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,e deformation rules and failure types of rock fatigue damage at different temperatures are quite different, and existing
constitutive theory cannot describe them quantitatively. A novel rock fatigue damagemodel considering the effects of temperature
was presented based on phenomenology. In this model, the residual strain method was used to define the fatigue damage, and the
Harris attenuation function was introduced to characterize the cyclic damage evolution. ,e proposed model has considered the
influence of the initial damage and temperature, and the model parameters can be easily calculated.,e accuracy of the model was
verified by comparing the calculated values of cyclic upper strain and fatigue life with previous test results. ,e physical sig-
nificance of the model parameters shows that parameter a is related to fatigue stress ratio and lithology, while parameter b is
related to temperature. ,e study has some reference values for the fatigue damage model of rock considering the influence
of temperature.

1. Introduction

Deep rock engineering is a hot topic in recent years, and
there is increasing interest in investigating the characteristics
and mechanisms of deep rock failure [1–4].,e surrounding
rocks of deep-buried compressed air energy storage (CAES)
and tunnel engineering are always in a state of high ground
temperature (as shown in Figure 1). ,is is due to the fact
that the ground temperature will increase with the buried
depth (the ground temperature gradient is generally
30∼50°C/km [5]), especially for nuclear waste disposal
projects, and the temperature of the rock could even reach
thousands of degrees. ,e mechanical properties of various
types of rocks such as granite [6], sandstone [7], marble [8],
and salt rock [9] have been studied under real-time tem-
perature. ,e results show that the strength and elastic
modulus of rocks decrease with the increase of temperature.
,e surrounding rocks of the tunnel engineering and CAES
are subjected to cycles’ loads resulting from the periodic
traffic load, earthquake [10, 11], and periodic injection and
recovery [12]. A lot of research has been done on the fatigue

properties of rock under normal temperature [13–18]. In
terms of the combination of temperature and cyclic load,
Yang and Hu [19] studied the creep and permeability of red
sandstone after high temperature and cyclic load.Wang et al.
[20] conducted repeated impacts on the granite after high-
temperature cooling and found that the rock dynamic
strength and deformability were significantly reduced. Xia
et al. [21] pointed out that the peak strain of basalt increases
with temperature and cyclic load, but the elastic modulus
shows an opposite trend. However, the cycle numbers are
limited and the cyclic load is applied after the applied
temperature in the aforementioned works, which is different
from the rock fatigue damage at real-time temperature.With
that in mind, Song et al. [22] and Zhao et al. [23] carried out
fatigue tests on salt rock and granite under real-time tem-
perature, respectively.,e test results show that temperature
causes fatigue damage and affects the deformability of rock.
However, the temperature effects are not considered in their
fatigue damage models. ,e fatigue damage model is crucial
to assess the safety of the deep rock engineering. It is difficult
to make an accurate decision and predict fatigue life based
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on observation data obtained during the construction and
operation of underground works without the fatigue damage
model.

Most of the fatigue damage models, as shown in Table 1,
mainly focus on rock fatigue damage at room temperature,
and the damage variables are mainly defined by the elastic
modulus, energy, and plastic strain. ,is may lead to some
discrepancy when using the model. For example, the initial
damage is not considered [24–26] or the initial damage D0
is independent of the damage model [27, 28], making it
inappropriate to be used to predict fatigue life. Moreover,
the model parameters are always obtained through data
fitting, which requires a large amount of calculation. For
example, the damage models used by Xie et al. [24] and Liu
et al. [26] require input parameters like unloading elastic
modulus and residual plastic deformation in each cyclic
stress-strain curve, or the energy consumed, while the
model developed by Xiao et al. [27] needs the position of x0.
To solve the above limits, a new fatigue damage model
considering the influence of temperature was established by
introducing Harris attenuation function. ,e initial
damage is dependent on the damage model; thus, the fa-
tigue life can be predicted at the beginning of the cycle. ,e
applicability of the model was verified by comparing with
previous experimental data. ,is paper is of great signifi-
cance to understand the fatigue damage law of rock under
real-time temperature.

