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*e bridge-vehicle interaction (BVI) system vibration is caused by the vehicles passing through the bridge.*e road roughness has
a great impact on the system vibration. In this regard, poor road roughness is known to affect the comfort of the vehicle crossing
the bridge and aggravate the fatigue damage of the bridge. Road roughness is usually regarded as a random process in numerical
calculation. To fully consider the influence of road roughness randomness on the response of the BVI system, a randomBVImodel
was established. *ereafter, the random process of road roughness was expressed by Karhunen–Loeve expansion (KLE), after
which the moment method was used to calculate the maximum probability value of the BVI system response. *e proposed
method has higher accuracy and efficiency than the Monte Carlo simulation (MCS) calculation method. Subsequently, the
influences of vehicle speed, roughness grade, and bridge span on the impact factor (IMF) were analyzed. *e results show that the
road roughness grade has a greater impact on the bridge IMF than the bridge span and vehicle speed.

1. Introduction

*e bridge-vehicle interaction (BVI) vibration caused by
vehicles passing through the bridge will have a direct impact
on the working state and service life of the bridge. It is an
important design measure to evaluate the structural design
parameters such as the stability and safety of vehicles
running on the bridge [1, 2]. *e main causes of the BVI
vibration are vehicle dynamic characteristics, road rough-
ness, vehicle braking, vehicle speed, dynamic characteristics
of the bridge’s structure, bridgehead overlap, bridge deck
local potholes, vehicle driving position, etc.

Road roughness is an important factor affecting the BVI
vibration.*e influence of road roughness, which has strong
randomness, cannot be ignored when calculating the BVI
vibration. Road roughness is the main excitation source of
the BVI vibration. Generally, road roughness is considered a
stationary Gaussian random process with zero-mean value

wherein roughness can be characterized by power spectrum
density (PSD). Oliva et al. [3] proposed an algorithm for
generating road roughness samples with correlation based
on Fourier transform. On the basis of this method, Zou et al.
[4] studied the influence of the sample correlation coefficient
of roughness on the vibration response of the BVI system,
pointing out that there are obvious differences in the cal-
culated responses of the BVI system under different road
roughness.

At present, there are many achievements in the study of
BVI vibration. Zou et al. [5] proposed a method for pre-
dicting the bounds of the BVI responses with uncertain
bridge and vehicle parameters, whereas Wang et al. [6]
estimated the road roughness based on the BVI system.
Similarly, Zhong et al. [7] analyzed the BVI dynamic re-
sponse considering the foundation settlement, while Liu
et al. [8] analyzed the safety of vehicles running on the bridge
during earthquakes. Xu et al. [9, 10] analyzed the vehicle-
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track coupled system based on the multi-finite-element
method. Xin et al. [11] analyzed the resonance of bridge
considering the randomness of parameters, and Xin et al.
[12] examined the uncertainty and sensitivity of parameters
of the vehicle-bridge system. Meanwhile, Xiang et al. [13]
analyzed the vehicle-bridge coupled dynamic system after
considering the creep effect.

Generally, the response of the BVI system in consid-
eration of road roughness can be calculated from the aspect
of the random dynamic theory. In this context, Wu and Law
[14] proposed a newmethod for dynamic analysis of the BVI
considering uncertainty, in which the Karhunen–Loeve
expansion (KLE) was applied to deal with the random field
of road roughness. In addition, the statistical moment of
system response was solved by the spectral method; the
results showed that the method has high accuracy and ef-
ficiency. *en, Wu and Law [15] used a similar method to
calculate the dynamic response of the BVI that considered
the stochastic field of bridge structure parameters [15],
vehicle axle load identification [16], and random system
response calculation [17]. On the other hand, Chen et al.
[18, 19] and Li et al. [20] proposed an efficient method to
calculate the static and random response of the structural
system. Xu et al. [21–25] carried out extensive research on
the vehicle-bridge coupling vibration considering track ir-
regularity. In the studies conducted by Liu et al. [26–28],
KLE was also used to represent the stochastic process and
combined with the point estimate method (PEM) [29, 30].
*ereafter, a new stochastic FEM approach and the dy-
namics response of vehicle and bridge were analyzed.

In order to study the dynamic response of vehicles
crossing the bridge that fully considers the randomness of
the road roughness, the moment method is applied to
calculate the BVI system, in which KLE is used to mathe-
matically express the random process of road roughness,
whereas the PEM is used to calculate the statistical moment
of the response. *e system response can be evaluated
quickly and easily by combining KLE and PEM methods
(called KLE-PEM).

