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Analysis on the actual crack behavior is of important significance to evaluate safety of the concrete dam. In this paper, mainly
based on the research status on cracks of the concrete dam, the unit root analysis method of actual crack behavior of concrete dam
is proposed based on the monitoring data and autoregression model, aiming to enrich the analysis methods of crack behavior of
concrete dam and deepen the understanding of crack behavior of concrete dam. Firstly, the feasibility of analyzing actual crack
behavior based on residual sequence of the crack opening displacementmonitoring model is discussed. Next, the basic principle of
the unit root analysis method of crack behavior is elaborated and the unit root analysis method of actual crack behavior is
established by studying prior conditions of the autoregression model and parameter estimation methods of the autoregression
model, as well as determination criteria of the model order. Finally, the proposed unit root analysis method of actual crack
behavior is applied to analyze monitoring data of a concrete gravity-arch dam.-e result shows that the unit root analysis method
of actual crack behavior is relatively simple and convenient in practical application, which is an available method to evaluate crack
behavior based on data in dam health monitoring.

1. Introduction

Loads on the concrete dam such as hydraulic pressure and
temperature loads vary continuously during the service
period, thus resulting in the change of crack behavior. In
some cases, the crack may expand along the length and (or)
depth upon disadvantageous load combination, which
means the crack behavior will change to some extent. An-
alyzing the actual crack behavior is of important significance
to evaluate safety of the concrete dam. -erefore, it is very
necessary to study the analytical methods of crack behavior.

A large number of scholars have explored the crack de-
velopment law of concrete structure through numerical
simulation andmodel test and have achieved a lot of beneficial
results. Wu et al. [1] analyzed the whole process of I-II
composite crack propagation by numerical simulation.
Sukumar et al. [2] introduced the fast trackingmethod into the
extended finite element system and simulated the coplanar
multifracture propagation problem. Zi et al. [3] simulated the

dynamic crack propagation by extended finite element and
proved by actual cases that the extended finite element could
capture the mixed cracking under impacts in experiment.
Zhang et al. [4] analyzed the initial crack propagation of Koyna
gravity dam under the seismic loads based on the extended
finite element method and model test. Dias et al. [5] simulated
the crack propagation process of a concrete gravity dam by
crack-path-field and strain injection techniques. Chiou et al.
[6] simulated the crack propagation on plane successfully
through the manifold element method. Pan et al. [7] made a
contrast analysis on cracking behaviors and crack propagation
process of the Koyna gravity dam and Dagangshan arch dam
under the seismic loads by the extended finite element method
with cohesive constitutive relations, the crack band finite el-
ement method with plastic-damage relations, and the finite
element Drucker–Prager elasto-plastic model. Hariri-Ardebil
[8] discussed effects of foundation nonlinearity on crack
propagation of concrete dam by the numerical simulation
method. Hariri-Ardebil and Seyed-Kolbadi [9] analyzed crack
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behaviors of concrete gravity dam, buttress dam, and arc dam
under the seismic loads by the smeared crack model and
verified the results through experiments. Hariri-Ardebil et al.
[10–12] also studied damage occurrence, intensity, location,
number, size, and propagation pattern of concrete dams,
explored potential failure modes identification and quantifi-
cation of concrete dams subjected to seismic excitation, and
investigated seismic response of a coupled dam-reservoir-
foundation system considering pressure effects at opened
joints. Shi et al. [13] simulated the crack propagation process of
a gravity dam based on the cohesive crack model by using the
polygon proportional boundary finite element method. Wang
et al. [14] analyzed crack expansion angle and length under
hydraulic pressure by the XFEM-FVM model with consid-
eration to liquid-solid coupling. Shi et al. [15] carried out a
simulation analysis on multiple discrete cracks in concrete
dams based on the extended virtual crack model and analyzed
the expansion processes and interactions of cracks. -e above
numerical simulation methods mainly analyze crack behavior
based on mechanical numerical models, and the results are
beneficial to the understanding and analysis of engineers. -e
key of this kind of methods is to construct the mechanical
numericalmodels reflecting the actual structure. However, due
to the complexity of the actual dam structural system, the
corresponding mechanical numerical models are often diffi-
cult to construct. -e model test methods simplify the dam
structure system and its external conditions. So, they are
difficult to analyze the complex phenomenon of actual
projects. Furthermore, cost of model test methods is usually
very high.