2. Theoretical Analysis

2.1. Fatigue Damage Model. In solid mechanics, materials
containing various defects can be regarded as a continuous
medium containing “microdamage field,” which is
employed to describe the formation and development
process of microdamage. Damage variableD is defined as the
ratio of the damaged area (An) in the rock to the total area
(A) to quantify the damage and deterioration degree inside
the materials, which can be expressed as follows:

D �
An

A
. (1)

Figure 2 is the schematic diagram of the fatigue test, and
the numbers of 0, 1, and i represent the numbers of cycles in
the aforementioned damage model. As shown in Figure 3,
curve I represents the situation that when the maximum
stress is lower than the fatigue threshold, the irreversible
deformation will remain stable for a long time, while curves
II and III correspond to the cases where the plastic strain
keeps increasing until rock failure. ,e increase of plastic
strain indicates the initiation of cracks in the rock or, put in
another way, the increase of damage area; thus, a positive
correlation could be assumed between the plastic strain and
damage. ,erefore, it may be feasible to characterize fatigue
damage by the plastic strain.

When calculating the fatigue damage via variables, it is
necessary to take the effect of initial damage into account
[27, 28]. ,e residual strain method is expected to meet the
requirement, the expression of which is as follows:

Dn �
εln
εlc

, (2)

where Dn is fatigue damage after n cycles and εln and εlc are
the residual axial strain after n cycles and the ultimate axial
residual strain at fatigue failure, respectively.

,e fatigue damage law calculated by the residual strain
method corresponding to the three curves in Figure 3 can be
seen in Figure 4.

Different initial damage values and fatigue damage
evolution rules corresponding to the different types of fa-
tigue in Figure 3 can be seen in Figure 4. Previous re-
searchers [29, 30] often use the Weibull distribution and
normal distribution functions to establish rock damage
statistical models by taking the rock axial strain or yield
criterion as the microelement strength, thus combining
continuous damage theory with statistical strength theory.
However, the size effect of the Weibull distribution makes it
unsuitable in quasibrittle materials, while the normal dis-
tribution will have negative rock strength and parameters,
which is inconsistent with the actual situation. Phenome-
nology [27, 28] is a research method that describes phe-
nomena through “direct knowledge.” With the aim of
establishing a damage model to represent the three types of
fatigues, as well as incorporating the initial fatigue damage
into the fatigue damage model, the starting point of plastic
deformation (the endpoint of the linear elastic stage) is
assumed as the 0th cycle, thus allowing the initial damage of
the three types of cycles to be classified as 0. For the rock that
has fatigue failure, the fatigue damage of the rock increases
from 0 to 1, as shown in Figure 4. Furthermore, a transition
variable Sn is introduced as follows:

Sn � 1 − Dn. (3)

,us, a red attenuation curve can be observed in Fig-
ure 4. ,e attenuation function describing rock fatigue
damage should meet the following conditions to ensure that
the function parameters have a certain significance: (1) the
function should be a decay function; (2) the attenuation rate
should be a variable that can meet different types of fatigue
damage; and (3) the parameter of the function should be
greater than 0, which has a clear physical significance.

Common decay functions include linear decay, expo-
nential decay, and Gaussian decay, as shown in Figure 5(a).
However, some problems exist in these functions. For ex-
ample, the decay rate of the linear decay function is constant,
while the decay rate in exponential decay function increases
first and then slows down. Moreover, the calculation of
Gaussian decay function is relatively complicated, and the
parameter can be any real number, which is inconsistent
with the actual situation. ,ese attenuation functions are
unable to reflect the fatigue failure of different types of rocks.
,e Harris attenuation function, as shown in the following
equation, has only two parameters, which are greater than 0.
Different types of attenuation forms can be obtained as
shown in Figure 5(b) by changing the values of the two
parameters, which can meet different types of fatigue
damage:
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Table 1: Comparison of damage models.

Author Damage evolution equations Damage variable Initial damage
Xie et al. [24] D � 1 − (ε − ε′/ε)(E′/E) Elastic modulus method 0
Wang et al. [25] D � 1 − [1 − a0(((Δσ)((1− m)/n0))/fb0 )(N/Nf)c]n0/(1+n0) Residual strain method 0
Liu et al. [26] D � 1 − exp[− B(|Y − Y0|)

(1/k0)/Y∗] Energy dissipation method 0
Xiao et al. [27] D � D0 + α[(β/β − N) − 1](1/p) Residual strain method D0
Xiao et al. [28] D � D0 + a1 ln(N) + b1 · e((ln(N)− x0)/p) Residual strain method D0

D is the fatigue damage variable, D0 is the fatigue initial damage, n is the cyclic number, Nf is the fatigue life, E and E′ are the unloading stiffness and initial
elastic modulus in the fatigue loading and unloading process of elastoplastic damaged materials, and ε and ε′ are the total strain and the residual plastic strain
after unloading, respectively. n0 is the hardening index, a0, b0, c, andm are the material constants, respectively. f is the frequency; Δσ is the amplitude of stress.
B and k0 are the mechanical constants. Y∗ is an energy release per unit volume with the dimension 1 J/mm3 ; Y is the released damage strain energy during a
loading-unloading cycle. αis instability proportion factor, β is the instability factor, and p is instability velocity factor. a1 is the linear damage rate, b1 is the
instability proportion factor, and x0 represents the critical instability center.
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Figure 2: Schematic diagram of fatigue test.
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S(F) �
1

1 + aFb
, (4)

where a and b are parameters greater than 0 and F is the
independent variable of the model.