2. Dynamic Equation of the Bridge-
Vehicle System

When a vehicle crosses a bridge, the two interact. *erefore,
in the dynamic response analysis of the vehicle passing the
bridge, the two are usually regarded as a system for analysis,
which is referred to as the BVI system [31].

As shown in Figure 1, a car moves at a speed on a simply
supported beam. *e model of the vehicle is regarded as a
mass-spring-dashpot system, which includes one car body,
two wheel-axles, and two wheels. *e car body has two
degrees of freedom (DOFs), namely, vertical and nod dis-
placement. Each wheel-axle has only one DOF. *e wheel is
supposedly in close contact with the road, which means that
the wheel has no independent DOFs. *erefore, the whole
vehicle system has four DOFs.

*e FEM is used to model the bridge, in which the bridge
damping matrix adopts Rayleigh damping. According to the
energy law and considering the damping force of the system,
the total potential energy of the BVI system can be obtained,
which is expressed as follows:

Πd � Ui + Vm + VF + Vp + Vg + Vc, (1)

where Ui is the strain energy of the BVI system; Vm refers to
the negative work done by the inertia force of the system and
Vm � − 

v
(− uTρ€u)dv; Vc denotes the negative work done by

damping force and Vc � − 
v
(− uTc€u)dv; VF is the negative

work done by Coulomb friction of the system and
VF � − uFsign _u; Vp signifies the negative work done by
external force of the system and Vp � − uTP; and Vg is the
system gravitational potential energy and Vg � − uTQ.

*e dynamic equation of the system can be obtained
quickly by combining the first-order variation of the total
potential energy Πd and the principle of elastic potential
energy invariance δΠd � 0 [32].*e dynamic equation of the
BVI can be written as follows:
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where M, C, and K represent mass matrix, damping matrix,
and stiffness matrix, respectively; €X, _X, and X denote ac-
celeration vector, velocity vector, and displacement vector,
respectively; the subscript vv or v denotes vehicle; bb or b
signifies bridge; and vb or bv is the coupling part of bridge
and vehicle. F denotes the force vector, whereas Fv signifies
the force vector of the vehicle caused by the displacement
and the first derivative of road roughness, which can be
written as

Fv � 0 0 Ft1 Ft2 
T

, (3)

with Ft1 � kt1rt1(t) + ct1 _rt1(t) and Ft2 � kt2rt2(t) + ct2 _rt2
(t), where rt1(t) and rt2(t) denote the roughness of front and
rear axle positions at time t, and _rt1(t) and _rt2(t) denote the
first derivative of the roughness of front and rear axle po-
sitions at time t. FB denotes the force vector of the bridge
caused by road roughness and axle load of the vehicle, which
can be expressed as

FB � Ft + Fg, (4)

with
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FBk � − Ft1Nt1 + Ft2Nt2( ,
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(5)

where Nm
ti denotes the shape function of the bridge at the

position of front or rear axle, which can be written as
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(6)

where ξ is the distance between the axle and the left node of
the element and le signifies the length of the element.

Equation (2) will be changed by the movement of the
vehicle. *erefore, the system is a time-varying system,
whereas the Newmark-β integral method can be used to
calculate the BVI system response.

3. Dynamic Statistics Calculation Approach

*e Karhunen–Loeve expansion (KLE) is applied as an
expression method to simulate the random process of road
roughness. *e basic expression can be written as follows:

r(x, θ) � r(x, θ) + r(x, θ)

� r(x, θ) + 

M

i�1

��

λi



ξi(θ)φi(x),
(7)

where r(x, θ) denotes the mean value of road roughness
process; λi and φi(x) refer to the ith eigenvalue and
eigenfunction of the covariance kernel, respectively; and
ξi(θ) denotes the ith random variable, which is a set of
uncorrelated random variables and can be expressed as
follows:

ξi(θ) �
1
��
λi

 
D

r(x, θ)φi(x)dx. (8)

Because the road roughness is assumed to be a zero-
mean Gaussian random process in this paper, ξi(θ) will be a
set of uncorrelated random normal variables. Equation (7)
can be transformed as

r(x, θ) � 

M

i�1

��
λi


ξi(θ)φi(x). (9)

After obtaining enough samples of road roughness, we
can use the method introduced in [26] to solve λi and φi(x)

numerically.
According to the theory of statistical moment calcula-

tion, the first two central moments of the random system can
be calculated by the following formula:

MEAN � 
∞

− ∞
g(X)p(x)dx,

VAR � 
∞

− ∞
[g(x) − MEAN]

2
p(x)dx.