At the same time, some mathematical methods are ap-
plied more and more to analyze crack propagation. Based on
the theory of dissipative structure and entropy theory, Cong
et al. [16] studied the concrete cracking process from the
perspective of the energy distribution state. Wu et al. [17]
proposed an analytical method of concrete dam crack gen-
eration and development based on the entropy theory and
verified its feasibility through an engineering case. Li et al. [18]
studied the time-varying law of concrete dam cracks by
combining wavelet analysis and phase-space reconstruction.
Bernstone andHeyden [19] put forward the analytical method
of crack propagation of concrete structure in hydropower
stations based on the image analysis and verified the feasibility
of this method through engineering cases. Li et al. [20]
proposed the online diagnosis method for diagnostic analysis
of abnormal values during the development of concrete dam
cracks. -is kind of methods is essentially phenomenological
analyses based on data, which are often unable to provide
analytical results with mechanics mechanism. However, they
can be applied to analyze actual projects, which are helpful to
deepen the understanding of the actual phenomena, especially
for the complex phenomena.

Based on the above analysis, numerical simulation,
model test, and mathematical method are main analytical
methods of crack behavior. -e analytical method proposed
in this paper belongs to the third kind. -e main reasons for
adopting this method are as follows. -e mathematical
method can analyze the crack behavior of concrete dams
according to monitoring data. Monitoring data of concrete

dams are equal to 1 :1 model test, which can reflect the
operating status of concrete dams most directly and effec-
tively. So, analyzing the crack behavior based on monitoring
data is the analytical method closest to the actual engineering
situations. However, there are relatively few mathematical
methods that analyze crack behavior of concrete dams
according to monitoring data. -erefore, further research
studies on the analytical methods of crack behavior of
concrete dams based on monitoring data are needed.

In this paper, the unit root analysis method of actual
crack behavior of the concrete dam is constructed based on
monitoring data and related theory of the autoregression
model, in the framework of structural health monitoring. It
is aiming to enrich the analysis methods of crack behavior,
deepen the understanding of crack behavior of the concrete
dam, and lay foundations for evaluating safety of the con-
crete dam. -e main content of this paper includes

(1) Feasibility of analyzing actual crack behavior based
on residuals of the crack opening displacement
monitoring model

(2) Basic principles of the unit root analysis method of
crack behavior

(3) Establishment of the unit root analysis method
(4) Application of unit root analysis method in an actual

project

2. Feasibility of Analyzing Actual Crack
Behavior Based on Residuals of the
Monitoring Model

Changes of crack opening displacement generally include
time effect component caused by time effect factors, tem-
perature component caused by periodic fluctuation of
temperature changing with seasons, and water pressure
component caused by fluctuations of reservoir water level, as
well as the random changes caused by other factors [21, 22].
Significant changes of state of concrete dam cracks will be
manifested on large violations of the observation data curve
of crack opening displacement or variation trends of water
pressure, temperature, and time effect components during
modeling analysis based on themonitoringmodel. However,
crack propagation along the depth and (or) length will cause
changes of the crack opening displacement. Influences of
such crack propagation on crack opening displacement
generally cannot be reflected by water pressure component,
temperature component, or time effect component in
monitoring model analysis, but are included in the residuals
of the monitoring model.

Abnormalities of concrete dam cracks are mainly
manifested on changes of the crack depth and (or) length,
thus causing changes of the crack opening displacement. In
other words, the crack opening displacement CMOD under
normal circumstances includes two parts:

CMOD � CMOD0 + CMODh, (1)

where CMOD0 is the initial value of crack opening dis-
placement and CMODh is changes of crack opening
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displacement caused by variations of water pressure, tem-
perature, and time effect.

