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This paper presents Differential Evolution algorithm for solving high-dimensional optimization problems over continuous space.
The proposed algorithm, namely, ANDE, introduces a new triangular mutation rule based on the convex combination vector of the
triplet defined by the three randomly chosen vectors and the difference vectors between the best, better, and the worst individuals
among the three randomly selected vectors. The mutation rule is combined with the basic mutation strategy DE/rand/1/bin, where
the new triangularmutation rule is applied with the probability of 2/3 since it has both exploration ability and exploitation tendency.
Furthermore, we propose a novel self-adaptive scheme for gradual change of the values of the crossover rate that can excellently
benefit from the past experience of the individuals in the search space during evolution process which in turn can considerably
balance the common trade-off between the population diversity and convergence speed.Theproposed algorithmhas been evaluated
on the 20 standard high-dimensional benchmark numerical optimization problems for the IEEE CEC-2010 Special Session and
Competition on Large Scale Global Optimization. The comparison results between ANDE and its versions and the other seven
state-of-the-art evolutionary algorithms that were all tested on this test suite indicate that the proposed algorithm and its two
versions are highly competitive algorithms for solving large scale global optimization problems.

1. Introduction

In general, global numerical optimization problem can be
expressed as follows (without loss of generality minimization
problem is considered here):

min 𝑓 (𝑥) ,
�⃗� = [𝑥1, 𝑥2, . . . , 𝑥𝐷] ∈ R

𝐷;
𝑥𝑗 ∈ [𝑥𝐿𝑗 , 𝑥𝑈𝑗 ] , ∀𝑗 = 1, 2, . . . , 𝐷,

(1)

where 𝑓 is the objective function, �⃗� is the decision vector ∈
R𝐷 space consisting of𝐷 variables,𝐷 is the problem dimen-
sion, that is, the number of variables to be optimized, and

𝑥𝐿𝑗 and 𝑥𝑈𝑗 are the lower and upper bounds for each decision
variable, respectively.

The optimization of the large scale problems of this kind
(i.e., 𝐷 = 1000) is considered a challenging task since the
solution space of a problem often increases exponentially
with the problemdimension and the characteristics of a prob-
lem may change with the scale [1]. Generally speaking, there
are different types of real-world large scale global optimiza-
tion (LSGO) problems in engineering, manufacturing, and
economy applications (biocomputing, data or web mining,
scheduling, vehicle routing, etc.). In order to draw more
attention to this challenge of optimization, the first competi-
tion on LSGOwas held in CEC 2008 [2]. Consequently, In the
recent few years, LSGOhas gained considerable attention and
has attracted much interest from Operations Research and
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Computer Science professionals, researchers, and practition-
ers as well as mathematicians and engineers. Therefore, the
challenges mentioned above have motivated the researchers
to design and improve many kinds of efficient, effective, and
robust various kinds of metaheuristics algorithms that can
solve (LSGO) problems with high quality solution and high
convergence performance with low computational cost. Evo-
lutionary algorithms (EAs) have been proposed to meet the
global optimization challenges.The structure of EAs has been
inspired from the mechanisms of natural evolution. Due to
their adaptability and robustness, EAs are especially capable
of solving difficult optimization problems, such as highly
nonlinear, nonconvex, nondifferentiable, and multimodal
optimization problems. Generally, the process of EAs is based
on the exploration and the exploitation of the search space
through selection and reproduction operators [3]. Similar to
other evolutionary algorithms (EAs), Differential Evolution
(DE) is a stochastic population-based search method, pro-
posed by Storn and Price [4].The advantages are its simplicity
of implementation, ease of use, speed, and robustness. Due to
these advantages, it has been successfully applied for solving
many real-world applications, like admission capacity plan-
ning in higher education [5, 6], financial markets dynamic
modeling [7], solar energy [8], and many others. In addition,
many recent studies prove that the performance of DE is
highly competitive with and in many cases superior to other
EAs in solving unconstrained optimization problems, con-
strained optimization problems, multiobjective optimization
problems, and other complex optimization problems [9].
However, DE has many weaknesses as all other evolutionary
search techniques. Generally, DE has a good global explo-
ration ability that can reach the region of global optimum, but
it is slow at exploitation of the solution [10]. Additionally, the
parameters of DE are problem dependent and it is difficult
to adjust them for different problems. Moreover, DE per-
formance decreases as search space dimensionality increases
[11]. Finally, the performance of DE deteriorates significantly
when the problems of premature convergence and/or stagna-
tion occur [11, 12]. The performance of DE basically depends
on the mutation strategy and the crossover operator. Besides,
the intrinsic control parameters (population size NP, scaling
factor 𝐹, and the crossover rate CR) play a vital role in
balancing the diversity of population and convergence speed
of the algorithm. For the original DE, these parameters are
user-defined and kept fixed during the run. However, many
recent studies indicate that the performance of DE is highly
affected by the parameter setting and the choice of the optimal
values of parameters is always problem dependent.Moreover,
prior to an actual optimization process, the traditional time-
consuming trial-and-error method is used for fine-tuning
the control parameters for each problem. Alternatively, in
order to achieve acceptable results even for the same problem,
different parameter settings along with different mutation
schemes at different stages of evolution are needed.Therefore,
some techniques have been designed to adjust control param-
eters in adaptive or self-adaptivemanner instead of trial-and-
error procedure plus newmutation rules have been developed
to improve the search capability of DE [13–22]. Based on
the above considerations, in this paper, we present a novel

DE, referred to as ANDE, including two novel modifications:
triangularmutation rule and self-adaptive scheme for gradual
change of CR values. In ANDE, a novel triangular mutation
rule can balance the global exploration ability and the local
exploitation tendency and enhance the convergence rate of
the algorithm. Furthermore, a novel adaptation scheme for
CR is developed that can benefit from the past experience of
the individuals in the search space during evolution process.
Scaling factors are produced according to a uniform distribu-
tion to balance the global exploration and local exploitation
during the evolution process. ANDE has been tested on
20 benchmark test functions developed for the 2010 IEEE
Congress on Evolutionary Computation (IEEE CEC 2010)
[1]. The experimental results indicate that the proposed algo-
rithm and its two versions are highly competitive algorithms
for solving large scale global optimization problems. The
remainder of this paper is organized as follows. Section 2
briefly introduces DE and its operators. Section 3 reviews
the related work. Then, ANDE is presented in Section 4.
The experimental results are given in Section 5. Section 6
discusses the effectiveness of the proposed modifications.
Finally, the conclusions and future works are drawn in
Section 7.

2. Differential Evolution (DE)

This section provides a brief summary of the basicDifferential
Evolution (DE) algorithm. In simple DE, generally known as
DE/rand/1/bin [4, 23], an initial random population consists
of NP vectors �⃗�𝑖, ∀𝑖 = 1, 2, . . . ,NP, and is randomly gener-
ated according to a uniform distributionwithin the lower and
upper boundaries (𝑥𝐿𝑗 , 𝑥𝑈𝑗 ). After initialization, these individ-
uals are evolved by DE operators (mutation and crossover) to
generate a trial vector. A comparison between the parent and
its trial vector is then done to select the vector which should
survive to the next generation [9]. DE steps are discussed
below.

2.1. Initialization. In order to establish a starting point for the
optimization process, an initial population must be created.
Typically, each decision variable in every vector of the initial
population is assigned a randomly chosen value from the
boundary constraints:

𝑥0𝑖𝑗 = 𝑥𝐿𝑗 + rand𝑗 ⋅ (𝑥𝑈𝑗 − 𝑥𝐿𝑗 ) , (2)

where rand𝑗 denotes a uniformly distributed number
between [0, 1], generating a new value for each decision
variable.

2.2. Mutation. At generation 𝐺, for each target vector 𝑥𝐺𝑖 , a
mutant vector V𝐺+1𝑖 is generated according to the following:

V𝐺+1𝑖 = 𝑥𝐺𝑟1 + 𝐹 ∗ (𝑥𝐺𝑟2 − 𝑥𝐺𝑟3) , 𝑟1 ̸= 𝑟2 ̸= 𝑟3 ̸= 𝑖 (3)

with randomly chosen indices 𝑟1, 𝑟2, 𝑟3 ∈ {1, 2, . . . ,NP}. 𝐹 is
a real number to control the amplification of the difference
vector (𝑥𝐺𝑟2 − 𝑥𝐺𝑟3). According to Price et al. [24], the range of
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𝐹 is in [0, 2]. In this work, if a component of a mutant vector
violates search space, the value of this component is generated
newly using (2).

