the following relationships [26, 32]:

ks � 1.2kn,

kn � t · Ec,
(1)

where ks is the tangential stiffness of the particles; kn is the
normal stiffness of the particles; t is the thickness of particles
along the plane of paper with the default value 1.0m; Ec, is
the Young’s modulus of the particle/particle contact.

Furthermore, in PFC-2D, some physical experiments at
the macrolevel, e.g., biaxial test simulation, was also usually
used to calibrate the micromechanical parameters of the
particle mentioned before, i.e., ks, kn, and μs, and this ap-
proach was adopted in the present paper. Note that here the
physical experiments are used for inversion of laboratory tests
(e.g., triaxial test or direct shear test). Since the computational
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time is highly depending on the particle numbers in DEM
simulation, the “upscaling” technique of modeling particles
was used here, which has been presented by many scholars
[33–35]. As such, the biaxial sample with a width of 4.2m and
a height of 8.4m generated in the same manner as mentioned
above, herein, was used to calibrate the micromechanical
parameters of soils, and the dimensions of the sample were
determined by the data of a laboratory test in the previous
literature [10], as a veri�ed case discussed later.

�e dimensions (width and height) of the biaxial sample
were not realistic for a laboratory test; however, they were
chosen to allow the generation of a su�cient number of
particles (number of particles� 3,422) for the biaxial test
simulation.�e deviatoric stress versus the axial strain in the
biaxial test with three di�erent con�ning pressures (10 kPa,
20 kPa, and 40 kPa) is shown in Figure 3.�e q-p′ plot can be
curved by the three Mohr’s stress circle with di�erent
con�ning pressures. �erefore, the friction angle of the
assembly de�ned as φ can be determined by the inclination
angle of the q-p′ line:

q

p′
� sinφ � 0.588, (2)

where φ� 36°, which was much smaller than the friction
angle of the particle/particle contact. �e micromechanical
parameters governing the response of the materials at the
macrolevel are presented in Table 1.

2.4. Estimation of the Active Earth Pressure along the Wall.
As shown in Figure 2, the translational wall moves outward
from the soil with a slight linear velocity (0.0001m/s) which

can satisfy the quasi-static conditions and is close to the
velocity adopted by Jiang et al. [30]. It was paused when
displacement of the wall reached the 0.1 percent of the height
of the wall. At this moment, the active earth pressure was
assumed to occur [14]. However, the stress of the soil in
DEM is discontinuous. Only the average contact stress
between the particle and wall in a certain zone can be
attained. �us, the mean lateral stress acting on the wall in a
certain zone was identi�ed as the active earth pressure [32].
Furthermore, in total, twenty measurement circles with a
radius of 0.4m were arranged at the contact point closed to
the removable wall from top to bottom as shown in Figure 2
to measure the mean lateral stress at the �nal stage of the
simulation. Note that the above results were obtained after
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Figure 2: DEM model for soil behind a retaining wall.
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the translational wall stopped moving, and the backfill
reached the equilibrium state under gravity.

2.5. Validation. Frydman and Keissar [10] conducted a
series of centrifuge tests to investigate the earth pressure
acting on retaining walls near rock faces in active conditions,
which were used as a classical verified example by many
researchers [4, 8]. In the tests, the uniform fine sand with the
particle size in the range of 0.1∼0.3mm, average unit weight
(c) of 15.2 kN/m3, the relative density (Dr) of 70%, the
internal friction angle (φ) of 36°, and interface friction angle
(δ) of 25° was used as backfill materials. +e micro-
mechanical parameters are listed in Table 1. +e retaining
wall was made of wooden board with a height of 195mm,
which can simulate the similar stress level (43.7 g) for a full-
scale wall with a height of 8.5m. Some load cells were then
arranged at the wall face near the top and bottom of the wall
to capture the lateral pressure acting on the wall when the
wall rotated around its base.

Figure 4 shows the comparison among the computed
normalized active earth pressures (σx/cz) along the normal-
ized depth from the DEM analyses, where z is the depth below
the wall top and b� 1m is the soil width, the theoretic solution
based on arching equation [16], and the measured data from
the centrifuge model wall test. Obviously, DEM simulation is
in a good agreement with measurement, which means that
DEM can simulate the distribution of the active earth pressure
led by the movement of coarse-grain materials very well.