-e crack opening displacement is composed of three
parts upon crack abnormality:

CMODun � CMOD0 + CMODh + CMODj, (2)

where CMODun is crack opening displacement upon crack
abnormality, CMOD0 is the initial value of crack opening
displacement, CMODh is changes of crack opening dis-
placement caused by variations of water pressure, temper-
ature, and time effect, and CMODj is changes of crack
opening displacement caused by variations of crack length
and (or) depth.

According to equations (1) and (2), if CMOD0 is fixed
and CMODh remains constant under the same loads before
and after crack abnormality, the crack opening displacement
changes after the crack abnormality are mainly reflected by
CMODj caused by variations of crack depth and (or) length.
If the crack opening displacement is CMODi, CMODj is

CMODj � CMODi − CMOD0 + CMODh( , (3)

where CMODj does not exist at crack stability, but exists at
crack abnormality. Since CMODi is the measured value and
CMOD0 is the initial value of crack opening displacement
and both are known, CMODj can be calculated after
CMODh is calculated. According to themonitoringmodel of
crack opening displacement in the concrete dam, the crack
opening displacement caused by variations of water pressure
H, temperature T, and time effect θ can be expressed as
follows:

CMODh � f(H, T, θ). (4)

-e crack opening displacement in the concrete dam can
be analyzed by the statistical model, deterministic model,
and hybrid model [21, 23]. -e statistical model can accu-
rately measure the correlation degree and regression fitting
degree of each factor, which is more simple and convenient
to analyze the influence of multiple factors. A lot of literature
studies show that the crack opening displacement in the
concrete dam can be well analyzed by the statistical model
[20, 24–26]. -erefore, the statistical model is adopted to
analyze the crack opening displacement of the concrete dam
in this paper.

When the crack opening displacement in the concrete
dam is analyzed by the statistical model, equation (4) can be
expressed as follows:

CMODhI � 

m1

k�0
akH

k
+ 

m2

k�1
bkTk + c1θ + c2 ln θ + ε, (5)

where ak, bk, c1, and c2 are regression coefficients. H is water
pressure. m1 is the number of water pressure factors or the
highest power of water pressure factors. Tk is the change in
the measured value of each thermometer. m2 is the number
of temperature measuring points. θ is calculated from the
first day of each stage. It is in units of 100 days and increases
by 0.01 for every additional day. ε is the residuals.

It has to point out that there are other options of ex-
pressions of temperature or time effect factors according to
monitoring data. When temperature monitoring data is
lacking, the temperature component can be expressed as a
periodic function. Time effect component can also be
expressed as a polynomial. In this case, equation (4) can be
expressed as follows:

CMODhII � 

m1

k�0
akH

k
+ b1 sin S + b2 cos S + b3 sin S cos S

+ b4 sin
2

S + 

m3

k�1
ckθ

k
+ ε,

(6)

where b1, b2, b3, b4, and ck are regression coefficients. m3 is
the number of terms of the polynomial. S � (2πkt/365)

when the cycle is a year or half a year, k is 1 or 2. And t is the
number of days counted from the initial monitoring date.
-e rest symbols have the samemeaning as those in equation
(5).

Substitute equation (5) into equation (3), and it can be
concluded that

CMODj � CMODi − CMOD0 + 

m1

k�0
akH

k
+ 

m2

k�1
bkTk

⎛⎝

+ c1θ + c2 ln θ + ε⎞⎠.

(7)

-e above equation can be rewritten as follows:

CMODj + ε � CMODi − CMOD0 + 

m1

k�0
akH

k⎛⎝

+ 

m2

k�1
bkTk + c1θ + c2 ln θ⎞⎠.

(8)

Let cmodj � CMODj + ε; then,

cmodj � CMODi − CMOD0 + 

m1

k�0
akH

k
+ 

m2

k�1
bkTk

⎛⎝

+ c1θ + c2 ln θ⎞⎠.