2.3. Crossover. There are two main crossover types, binomial
and exponential. In the binomial crossover, the target vector
ismixedwith themutated vector, using the following scheme,
to yield the trial vector 𝑢𝐺+1𝑖 .

𝑢𝐺+1𝑖𝑗 = {
{
{
V𝐺+1𝑖𝑗 , rand (𝑗) ≤ CR or 𝑗 = randn (𝑖) ,
𝑥𝐺𝑖𝑗 , rand (𝑗) > CR and 𝑗 ̸= randn (𝑖) , (4)

where 𝑗 = 1, 2, . . . , 𝐷; rand(𝑗) ∈ [0, 1] is the𝑗th evaluation
of a uniform random generator number. CR ∈ [0, 1] is the
crossover rate; randn(𝑖) ∈ {1, 2, . . . , 𝐷} is a randomly chosen
index which ensures that 𝑢𝐺+1𝑖 gets at least one element from
V𝐺+1𝑖 ; otherwise no new parent vector would be produced and
the population would not alter.

In an exponential crossover, an integer value 𝑙 is randomly
chosen within the range {1, 𝐷}. This integer value acts as a
starting point in �⃗�𝑗,𝐺, from where the crossover or exchange
of components with �⃗�𝑖,𝐺+1 starts. Another integer value 𝐿
(denotes the number of components) is also chosen from
the interval {1, 𝐷 − 𝑙}. The trial vector (�⃗�𝑖,𝐺+1) is created by
inheriting the values of variables in locations 𝑙 to 𝑙 + 𝐿 from
�⃗�𝑖,𝐺+1 and the remaining ones from �⃗�𝑗,𝐺.

2.4. Selection. DE adapts a greedy selection strategy. If and
only if the trial vector 𝑢𝐺+1𝑖 yields fitness function value as
good as or a better than 𝑥𝐺𝑖 , then 𝑢𝐺+1𝑖 is set to 𝑥𝐺+1𝑖 . Other-
wise, the old vector 𝑥𝐺𝑖 is retained. The selection scheme is as
follows (for a minimization problem):

𝑥𝐺+1𝑖 = {
{
{
𝑢𝐺+1𝑖 , 𝑓 (𝑢𝐺+1𝑖 ) ≤ 𝑓 (𝑥𝐺𝑖 )
𝑥𝐺𝑖 , otherwise. (5)

A detailed description of standard DE algorithm is given in
Algorithm 1.

3. Related Work

As previously mentioned, during the past few years, LSGO
has attracted much attention by the researches due to its sig-
nificance as many real-world problems and applications are
high-dimensional problems in nature. Basically, the current
EA-based LSGO research can be classified into two cate-
gories:

(i) Cooperative Coevolution (CC) framework algo-
rithms or divide-and-conquer methods

(ii) Noncooperative Coevolution (CC) framework algo-
rithms or no divide-and-conquer methods

Cooperative Coevolution (CC) has become a popular and
effective technique in evolutionary algorithms (EAs) for large
scale global optimization since its initiation in the publication

of Potter and Jong [25]. The main idea of CC is to partition
the LSGO problem into a number of subproblems; that is,
the decision variables of the problem are divided into smaller
subcomponents, each of which is optimized using a separate
EA. By using this divide-and-conquer method, the classical
EAs are able to effectively solve many separable problems
[25]. CC show better performance on separable problems but
deteriorated on nonseparable problems because the interact-
ing variables could not be grouped in one subcomponent.
Recently, different versions ofCC-basedEAs have been devel-
oped and shown excellent performance. Yang et al. [26] pro-
posed a new decomposition strategy called random grouping
as a simple way of increasing the probability of grouping
interacting variables in one subcomponent. According to this
strategy, without any prior knowledge of the nonseparability
of a problem, subdivide 𝑛-dimensional decision vector into
𝑚 𝑠-dimensional subcomponents. Later, Omidvar et al. [27]
proposed DECC-DML algorithmwhich is a Differential Evo-
lution algorithm adopting CC frame. They suggested a new
decomposition strategy called delta grouping. The central
idea of this technique was that the improvement interval of
interacting variables would be limited if they were in dif-
ferent subcomponents. Delta method measures the averaged
difference in a certain variable across the entire population
and uses it for identifying interacting variables. The exper-
imental results show that this new method is more effec-
tive than the existing random grouping method. However,
DECC-DML is less efficient on nonseparable functions with
more than one group of rotated variables. Likewise,Wang and
Li [28] proposed anotherCC-based technique, namedEOEA,
to handle LSGO problems, in which the search procedure is
divided into two stages: (1) the global shrinking stage and (2)
the local exploitation stage. The objective of the first stage
is to shrink the searching scope to the promising area as
quickly as possible by using an EDAbased onmixedGaussian
and Cauchy models (MUEDA) [29], while, to achieve the
secondobjective, CC-based algorithm, different from the pre-
vious CC- based methods, is adopted to explore the limited
area extensively to find solution as better as possible. Com-
pared with some previous LSGO algorithms, EOEA demon-
strates better performance. Many CC-based algorithms have
been developed during the past decade such as FEPCC
[30], DECC-I, DECC-II [31], MLCC [32], DEwSaCC [33],
and CPSO [34]. On the other hand, there are many other
approaches that optimize LSGO problems as a whole; that is,
no divide-and-conquer methods was used. Actually, it is con-
sidered a challenging task as it needs to develop novel evolu-
tionary operators that can promote and strengthen the capa-
bility of the algorithms to improve the overall optimization
process in high-dimensional search space. In [35], Korošec
et al. proposed an Ant-Colony Optimization- (ACO-) based
algorithm for solving LSGO problems with continuous vari-
ables, labeledDifferential Ant-StigmergyAlgorithm (DASA).
The DASA transforms a real-parameter optimization prob-
lem into a graph-search problem, where the parameters’
differences assigned to the graph vertices are used to navigate
through the search space. Brest et al. [36] presented self-
adaptive Differential Evolution algorithm (jDElsgo). In this
approach, self-adaptive 𝐹 and Cr control parameters and



4 Applied Computational Intelligence and Soft Computing

(01) Begin
(02) 𝐺 = 0
(03) Create a random initial population �⃗�𝐺𝑖 ∀𝑖, 𝑖 = 1, . . . ,NP
(04) Evaluate 𝑓(�⃗�𝐺𝑖 ) ∀𝑖, 𝑖 = 1, . . . ,NP
(05) For 𝐺 = 1 to GENDo
(06) For 𝑖 = 1 to NPDo
(07) Select randomly 𝑟1 ̸= 𝑟2 ̸= 𝑟3 ̸= 𝑖 ∈ [1,NP]
(08) 𝑗rand = randint(1, 𝐷)
(09) For 𝑗 = 1 to𝐷 Do
(10) If (rand𝑗[0, 1] < CR or 𝑗 = 𝑗rand)Then
(11) 𝑢𝐺+1𝑖,𝑗 = 𝑥𝐺𝑟1,𝑗 + 𝐹 ⋅ (𝑥𝐺𝑟2,𝑗 − 𝑥𝐺𝑟3,𝑗)
(12) Else
(13) 𝑢𝐺+1𝑖,𝑗 = 𝑥𝐺𝑖,𝑗
(14) End If
(15) End For
(16) If (𝑓(�⃗�𝐺+1𝑖 ) ≤ 𝑓(�⃗�𝐺𝑖 )) Then
(17) �⃗�𝐺+1𝑖 = �⃗�𝐺+1𝑖
(18) Else
(19) �⃗�𝐺+1𝑖 = �⃗�𝐺𝑖
(20) End If
(21) End For
(22) 𝐺 = 𝐺 + 1
(23) End For
(24) End

Algorithm 1: Description of standard DE algorithm. rand[0, 1) is a function that returns a real number between 0 and 1. randint(min, max)
is a function that returns an integer number betweenmin andmax. NP, GEN, CR, and 𝐹 are user-defined parameters.𝐷 is the dimensionality
of the problem.

