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-e stress analysis of the wellhole surrounding rock and the regular failure of the wellhole has always been a concern for the well
builders. Firstly, the Hamilton canonical equations are obtained by using the Hamiltonian variational principle in the sector
domain, and the zero eigensolution and nonzero eigensolutions of the homogeneous equation are solved. According to the
Hamiltonian operator matrix with the orthogonal eigenfunction system, the special solution form of the nonhomogeneous
boundary condition equation is obtained. -en, according to the principle of the same coefficient being equal, the relationship
equation between the direction eigenvalue and the angle coefficient is obtained, from which the specific expression of the special
solution of the equation can be determined. Furthermore, the analytical solution of the wellhole surrounding rock problem under
nonuniform ground stress is obtained by using the linear elastic accumulative principle. Finally, a concrete example is given to
compare the finite element method and the symplectic algorithm. -e results are consistent, which ensures the accuracy and the
reliability of the symplectic algorithm. -e relationship between the circumferential stress distribution around the hole and the
lateral pressure coefficient is further analyzed.

1. Introduction

In the mine construction, the stress analysis of the wellhole
surrounding rock and the regular failure of the wellhole are
always been a concern for the well builders [1]. -is has not
only important theoretical significance but also practical
application value. In the past, the axisymmetric plane strain
analysis of a circular wellhole subjected to two-dimensional
isobaric original ground stress field in the distance is familiar
to all [2]. However, the nonaxisymmetric problem under the
two-dimensional unequal pressure condition is more com-
mon in engineering. Because of the complexity of boundary
conditions, it is more difficult to solve these kinds of problems.

At present, although there are many accurate and easy-
to-use finite element calculation programs, these methods
make it easier to analyze the stress and deformation of the
wellhole surrounding rock [3]. However, the pursuit of basic
theoretical solutions is still the goal of engineers and

technicians unremitting efforts. -is is because the theo-
retical solution can provide a valuable means for design
engineers to evaluate the results of numerical analysis.
Moreover, the theoretical solution can reveal the relation-
ship between variables more intuitively. Verruijt mapped the
half-plane problem of a circular tunnel to a circular ring
using complex variables and gave a detailed analytical so-
lution to the case of a uniform radial displacement of the
circular tunnel boundary [4]. Exadaktylos and Stavropoulou
gave the closed-form plane strain solution of stresses and
displacements around a semicircular or “D” shaped cross-
sectional tunnel periphery based on complex potential
function and conformal mapping representation [5]. Zhu
used the theory of complex variable function to analyze the
surrounding rock stress of the underground excavation
tunnel. By conformal transformation, the original boundary
problem of the excavated section is mapped to a new
problemwith a unit circle as its boundary.-en, two analytic
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functions are used to express the surrounding rock stress of
the excavated tunnel [6]. However, it is difficult to determine
the analytic function in the derivation process, and it needs
to be recalculated for different external boundary conditions,
lacking generality.

Zhong [7] and Yao et al. [8] developed symplectic elas-
ticity theory in the Hamilton system. It shows great advan-
tages in revealing the physical essence of elastic solutions and
calculating local mechanical properties. Hamilton state space
[6–9] breaks through the limitations of the traditional sep-
arating variable method [5] and provides a broad prospect for
solving existing problems of elasticity. In state space,
according to the expansion theorem of eigenfunction, the
arbitrary integrable state vector can be represented by or-
thogonal eigenvectors. -e determination of eigensolution is
very important for the explicit solution of a problem.

Leung applied the Hamiltonian method to study the two-
dimensional elastic plane problems. It is a method of sepa-
rable variables for partial differential equations using dis-
placements and their conjugate stresses as unknowns. -e
analytical solution of stress distribution under arbitrary
boundary and without considering the assumption of the
beam is obtained [9]. Tseng and Tarn based on the Hamil-
tonian state space method, by means of variable separation
and symplectic eigenfunction expansion, discussed the the-
oretical solution of stress field around a circular hole in an
elastic plate with a hole subjected to unidirectional tension
[10]. Tseng and Tarn used the state space method to analyze
the deformation and stress distribution of circular elastic
plates under axisymmetric loads. Based on this, the effect of
thickness on the bending of circular plates was evaluated [11].