(9)

When the monitoring model is equation (6), cmodj can
be expressed as follows:

cmodj � CMODi − CMOD0 + 

m1

k�0
akH

k
+ b1 sin S⎛⎝

+ b2 cos S + b3 sin S cos S + b4 sin
2

S + 

m3

k�1
ckθ

k⎞⎠.

(10)
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cmodj only contains ε, but no CMODj before crack
abnormality. However, cmodj contains ε and CMODj after
crack abnormality. -e probability distribution pattern will
be changed accordingly.

-erefore, residual sequence of the crack opening dis-
placement monitoring model can indirectly reflect the crack
abnormality, which is time series, and can be used to analyze
the crack behavior. In this paper, combined with the above
analysis, the variation of crack behavior is mapped to the
stability of residual sequence of the crack opening dis-
placement monitoringmodel. Unit root analysis is one of the
methods to study the stability of time series. In this paper, it
is applied to the analysis of crack behavior of the concrete
dam, and the basic principles are described below.

3. Basic Principles of Unit Root
Analysis Method

Stability of data sequence can be analyzed by judgment and
detection of smoothness of data sequence. Smoothness
detection methods of data sequence include scatter diagram,
autocorrelation function method, and unit root method.
Among them, the unit root method is relatively accurate
[27]. In this paper, the unit root method is used to analyze
smoothness of residual sequence of the crack opening dis-
placement monitoring model. If the residual sequence is
smooth, the crack behavior is stable; otherwise, the crack
may expand. Furthermore, crack propagation possibility at
different periods can be analyzed by analyzing smoothness
of residual sequences of the crack opening displacement
monitoring models, thus enabling to analyze the develop-
ment of crack behavior.

Considering the following time sequence model,

yt � ayt− 1 + εt, (11)

where a is coefficient and εt is the white noise, εt ∼ (0, σ2). yt

is a time sequence.
-e model corresponding to equation (11) is the 1-order

autoregression model. -e mean, variance, and covariance
of this model can be calculated by

E yt(  � 0,

var yt(  �
σ2

1 − a
2,

cov yt, yt+k(  �
σ2ak

1 − a
2.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(12)

If |a|< 1, yt meets three conditions of weak equilibrium:
both the mean and the variance are constants and the co-
variance is unrelated with time, then yt is smooth time
sequence, otherwise yt is not.

Equation (11) can be rewritten as follows:

yt − ayt− 1 � εt

or (1 − aL)yt � εt,
 (13)

where L is the lag operator and its characteristic equation is
A(z) � 1 − az � 0, which has only one root z � (1/a). When
|a|< 1, yt is smooth time sequence. In other words, yt is
smooth time sequence when |z|> 1.

Generally, the p-order autoregression model is recorded
as AR(p):

yt � a1yt− 1 + a2yt− 2 + · · · + apyt− p + εt. (14)

Its characteristic equation is

1 − a1z − a2z
2

− · · · − apz
p

� 0. (15)

It can be proved that if absolute values of all roots of the
characteristic equation are larger than 1; in other words,
when all roots are out of the unit circle, the model of
equation (14) is stable, otherwise, it is not. Besides, if the
characteristic equation has one root on the unit circle, yt has
one unit root. Stability of yt can be analyzed by testing the
unit root of the characteristic equation (15) [28, 29].

-e p-order autoregression model corresponding to
equation (14) can be rewritten as follows:

yt � 

p

j�1
ajyt− j + εt, t ∈ Z, (16)

where εt ∼ (0, δ2) is the white noise with 0 mean and δ2
variance. a1, a2, . . . , ap are autoregression coefficients of the
AR(p) model. If a1, a2, . . . , ap(ap ≠ 0) make the zero points
of A(z) outside the unit circle, the time sequence yt is
smooth. In other words, to ensure that yt is a smooth se-
quence, A(z) has to meet the following condition:

A(z) � 1 − 

p

j�1
ajz

j ≠ 0, |z|≤ 1. (17)

Equation (16) can be rewritten by the lag operator L:

A(L)yt � εt. (18)

Suppose A(z) has k different roots z1, z2, . . . , zk. For
1< ρ<min |zj| , A− 1(z) � (1/A(z)) is the analytic function
in z: |z|≤ ρ . -erefore, there is a Taylor series:

A
− 1

(z) � 

∞

j�0
φjz

j
, |z|≤ ρ. (19)

-us, the following equation is true:

yt � A
− 1

(L)A(L)yt � A
− 1

(L)εt � 
∞

j�0
φjεt− j. (20)

Suppose the smooth sequence yt has an autocovariance
function vk. If there is a nonnegative function f(λ) on the
[− π, π] that makes the following equation true,

vk � 
π

− π
f(λ)e

ikλdλ, k ∈ Z, (21)

f(λ) is the spectral density function of yt or vk.
According to the Hergoltz theorem, the spectral density
function of the smooth time sequence is sole [30].
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According to equations (20) and (21), the spectral
density function of the AR(p) sequence yt is

f(λ) �
σ2

2π


∞

j�0
φje

ikλ





2

�
σ2

2π A e
iλ

 



2, (22)

where A(z) is the characteristic polynomial of the AR(p)

model corresponding to equation (16). Equation (22) shows
that f(λ) is a positive even function. If A(z) has complex
roots zj � ρje

iλj close to the unit circle, f(λ) will have a peak
value around λj. f(λj)⟶∞ when ρj⟶ 1, and it in-
dicates that yt will become not smooth. In fact, equation (16)
has no smooth solution when A(z) has a root on the unit
circle.

According to equation (22), the time sequence becomes
not smooth from smooth when A(z) has complex roots zj �

ρje
iλj approaching to the unit circle. Based on this theory,

stability of the residual sequence of the crack opening
displacement monitoring model can be analyzed by varia-
tions of the distance between roots of characteristic poly-
nomial A(z) of the autoregression model of residuals of the
crack opening displacement monitoring model and the unit
circle. On this basis, the crack behavior can be analyzed.

For crack monitoring data at different periods, autore-
gression models can be established based on the residual se-
quences of the crack opening displacement monitoring
models. -en, roots of characteristic polynomial A(z) of the
autoregression models can be calculated. If roots of A(z) are
far away from the unit circle, the crack tends to be stable. If
roots of A(z) approach to the unit circle gradually, the crack
tends to be unstable. When roots of A(z) are on or in the unit
circle, the crack may expand. -erefore, the development of
crack behavior can be obtained according to variations of the
roots of characteristic polynomial A(z) at different periods.

4. Construction of Unit Root Analysis
Method for Crack Behavior

4.1. Prior Conditions of the AR(p) Model Establishment.
A monitoring model is established with the crack moni-
toring data that need to be analyzed and the residual se-
quence can be obtained. Before the establishment of the
AR(p) model, it has to test whether the residual sequence
meets the prior conditions of the AR(p) model. -ere are
two prior conditions of the AR(p) model: (1) the auto-
correlation coefficient of residual sequence of the crack
monitoring model has the trailing property and (2) partial
autocorrelation coefficient of residual sequence of the crack
monitoring model has the truncation property. Trailing
property means that the autocorrelation coefficient decays
exponentially. Truncation property means that the partial
autocorrelation coefficient is equal to 0 after a certain
number of delayed steps or a certain number of orders.

If the residual sequence of the crack monitoring model is
xt, the autocorrelation coefficient of residual sequence is

ck �


n− k

t�1 xt − x(  xt+k − x( 



n

t�1
xt − x( 

2
,

(23)

where ck is the autocorrelation coefficient of the residual
sequence, k � 0, 1, 2, 3, . . .. n is the total number of residual
samples. x is sample mean, and the calculation formula of x

is

x �
1
n



n

t�1
xt. (24)

Partial autocorrelation coefficient of residual sequence of
the crack monitoring model is

φ1

φ2

⋮

φk

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
�

1 c1 · · · ck− 1

c1 1 · · · ck− 2

⋮ ⋮ ⋱ ⋮

ck− 1 ck− 2 · · · 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

− 1
c1

c2

⋮

ck

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (25)

where φi is the partial autocorrelation coefficient,
i � 1, 2, 3, . . . , k.