To build the relationship between damage value and
cyclic number, assume that F � (n/(Nf − n)); thus, the
fatigue damage value increases from 0 to 1, while n increases
from 0 to Nf. ,e fatigue damage model based on the Harris
attenuation function can be expressed as follows:

Dn �
εln
εlc

� 1 − S
n

Nf − n
  � 1 −

1

1 + a n/ Nf − n 
b

 

.

(5)

2.2. Fatigue Damage Model considering Temperature Effects.
Figure 6 shows the results of the salt rock fatigue test
conducted by Song et al. [22] at real-time temperature. ,e
test temperature was set at 13°C, 30°C, and 60°C, respec-
tively, and the upper and lower limits of fatigue stress are
90% and 20% of the peak stress for each temperature (only
the results of T � 30°C in literature [22] are given, due to the
limitation of space).

As shown in Figure 6, the stress-strain curve has un-
dergone numerous thinning-dense-thinning cycles, which
indicates that with the increase of cycle times, the growth of
internal damage of rock shows a fast-slow-fast development
law and the fatigue life of salt rock increases with increasing
temperature. ,e fatigue life at three temperatures (13°C,
30°C, and 60°C) is 9, 38, and 44 times, respectively. It can also
be seen that the upper strain limit of the fatigue curve is
controlled by the uniaxial compression curve.

,e results show that the damage development of rock
materials is linearly related to the cumulative plastic strain
rate [31]; that is,

D
•

� −
Y

s0
εl

•
, (6)

where Y is the released damage strain energy during a
loading-unloading cycle, εl

•
is the growth rate of residue

strain which is caused by the fatigue load, and s0 is the
material constant.

Considering the simplification of the above relation-
ship, the following assumptions are made:

(1) εl is independent of Y
(2) ,e change of temperature during cyclic loading is

ignored; then, the damage caused by temperature DT

is taken as the initial damage

,us,


Dn,T

DT

dD � 
εln

0
−

Y

s0
 dεl. (7)

,e solution of equation (7) is

Dn,T − DT � −
Y

s0
εln. (8)

When n�Nf, εlN � εlc; then, Dn,T � 1, and

−
Y

s0
�
1 − DT

εlc
. (9)

Substituting (9) into (8), a novel fatigue damage model
for rock incorporation the effects of temperature can be
written as follows:

Dn,T �
εln
εlc

1 − DT(  + DT, (10)

where Dn,T is the total fatigue damage which considers
temperature effects; DT is the damage caused by tempera-
ture, which can be obtained according to [32, 33]:

DT � 1 −
ET

E0
. (11)

Substituting (5) into (10) gives

Dn,T � 1 − DT(  1 − S
n

Nf − n
   + DT � Dn + DT − DnDT.

(12)

It can be seen from equation (12) that by considering the
temperature and fatigue load, rock damage will be influ-
enced by the fatigue load and temperature. ,e influence is
not a simple linear superposition and will be affected by Dn

and DT at the same time.

2.3. Parameter Acquisition of the Fatigue Damage Model.
,e value of a and b can be determined by data fitting which
is the same as the method mentioned above, or can be solved
by a two-point calculation method.,e specific method is as
follows:

When n � (Nf/2), equation (5) can be transformed into

D
Nf/2( 

�
ε(lN/2)

εlc

� 1 −
1

1 + a
. (13)

1
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Figure 4: Fatigue damage law.
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,us,

a �
1

1 − D
Nf/2( 

− 1. (14)

And then substituting equations (14) into (5), the value
of b can be calculated as follows:

b � logBA, (15)

whereA � (1/a)(1/(1 − Dn) − 1), B � (n/(N − n)), D(Nf/2)

and Dn are the fatigue damage at the (Nf/2) and arbitrary
times, respectively.

3. Fatigue Model Verification and Analysis

3.1. Fatigue Model Verification. Figure 7 shows the devel-
opments of the upper strain of two rocks with the number of
cycles, while the test values [22, 23] are compared with the
values obtained by the fitting and the two-point calculation
methods. ,e parameter b is calculated using the first cycle

when using the calculation method, and the model pa-
rameters and correlation coefficients are shown in Table 2. It
can be found that the upper strain calculated by the damage
model in this paper is very consistent with the test value, and
the correlation coefficients are all above 0.96.