2. Description of the Problem

Consider the wellhole with radius R0 in the x and y direction at
infinity is being affected by nonuniform ground stress σx and
σy (Figure 1). -e lateral pressure coefficient is given by the
relation m � σy/σx, where assume |σx|≥ |σy|, then 0≤m≤ 1.

Basic assumptions are as follows:

(1) -e entire stress state is in the elastic zone, and the
wellhole and surrounding rock wall are isotropic
linear elastic materials

(2) -e stress boundary conditions at infinity remain
constant along the axial direction of the wellhole, and
this problem is reduced to the plane strain problem
in the infinite domain

For the square boundary conditions of this problem, it is
advisable to use Cartesian coordinates. But here the stress
near the wellhole is mainly discussed, so it is more ap-
propriate to use polar coordinates. Firstly, the square
boundary is transformed into a circular boundary. -e
center of the wellhole is taken as the center of the circle, a
length R∞ is taken which is much larger than radius R0 of the
wellbore as the radius, and great circle (shown in the dotted
line in Figure 1) is drawn. Considering that the radius of the
great circle is much larger than the radius of the wellhole, the
stress of point A at the great circle is the same as that without
hole. According to the stress state formula of a point, the

stress components in the polar coordinates of that point can
be obtained.-us, the original problem is transformed into a
ring with an inner diameter of R0 and outer diameter of R∞.
-e boundary conditions are as follows.

When ρ � R0,

σρ � 0,

τρφ � 0.
(1)

When ρ � R∞,

σρ �
1 + m

2
σx +

1−m

2
σx cos 2φ,

τρφ �
1−m

2
σx sin 2φ.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(2)

3. Hamiltonian Variational Principle of the
Polar Coordinate System

Define new variables: Sρ � ρσρ, Sφ � ρσφ, and Sρφ � ρτρφ, in a
typical sector region (Figure 2) R1 ≤ ρ≤R2, α≤φ≤ β. -en,
perform variable substitution ξ � ln ρ, that is, ρ � eξ , and
ξ1 � lnR1 and ξ2 � lnR2. In the variational principle, φ is
simulated as time coordinates, ξ is horizontal, and Sρ lateral
force factors are eliminated. -en, the mixed energy vari-
ational principle of the Hamiltonian system under polar
coordinates is obtained:

δ
β

α

ξ2

ξ1
Sρφ

zuρ

zφ
+ Sφ

zuφ

zφ
+ Sφ uρ + v

zuρ
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− Sρφ uφ −
zuφ

zξ
  +

1
2

E
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1
2E
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2
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Figure 1: Force diagram of the surrounding rock wall of non-
uniform pressure.
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Introducing qT � uρ uφ  for the displacement vector,
pT � Sρφ Sφ  for the dual vector of q, and (·) � z/zφ for
the derivative of φ, equation (3) can be rewritten as follows:

δ
β

α

ξ2

ξ1
pT

_q−H(q, p) dξ dφ � 0, (4)

where the Hamiltonian density function H is

H(q, p) � Sρφ uφ −
zuφ

zξ
 − Sφ uρ + v

zuρ

zξ
 −

1
2

E
zuρ

zξ
 

2

−
1
2E

1− v
2

 S
2
φ + 2(1 + v)S

2
ρφ .

(5)

-e variational principle is developed to obtain the
Hamiltonian regular equations:

_q

_p
  �

A D

B −A∗
 

q

p
 , (6)

where

A �

0 1−
z

zξ

−1− v
z

zξ
0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

B �

−E
z2

zξ2
0

0 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

D �

2(1 + v)

E
0

0
1− v2

E

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

A∗ �

0 −1 + v
z

zξ

1 +
z

zξ
0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(7)

-emutual adjoint operator matrix withA∗ isA, and the
total-state vector υ and the matrix H are introduced;
Hamilton’s regular equations (6) become

_υ � Hυ, (8)

where

υ �
q

p
  � uρ uφ Sρφ Sφ 

T
,

H �
A D

B −A∗
 .