4.2. Establishment of the Autoregression Model.
Estimation of the model coefficients and calculation of
order number are two problems that have to be solved to
establish the autoregression model of residual sequence of
the crack monitoring model. Yule–Walker estimation is
the simplest and widely used parameter estimation
method of the autoregression model [31–33]. In this
paper, Yule–Walker estimation is applied to estimate
parameters for the AR(p) model with residual sequence
x1, x2, . . . , xN.

-e autocovariance function vk can be estimated by
residual sequence of the crack monitoring model:

vk �
1
N



N− k

i�1
xi − μ(  xi+k − μ( , k � 0, 1, 2, . . . , p, (26)

where μ � (1/N) 
N
i�1 xi.

For the AR(p) model, its autocovariance function
v0, v1, . . . , vp satisfies the following condition:

v1

v2

⋮

vp

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

v0 v1 · · · vp− 1

v1 v0 · · · vp− 2

⋮ ⋮ ⋱ ⋮

vp− 1 vp− 2 · · · v0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

a1

a2

⋮

ap

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (27)

According to the Yule–Walker equation in (27), the
calculation formulas of moment estimation of autoco-
variance coefficients a1, a2, . . . , ap and the moment esti-
mation of the white noise variance σ2 are as follows:
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a1

a2

⋮

ap

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�

v0 v1 · · · vp− 1

v1 v0 · · · vp− 2

⋮ ⋮ ⋱ ⋮

vp− 1 vp− 2 · · · v0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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v1
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⋮

vp
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

σ2 � v0 − 

p

i�1
ai vi.

(28)

When p is relatively large, the autoregression coefficients
and the white noise variance can be calculated by recursive
algorithms, such as Levinson algorithm [34] and Durbin
algorithm [35]. In this paper, Levinson algorithm is used.

Since the order number p of autoregression model is
generally unknown, the order number needs to be estimated.
In practical application, AIC criterion [36], BIC criterion
[37], and HQIC criterion [38] are common methods to
determine the order number. If the order number of the AR
model of residual sequence of the crack monitoring model is
k, variance σ2k of the fitting residual of the corresponding
AR(k) model can be calculated, and then the order number
of the model can be determined by σ2k according to the AIC
criterion, BIC criterion, and HQIC criterion.

(1) AIC criterion function is

AIC(k) � ln σ2k  +
2k

n
, k � 0, 1, 2, . . . , p0, (29)

where n is the number of residual samples and p0 is
the upper limit of model order number. -e mini-
mum k corresponding to the minimum AIC(k) is
the order number of the AR(p) model determined
by AIC criterion.

(2) BIC criterion function is

BIC(k) � ln σ2k  +
k ln(n)

n
, (30)

where signs are the same with those in equation (29).
-e minimum k corresponding to the minimum
BIC(k) is the order number of the AR(p) model
determined by BIC criterion.

(3) QHIC criterion function is

QHIC(k) � ln σ2k  + 2
k ln(ln(n))

n
, (31)

where signs are the same with those in equation (29). -e
minimum k corresponding to the minimum QHIC(k) is the
order number of the AR(p) model determined by QHIC
criterion.

In this paper, the order number p of the AR(p) model is
determined by the above three criteria. If p determined by the
above three criteria is the same, it is used as the order number

of the autoregression model, and the characteristic polynomial
of the autoregression model is established according to this p

directly. If p determined by the above three criteria is different,
the characteristic polynomials of the autoregression model
shall be established according to different p.