3.2. Effect of Temperature on Fatigue Damage. ,e influence
of temperature on fatigue damage can be calculated from the
following formula:

Dn(ΔT) � Dn T1(  − Dn T2( , (16)

Dn,T(ΔT) � Dn,T1 − Dn,T2, (17)

where Dn(ΔT) andDn,T(ΔT) indicate the inhibitory effect of
temperature on the nth fatigue damage and total damage
when the temperature increases from T1 to T2, respectively.
Positive value indicates inhibition, while negative value
means promotion.

As shown in Figure 8, fatigue damage Dn increases
nonlinearly with the increase of cyclic number, regardless of
the temperature level, and the cyclic damage curve becomes
stable with the increase of temperature. ,e shaded part in
Figure 8(a) represents the effect of temperature on the fa-
tigue damage. ,e results show that the temperature greatly
inhibits the development of fatigue damage compared with
temperature 13°C. But when the temperature increases from
30°C to 60°C, the temperature promotes the fatigue damage
first and then suppresses it. Figure 8(b) is the total damage
evolution rule of salt rock after considering temperature
damage DT, where n� 0 and n� 1 represent temperature
damage and initial fatigue damage, respectively. Tempera-
ture damage of salt rock at 60°C is much larger than that at
the other two temperatures, which is mainly because that the
salt rock is very sensitive to temperature and its mechanical
properties will deteriorate with the increase of temperature.
Similarly, it can be seen from Figure 8(b) that when the
temperature increases from 30°C to 60°C, the temperature
promotion effect gradually decreases from 0.089 to 0 as the
number of cycles increases, which indicates that the cyclic
load also has an inhibitory effect on temperature damage.

Cyclic number

Exponential

Linear

Gauss

1
D

ec
ay

 v
al

ue

(a)

D
ec

ay
 v

al
ue

1

Cyclic number

a = 0.1, b = 0.8

a = 1.419, b = 0.5

a = 7, b = 0.783

(b)

Figure 5: Comparison of attenuation functions.

0

10

20

30

40

50

St
re

ss
 (M

Pa
)

Strain 

Uniaxial compression curve

Circular curve

T = 30°C

0.00 0.02 0.04 0.06 0.08 0.10

Figure 6: Fatigue curve of salt rock [22].

Advances in Civil Engineering 5



3.3. Comparison of Fatigue Damage Models. As can be seen
in Figure 9, no matter at what temperature, the damage of
salt rock calculated by the method in [24] starts from 0 and
then increases to 1 with increasing cycles. However, the
damage calculated by the method in this paper is larger than
that in [24] at the beginning. ,e reason is that the method
proposed in this paper not only considers the influence of
temperature, but also takes into account the initial fatigue
damage. ,e damage model in this paper can better char-
acterize the evolution law of rock fatigue damage consid-
ering temperature load since the temperature damage and
initial fatigue damage exist in real case.

3.4. Fatigue Life Prediction. Fatigue life is unknown before
the rock failure; thus, the damage expression should be
normalized. Assuming that k � (n/Nf), equation (5) can be
transformed into

Dn �
εln
εlc

� 1 − S
n

Nf − n
  � 1 − S

k

1 − k
 , (18)

εlc � εc −
σmax

ET

, (19)

where εc and εlc are the total strain and residual strain
corresponding to the upper stress level, which can be ob-
tained from uniaxial compressive stress-strain curves
[22, 27], and σmax is the upper stress level.

,us, the prediction formula of fatigue life can be written
as

Nf � n ×
1 + m

m
 , (20)

where m � (Dn/a(1 − Dn))(1/b).
Based on the test result of [22], the case at T� 30°C is

taken as an example to verify the calculation process. ,e
upper stress is σmax � 44 × 0.9 � 39.6MPa, and the total
strain on the uniaxial compression full stress-strain curve is
εc � 0.0894; the elastic modulus is E30 � 915MPa, so the
residual strain is εlc � 0.04612. ,e residual strain at the
beginning of cycle is εl1 � 0.005435; thus, the fatigue damage
value is D1 � 0.1178. Substituting this fatigue damage value
into (20), the fatigue prediction life is 37.47, which is very
close to the test result 38. ,e fatigue prediction life at other
temperatures is shown in Figure 10, in which the numerical
value represents the error rate between the predicted value
and the actual value. According to the comparison results,
the predicted value is very close to the experimental value,
and the maximum error is no more than 5%, which indicates
that the fatigue life prediction formula can better predict the
fatigue life under real-time temperature.