3. Analysis of the Failure Slip Surface
Based on DEM

+e typical model of the granular soil behind retaining walls
considered in this study is shown in Figure 2. +e height of
the wall was kept as a constant value (H� 8.5m), whereas the
internal frictional angle of the soil (φ) varied from 20° to 45°.
Furthermore, the movement of the wall was considered as
horizontal translation only, and the other associated pa-
rameters used in the analysis are shown in Table 1.

In order to study the effect of the aspect ratio (β� b/H) of
backfill on the failure model of the soil behind a rigid
retaining wall, different widths (b) of the backfill were
considered. Figure 5 shows the displacement field of the soil
with different widths and a fixed internal friction angle value
(φ� 30°) when the translation movement of the wall reaches

0.1 percent of the height of the wall. According to the
Rankine and Coulomb theory, the minimum width of the
backfill for active failure wedge that can be fully developed is
easily calculated as 5.0m and 5.889m, respectively. +ere-
fore, the widths of backfills are arranged in a range from
2.0m to 8.0m which are equivalent to the aspect ratio of the
backfill, denoted as β, varies from 0.235 to 0.941.

+e displacement field of the soil in the dark blue zone is
almost close to zero, as illustrated in Figure 5, and this area
can be identified as a stationary region when the wall moves,
the similar way has been used by Nadukuru and Micha-
lowski [29]. +erefore, the slip surface of the soil which is
interpreted as the boundary between the static and moving
soil can be approximately obtained with sufficient accuracy,
while red lines were used to simulate the slipping of the soil
with an inclination angle denoted as θ.

As can be seen in Figure 5, all the slipping lines are
passing through the heel of the retaining wall to the top
surface of the soil when the value of β meets the minimum
distance requirement according to the Rankine theory (i.e.,
β> 0.588). However, with narrow backfill widths, partial
failure surfaces were developed without passing through
the heel of the retaining wall to the top surface of the soil.
More particularly, with precise measurements, it is noted
that the value of θ is kept as constant (θ� 60°) regardless of
the width of the backfill, which indicates that θ is almost
independent of β.

For granular soil, the inclination angle of the slipping
surface of the soil behind a retaining wall is only related to the
internal friction angle based on the Rankine theory.+e shape
of the active failure wedge was also investigated with different
φ which is on a scale from 20° to 35°, which covers the
properties for most of the granular soil, as shown in Figure 6.
According to the one-to-one relationship between φ and μs
(friction coefficient of soil particles in PFC-2D), the targeted
value of φ can be achieved by adjusting the value of μs.

Table 1: Micromechanical properties for the DEM analysis.

Parameter Value
Soil
Unit weight, c 15.2 KN/m
Normal stiffness of particles, kn 75MN/m
Shear stiffness of particles, ks 62.5MN/m
Friction coefficient, μs 1.5
Particle radius, R 0.03–0.05m
Retaining wall
Normal stiffness of particles, kn 2000MN/m
Shear stiffness of particles, ks 2000MN/m
Friction coefficient, μw 1.0
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Rankine theory
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PFC result
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Figure 4: Comparison of the distribution of normalized active
earth pressures (σx/cz) along normalized depth (z/b) among the
PFC-2D results, experimental data, and theoretical solutions.
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As can be seen from Figure 6, partial failure planar
surfaces passing through the heel of the retaining wall can be
still obtained with di�erent values of φ whereas slight
changes of the inclination angle of the slipping surface is
observed. �e relationship between the values of θ and φ is
approximately linear and can be expressed as follows:

θ � 45° +
φ
2
. (3)

Exact same relations can be obtained from the Rankine
theory, which indicates that limited width of the back�ll
changes the length rather than the inclination angle of the
active failure wedge. In other words, the two-dimensional
section of the active failure wedge can be simpli�ed as a
trapezoid shape if the width of the back�ll is less than the
minimum distance, with which the active failure wedge can
be fully developed.�erefore, a newmethod to calculate the
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active earth pressure more reasonable in such case is
required.