“rand/1/bin” strategy along with population size reduction
mechanism are used. Similarly, Wang et al. [37] introduced
a sequential Differential Evolution (DE) enhanced by neigh-
borhood search (SDENS), where hybrid crossover strategy
“rand/1/bin” and “rand/1/exp” are used. In order to search
the neighbors of each individual, two trial individuals by local
and global neighborhood search strategies are created. Then,
the fittest one among the current individual and the two cre-
ated trial individuals is selected as a new current individual.
Molina et al. [38] put forward a memetic algorithm based
on local search chains, named MA-SW-CHAINS, which
assigned local search intensity to each individual depending
on its features by changing different local search applications.
Zhao et al. [39] proposed a hybrid approach called (DMS-
PSO-SHS) by combining the dynamic multiswarm particle
swarm optimizer (DMS-PSO) with a subregional harmony
search (SHS). Amodifiedmultitrajectory search (MTS) algo-
rithm is also applied frequently on several selected solutions.
In addition, an external memory of selected past solutions is
used to enhance the diversity of the swarm. Generally, the
proposed ANDE algorithm belongs to this category.

4. ANDE Algorithm

In this section, we outline a novel DE algorithm, ANDE, and
explain the steps of the algorithm in detail.

4.1. Triangular Mutation Scheme. Storn and Price [4, 24]
proposed the basic mutation schemeDE/rand/1. In fact, from
the literature [9], it is considered as the most successful and
widely used operator. Virtually, the main idea behind this
strategy is that the three vectors are randomly selected from
the population to form the mutation and the base vector
is then chosen at random among the three. The difference
vector is formed using the other two vectors added to the
base vector. Obviously, it can be seen that the basic mutation
scheme has excellent ability to maintain population diversity
and global search capability as it is not directed to any specific
search direction. However, the convergence speed of DE
algorithms significantly slows down [15]. In the same context,
DE/rand/2 strategy, which is similar to the basic scheme
with another difference vector that is formed by extra two
vectors, has better perturbation than original mutation with
one difference vector [15]. Consequently, it is better than the
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DE/rand/1/bin strategy as it can provide much more various
differential trial vectors. On the other hand, there is another
type of mutations which is called greedy strategies such as
DE/best/1, DE/best/2, and DE/current-to-best/1. Actually, in
order to increase the local search tendency that improves the
convergence behavior of the algorithm, this type is based on
benefits from the best solution found so far in the evolu-
tionary process by incorporating it into the mutation oper-
ator. Nonetheless, the population diversity and exploration
capability of the algorithm may be deteriorated or may be
completely lost at the early stage of the optimization process
that causes problems such stagnation and/or premature con-
vergence. Accordingly, the recent studies proposed a strategy
candidate pool that includes manymutation schemes that are
different in structure and have distinct optimization capabil-
ities to overcome the shortcomings of both types of mutation
strategies. Then, it is combined with different control param-
eter adaptation rules to deal with various types of problems
with different features at different stages of evolution [15, 17,
40]. Contrarily, taking into consideration the weakness of
existing greedy strategies, Mohamed [16] introduced a new
Differential Evolution (DE) algorithm, named JADE, to
improve optimization performance by implementing a new
mutation strategy “DE/current-to-pbest” with optional exter-
nal archive and by updating control parameters in an adaptive
manner. Simulation results show that JADE was better than,
or at least competitive to, other classic or adaptive DE algo-
rithms such as particle swarm and other evolutionary algo-
rithms from the literature in terms of convergence perfor-
mance. Consequently, from the literature, there are a few
attempts in developing new mutations rule. Therefore, in
this paper, a new triangular mutation rule is introduced. The
proposed mutation can significantly balance both the global
exploration ability and the local exploitation tendency that
in turn will improve the convergence rate of the algorithm.
The proposed mutation strategy is based on the convex com-
bination vector of the triplet defined by the three randomly
chosen vectors and three difference vectors between the tour-
nament best, better, and worst selected vectors.The proposed
mutation vector is generated in the following manner:

]𝐺+1𝑖 = 𝑥𝐺𝑐 + 𝐹1 ⋅ (𝑥𝐺best − 𝑥𝐺better) + 𝐹2 ⋅ (𝑥𝐺best − 𝑥𝐺worst)
+ 𝐹3 ⋅ (𝑥𝐺better − 𝑥𝐺worst) ,

(6)

where 𝑥𝐺𝑐 is a convex combination vector of the triangle and
𝐹1, 𝐹2, and 𝐹3 are the mutation factors that are associated
with 𝑥𝑖 and are independently generated according to uni-
form distribution in (0, 1) and 𝑥𝐺best, 𝑥𝐺better, and 𝑥𝐺worst are the
three tournament best, better, and worst randomly selected
vectors, respectively. The convex combination vector 𝑥𝐺𝑐 of
the triangle is a linear combination of the three randomly
selected vectors and is defined as follows:

𝑥𝐺𝑐 = 𝑤1 ⋅ 𝑥best + 𝑤2 ⋅ 𝑥better + 𝑤3 ⋅ 𝑥worst, (7)

where the real weights 𝑤𝑖 satisfy 𝑤𝑖 ≥ 0 and ∑3𝑖=1 𝑤𝑖 = 1,
where the real weights 𝑤𝑖 are given by 𝑤𝑖 = 𝑝𝑖/∑3𝑖=1 𝑝𝑖,

𝑖 = 1, 2, 3, where 𝑝1 = 1, 𝑝2 = rand(0.75, 1), and 𝑝3 =
rand(0.5, 𝑝(2)), rand(𝑎, 𝑏) is a function that returns a real
number between 𝑎 and 𝑏, where 𝑎 and 𝑏 are not included. For
unconstrained optimization problems at any generation 𝑔 >
1, for each target vector, three vectors are randomly selected;
then sort them in ascending according to their objective
function values and assign 𝑤1, 𝑤2, and 𝑤3 to 𝑥𝐺best, 𝑥𝐺better,
and 𝑥𝐺worst, respectively. Without loss of generality, we only
consider minimization problem.

Obviously, frommutation equation (6), it can be observed
that the incorporation of the objective function value in the
mutation scheme has two benefits. Firstly, the perturbation
part of the mutation is formed by the three sides of the
triangle in the direction of the best vector among the three
randomly selected vectors. Therefore, the directed pertur-
bations in the proposed mutation resembles the concept of
gradient as the difference vectors are directed from the worst
to the better to the best vectors [41]. Thus, it is considerably
used to explore the landscape of the objective function being
optimized in different subregion around the best vectors
within search space through optimization process. Secondly,
the convex combination vector 𝑥𝐺𝑐 is a weighted sum of the
three randomly selected vectors where the best vector has the
significant contribution. Therefore, 𝑥𝐺𝑐 is extremely affected
and biased by the best vector more than the remaining
two vectors. Consequently, the global solution can be easily
reached if all vectors follow the direction of the best vectors;
besides they also follow the opposite direction of the worst
vectors among the randomly selected vectors. Indeed, the
new mutation process exploits the nearby region of each 𝑥𝐺𝑐
in the direction of (𝑥𝐺best−𝑥𝐺worst) for eachmutated vector. In a
nutshell, it concentrates the exploitation of some subregions
of the search space. Thus, it has better local search tendency
so it accelerates the convergence speed of the proposed algo-
rithm. Besides, the global exploration ability of the algorithm
is significantly enhanced by formingmany different sizes and
shapes of triangles in the feasible region through the opti-
mization process. Thus, the proposed directed mutation bal-
ances both global exploration capability and local exploita-
tion tendency.

Thus, since the proposed directed mutation balances
both global exploration capability and local exploitation ten-
dency while the basic mutation favors exploration only, the
probability of using the proposed mutation is twice as much
the probability of applying the basic rule. The new mutation
strategy is embedded into the DE algorithm and combined
with the basic mutation strategy DE/rand/1/bin as follows.