(9)

It is not difficult to prove [8] that the matrix H is a
Hamilton operator matrix of symplectic geometric space.

-e homogeneous boundary conditions for the sides ξ �

ξ1 and ξ � ξ2 are

E
zuρ

zξ
+ vSφ � 0,

Sρφ � 0.

(10)

Separate the variable to solve the homogeneous equa-
tion, and let υ(φ, ξ) � eμφψ(ξ); substituting it into the
Hamiltonian dual equation, obtain the following
eigenequation:

Hψ(ξ) � μψ(ξ), (11)

where μ is the eigenvalue and ψ(ξ) is the eigenfunction
vector.

4. General Solution of Homogeneous
Boundary Conditions

First, the eigenequation (11) is expanded:

−μuρ + uφ −
duφ

dξ
+
2(1 + v)

E
Sρφ + 0 � 0,

−uρ − v
duρ

dξ
− μuφ + 0 +

1− v2

E
Sφ � 0,

−E
d2uρ

dξ2
+ 0− μSρφ + Sφ − v

dSφ

dξ
� 0,

0 + 0− Sρφ −
dSρφ

dξ
− μSφ � 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(12)

-is is the simultaneous ordinary differential equations
for ξ.-e solution should first find the direction eigenvalue λ
of ξ. -e characteristic equation is

det

−μ 1− λ
2(1 + v)

E
0

−1− vλ −μ 0
1− v2( 

E

−Eλ2 0 −μ 1− vλ

0 0 1− λ −μ





� 0. (13)
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o

R1
ρ

φ

Figure 2: Polar coordinates sector region.
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Expand its determinant, and solve
λ1,2 � ±(1 + μi),

λ3,4 � ±(1− μi).
(14)

-e general expression of equation (12) is

uρ � A1e
λ1ξ + A2e

λ2ξ + A3e
λ3ξ + A4e

λ4ξ ,

uφ � B1e
λ1ξ + B2e

λ2ξ + B3e
λ3ξ + B4e

λ4ξ ,

Sρφ � C1e
λ1ξ + C2e

λ2ξ + C3e
λ3ξ + C4e

λ4ξ ,

Sφ � D1e
λ1ξ + D2e

λ2ξ + D3e
λ3ξ + D4e

λ4ξ .

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(15)

According to the difference in eigenvalues of μ, the
expression of the general solution has changed. When the
eigenvalues μ � 0 and ± i, the direction eigenvalue λ has
multiple roots, which means that the eigenvalue μ has
Jordan-type eigensolutions and has its special physical
meaning.-e eigensolution does not decay with the increase
or decrease of the ordinate φ and is the basic eigensolution.

When μ � 0, the eigensolution and its Jordan-type
eigensolution are expressed as

ψ0
0 �

0

eξ

0

0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

ψ1
0 �

c1e
ξ + c2e

−ξ +
1− v

2
ξe

ξ

0

0

E

1− v
c1e

ξ
+

E

1 + v
c2e
−ξ

+
E

2
e
ξ ξ +

2− v

1− v
 

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(16)

where

c1 � −
1
2
−
1− v

2
R2
2 lnR2 −R2

1 lnR1

R2
2 −R2

1
,

c2 � −
1 + v

2
R2
2R

2
1

R2
2 −R2

1
ln

R2

R1
 .

(17)

When μ � ± i, the eigensolution and its Jordan-type
eigensolution are expressed as

ψ0
i � 1 i 0 0( 

T
,

ψ0
−i � 1 −i 0 0( 

T
,

ψ1
i � u1

ρi u1
φ S1ρφ S1φi 

T
,

ψ1
−i � −u1

ρi u1
φ S1ρφ −S

1
φi 

T
,

(18)

where

u1
ρ �

1
2

(1− v)ξ + α(1− 3v)e
2ξ

+ β(1 + v)e
−2ξ

u1
φ � −

1
2

[1 + v +(1− v)ξ] + α(5 + v)e
2ξ

+ β(1 + v)e
−2ξ

S1ρφ � E
1
2

+ 2αe
2ξ − 2βe

−2ξ
 

S1φ � E
1
2

+ 6αe
2ξ

+ 2βe
−2ξ

 

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

α �
−1

4 R2
1 + R2

2( 
,

β � −αR
2
1R

2
2.