After order number and coefficients of the autore-
gression model of residual sequence of the crack monitoring
model are obtained, the characteristic polynomial of the
autoregression model can be constructed; thus, the corre-
sponding characteristic equation is also established. If the
order number of the autoregression model of residual se-
quence is p, the corresponding characteristic equation is

1 − 

p

j�1
ajz

j
� 0. (32)

-e roots zj of the characteristic equation can be cal-
culated with equation (32). And the minimum root can be
obtained:

Cε � min zj � ρje
iλj 



, (33)

where Cε is the minimum root of the characteristic equation
of the AR(p) model. zj � ρje

iλj are all roots of (32)fd32,
including possible repeated roots, j � 1, 2, . . . , p.

-e relationship between the minimum root of the
characteristic equation and the unit circle, namely, the re-
lationship between Cε and 1, is examined. If Cε ≤ 1, the
residual sequence of the crack monitoring model is not
stable and the crack may expand. Otherwise, the residual
sequence of the crack monitoring model is stable and no
crack abnormality occurs. On this basis, the process curve of
the minimum roots at different periods can be drawn, which
can be used to analyze the crack behavior.

-e flow chart of the unit root analysis method is shown
in Figure 1. On this basis, the crack behavior can be analyzed
reasonably.

5. Engineering Case

5.1. Project Profile. -e dam of a hydropower station is a
concrete solid gravity-arc damwith a crest elevation of 233.0m.
-e maximum dam height and the total crest length are 110m
and 525m, respectively. It is divided into 28 dam sections. -e
normal storage water level and storage capacity of the reservoir
are 223.0m and 26.12 × 108 m3, respectively. -e design flood
level (0.1%) is 227.20m and the check flood level (0.02%) is
229.20m. It is an incomplete yearly regulation reservoir. -e
main construction of the hydropower station began in March,
1985, and the reservoir started saving water in 1992. -e
completion acceptance of the project was in December, 1996.
-e unit root analysis method of actual crack behavior is
applied to analyze monitoring data of a crack measuring point
in this concrete gravity-arch dam from January, 2002, to
March, 2009. -e measured data curve of the crack opening
displacement is shown in Figure 2. -e variation curve of the
measured upper water level in the concrete gravity-arc dam is
shown in Figure 3.
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5.2. Calculation and Analysis. In order to analyze the
development of crack behavior at different periods,
monitoring data of crack opening displacement in the
concrete dam can be divided according to the operational
control conditions or specified time scale [27]. On this
basis, the monitoring data can be analyzed by the segment
modeling method, and the residual sequences of moni-
toring models at different periods can be obtained. In this
case study, the specified time scale is one year. It is
feasible to segment according to other time scales, and the
analysis method after segmentation is the same as that in
this paper.

-e temperature monitoring data is lacking, so the
monitoring model in equation (6) can be adopted. Measured
data of crack opening displacement are analyzed yearly.
According to [20–22], monitoring models of crack opening
displacement are established based on measured data from
2002 to 2008, and the corresponding residual sequences of
the monitoring models are obtained, which are shown in
Figure 4.

-e residual sequence of themonitoringmodel in 2002 is
analyzed in detail and the residual sequences of monitoring
models in rest years are analyzed in the same way. Auto-
correlation coefficient and partial autocorrelation coefficient
of the residual sequence of the monitoring model in 2002 are
calculated by the self-compiled program, and results are
shown in Figures 5 and 6. It can be seen that the auto-
correlation coefficient of residual sequence in 2002 has the
trailing property and the partial autocorrelation coefficients
has the truncation property.-e residual sequence meets the
prior conditions of the autoregression model; therefore, it
can be analyzed by the autoregression model.

Suppose the order number of the model is k and the
model parameters are estimated by the Yule–Walker esti-
mation method. -e order number p of AR(p) model is
determined according to the AIC criterion, BIC criterion,
and HQIC criterion together. Variations of AIC, BIC, and
HQIC values with k are shown in Figures 7–9.

It can be seen from Figures 7–9 that minimumAIC, BIC,
and HQIC values are achieved when k � 4 and k � 6 and the
two minimum values are very close. -erefore, it is im-
possible to determine the order number p directly. In other
words, p may be 4 or 6. Hence, the 4-order and 6-order
autoregression models have to be established, and two
different characteristic polynomials are obtained. Charac-
teristic roots of the characteristic equations are calculated,
and the results are shown in Table 1.