If (𝑢(0, 1) ≤ (2/3)) then
]𝐺+1𝑖 = 𝑥𝐺𝑐 + 𝐹1 ⋅ (𝑥𝐺best − 𝑥𝐺better) + 𝐹2 ⋅ (𝑥𝐺best − 𝑥𝐺worst)

+ 𝐹3 ⋅ (𝑥𝐺better − 𝑥𝐺worst) .
(8)

Else

V𝐺+1𝑖,𝑗 = 𝑥𝐺𝑟1 ,𝑗 + 𝐹 ⋅ (𝑥𝐺𝑟1 ,𝑗 − 𝑥𝐺𝑟3 ,𝑗) , (9)

where 𝐹 is a uniform random variable in [(−1, 0) ∪ (0, 1)],
𝑢(0, 1) returns a real number between 0 and 1 with uniform
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random probability distribution. From the abovementioned
scheme, it can be realized that for each vector only one of the
two strategies is used for generating the current trial vector,
depending on a uniformly distributed random value within
the range (0, 1). For each vector, if the random value is greater
than 2/3, then the basic mutation is applied. Otherwise, the
proposed one is performed. It is noteworthy mentioning
that the proposed triangular mutation and the trigonometric
mutation proposed by Fan and Lampinen [23] use three
randomly selected vectors but they are completely different
in the following two main points.

(1) The proposed mutation strategy is based on the
convex combination vector (weighted mean) of the triplet
defined by the three randomly chosen vectors (as a donor)
and three difference vectors between the tournament best,
better, and worst selected vectors (they are directed differ-
ence, i.e., resembling the concept of gradient as the difference
vectors are directed from the worst to the better to the best
vectors). However, the trigonometric mutation is based on
the center point (the mean) of the hypergeometric triangle
defined by the three randomly chosen vectors. The pertur-
bation to be imposed to the donor is then made up with a
sum of three weighted vector differentials that are randomly
constructed (not directed).

(2) With respect to the scaling factors in the proposed
algorithm, at each generation 𝐺, the scale factors 𝐹1, 𝐹2, and
𝐹3 of each individual target vector are independently gener-
ated according to uniform distribution in (0, 1) to enrich the
search behavior. However, the scaling factors in the trigono-
metric mutation are constants; at each generation𝐺, the scale
factors of each individual target vector are computed as the
ratio of the objective function value of each vector divided by
the sum of the objective function values of the three vectors
(sum equals 1). Therefore, it is obviously deduced that the
trigonometric mutation operation is a rather greedy operator
since it biases the new trial solution strongly in the direction
where the best one of three individuals chosen for the muta-
tion is. Therefore, the trigonometric mutation can be viewed
as a local search operator and the perturbed individuals are
produced only within a trigonometric region that is defined
by the triangle used for a mutation operation [23]. Conse-
quently, it is easily trapped in local points with multimodal
problems and it may be also stagnated as it has not an explo-
ration capability to seek the whole search space. However,
the proposed triangular mutation has both the exploration
capability and the exploitation tendency because directed
perturbation in the proposedmutation resembles the concept
of gradient as the difference vectors are directed from the
worst to the better to the best vectors. Thus, it is considerably
used to explore the landscape of the objective function being
optimized in different subregion around the best vectors out-
side the trigonometric region that is defined by the triangle
used for a mutation operation within search space through
optimization process. Secondly, the convex combination
vector 𝑥𝐺𝑐 is a weighted sum of the three randomly selected
vectors where the best vector has the significant contribution.
Therefore, 𝑥𝐺𝑐 is extremely affected and biased by the best
vector more than the remaining two vectors. Consequently,

the global solution can be easily reached if all vectors follow
the direction of the best vectors; besides they also follow the
opposite direction of the worst vectors among the randomly
selected vectors. Indeed, the new mutation process exploits
the nearby region of each 𝑥𝐺𝑐 in the direction of (𝑥𝐺best−𝑥𝐺worst)
for each mutated vector. In a nutshell, it concentrates the
exploitation of some subregions of the search space. Thus, it
has better local search tendency so it accelerates the conver-
gence speed of the proposed algorithm. Besides, the global
exploration ability of the algorithm is significantly enhanced
by formingmany different sizes and shapes of triangles in the
feasible region through the optimization process.

4.2. Parameter Adaptation Schemes in ANDE. The successful
performance ofDE algorithm is significantly dependent upon
the choice of its three control parameters: the scaling factor
𝐹 and crossover rate CR and population size NP [4, 24]. In
fact, they have a vital role because they greatly influence
the effectiveness, efficiency, and robustness of the algorithm.
Furthermore, it is difficult to determine the optimal values
of the control parameters for a variety of problems with
different characteristics at different stages of evolution. In the
proposed ANDE algorithm, NP is kept as a user-specified
parameter since it highly depends on the problem complexity.
Generally speaking,𝐹 is an important parameter that controls
the evolving rate of the population; that is, it is closely related
to the convergence speed [15]. A small𝐹 value encourages the
exploitation tendency of the algorithm that makes the search
focus on neighborhood of the current solutions; hence it can
enhance the convergence speed. However, it may also lead
to premature convergence [41]. On the other hand, a large
𝐹 value improves the exploration capability of the algorithm
that can make the mutant vectors distributed widely in the
search space and can increase the diversity of the population
[40]. However, it may slow down the search [41]. With
respect to the scaling factors in the proposed algorithm, at
each generation 𝐺, the scale factors 𝐹1, 𝐹2, and 𝐹3 of each
individual target vector are independently generated accord-
ing to uniform distribution in (0, 1) to enrich the search
behavior.The constant crossover (CR) reflects the probability
with which the trial individual inherits the actual individual’s
genes, that is, which and howmany components are mutated
in each element of the current population [17, 41]. The
constant crossover CR practically controls the diversity of the
population [40]. As a matter of fact, if CR is high, this will
increase the population diversity. Nevertheless, the stability
of the algorithmmay reduce. On the other hand, small values
of CR increase the possibility of stagnation that may weaken
the exploration ability of the algorithm to open up new search
space. Additionally, CR is usually more sensitive to problems
with different characteristics such as unimodality and multi-
modality, separable and nonseparable problems. For separa-
ble problems, CR from the range (0, 0.2) is the best while for
multimodal parameter dependent problems CR in the range
(0.9, 1) is suitable [42]. On the other hand, there are wide
varieties of approaches for adapting or self-adapting control
parameters values through optimization process. Most of
these methods are based on generating random values from
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uniform, normal, or Cauchy distributions or by generating
different values from predefined parameter candidate pool.
Besides, they use the previous experience (of generating bet-
ter solutions) to guide the adaptation of these parameters [11,
15–17, 19, 40, 43–46]. The presented work proposed a novel
self-adaptation scheme for CR.

The core idea of the proposed self-adaptation scheme for
the crossover rate CR is based on the following fundamental
principle. In the initial stage of the search process, the dif-
ference among individual vectors is large because the vectors
in the population are completely dispersed or the population
diversity is large due to the random distribution of the indi-
viduals in the search space that requires a relatively smaller
crossover value. Then, as the population evolves through
generations, the diversity of the population decreases as the
vectors in the population are clustered because each indi-
vidual gets closer to the best vector found so far. Conse-
quently, in order to maintain the population diversity and
improve the convergence speed, crossover should be gradu-
ally utilized with larger values along with the generations of
evolution increased to preserve well genes in so far as pos-
sible and promote the convergence performance. Therefore,
the population diversity can be greatly enhanced through
generations. However, there is no appropriate CR value that
balance both the diversity and convergence speed when
solving a given problem during overall optimization process.
Consequently, to address this problem and following the
SaDE algorithm [15], in this paper, a novel adaptation scheme
for CR is developed that can benefit from the past experience
through generations of evolutionary.

Crossover Rate Adaptation. At each generation 𝐺, the cross-
over probability CR𝑖 of each individual target vector is inde-
pendently generated randomly frompool𝐴 according to uni-
form distribution and Procedure 1 exists through genera-
tions.