⎧⎪⎪⎪⎨
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(10)

where MEAN and VAR denote mean value and variance
value, respectively.

Because the integral in (10) is continuous, the result of
MEAN and VAR can be obtained by the Gauss integral. By
utilizing the dimension reduction technique, the problem of
calculating the statistical moment of a system with multiple
random variables can be transformed into the problem of
calculating the statistical moment of a composite system
with a single random variable [27]. *ereafter, the calcu-
lation of (10) can be converted to the calculation of the
following formula:
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Figure 1: *e BVI system.
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where r denotes the number of quadrature points, whereas
xGH,l and wGH,1 represent the abscissa and weight of
Gaussian–Hermite (G-H) quadrature, respectively. *e
detailed values of G-H are listed in Table 1. A more detailed
derivation process can be found in [27, 34].

By combining the KLE and PEM (called KLE-PEM), the
response of the BVI system can be easily and quickly
obtained.

4. Simulation of Roughness

Road roughness spectrum recommended in Chinese code
GB7031-2005 [35] was used as the roughness power spectral
density (PSD) function to simulate the roughness samples,
which can be written as follows:

Gq(n) � Gq n0( 
n

n0





− w

, (13)

where n0 is the spatial reference frequency and the value is
0.1m− 1; Gq(n0) denotes the road roughness PSD at the
spatial frequency of n0, and its value is related to the road
roughness class; w is the frequency index, which determines
the frequency structure of road roughness spectrum,
wherein generally w � 2; and n represents a spatial frequency
in the effective frequency band of spatial frequency and
signifies the number of cycles of waves contained in each
meter of length, with its bandwidth being (n1, n2). Mean-
while, n1 and n2 are the upper and lower limits of the ef-
fective frequency band, respectively. *e bandwidth should
ensure that the vehicle vibration kinetic energy caused by
road roughness includes the main natural frequency of
vehicle vibration when the vehicle is driving at the average
speed. In the code GB7031-2005, according to the road PSD,
the road surface is divided into eight classes in accordance
with the roughness. In this paper, five roughness grades were
taken for calculation, as shown in Table 2.

Using the trigonometric series method (TSM) [16], the
PSD function can be transformed into spatial samples of
road roughness. Notably, 20,000 road roughness samples

corresponding to the PSD of class A, class B, class C, class D,

and class E were simulated with the length of 120m (which
can meet the total length of vehicles before entering, during
passing, and after leaving the bridge). *e roughness sam-
ples of different road roughness classes are shown in Fig-
ure 2. It can be seen that the roughness range of class A was
about − 3 to 3mm. Similarly, the roughness range of class B
was about -7 to 7mm, class C was about − 10 to 10mm, class
D was about − 20 to 20mm, and class E was about − 50 to
50mm.

*e eigenvalues and eigenfunctions of the road rough-
ness samples under different road classes were calculated to
obtain the KLE mathematical expression of the random
process of road roughness. *e first 160 items of the
characteristic value of the roughness under each road class
are illustrated in Figure 3. *rough calculation, the first 115
items of KLE can meet the accuracy requirement of 98%
under different road roughness conditions. *erefore, in the
subsequent calculations, 115 was used as the number of
truncation terms for each road roughness class; that is, the
BVI system has 115 independent random variables.

5. Numerical Simulation

5.1. Verification of the BVI Model. In order to verify the
accuracy of the BVI model, the results of the classical nu-
merical case in [36] were used to verify the model. In this
case, a moving mass-spring system passing through a simply
supported beam was calculated. *e parameters of the BVI
model were set to be consistent with the parameters of the
case, subsequent to which the results of the vertical dis-
placement time history response of the midspan are com-
pared with the results of the case, as shown in Figure 4. It can
be seen that the results of the current BVI model were es-
sentially consistent with the results of the classic case,
thereby verifying the accuracy of the BVI model.

5.2. Comparison with MCS. To verify the applicability of
KLE-PEM in the calculation of BVI model, an example was
taken in which the bridge was a one-span simply supported
beam. Its parameters are shown in Table 3, and the first four
mode shapes are shown in Figure 5. *e vehicle was a two-

Table 1: G-H integration with r� 3 [33].

Point 1 2 3
Abscissa xGH,l − 1.22474 0 1.22474
Weight wGH,1 0.29541 1.18164 0.29541

Table 2: Road roughness coefficient.