(19)

-e original problem corresponding to the eigensolution
and its Jordan eigensolution is solved as follows:

υn
μ � 

n

m�0

1
m!

φmψn−m
μ , (n � 0, 1). (20)

Since the eigenvalues of the current problem are complex
numbers, the corresponding eigenvectors are also complex
forms. -e emergence of complex numbers has brought
great trouble to operation. -e original problem was of the
real type, so the complex eigensolution can be converted into
a real type. According to the properties of symplectic or-
thogonal conjugation of the Hamiltonian matrix [8], the real
and imaginary parts of the complex eigenvectors correspond
to the symplectic conjugate eigenvalue solution of the
original problem, respectively. It can be seen that υ0i and υ0−i
are a pair of complex conjugate eigensolutions with each
other. -e real part and imaginary part are written as
follows:

υ0iR � (cosφ −sinφ 0 0)
T
,

υ0iI � (sinφ cosφ 0 0)
T
,

(21)

υ1i and υ1−i are another pair of complex conjugate eigenso-
lutions. -e real part and imaginary part are written as
follows:

υ1iR �

φ cosφ− u1
ρ sinφ

−φ sinφ + u1
φ cosφ

S1ρφ cosφ

−S1φ sinφ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

υ1iI �

φ sinφ + u1
ρ cosφ

φ cosφ + u1
φ sinφ

S1ρφ sinφ

S1φ cosφ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(22)
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-ese real solutions are all solutions of the original
problem.

-e general solution of homogeneous boundary con-
ditions for the original problem equation (8) can be
expressed as

υh � a1υ
0
0 + a2υ

1
0 + a3Re υ0i  + a4Im υ0i  + a5Re υ1i 

+ a6Im υ1i ,

(23)
where the coefficients a1 ∼ a6 are determined by the
boundary conditions at both ends.

5. Special Solution for Nonhomogeneous
Boundary Conditions

Above all, the general solution of the eigenequation under the
homogeneous boundary conditions is solved, but the special
solution under the nonhomogeneous boundary condition is
muchmore complicated. According to the Hamiltonianmatrix
property [12, 13], block operator A has orthogonal eigen-
function systems in Hilbert space X × X and the eigenvalues
and eigenfunction systems of A can be expressed as follows:

Uk �
cos kφ

sin kφ
 , (K � 0, ± 1, ± 2, · · ·). (24)

Block operator −A∗ has orthogonal eigenfunction sys-
tems in Hilbert space X × X, and the eigenvalues and
eigenfunction systems of −A∗ can be expressed as follows:

Uk �
sin kφ

cos kφ
 , (K � 0, ± 1, ± 2, · · ·). (25)

-e boundary conditions of the original problem are
relatively complex, so it is difficult to solve it directly. Since the
rock deformation is small elastic deformation, the linear elastic
accumulative theory is applicable. -erefore, the complex
boundary conditions can be decomposed into a plurality of
simple stress situations. -e problem can be solved by ac-
cumulating each simple stress situation result [14]. Any one
complicated boundary function can be decomposed into a
simple regular trigonometric function system by Fourier
decomposition. -erefore, the two sides only subjected to the
boundary load of normal cosine angle should be taken into
consideration firstly. -e specific form is as follows.

When ξ � ξ1,

E
zuρ

zξ
+ vSφ � 0,

Sρφ � 0.

(26)

When ξ � ξ2,

E
zuρ

zξ
+ vSφ � P0 cos kφ,

Sρφ � 0,

(27)

where P0 is the normal load coefficient and k is the angle
coefficient, taking an integer. Especially when k � 0, the
boundary load is a constant term.