In Procedure 1, 𝐴 is the pool of values of crossover rate
CR that changes during and after the learning period LP; we
set LP = 10% of GEN, 𝐺 is the current generation number;
GEN is the maximum number of generations. The lower and
upper limits of the ranges for (𝐺) are experimentally deter-
mined; CR Flag List[𝑖] is the list that contains one of two
binary values (0, 1) for each individual 𝑖 through generation
𝐺, where 0 represents failure, no improvement, when the
target vector is better than the trial vector during and after the
learning period and 1 represents success, improvement, when
the trial vector is better than the target vector during and
after the learning period, the failure counter list[𝑖] is the list
that monitors the working of individuals in terms of fitness
function value during generations after completion of the
learning period, and if there is no improvement in fitness,
then the failure counter of this target vector is increased by
unity. This process is repeated until it achieves prespecified
value of Max failure counter which assigned a value 20 that
is experimentally determined; CR Ratio List[𝑘] is the list that
records the relative change improvement ratios between the
trial and target objective function values with respect to each
value 𝑘 of the pool of values𝐴 of CR through generation𝐺. It
can be clearly seen from procedure 1 that, at𝐺 = 1, CR = 0.05

for each target vector and then, at each generation 𝐺, if the
generated trial vector produced is better than the target vec-
tor, the relative change improvement ratio (RCIR) associated
with this CR value is computed and the correspondence ratio
is updated. On the other hand, during the learning period,
if the target vector is better than the trial vector, then the
CR value is chosen randomly from the associated pool 𝐴 of
CR values, that is, gradually added more values, according
to generation number and hence, for this CR value, there is
no improvement and its ratio remains unchanged. However,
after termination of the learning period, if the target vector is
better than the trial vector, that is, if there is no improvement
in fitness, then the failure counter is increased by one in
each generation till this value achieves a prespecified value
of Max failure counter which assigned a value 20; then this
CR value should change to a new value that is randomly
selected from the pool 𝐴 of CR values that is taken in range
0.1–0.9 in steps of 0.1 and 0.05 and 0.95 are also included
as lower and upper values, respectively. Note that the RCIR
is only updated if there is an improvement. Otherwise, it
remains constant. Thus, the CR value with maximum ratio
is continuously changing according to the evolution process
at each subsequent generation. In fact, although all test
problems included in this study have optimum of zero, the
absolute value is used in calculating RCIR as a general rule
in order to deal with positive, negative, or mixed values of
objective function.

Concretely, Procedure 1 shows that, during the first half of
the learning period, the construction of pool 𝐴 of CR values
ensures the diversity of the population such that the crossover
probability for 𝑖th individual target increases gradually in
staircase along with the generations of evolution process
increased, taking into consideration that the probability of
chosen small CR values is greater than the probability of
chosen larger CR values as the diversity of the population
is still large. Additionally, in the second half of the learning
period, larger values of 0.9 and 0.95 are added to the pool as
it favors nonseparable functions. However, all the values have
an equally likely chance of occurrence to keep on the diversity
with different values of CR. Consequently, the successful CR
values with high relative change improvement ratio in this
period will survive to be used in the next generations of the
optimization process until it fails to achieve improvement for
a specific value of 20; then it must be changed randomly by
a new value. Thus, the value of CR is adaptively changed as
the diversity of the population changes through generations.
Distinctly, it varies from one individual to another during
generations, and also it is different from one function to
another one being optimized. Generally, adaptive control
parameters with different values during the optimization
process in successive generations enrich the algorithm with
controlled-randomness which enhances the global optimiza-
tion performance of the algorithm in terms of exploration and
exploitation capabilities. Therefore, it can be concluded that
the proposed novel adaptation scheme for gradual change of
the values of the crossover rate can excellently benefit from
the past experience of the individuals in the search space dur-
ing evolution process which in turn can considerably balance
the common trade-off between the population diversity and



8 Applied Computational Intelligence and Soft Computing

If ((CR Flag List[𝑖] = 0) and (𝐺 <= LP)), If the target vector is better than the trial vector during the learning period, then:

Cr𝑖 =

{{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{{
{

Randomly select one value from𝐴, 𝐴 = [0.05], 0 ≤ 𝐺 < (16) ∗ (LP)
Randomly select one value from𝐴, 𝐴 = [0.05, 0.1, 0.2], (16) ∗ (LP) ≤ 𝐺 < (14) ∗ (LP)
Randomly select one value from𝐴, 𝐴 = [0.05, 0.1, 0.2, 0.3, 0.4] , (14) ∗ (LP) ≤ 𝐺 < (13) ∗ (LP)
Randomly select one value from𝐴, 𝐴 = [0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6], (13) ∗ (LP) ≤ 𝐺 < ( 5

12) ∗ (LP)
Randomly select one value from𝐴, 𝐴 = [0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8] , ( 5

12) ∗ (LP) ≤ 𝐺 < (12) ∗ (LP)
Randomly select one value from𝐴, 𝐴 = [0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.95] , (12) ∗ (LP) ≤ 𝐺 < (1) ∗ (LP)

Else If ((CR Flag List[𝑖] = 0) and (𝐺 > LP)), If the target vector is better than the trial vector after the learning period, then:
If the failure counter list[𝑖] = Max failure counter,
Randomly select one value from list 𝐴, 𝐴 = [0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.95].
else
failure counter list[𝑖]= failure counter list[𝑖] + 1;
End If

Else ((CR Flag List[𝑖] = 1)), If the trial vector is better than the target vector through generations, then:
Select the CR value from A with maximum relative change improvement ratio (RCIR) from CR Ratio List[𝑘].

End IF

Procedure 1

convergence speed.The pseudocode of ANDE is presented in
Algorithm 2.

It is worth noting that although this work is an extension
and modification of our previous work in [47], there are
significant differences as follows: (1) Previous work in [47]
is proposed for solving small scale unconstrained problems
(i.e., 10, 30, and 50 dimensions), whereas this work is
proposed for solving large scale unconstrained problemswith
1000 dimensions. (2) The crossover rate in [47] is given by a
dynamic nonlinear increased probability scheme, but in this
work a novel self-adaptation scheme for CR is developed that
can benefit from the past experience through generations of
evolutionary. (3) In [47], only one difference vector between
the best and the worst individuals among the three randomly
selected vectors with one scaling factor, uniformly random
number in (0, 1), is used in the mutation, but in this work
three difference vectors between the tournament best, better,
and worst selected vectors with corresponding three scaling
factors, which are independently generated according to
uniform distribution in (0, 1), are used in the mutation
scheme. (4) The triangular mutation rule is only used in this
work, but in the previous work [47], the triangular mutation
strategy is embedded into the DE algorithm and combined
with the basic mutation strategy DE/rand/1/bin through a
nonlinear decreasing probability rule. (5) In previous work
[47] a restart mechanism based on Random Mutation and
modified BGA mutation is used to avoid stagnation or
premature convergence, whereas this work does not.

5. Experimental Study

5.1. Benchmark Functions. The performance of the proposed
ANDE algorithm has been tasted on 20 scalable optimization

functions for the CEC 2010 special session and competition
on large scale in global optimization. A detailed description
of these test functions can be found in [1]. These 20 test
functions can be divided into four classes:

(1) Separable functions 𝐹1–𝐹3
(2) Partially separable functions, in which a small num-

ber of variables are dependent while all the remaining
ones are independent (𝑚 = 50) 𝐹4–𝐹8

(3) Partially separable functions that consist of multiple
independent subcomponents, each of which is 𝑚-
nonseparable (𝑚 = 50) 𝐹9–𝐹18

(4) Fully nonseparable functions 𝐹19-𝐹20,
where the sphere function, the rotated elliptic function,
Schwefels Problem 1.2, Rosenbrock function, the rotated
Rastrigin function, and the rotated Ackley function are used
as the basic functions. The control parameter used to define
the degree of separability of a given function in the given test
suite is set as 𝑚 = 50. The dimensions (𝐷) of functions are
1000.