4. Simplified Analytical Approaches for Active
Earth Pressure

+e estimation of active earth pressures acting on the
retaining wall is extremely important for geotechnical de-
sign, and analytical approaches are imperative for practical
use. Due to the stress redistribution caused by soil arching
phenomenon verified by many models and centrifuge tests,
the classic Coulomb and Rankine active earth pressure
theories usually underestimate the lateral pressure acting on
retaining walls, especially when the backfill widths are
narrow. As a result, Spangler and Handy [16] developed an
analytical solution to simply calculate the lateral pressure
acting on the wall of a silo, accounting for the possible soil
arching in the backfill. By choosing an arbitrary horizontal
slice element from the backfill with a depth z, confined by
two rigid surfaces (Figure 7(a)), the vertical frictional forces
at the interface between the backfill and the rigid surfaces

will reduce the overall vertical stress together with the lateral
pressure acting on the wall. +e force equilibrium of the
horizontal element in the vertical direction can be written as
follows:

b
dσz

dz
+ 2 tan δσx − cb � 0, (4)

where σz and σx are the vertical stress at depth z, re-
spectively. Here, δ is the interface frictional angle between
the backfill and the rigid wall, c is the unit weight of the
backfill, dz is the thickness of the horizontal element, and
the earth pressure coefficient K is defined as the ratio of the
horizontal stress σx over the vertical stress σz(K � σx/σz),
which depends on the state of movement of the wall and
material properties. In particular, for active pressure
condition using the trigonometry of the Mohr’s circle
which represents the stress state of a soil element adjacent
to the retaining wall (Figures 7(a) and 7(b)), under active
conditions, the value of K can be derived as following
equation [10]:

K �
sin2 φ + 1( −

�����������������������������������������

sin2 φ + 1( 
2 − 1− sin2 φ(  · 4 tan2 δ − sin2 φ + 1( 



4 tan2 δ − sin2 φ + 1( 
. (5)

+e solution for the lateral active pressure at a given
depth z can be obtained from the following equation:

σx �
cb

2 tan δ
1− exp −2K

z

b
· tan δ  . (6)

However, arching equation pays no attention to the
effect of the slip surface shape to the distribution of the
lateral earth pressure acting on the retaining wall. +is is
because the soil slice element is identified as perfectly
symmetrical with respect to the central line, and the research
conducted herein aims to address this problem.

As mentioned before, the sliding surface of the narrowed
soil behind the retaining wall was limited to a partial planar
surface with an inclination angle dependent on the char-
acteristic of the soil. Hence, the active earth pressure acting
on the retaining wall with different depths accounting for the
narrow width of the soil can be derived. +e calculation
model is schematically shown in Figure 8, where the trap-
ezoid sliding soil block, denoted as ABCD, is divided into
two parts.+e active earth pressure along the wall herein can
be obtained based on the conditions of equilibrium of forces
acting on each wedge, AECD or EBD.

For an arbitrary horizontal thin-layer element within
wedge AECD, all the external force is illustrated in
Figure 8(b), and the equilibrium equation in the z-direction
can be expressed as follows (0≤ z≤H− b · tan θ):

cb · dz + σzb− σz + dσz( b− 2σx tan δ · dz � 0. (7)

Similar to the derivation process of arching equation
(Spangler and Handy, 1984), defining σx � K · σz, where K

is the coefficient of lateral pressure on the wall, is de-
termined by equation (5). So equation (7) can be improved
as follows:

dσz

dz
� c− 2K · σz tan

δ
b
. (8)

+e differential equation can be solved accounting for
the boundary condition at the top point of the soil (z � 0),
where the vertical stress σz equals to zero:

σz �
b c− c · e−2K·z·tan δ/b( 

2K · tan δ
. (9)

And the lateral stress σx is thus given by the following
equation:

σx �
b c− c · e−2K·z·tan δ/b( 

2 tan δ
. (10)

Similarly, according to the force analysis for an arbitrary
horizontal thin-layer element within wedge EBD, the lateral
thrust acting on the lower part of the wall is also deduced
based on the equilibrium conditions of both directions, x

and z directions. Under such a balanced force system, the
applied forces acting on the wedge EBD can be simplified as
two concentrated loads, i.e., normal force N and tangential
force T along the sliding surface. Meanwhile, N and T satisfy
a specific relationship, i.e., T � N tanφ.

+erefore, for  Fx � 0, the equilibrium equation in the
x-direction can be expressed as follows (0≤x≤ b):

σx +
T

tan θ
� R. (11)
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Similarly, for  Fz � 0, the equilibrium equation in the x-
direction can be expressed as follows (H− b · tan θ≤ z≤H),
where the second-order small quantities are ignored:

dσz

dz
� c +

σz −R−T tan θ−Kσz · tan δ · tan θ
H− z

. (12)

+en, equation (11) can be substituted in equation (12) to
obtain the following equation:

dσz

dz
� c +

σz · b0

H− z
, (13)

where b0 � 1−K(tan δ · tan θ + tan θ + tanφ · tan2 θ/
tan θ− tanφ).