According to the general solution of the homogeneous
equation (15) and the eigenfunction equations (24) and (25)
of the block operators A and −A∗, the special solution of the
equation satisfying the nonhomogeneous boundary condi-
tions equation (26) can be written as

uρ � P0 A1e
λ1ξ + A2e

λ2ξ + A3e
λ3ξ + A4e

λ4ξ cos kφ,

uφ � P0 B1e
λ1ξ + B2e

λ2ξ + B3e
λ3ξ + B4e

λ4ξ sin kφ,

Sρφ � P0 C1e
λ1ξ + C2e

λ2ξ + C3e
λ3ξ + C4e

λ4ξ sin kφ,

Sφ � P0 D1e
λ1ξ + D2e

λ2ξ + D3e
λ3ξ + D4e

λ4ξ cos kφ.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(28)

-ese constants in the above formula are not completely
independent, and they should also satisfy equation (8) so
that the relationship between these constants can be
obtained:

Ai �
1− vλi(  1 + λi( − k2 

Ekλ2i
Ci,

Bi �
λ3i + λ2i + vk2 − 1( λi + k2 − 1

Ek2λ2i
Ci,

Bi �
1− k2(  +(1− v)λi +(2 + v)λ2i

E λi − 1( λ2i
Ci,

Di �
1 + λi

k
Ci.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(29)

According to the principle that the same coefficient must
be equal, a quartic equation about the direction eigenvalue λ
and the angle coefficient k is obtained.

λ4 − 2 k
2

+ 1 λ2 + k
2 − 1 

2
� 0. (30)

-us, the direction eigenvalue λ can be calculated
according to the angle coefficient k, and the specific ex-
pression of the special solution of the nonhomogeneous
equation can be determined. -e values of the integral
constants Ai, Bi, Ci, and Di are then determined according to
the boundary conditions equation (26).

Similarly, the boundary loads in the form of tangential
direction sine multiple times angle on both sides are con-
sidered. -e specific form is

When ξ � ξ1,

E
zuρ

zξ
+ vSφ � 0,

Sρφ � 0.

(31)

When ξ � ξ2,

E
zuρ

zξ
+ vSφ � 0,

Sρφ � T0 sin kφ,

(32)
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where T0 is the tangential load coefficient and k is the angle
coefficient, taking an integer.

By the same method, a special solution of the equation
that satisfies the boundary condition equation (31) and (32)
can be calculated. Finally, according to the linear elastic
accumulative theory, the theoretical solution which satisfies
the boundary condition equations (1) and (2) of the original
problem can finally be obtained.

6. Examples

In order to verify the correctness of the results obtained by the
symplectic elastic method, the finite element software was
used for the comparative calculation. -e relevant data used
in the calculation are as follows: the wellhole radius R0 � 5m,
calculating boundary radius at a distance R∞ � 50m, elastic
modulus of surrounding rock E � 30GPa, Poisson’s ratio
v � 0.2, nonuniform ground stress conditions: σx � −50MPa
and σy � −30MPa, and the lateral pressure coefficient
m � 0.6. According to the boundary condition equations (1)
and (2) of the original problem, the boundary condition can
be divided into three parts: (1) the normal direction is affected
by the uniform load; (2) the normal direction is affected by the
2 times cosine load; and (3) the tangential direction is affected
by the 2 times sinusoidal load.

Firstly, the boundary is subjected to normal uniform
load, that is, the normal load coefficient P0 � − 40MPa and
the angle coefficient k � 0, and substituting them into the
formula equation (30), the direction eigenvalue λ1,2,3,4 � ± 1
can be obtained. -en, the special solution equation (28) is
substituted into the boundary condition to obtain the un-
determined coefficients, and a special solution of corre-
sponding boundary conditions is obtained. In the same
method, special solutions of corresponding other boundary
conditions can be obtained. Finally, by accumulating the
special solutions under various boundary conditions, we can
get the displacement and stress cloud diagram of the sur-
rounding rock of the wellhole under nonuniform ground
stress.