4. Model Parameter Impact Analysis

Figure 11 shows the effect of model parameters a and b on
the development of fatigue damage. ,e test data are taken
from [22] and the temperature value is 60°C. It can be seen
from Figure 11(a), when b is kept constant, larger a will
produce larger early fatigue damage. Fatigue damage
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Figure 7: Upper strain of rock fatigue.

Table 2: Fatigue damage model parameter values.

T/°C a b R2

13 [22] 3.17 (3.19) 0.5 (0.55) 0.99 (0.99)
30 [22] 1.66 (1.67) 0.7 (0.71) 0.99 (0.99)
60 [22] 1.80 (1.86) 0.60 (0.68) 0.99 (0.99)
25 [23] 0.73 (0.87) 0.40 (0.63) 0.96 (0.98)
600 [23] 1.12 (1.12) 0.59 (0.63) 0.99 (0.99)
Note. ,e parameter values and correlation coefficients are obtained by the
fitting method provided in the study in brackets.
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growth rate increases with the increase of a, which is
consistent with III growth pattern as shown in Figure 3.
Similarly, it can be seen from Figure 11(b) that when the
parameter a is constant, the initial fatigue damage in-
creases with the decrease of the parameter b, and the
longer steady stage indicates that the plastic deformation
ability of rock is improved. Compared with Figure 8(b), it
can be found that the initial fatigue damage of salt rock
increases by considering the effect of temperature;
meanwhile, the viscoplastic deformation ability of salt
rock is also improved. ,is reveals that the influence law

of parameter b and temperature on total damage is
consistent.

5. Discussion

Two cases in [22, 23] with temperature of 13°C and 600°C are
selected to verify the proposedmodel.,e cyclic number is set as
9 and the fatigue damage D4, D5, and D4.5 (the average value of
two points) are input into (14) and (15) to produce the relative
error of the upper strain calculated by different parameters, as
shown in Figure 12. ,e model parameters are summarized in
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1.0

0.8

0.6

0.4

0.2

10
20

30
40 50

60

1.0
0.8

0.6
0.4

0.2

n/
N

To
ta

l d
am

ag
e

Temperature (°C)

�is paper
Xie et al. [24]

Figure 9: Comparison of fatigue damage evolution.

Advances in Civil Engineering 7



Table 3. It can be found that the model parameter a and b
increase with the increase of DNf/2, and the fitting value of the
parameter a is closer to the corresponding result of D4.5.
However, the fitting value of b is closer to the result ofD5 for the
salt rock, while beingD4.5 for the granite. Residual strain growth
rate (single plastic strain increment) in Figure 12 also indicates
that the process from the fourth to the fifth cycle is the inflection
point of the two kinds of rocks, while the difference is that the

inflection point for the rock salt indicates the minimum value
and the inflection point for the granite represents the maximum
value. ,is shows that the characteristics of rock residual strain
growth should also be considered when determining the pa-
rameters. However, from the perspective of the correlation
coefficient, the calculated values are highly consistent with the
experimental values when the average values of adjacent points
are taken to calculate the model parameters.
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6. Conclusions

Based on the theory of damage mechanics, the rock
damage development was regarded as a linear relationship
with the cumulative residual strain rate, and the influence
of real-time temperature on fatigue damage was consid-
ered. ,e Harris function was introduced to characterize
the growth law of rock plastic strain. A novel fatigue
damage model was proposed which can reflect the tem-
perature damage and initial fatigue damage and can
characterize the whole process of different types of fatigue
damage. Damage model parameters a and b can be de-
termined by the fitting method or the two-point method.
,e correlation degree between the calculated results and
the test value is high.

Fatigue life prediction equation was built based on the
fatigue damage model and uniaxial compression strain of
rock. No matter at which temperature, the calculated fatigue
life was very close to the test results, and the maximum error
was no more than 5%. ,e method proposed in this paper
can predict the fatigue life at the beginning of fatigue, which
can better guide engineering practice.

Damage model parameter analysis shows that the value
of parameter a affects the fatigue damage growth rate, which
is consistent with the effect of stress ratio fatigue damage.
,e model parameter b affects the length of steady stage,
which is consistent with the effect of temperature on fatigue
damage. ,erefore, a preliminary conclusion can be made
that the parameter a is related to the stress level, while the
parameter b indicates the effect of temperature on fatigue
damage.
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