+e lateral stress σx along the wall can be obtained by
integrating equation (13) to obtain the following equation:

σx � K ·
z−H

b0 + 1
· c−

C0

(H− z)2
 

b0+1( )/2⎧⎨

⎩

⎫⎬

⎭, (14)

where C0 is an integral constant which can be obtained by
combining equations (10) and (14) with the same value of
z(z � h � H− b · tan θ), accounting for the continuous
distribution conditions of the lateral stress along the wall.

Furthermore, by integrating equations (10) and (14) in
terms of z along the wall, the resultant of active earth
pressure acting on the rigid retaining wall can be obtained as
follows:

Eh � 
h

0

b c− c · e−2K·z·tan δ/b( 

2 tan δ
dz

+ 
H

h
K ·

z−H

b0 + 1
· c−

C0

(H− z)2
 

b0+1( )/2⎧⎨

⎩

⎫⎬

⎭dz,

(15)

where Eh is the resultant of active earth pressure.
+e total moment caused by active earth pressure to the

heel of the retaining wall can be illustrated as follows:

dz

b
V + dV

V = σz × b

W

z

τxz

σz
τzx

σx

x

σx σx

τ τ

(a)

(σx, τxz)

(σz, τzx)

σ

τ

o φ δ

(b)

Figure 7: Force equilibrium analysis for slice element: (a) horizontal element of the backfill between two rigid faces and (b) stress conditions
of a soil element adjacent to the back of retaining wall.
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Figure 8: Schematics of calculation model: (a) block above the sliding surface and (b) analysis for thin-layer element.
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M � ∫
h

0

b c− c · e−2K·z· tan δ/b( )
2 tan δ

· (H− z)dz

+ ∫
H

h
K ·

z−H
b0 + 1

· c−
C0

(H− z)2
[ ]

b0+1( )/2



 · (H− z)dz.

(16)

�e distance from the location of the resultant of active
earth pressures to the heel of the wall, denoted as h0, can be
easily derived as the ratio of M to Eh:

h0 �
M

Eh
. (17)

5. Comparison with Other Studies

�e proposed new formulations for calculating the active
earth pressure acting on the retaining wall with narrow
back�ll are applied to some previous model tests, which are
well documented in the literature.

Case 1. �e �rst laboratory test was conducted by Tsagareli
[1], where the distribution of the active earth pressures
acting on the translating rigid retaining wall with the height
of 4m and a width of 1.2m for narrow back�ll was mea-
sured. �e other values of the parameters designed in the
tests are given as follows: c�17.658 kN/m3, δ � 10°, and
φ� 37°. Figure 9 shows the comparison among the computed
earth pressure along the retaining wall from the proposed
equation, other theoretic solutions, and the measured data
from themodel test. As can be seen in Figure 9, the estimated
values of earth pressure from the approach in this study
show a good agreement with the measured data and provide
a better prediction in comparison with other analytical
solutions in the latter part of the curves, where the values of
earth pressure decrease with the increase of depth. �e
phenomena have also been observed in other experiments
[36, 37] and analytical solutions [38]. �ese results show the
conventional approaches are overly conservative.

Case 2. A comparison is presented between the predictions
of active earth pressure and the measured data due to a sand
back�ll behind a rigid wall in a laboratory test, which was
reported by Fang and Ishibashi [36]. In the test, the active
earth pressure distributions were observed with three dif-
ferent wall movement modes: (1) rotation about top, (2)
rotation about heel, and (3) translation. �e rigid wall used
in the test had a height of 1.0m and a width of 1.02m, while
the parameters of the back�ll are designed as c� 15.4 kN/m3,
δ � 17°, and φ� 34°. �e active earth pressure versus the
depth relationships from the measured and the predicted
with the proposed and other previous approaches when the
rigid wall translated are presented in Figure 10. �e esti-
mated active earth pressure based on the proposed method
in this study is closer to the measured data than those
obtained from other approaches, especially in the lower part
of the wall. It is noted that the reduction of active earth
pressure was not observed, which is partially due to enough

width of the back�ll preventing the formation of soil arching
during the test.

6. Parameter Analysis

In addition, the e�ects of some prime parameters, such as the
width of the back�ll, internal friction angle of soil, and wall-
soil friction angle on the distribution of active earth pressure,
are further analyzed, in which the basic parameters are given
as follows: H� 8.5m, b� 3.0m, c� 18.0 kN/m3, δ � 20°, and
φ� 30°.