By comparing and analyzing the result cloud diagrams in
Figures 3 to 7, it can be seen that the distribution of each result
cloud diagrams obtained by the two methods is consistent,
and there is little difference in the value of extreme points.
-ese show the correctness and reliability of the symplectic
method. -e difference between the two methods is that the
symplectic method is an analytical method, while the finite
element method is a numerical method.

Comparing the stress extremum in Figures 5 and 6, it can
be seen that the circumferential stress extremum around the
hole is much larger than the radial stress extremum, which is
consistent with the engineering practice. In Figure 6, the
circumferential stresses are all compressive stresses, and the
distribution is extremely inhomogeneous at the edge of the
hole. -e value of circumferential stress in the horizontal
position is relatively small, and it reaches the maximum
value in the vertical direction. Tensile stress may occur in the
horizontal direction under certain conditions. Considering

the brittleness of geotechnical materials, tensile failure
should be avoided as far as possible.

-e influence of different lateral pressure coefficients m
on the circumferential stress value around the hole is de-
tailed in Table 1. From the data, it can be seen that the
circumferential stress around the hole changes periodically
along the azimuth angle. Especially when the azimuth angle
is equal to 0°, 90°, 180°, 270°, and 360°, the circumferential
stress reaches the extreme value. -e maximum occurs at 0°,
180°, and 360°, and the minimum occurs at 90° and 270°. -e
data show that when the azimuth angle is 0°, 180°, and 360°,
the maximum circumferential stress around the hole
gradually changes from compressive stress to tensile stress
with the decrease of the lateral pressure coefficient. When
the lateral pressure coefficient m is between 0.3 and 0.4, the
circumferential stress will appear on the inflection point;
that is, the circumferential stress is zero.

Figure 8 depicts the influence of different lateral pressure
coefficients m on the circumferential stress around the hole.
When the value of m changes from 1 to 0, the stress dis-
tribution around the hole changes from circular to dumb-
bell-shaped, then to “8” shape, and finally to double “8”
shape (where the vertical “8” shape is much larger than the
horizontal “8” shape). -e circumferential stress around the
hole in the horizontal direction gradually changes from
compressive stress to tensile stress with the decrease of them
value. Especially when the value of m is near 0.3, the stress
critical point appears. When the value of m is less than 0.3,
the tensile stress will appear in the horizontal direction of the
hole edge. -is is consistent with the data in Table 1. -e
circumferential stress around the hole in the vertical di-
rection increases slowly with the decrease of the m value.
Especially when m� 0, the maximum tensile stress appears
in the horizontal direction and the maximum compressive
stress appears in the vertical direction. According to the
properties of wellhole materials, the circumferential stress of
the sidewall should be avoided as far as possible in engi-
neering practice, which is particularly important.

7. Conclusion

-e symplectic method realizes the conversion from Eu-
clidean space to Hilbert space, breaking through the limi-
tations of the traditional variable separation method. In this
paper, the eigenvalues and eigenfunctions of Hamiltonian
block operators are written according to the symplectic
elastic mechanics method in the polar coordinate system.
According to the characteristics of Hamiltonian block op-
erators, the problem of nonhomogeneous boundary con-
ditions is solved. And the relationship equation (30) between
the direction eigenvalue λ and the angle factor k is found,
which provides a theoretical foundation for further calcu-
lation of arbitrary boundary conditions.

-e symplectic elastic mechanics method is used to
accurately analyze the wellhole surrounding rock under
nonuniform ground stress. By comparing the results of the
symplectic algorithm and finite element method, we can see
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that the distribute regulation of the two methods is com-
pletely consistent, and the numerical values are almost the
same. -e results show that the circumferential stress

distribution of the wellhole rock is closely related to the
lateral pressure coefficient m. With the change of the lateral
pressure coefficient m from 1 to 0, the circumferential stress
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Figure 3: Cloud diagram of the radial displacement uρ.
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Figure 4: Cloud diagram of the circumferential displacements uφ.
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Figure 5: Cloud diagram of the radial stresses σρ.
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of the wellhole rock changes differently in horizontal and
vertical directions. In the horizontal position, the circum-
ferential compressive stress gradually decreases with the

decrease of the m value until it becomes tensile stress and
finally reaches the maximum of tensile stress. In the vertical
direction, the circumferential compressive stress increases
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Figure 6: Cloud diagram of the circumferential stresses σφ.
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Figure 7: Cloud diagram of the shear stress τρφ.