5.2. Parameter Settings and Involved Algorithms. To evaluate
the performance of algorithm, experiments were conducted
on the test suite.We adopt the solution error measure𝑓((𝑥)−
(𝑥∗)), where 𝑥 is the best solution obtained by algorithms in
one run and𝑥∗ is well-known global optimumof each bench-
mark function and is recorded after 1.2𝑒 + 05, 6.0𝑒 + 05, and
3.0𝑒 + 06 function evaluations (FEs), all experiments for each
function run 25 times independently, and statistical results
are provided including the best, median, mean, worst results
and the standard deviation. The population size in ANDE
was set to 50. The learning period (LP) and the maximum
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(01) Begin
(02) 𝐺 = 0
(03) Create a random initial population �⃗�𝐺𝑖 ∀𝑖, 𝑖 = 1, . . . ,NP,

set the Learning Period (LP) = 10% GEN, set the Max failure counter = 20.
For each �⃗�𝐺𝑖 , set the failure counter list[𝑖] = 0, set the CR Flag List[𝑖] = 0,
For each CR values in the list, set the CR Ratio List[𝑘] = 0 ∀𝑘, 𝑘 = 1, . . . , 11.

(04) Evaluate 𝑓(�⃗�𝐺𝑖 ) ∀𝑖, 𝑖 = 1, . . . ,NP
(05) For 𝐺 = 1 to GENDo
(06) For 𝑖 = 1 to NPDo
(07) Select randomly 𝑟1 ̸= 𝑟2 ̸= 𝑟3 ̸= 𝑖 ∈ [1,NP]
(08) 𝑗rand = randint(1, 𝐷)
(11) Compute the (crossover rate) Cr𝑖 according to Procedure 1.
(12) For 𝑗 = 1 to𝐷 Do
(13) If (rand𝑗[0, 1] < CR or 𝑗 = 𝑗rand)Then
(14) If (rand[0, 1] <= (2/3))Then (Use New Triangular Mutation Scheme)
(15) Determine the tournament 𝑥𝐺best, 𝑥𝐺better and 𝑥𝐺worst based on 𝑓(�⃗�𝐺𝑖 ), 𝑖 = 1, 2, 3

(three randomly selected vectors) and compute 𝑥𝐺𝑐 according to eq. (2).
(16) 𝑢𝐺+1𝑖,𝑗 = 𝑥𝐺𝑐,𝑗 + 𝐹1(𝑥𝐺best,𝑗 − 𝑥𝐺better,𝑗) + 𝐹2(𝑥𝐺best,𝑗 − 𝑥𝐺worst,𝑗) + 𝐹3(𝑥𝐺better,𝑗 − 𝑥𝐺worst,𝑗)
(17) Else
(18) 𝑢𝐺+1𝑖,𝑗 = 𝑥𝐺𝑟1,𝑗 + 𝐹 ⋅ (𝑥𝐺𝑟2,𝑗 − 𝑥𝐺𝑟3,𝑗)

End If
(15) Else
(16) 𝑢𝐺+1𝑖,𝑗 = 𝑥𝐺𝑖,𝑗
(17) End If
(18) End For
(19) If (𝑓(�⃗�𝐺+1𝑖 ) ≤ 𝑓(�⃗�𝐺𝑖 )) Then
(20) �⃗�𝐺+1𝑖 = �⃗�𝐺+1𝑖 , (𝑓(�⃗�𝐺+1𝑖 ) = 𝑓(�⃗�𝐺+1𝑖 ))

If (𝑓(�⃗�𝐺+1𝑖 ) ≤ 𝑓(�⃗�𝐺best)) Then
�⃗�𝐺+1best = �⃗�𝐺+1𝑖 , (𝑓(�⃗�𝐺+1best ) = 𝑓(�⃗�𝐺+1𝑖 ))
End
CR Flag List[𝑖]= 1
The relative change improvement ratio (RCIR) is updated

(21) CR Ratio List[𝑘] = CR Ratio List[𝑘] + (1 −min(|𝑓(�⃗�𝐺+1𝑖 )|, |𝑓(�⃗�𝐺𝑖 )|)/max(|𝑓(�⃗�𝐺+1𝑖 )|, |𝑓(�⃗�𝐺𝑖 )|)).
Else

(22) �⃗�𝐺+1𝑖 = �⃗�𝐺𝑖
CR Flag List[𝑖] = 0

(23) End If
(24) End For
(25) 𝐺 = 𝐺 + 1
(26) End For
(27) End

Algorithm 2: Description of ANDE algorithm.

failure counter (MFC) are set to 10% of total generations and
20 generations, respectively. For separable functions 𝐹1–𝐹3,
CR is chosen to be 0.05 as they are separable functions. ANDE
was compared to population-based algorithms that were all
tested on this test suite in this competition. These algorithms
are

(i) DE Enhanced by Neighborhood Search for Large
Scale Global Optimization (SDENS) [37],

(ii) Large Scale Global Optimization using Self-Adaptive
Differential Evolution algorithm (jDElsgo) [36],

(iii) Cooperative Coevolution with Delta Grouping for
Large Scale Nonseparable Function Optimization
(DECC-DML) [27],

(iv) the Differential Ant-Stigmergy Algorithm for Large
Scale Global Optimization (DASA) [35],

(v) two-stage based Ensemble Optimization for Large
Scale Global Optimization (EOEA) [28],

(vi) Memetic AlgorithmBased on Local SearchChains for
Large Scale Continuous Global Optimization (MA-
SW-CHAINS) [38],

(vii) DynamicMultiswarmParticle SwarmOptimizerwith
Subregional Harmony Search (DMS-PSO-SHS) [39].

Note that since paper [48] was not accepted (based on private
communication with the author) so it was excluded from this
comparison. To compare the solution quality from a statis-
tical angle of different algorithms and to check the behavior
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of the stochastic algorithms [38, 49], the results are compared
using multiproblem Wilcoxon signed-rank test at a signifi-
cance level 0.05.Wilcoxon signed-rank Test is a nonparamet-
ric statistical test that allow us to judge the difference between
paired scores when it cannot make the assumption required
by the paired-samples 𝑡-test; for example, the population
should be normally distributed, where 𝑅+ denotes the sum of
ranks for the test problems in which the first algorithm per-
forms better than the second algorithm (in the first column),
and 𝑅− represents the sum of ranks for the test problems in
which the first algorithm performs worse than the second
algorithm (in the first column). Larger ranks indicate larger
performance discrepancy. The numbers in better, equal, and
worse columns denote the number of problems in which
the first algorithm is better than, equal to, or worse than
the second algorithm. As a null hypothesis, it is assumed
that there is no significance difference between the mean
results of the two samples.Whereas the alternative hypothesis
is that there is significance in the mean results of the two
samples, the number of test problems𝑁 = 20 for 1.25𝑒 + 05,
6.00𝑒 + 05, and 3.00𝑒 + 006 function evaluations and 5% sig-
nificance level. Use the smaller values of the sums as the test
value and compare it with the critical value or use the 𝑝 value
and compare it with the significance level. Reject the null
hypothesis if the test value is less than or equal to the critical
value or if the 𝑝 value is less than or equal to the significance
level (5%). Based on the result of the test, one of three signs
(+, −, and ≈) is assigned for the comparison of any two
algorithms (shown in the last column), where (+) sign means
the first algorithm is significantly better than the second, (−)
sign means the first algorithm is significantly worse than the
second, and (≈) sign means that there is no significant differ-
ence between the two algorithms. To perform comprehensive
evaluation, the presentation of the experimental results is
divided into three subsections. At first, the effectiveness of
the proposed self-adaptive crossover rate scheme, modified
basic differential evolution, and new triangular mutation
scheme are evaluated. Second, overall performance com-
parisons between ANDE, ANDE-1, and ANDE-2 and other
state-of-the-art DEs and non-DEs approaches are provided.
Finally, the effectiveness of the proposed modifications and
parameter settings on the performance of ANDE algorithm
is discussed.

5.3. Experimental Results and Discussions. Firstly, some trials
have been performed to evaluate the benefits and effec-
tiveness of the proposed new triangular mutation and self-
adaptive crossover rate on the performance of ANDE. Two
different versions of ANDE have been tested and compared
against the proposed one denoted as ANDE-1 and ANDE-2.