Figure 11 shows the lateral active earth pressure dis-
tribution along the height of a translating rigid wall for the
various widths of back�ll (the value of b is in the range from
1.0m to 5.0m, in which the value of aspect ratio of the
back�ll is from 0.117 to 0.588). As shown in Figure 11, the
magnitude of the active earth pressure decreases with the
decrease of the back�ll widths, and the attenuation becomes
clearer when b value is smaller. It can be explained that the
width of the narrow back�ll plays an important role in the
development of arching in the back�ll, and the arching e�ect
can be strengthened with the narrower distance between the
retaining wall and the existed rigid wall by undertakingmore
self-weight of the soil.

In order to study the e�ect of the soil internal friction
angle (φ) and wall-soil friction angle (δ) on the lateral active
earth pressure against the rigid, various values of φ varying
from 24° to 35° and δ varying from 6° to 20° were employed.
�e change of active earth pressure along the height of the
wall is shown in Figures 12 and 13. As seen in Figures 12 and
13, a clear similar trend is observed with di�erent values of φ
and δ. �is indicates that those two parameters in£uence the
magnitude of the active earth pressure signi�cantly but not
the shape of its distribution. In particular, the values of earth
pressure increase with the increasing φ value, whereas
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Figure 9: Comparison of the distribution of active earth pressures
along depth between the theoretical solution and experimental data
[1].
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decrease with the value of δ owing to the reduction of the
wall-soil interaction supporting the self-weight of the soil.

It is widely accepted that the height, where the lateral
resultant active force is applied, normalized by wall height (h0/
H) maintains one-third according to the Rankine theory and
Coulomb theory because of the triangular distribution of the
active earth pressure along the retaining wall. However, the
calculations for active earth pressure based on the Rankine
theory and Coulomb theory ignore the e�ect of the width of
the back�ll. �e point of application of the resultant active
earth pressure is also investigated in this study.

As can be seen in Table 2, b varies from 2.0 to 4.0, by
using the present approach. Only slight changes of h0/H can

be observed, and the approximate h0/H value is regarded as
0.38, which is closer to the measured data from experiments
than the computed value based on the Rankine theory and
Coulomb theory.

Figure 14 shows the variation of the location (h0/H) of
the resultant of active earth pressures with the di�erent
internal frictional angles of soil and wall-soil frictional angle.
�e locations of the resultant of active earth pressures de-
crease with the increase of φ values, while increases with the
increase of δ values. For a φ value varying from 22° to 38°, a
decrease of the h0/H value from 0.408 to 0.368 can be
achieved. Whereas the h0/H value will increases from 0.344
to 0.380 when the φ value varies from 6° to 20°. In general,
the h0/H value is basically in a range of 0.34 to 0.40, and this
is signi�cantly higher than one-third of the wall height.
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Figure 10: Comparison of the distribution of active earth pressures
along depth between the theoretical solution and experimental data
[36].
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7. Conclusions

�e estimation of active earth pressures acting on the
retaining wall is extremely important for geotechnical design,
and its rationality depends on the accuracy of the simulated
failure model of the soils. Compared to the conventional
approach, such as the Rankine or Coulomb theory, which is
suitable only for the retaining walls with narrow width of the
back�lls, this study presented a new simpli�ed method using
limit equilibrium analysis for determining the nonlinear
distribution of the active earth pressure on rigid retaining
walls with limited back�lls.�is new approach is based on the
horizontal thin-layer element method and the exact slip
surface shape that was determined by the DEM simulation
(PFC-2D). A good agreement can be obtained between the
proposed method and experimental results. In addition, the
e�ect of the aspect ratio of the back�ll width and the friction
angle of the back�ll on the distribution of active earth
pressures along the wall was also discussed.�emain features
of this study are summarized below:

(1) �e two-dimensional section shape of the active
failure wedge of the back�ll with a limited width can
be con�rmed as a trapezoid composed of an upper
rectangle part and a lower triangle part. �e in-
clination angle of the triangle failure wedge is related
to the value of the internal friction angle of the soils;

(2) �e lateral active earth pressure decreases signi�-
cantly with the decrease of the width of the back�ll,
which indicates that the soil arching plays a more
important role with narrower width of the back�ll.

(3) �e point of active earth pressures is noticeably
higher than one-third of the wall height described in
the Rankine and Coulomb theory.
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