Road grade Coefficient Gq(n0)·10
− 6m2/m− 1

A: very good 1
B: good 6
C: average 16
D: poor 64
E: very poor 256
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Figure 2: Road roughness of various roughness classes: (a) class A: very good; (b) class B: good; (c) class C: average; (d) class D: poor; (e)
class E: very poor.
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Figure 3: Continued.
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axle vehicle, and its parameters are displayed in Table 4. *e
speed of the vehicle was 20m/s.

MCS can be used to calculate the response of a sto-
chastic system as the exact solution to evaluate the accuracy
of the new method in a stochastic system. Here, MCS and
KLE-PEM were used to calculate the BVI system with class
C road. *e number of times BVI programs were called by
MCS was 20,000. Since the number of KLE truncation
terms of a random process of road irregularity was 115

times, the number of the BVI programs called by KLE-PEM
with three estimation points was 115 × 2 + 1� 231. *e
comparison of the mean and variance of the bridge mid-
span displacement response obtained by calculation is
shown in Figure 6. As evidenced by the figure, the results
obtained by KLE-PEM coincide with the findings obtained
byMCS in terms of mean or variance. In addition, the mean
value of response of bridge displacement increased grad-
ually with the passing of vehicles and then decreased
gradually after the vehicles left the bridge, finally floating
along zero. *e variance of bridge displacement response
increased when the vehicle moved forward and decreased
when the vehicle moved forward. *e time when the
maximum value appears was essentially consistent with the
time when the maximum absolute value of the mean
displacement appeared.

*e statistical moment results of the vertical acceleration
time history response of the car body obtained by the two
methods are demonstrated in Figure 7. *e statistical mo-
ment obtained by KLE-PEM was essentially consistent with
that obtained by the MCS method. In addition, for the mean
value of response of the vehicle body, the mean value was
zero before the vehicle entered the bridge.*is is because the
road roughness was assumed as a zero-mean random
process.

5.3. BridgeDynamicResponse. *e dynamic responses of the
vehicle passing through the bridge at different vehicle speeds
under different road grades were calculated, and the re-
sponse’s maximum probability value was determined by the
triple standard deviation criterion [27]. *e maximum
probability value of vertical displacement response in the
middle span of the bridge was obtained, as shown in Fig-
ure 8. It can be seen that the bridge displacement response
did not change significantly with the vehicle speed and that
the road roughness class had a greater impact on the bridge
displacement response. *e bridge displacement response
increased with the increase of road roughness grade. For
class A road, the bridge displacement response was less than
6mm, while the bridge displacement response was 10mm
for class D.
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Figure 3: Eigenvalues of each grade of road roughness: (a) class A: very good; (b) class B: good; (c) class C: average; (d) class D: poor; (e) class
E: very poor.

Table 3: Parameters of the bridge [16].

Parameter Unit Value
Length m 30
Area m2 8
EI m4 2.5×1010

Density kg/m3 5000
Poisson’s ratio — 0.2
Damping ratio — 2%
1st vibration Hz 3.905
2nd vibration Hz 15.623
3rd vibration Hz 35.187
4th vibration Hz 62.721
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Figure 4: Verification of the BVI model.
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*e maximum probability value of vertical acceleration
response in themiddle of the bridge span is shown in Figure 9.
Unlike the displacement response, the acceleration response
in the middle of the bridge evidently changed with the change
of the vehicle speed, whereas the acceleration response first
increased and then decreased with the change of the vehicle
speed. For bridges with different roughness grades, the
maximum acceleration response appeared when the vehicle
speed is 20m/s. In addition, the acceleration response of the
bridge increased with the increase of road roughness grade.

5.4. Vehicle Dynamic Response. *e maximum value of the
vertical acceleration of the car body calculated by KLE-PEM
under different roughness classes without vehicle speed is
shown in Figure 10. It can be seen that in the case of different
roughness levels, the acceleration of the car changes with the
speed. More specifically, it first shows a trend of a decline
followed by an increase. When the speed was 20m/s, the
maximum acceleration of the car body was found to be the
smallest. Similarly, the roughness grade of a road surface was
found to have a great impact on the acceleration of the car
body.

5.5. Impact Factor of the Bridge. Dynamic impact factor
(IMF) is generally defined as the ratio of dynamic load effect
and static load effect of the bridge under vehicle load; i.e.,

μ �
Sd − Ss( 

Ss

, (14)

where Sd is the maximum dynamic response of the bridge
under moving vehicle load, SS denotes the maximum static
response of the bridge under corresponding vehicle load,
and μ signifies the IMF.