(1) ANDE-1, which is same as ANDE except that the new
triangular mutation scheme is only used

(2) ANDE-2, which is same as ANDE except that the
basic mutation scheme is only used

The solution error of ANDE and the two variants ANDE-1
and ANDE-2 algorithms are recorded in 1.2𝑒 + 05, 6.0𝑒 + 05,
and 3.0𝑒 + 06 function evaluations (FEs); all experiments

for each function run 25 times independently and statistical
results are provided including the best, median, mean, and
worst results and the standard deviation in the supplemental
file (Tables S1–S3 in Supplementary Material available online
at https://doi.org/10.1155/2017/7974218).

In this section, we compare directly the mean results
obtained by ANDE, ANDE-1, and ANDE-2.

Tables S1, S2, and S3 contain the results obtained by
ANDE, ANDE-1, and ANDE-2 in 1.2𝑒 + 05, 6.0𝑒 + 05, and
3.0𝑒+06 function evaluations (FEs), respectively. For remark-
ing the best algorithm, best median and mean for each func-
tion are highlighted in boldface.The following characteristics
can be clearly observed:

(i) In the majority of the functions, the differences
betweenmean andmedian are small even in the cases
when the final results are far away from the optimum,
regardless of the number of function evaluations.
That implies the ANDE and its versions are robust
algorithms.

(ii) In many functions, results with FEs = 3.0𝐸 + 06 are
significantly better than with FEs = 6.0𝐸+05 and also
results with FEs = 6.0𝐸 + 05 are significantly better
than with FEs = 1.2𝐸+ 05. Therefore, ANDE, ANDE-
1, and ANDE-2 benefit from desired FEs and there are
continual improvements until the maximum FEs are
achieved.

From Table S1, we can see that all algorithms perform well
and there is no significant difference between them. How-
ever, it can be clearly seen from Table S2 that ANDE-2
performs significantly better than ANDE and ANDE-1 algo-
rithms on separable functions (𝐹1, 𝐹2). For 𝐹3 and single-
group𝑚-nonseparable functions (𝐹4–𝐹8), the performance of
the three algorithms are almost similar with the exception
of test function 𝐹6 where ANDE-2 performs better than
HDE and ANDE-2 algorithms. Regarding 𝐷/2𝑚-group 𝑚-
nonseparable functions (𝐹9–𝐹13), the performance of the
three algorithms is almost similar for 𝐹9. ANDE-2 outper-
forms ANDE and ANDE-1 on 𝐹10, 𝐹11 while for 𝐹12, it loses
to them. For 𝐹13, ANDE outperforms other two algorithms.
For𝐷/𝑚-group𝑚-nonseparable functions (𝐹14–𝐹18), ANDE
and ANDE-1 perform best but ANDE-2 only performs better
than ANDE and ANDE-1 on 𝐹16. But results of ANDE-1 on𝐹13 and 𝐹17 are relatively better than results of ANDE. As
for fully nonseparable functions (𝐹19-𝐹20), it is obvious that
ANDE and ANDE-1 perform better than ANDE-2. As for
𝐹20, ANDE performs significantly better than ANDE-1 and
ANDE-2 algorithms. As can be seen from Table S3, ANDE,
ANDE-1, and ANDE-2 algorithms were able to nearly reach
the global optimal solution with high consistency of the sep-
arable 𝐹1 (unimodal) and 𝐹3 (multimodal) functions. How-
ever, ANDE-2 performs better than ANDE and ANDE-1 on
separable multimodal function 𝐹2. Besides, ANDE, ANDE-1,
and ANDE-2 got close to the optimum single-group 𝑚-
nonseparable functions multimodal function 𝐹6 while only
ANDE and ANDE-1 were also very close to the optimal
solution of unimodal function 𝐹7. As for 𝐹4, 𝐹5, and 𝐹8,
ANDE-1 outperforms ANDE and ANDE-2. Regarding the

https://doi.org/10.1155/2017/7974218


Applied Computational Intelligence and Soft Computing 11

Table 1: Results of multiple-problem Wilcoxon’s test for ANDE, ANDE-1, and ANDE-2 over all functions at a significance level 0.05 (with
1.25E + 05 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus ANDE-1 114 76 0.445 12 1 7 ≈
ANDE versus ANDE-2 107 83 0.629 10 1 9 ≈
ANDE-1 versus ANDE-2 117 93 0.654 10 0 10 ≈

Table 2: Results of themultiple-problemWilcoxon’s test for ANDE, ANDE-1, and ANDE-2 over all functions at a significance level 0.05 (with
6.00E + 05 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus ANDE-1 92 118 0.627 12 0 8 ≈
ANDE versus ANDE-2 170 40 0.015 12 0 8 +
ANDE-1 versus ANDE-2 165 45 0.025 11 0 9 +

Table 3: Results of multiple-problem Wilcoxon’s test for ANDE, ANDE-1, and ANDE-2 over all functions at a significance level 0.05 (with
3.00E + 06 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus ANDE-1 85 124 0.467 12 0 8 ≈
ANDE versus ANDE-2 171 39 0.014 14 0 6 +
ANDE-1 versus ANDE-2 165 45 0.025 11 0 9 +

remaining problems, the performance of ANDE and ANDE-
1 is almost similar and they outperform ANDE-2 while
ANDE-2 performs some better that ANDE and ANDE-1
on 𝐹10, 𝐹15, 𝐹16, and 𝐹20. On the other hand, convergence
behavior is another important factor that must be considered
in comparison among all proposed algorithms. Therefore, in
order to analyze the convergence behavior of each algorithm
compared, the convergence graph of the median run has
been plotted for each test problem. Figure S1 presents the
convergence characteristics of all algorithms. From Figure S1,
it can be observed that the convergence behavior supports
the abovementioned analysis and discussions. Finally, it is
clearly deduced that the remarkable performance of ANDE
and ANDE-1 algorithms is due to the proposed mutation
scheme that has both exploration ability and exploitation
tendency. Additionally, it also visible that the proposed self-
adaptive crossover procedure enhances the performance of
the basic DE algorithm and it significantly promotes the
performance of ANDE and ANDE-1 algorithms. In order to
investigate and compare the performance of the proposed
algorithms ANDE, ANDE-1, and ANDE-2 at statistical level,
multiproblem Wilcoxon signed-rank test at a significance
level 0.05 is performed on mean errors of all problems (with
1.25𝐸 + 05 FEs, 6.00𝐸 + 05 FEs, and 3.00𝐸 + 06 FEs) and the
results are presented in Tables 1, 2, and 3, respectively. From
Table 1, it can be obviously seen that there is no significant
difference between ANDE-1, ANDE-2, and ANDE. Besides,
it can be obviously seen from Tables 2 and 3 that ANDE and
ANDE-1 are significantly better than ANDE-2. Besides, there
is no significant difference between ANDE-1 and ANDE.
Although ANDE-2 achieved good performance in the initial
phase of the search, it cannot keep the same performance
during the rest of the optimization phases as expected because

it depends only on the basic mutation which has a lack
of exploitation capability. On the other hand, ANDE and
ANDE-1 have almost the same excellent performance due to
the new triangular mutation.

In this section, we compare directly the mean results
obtained by ANDE, ANDE-1, and ANDE-2 with the ones
obtained by SDENS [37], jDElsgo [36], DECC-DML [27],
DASA [35], EOEA [28], MA-SW-CHAINS [38], and DMS-
PSO-SHS [39]. Tables S4–S6 contain the results obtained
by ANDE, ANDE-1, and ANDE-2 in 1.2𝑒 + 05, 6.0𝑒 + 05,
and 3.0𝑒 + 06 function evaluations (FEs), respectively. For
remarking the best algorithm, best median and mean for
each function are highlighted in boldface. From these tables
we have highlighted the following direct comparisons and
conclusions.

(i) For many test functions, the worst results obtained
by the proposed algorithms are better than the best
results obtained by other algorithms with all FEs.

(ii) Formany test functions, there is continuous improve-
ment in the results obtained by our proposed algo-
rithms, especially ANDE and ANDE-1, with all FEs
while the results with FEs = 6.0𝐸 + 05 are very close
to the results with FEs = 3.0𝐸 + 06 obtained by
some of the compared algorithms which indicate that
our proposed approaches are scalable enough and
can balance greatly the exploration and exploitation
abilities for solving high-dimensional problems until
the maximum FEs are reached.