Table 1 shows that the characteristic roots of the 4-order
characteristic equation are 1.54, 1.94, 1.94, and 1.07. -e
minimum root is 1.07, which is greater than 1.0. -e
characteristic roots of the 6-order characteristic equation are
1.19, 1.44, 1.44, 1.56, 1.56, and 1.05. -e minimum root is
1.05, which is greater than 1.0. In both cases, the minimum
roots both are greater than 1.0. In other words, Cε is greater
than 1.0; thus, the crack behavior was stable in 2002.

According to the above analysis method, the minimum
roots from 2003 to 2008 are calculated, and results are shown
in Figure 10 (the minimum root in 2002 is 1.05). -e
minimum roots from 2002 to 2008 have some fluctuations,
but they are all outside the unit circle, which means they are
always greater than 1.0. It indicates that although the de-
velopment trend of crack behavior fluctuated, the crack
behavior was stable.-e conclusion is consistent with that in
literature [39], which was analyzed according to technical

Crack data

Residuals of
monitoring model

Autoregression 
model

Characteristic 
equation

Characteristic roots

Monitoring model

 Yule–Walker 
estimation AIC criteria, etc

Extract

Solving

Distances between the 
characteristic roots and the 

unit circle at different periods

Conclusions

Start

Figure 1: Flow chart of the unit root analysis method.
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Table 1: Calculation results of characteristic roots and the minimum root.

Order number 1 2 3 4 5 6 Cε

4 1.56 1.94 1.94 1.07 — — 1.07
6 1.19 1.44 1.44 1.56 1.56 1.05 1.05
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Figure 10: Variation curve of the minimum roots with time.
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specification for concrete dam safety monitoring of the
People’s Republic of China.

In conclusion, the proposed unit root analysis method
can be applied to analyze the actual crack behavior of the
concrete dam, and it is reasonable and feasible.

6. Conclusions

In this paper, a unit root analysis method of actual crack
behavior of the concrete dam is proposed based on the
monitoring data and the autoregression model. And it is
applied to analyze the crack behavior of a concrete gravity-
arc dam. Some conclusions are drawn as follows:

(1) -e residual sequence of the crack monitoring model
of the concrete dam can reflect the crack behavior.
-erefore, the crack behavior of the concrete dam
can be analyzed by the residuals of the crack
monitoring model.

(2) Monitoring data of crack opening displacement of
the concrete dam can be divided according to the
operational control conditions or specified time
scale, and they are analyzed by segment modeling
method; thus, the residual sequences of monitoring
models at different periods can be obtained. If the
autocorrelation coefficients of the above residual
sequences have the trailing property and the partial
autocorrelation coefficients have the truncation
property, the autoregression model can be used to
analyze the crack behavior.

(3) Parameters of the autoregression model are esti-
mated by the Yule–Walker estimation method, and
the order number of autoregression model of the
residual sequence of crack monitoring model is
determined according to AIC criterion, BIC crite-
rion, and HQIC criterion together. -e autore-
gression model can be established after the order
number is determined; thus, the characteristic
equation of the autoregression model is obtained.
Besides, the characteristic roots of the characteristic
equation can be calculated.

(4) -e distance between the characteristic roots of the
autoregression model and the unit circle can reflect
the crack behavior. Short distance represents a bad
state, while long distance reflects a good state. -us,
development of crack behavior can be disclosed by
variations of characteristic roots of the autore-
gression models of residual sequences of crack
monitoring models at different times.

(5) -e case study shows that the unit root analysis
method of actual crack behavior is relatively simple
and convenient in practical application, which is an
available method to evaluate crack behavior based on
data in dam health monitoring.

(6) -e application of the unit root analysis method of
actual crack behavior depends on the crack moni-
toring models of the concrete dam. -erefore, the
influence of different monitoring models on the

results of the unit root analysis method of actual
crack behavior can be studied in the future.
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