IMF is not only an important index to characterize the
impact effect of moving vehicle load on the bridge, but also a
parameter affected by multiple factors. In traditional re-
search studies, the dynamic IMF has been calculated by
collecting the bridge response from the real bridge test,
whereas the empirical calculation formula of IMF was ob-
tained by regression analysis of the collected samples.
However, on the one hand, the test method is expensive and
difficult to implement; on the other hand, different bridges
have different stress conditions, and the measured results of
a limited number of bridges may not be widely represen-
tative. In contrast, IMF analysis based on numerical sim-
ulation has the characteristics of low cost and flexible
simulation of different bridges and different working con-
ditions, which is why it is eliciting widespread attention.

In Section 5.3, it can be inferred that road roughness has
a great effect on the dynamic response of the bridge, thereby
implying that road roughness influences the IMF of the
bridge as well. To systematically discuss the IMF of the
bridge, the IMFs with different vehicle speeds, different
bridge spans, and different road grades were calculated from
the random aspect.*e range of vehicle speed was from 10 to
35m/s; the bridge spans were 20m, 22.5m, 25m, 27.5m,
and 30m, whereas their first natural frequencies were 8.79,
6.94, 5.62, 4.65, and 3.90Hz, respectively.

*e calculated IMF under different cases is shown in
Figure 11. For different bridge spans and road roughness

Table 4: Parameters of the vehicle [16].

Symbol Unit Value
Iv kgm2 1.47×105

mv kg 177,35
a1 — 0.519
a2 — 0.481
m1 kg 1500
m2 kg 1000
ks1/ks2 N/m 2.47×106/4.23×106

kt1/kt2 N/m 3.74×106/4.6×106

cs1/cs2 N/m/s 3.0×104/4.0×104

ct1/ct2 N/m/s 3.9×103/4.3×103

S m 4.27
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Figure 5: Mode shape of bridge: (a) mode shape 1; (b) mode shape 2; (c) mode shape 3; (d) mode shape 4.
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M
ea

n 
va

lu
e (

m
/s

2 )

MCS
KLE-PEM

-0.4

-0.2

0.0

0.2

0.4

0.5 1.0 1.5 2.0 2.50.0
Time (sec)

(a)

MCS
KLE-PEM

V
ar

. (
(m

/s
2 )2 )

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

0.5 1.0 1.5 2.0 2.50.0
Time (sec)

(b)

Figure 7: Comparison of the statistical moment of car body vertical acceleration of the two methods: (a) MEAN; (b) VAR.
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Figure 10: Maximum response of vehicle acceleration via various vehicle and roughness classes.
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Figure 11: Continued.
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grades, the IMF of the bridge generally increased with the
increase of vehicle speed. For different bridge spans, the
change of IMF was not particularly obvious, while the in-
fluence of road roughness on IMF was strong. For class A
and class B roughness, the IMF was smaller than 1, while the
IMF value was larger than 5 for class E. With the growth of
the bridge operation time, it was found that the pavement
roughness gradually increases, which is why the IMF of the
bridge will also gradually increase over time, thus jeop-
ardizing the bridge’s structural safety. *erefore, when
maintaining the bridge, measurement and maintenance of
the pavement roughness should be given due attention.

6. Conclusions

To comprehensively analyze the influence of road roughness
on the response of the BVI system, a random BVI model

considering the randomness of road roughness was estab-
lished. *e vehicle model was simulated by a mass-spring-
damping system, and the bridge was simulated by the FEM
theory. *e time-varying system equations of the two were
obtained by the energy variational principle. Karhu-
nen–Loeve expansion was used to express the road
roughness, and the response’s statistical moment was cal-
culated by the PEM. Subsequently, the response of the BVI
system with different speeds, different spans, and different
roughness was analyzed. *e results are as follows:

(1) *e KLE-PEM method can obtain the random re-
sponse of the BVI quickly and precisely, and the
computational efficiency is two orders of magnitude
higher than that of MCS method.

(2) *e sensitivity of bridge displacement and acceler-
ation response to the road roughness is higher than
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Figure 11: IMF under different cases: (a) 20m span; (b) 22.5m span; (c) 25m span; (d) 27.5m span; (e) 30m span.
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the vehicle speed. In addition, the coarser the road
surface, the more obvious the influence of vehicle
speed change on the bridge response.

(3) Vehicle speed has a great influence on vehicle ac-
celeration, but it does not increase linearly with the
increase of vehicle speed; on the other hand, road
roughness has a great influence on vehicle
acceleration.

(4) Compared with different speeds, different bridge
spans, and different pavement roughness, road
roughness has a strong influence on the IMF of the
bridge, which should elicit sufficient attention when
carrying out bridge engineering maintenance.
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