Table 1: Circumferential stress σφ around the hole corresponding to different m values (unit: MPa).

Angle
m

1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0
0° −101.01 −85.76 −70.5 −55.25 −40 −24.74 −9.49 5.76 21.02 36.27 51.53
30° −101.01 −90.86 −80.71 −70.55 −60.4 −50.25 −40.1 −29.95 −19.79 −9.64 0.51
60° −101.01 −101.06 −101.11 −101.16 −101.21 −101.27 −101.32 −101.37 −101.42 −101.47 −101.52
90° −101.01 −106.16 −111.32 −116.47 −121.62 −126.77 −131.93 −137.08 −142.23 −147.38 −152.54
120° −101.01 −101.06 −101.11 −101.16 −101.21 −101.27 −101.32 −101.37 −101.42 −101.47 −101.52
150° −101.01 −90.86 −80.71 −70.55 −60.4 −50.25 −40.1 −29.95 −19.79 −9.64 0.51
180° −101.01 −85.76 −70.5 −55.25 −40 −24.74 −9.49 5.76 21.02 36.27 51.53
210° −101.01 −90.86 −80.71 −70.55 −60.4 −50.25 −40.1 −29.95 −19.79 −9.64 0.51
240° −101.01 −101.06 −101.11 −101.16 −101.21 −101.27 −101.32 −101.37 −101.42 −101.47 −101.52
270° −101.01 −106.16 −111.32 −116.47 −121.62 −126.77 −131.93 −137.08 −142.23 −147.38 −152.54
300° −101.01 −101.06 −101.11 −101.16 −101.21 −101.27 −101.32 −101.37 −101.42 −101.47 −101.52
330° −101.01 −90.86 −80.71 −70.55 −60.4 −50.25 −40.1 −29.95 −19.79 −9.64 0.51
360° −101.01 −85.76 −70.5 −55.25 −40 −24.74 −9.49 5.76 21.02 36.27 51.53
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slowly with the decrease of them value and finally reaches the
maximum of compressive stress.-e research results not only
provide theoretical guidance for wellhole design but also
provide technical support for preventing wellhole fracture.

Data Availability

-e data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

-e authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

-is work was supported by the National Natural Science
Foundation of China (41772338).

References

[1] X. F. Chen, M. L. Shen, Y. Zhang et al., “Numerical model
research of super deep shaft sidewall destruction,” Chinese
Journal of Underground Space and Engineering, vol. 6, no. 5,
pp. 926–931, 2010.

[2] S. P. Timoshenko and J. N. Goodier, 9eory of Elasticity,
McGraw-Hill, New York, NY, USA, 3rd edition, 1970.

[3] Y. Zhou and G. Q. Zhou, “Strict axisymmetric deformation
analysis of shaft linings considering shaft-curing load,” Chi-
nese Journal of Geotechnical Engineering, vol. 30, no. 7,
pp. 999–1004, 2008.

[4] A. Verruijt, “A complex variable solution for a deforming
circular tunnel in an elastic half-plane,” International Journal

for Numerical and Analytical Methods in Geomechanics,
vol. 21, no. 2, pp. 77–89, 1997.

[5] G. E. Exadaktylos and M. C. Stavropoulou, “A closed-form
elastic solution for stresses and displacements around tun-
nels,” International Journal of Rock Mechanics and Mining
Sciences, vol. 39, no. 7, pp. 905–916, 2002.

[6] J. H. Zhu, “Analytic functions in stress analysis of the sur-
rounding rock for caverns with the complex variable theory,”
Applied Mathematics and Mechanics, vol. 34, no. 4, pp. 345–
354, 2013.

[7] W. X. Zhong, New Solution System for 9eory of Elasticity,
Dalian University of Technology Press, Dalian, China, 1995.

[8] W. A. Yao, W. X. Zhong, and C. W. Lim, Symplectic Elasticity,
World Scientific, Singapore, 2009.

[9] A. Y. T. Leung and J. J. Zheng, “Closed form stress distribution
in 2D elasticity for all boundary conditions,” Applied Math-
ematics and Mechanics, vol. 28, no. 12, pp. 1455–1467, 2007.

[10] W.-D. Tseng and J.-Q. Tarn, “-ree-dimensional solution for
the stress field around a circular hole in a plate,” Journal of
Mechanics, vol. 30, no. 6, pp. 611–624, 2014.

[11] W.-D. Tseng and J.-Q. Tarn, “Exact elasticity solution for
axisymmetric deformation of circular plates,” Journal of
Mechanics, vol. 31, no. 6, pp. 617–629, 2015.

[12] Eburilitu, Completeness of the Eigenfunction Systems of Infinite
Dimensional Hamiltonian Operators and its Applications in
Elasticity, Inner Mongolia University, Hohhot, China, 2011.

[13] X. Guo and G. Hou, “On the block basis property of the off-
diagonal Hamiltonian operators and its application to sym-
plectic elasticity,” European Physical Journal Plus, vol. 131,
no. 10, pp. 368–376, 2016.

[14] W.-D. Tseng and J.-Q. Tarn, “A state space solution approach
for problems of cylindrical tubes and circular plates,” Journal
of Mechanics, vol. 31, no. 5, pp. 557–572, 2015.

m = 0
m = 0.2
m = 0.4

m = 0.6
m = 0.8
m = 1

30MPa

60MPa

90MPa

120MPa

150MPa

30°

210°

60°

240°

90°

270°

120°

300°

150°

330°

180° 0°

Figure 8: Circumferential stress curves around the hole corre-
sponding to different m values.

Advances in Civil Engineering 9



International Journal of

Aerospace
Engineering
Hindawi
www.hindawi.com Volume 2018

Robotics
Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

 Active and Passive  
Electronic Components

VLSI Design

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Shock and Vibration

Hindawi
www.hindawi.com Volume 2018

Civil Engineering
Advances in

Acoustics and Vibration
Advances in

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Electrical and Computer 
Engineering

Journal of

Advances in
OptoElectronics

Hindawi
www.hindawi.com

Volume 2018

Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2013
Hindawi
www.hindawi.com

The Scientific 
World Journal

Volume 2018

Control Science
and Engineering

Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com

 Journal ofEngineering
Volume 2018

Sensors
Journal of

Hindawi
www.hindawi.com Volume 2018

International Journal of

Rotating
Machinery

Hindawi
www.hindawi.com Volume 2018

Modelling &
Simulation
in Engineering
Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Chemical Engineering
International Journal of  Antennas and

Propagation

International Journal of

Hindawi
www.hindawi.com Volume 2018

Hindawi
www.hindawi.com Volume 2018

Navigation and 
 Observation

International Journal of

Hindawi

www.hindawi.com Volume 2018

 Advances in 

Multimedia

Submit your manuscripts at
www.hindawi.com

https://www.hindawi.com/journals/ijae/
https://www.hindawi.com/journals/jr/
https://www.hindawi.com/journals/apec/
https://www.hindawi.com/journals/vlsi/
https://www.hindawi.com/journals/sv/
https://www.hindawi.com/journals/ace/
https://www.hindawi.com/journals/aav/
https://www.hindawi.com/journals/jece/
https://www.hindawi.com/journals/aoe/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/jcse/
https://www.hindawi.com/journals/je/
https://www.hindawi.com/journals/js/
https://www.hindawi.com/journals/ijrm/
https://www.hindawi.com/journals/mse/
https://www.hindawi.com/journals/ijce/
https://www.hindawi.com/journals/ijap/
https://www.hindawi.com/journals/ijno/
https://www.hindawi.com/journals/am/
https://www.hindawi.com/
https://www.hindawi.com/