(iii) For many functions, the remarkable performance of
ANDE and its two versions with FEs = 1.20𝐸 + 05
and FEs = 6.0𝐸 + 05 compared to the performance of
other algorithms shows its fast convergence behavior.
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Table 4: Results of multiple-problemWilcoxon’s test for ANDE, ANDE-1, and ANDE-2 versus SDENS, jDElsgo, DECC-DML, DASA, EOEA,
MA-SW-CHAINS, and DMS-PSO-SHS over all functions at a significance level 0.05 (with 1.25E + 05 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus SDENS 203 7 0.000 19 0 11 +
ANDE versus jDElsgo 210 0 0.000 20 0 0 +
ANDE versus DECC-DML 162 48 0.033 14 0 6 +
ANDE versus DASA 44 166 0.023 6 0 14 −
ANDE versus EOEA 26 184 0.003 2 0 18 −
ANDE versus MA-SW-CHAINS 30 180 0.005 2 0 18 −
ANDE versus DMS-PSO-SHS 104 106 0.970 12 0 8 ≈
ANDE-1 versus SDENS 210 0 0.000 20 0 0 +
ANDE-1 versus jDElsgo 210 0 0.000 20 0 0 +
ANDE-1 versus DECC-DML 149 61 0.100 13 0 7 ≈
ANDE-1 versus DASA 44 166 0.023 6 0 14 −
ANDE-1 versus EOEA 61 149 0.100 4 0 16 ≈
ANDE-1 versus MA-SW-CHAINS 19 191 0.001 2 0 18 −
ANDE-1 versus DMS-PSO-SHS 110 100 0.852 12 0 8 ≈
ANDE-2 versus SDENS 185 25 0.003 17 0 3 +
ANDE-2 versus jDElsgo 194 16 0.001 18 0 2 +
ANDE-2 versus DECC-DML 157 53 0.052 15 0 5 ≈
ANDE-2 versus DASA 45 165 0.025 6 0 14 −
ANDE-2 versus EOEA 37 173 0.011 3 0 17 −
ANDE-2 versus MA-SW-CHAINS 31 179 0.006 4 0 16 −
ANDE-2 versus DMS-PSO-SHS 105 105 1 13 0 7 ≈

Thus, our proposed algorithms can perform well
and achieve good results within limited number of
function evaluations which is very important issue
when dealing with real-world problems.

(iv) ANDE and its two versions got very close to the opti-
mum of single-group 𝑚-nonseparable multimodal
functions 𝐹6 in all statistical results with 1.20𝐸 + 05
FEs.

(v) ANDE-1, among all other algorithms, got very close
to the optimumof single-group𝑚-nonseparablemul-
timodal functions 𝐹8 in the best and median results
with 3.0𝐸 + 06 FEs.

(vi) The performance of ANDE and ANDE-1 is well in
all types of problems indicating that it is less affected
than the most of other algorithms by the characteris-
tics of the problems.

Furthermore, compared to the complicated structures and
number of methods and number of control parameters used
in other algorithms such as EOEA that uses three EAs opti-
mizers within CC framework plus estimation of distribution
algorithm (EDA), we can see that our proposed three ANDEs
are very simple and easy to be implemented and programmed
in many programming languages. They only use very simple
self-adaptive crossover rate with two parameters and a free
parameters novel triangular mutation rule and basic muta-
tion. Thus, they neither increase the complexity of the origi-
nal DE algorithm nor increase the number of control param-
eters. In order to investigate and compare the performance

of the proposed algorithms ANDE, ANDE-1, and ANDE-
2 against other algorithms in statistical sense, multiproblem
Wilcoxon signed-rank test at a significance level 0.05 is
performed on mean errors of all problems (with 1.25𝐸 + 05
FEs, 6.00𝐸 + 05 FEs, and 3.00𝐸 + 06 FEs) and the results
are presented in Tables 4, 5, and 6, respectively, where 𝑅+ is
the sum of ranks for the functions in which first algorithm
outperforms the second algorithm in the row, and 𝑅− is the
sum of ranks for the opposite.

From Table 4, it can be obviously seen that ANDE is
significantly better than SDENS, jDElsgo, and DECC-DML
algorithms; ANDE is significantly worse than DASA, EOEA,
andMA-SW-CHAINS algorithms. Besides, there is no signif-
icant difference betweenDMS-PSO-SHS andANDE.Besides,
it can be obviously seen that ANDE-1 is significantly better
than SDENS and jDElsgo algorithms; ANDE-1 is significantly
worse than DASA and MA-SW-CHAINS algorithms. How-
ever, there is no significant difference between DMS-PSO-
HA, DECC-DML, EOEA, and ANDE-1. Regarding ANDE-2,
it is significantly better than SDENS and jDElsgo algorithms;
ANDE-2 is significantly worse than DASA, EOEA, and MA-
SW-CHAINS algorithms. Besides, there is no significant
difference betweenANDE-2 andDMS-PSO-SHS andDECC-
DML.

On the other hand, from Table 5, it can be obviously
seen that ANDE is significantly better than SDENS, jDElsgo,
and DECC-DML algorithms; ANDE is significantly worse
than MA-SW-CHAINS algorithms. Besides, there is no sig-
nificant difference between DMS-PSO-HA, DASA, EOEA,
and ANDE. Besides, ANDE-1 is significantly better than
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Table 5: Results of multiple-problemWilcoxon’s test for ANDE, ANDE-1, and ANDE-2 versus SDENS, jDElsgo, DECC-DML, DASA, EOEA,
MA-SW-CHAINS, and DMS-PSO-SHS over all functions at a significance level 0.05 (with 6.00E + 05 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus SDENS 210 0 0.000 20 0 0 +
ANDE versus jDElsgo 192 18 0.001 18 0 2 +
ANDE versus DECC-DML 178 32 0.006 15 0 5 +
ANDE versus DASA 77 133 0.296 8 0 12 ≈
ANDE versus EOEA 67 143 0.156 6 0 14 ≈
ANDE versus MA-SW-CHAINS 38 172 0.012 1 0 15 +
ANDE versus DMS-PSO-SHS 78 132 0.313 8 0 12 ≈
ANDE-1 versus SDENS 210 0 0.000 20 0 0 +
ANDE-1 versus jDElsgo 172 38 0.012 15 0 5 +
ANDE-1 versus DECC-DML 162 48 0.033 12 0 8 +
ANDE-1 versus DASA 87 123 0.502 8 0 12 ≈
ANDE-1 versus EOEA 61 149 0.100 4 0 16 ≈
ANDE-1 versus MA-SW-CHAINS 41 169 0.017 4 0 16 −
ANDE-1 versus DMS-PSO-SHS 93 117 0.654 9 0 11 ≈
ANDE-2 versus SDENS 187 23 0.002 18 0 2 +
ANDE-2 versus jDElsgo 154 56 0.067 15 0 5 ≈
ANDE-2 versus DECC-DML 154 56 0.067 14 0 6 ≈
ANDE-2 versus DASA 60 150 0.093 7 0 13 ≈
ANDE-2 versus EOEA 52 158 0.048 5 0 15 −
ANDE-2 versus MA-SW-CHAINS 43 167 0.021 6 0 14 −
ANDE-2 versus DMS-PSO-SHS 61 149 0.100 7 0 13 ≈

Table 6: Results of multiple-problemWilcoxon’s test for ANDE, ANDE-1, and ANDE-2 versus SDENS, jDElsgo, DECC-DML, DASA, EOEA,
MA-SW-CHAINS, and DMS-PSO-SHS over all functions at a significance level 0.05 (with 3.00E + 06 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus SDENS 187 23 0.002 17 0 3 +
ANDE versus jDElsgo 31 179 0.006 4 0 16 −
ANDE versus DECC-DML 185 25 0.003 16 0 4 +
ANDE versus DASA 103 107 0.940 12 0 8 ≈
ANDE versus EOEA 88 122 0.526 9 0 11 ≈
ANDE versus MA-SW-CHAINS 66 144 0.145 8 0 12 ≈
ANDE versus DMS-PSO-SHS 54 156 0.057 7 0 13 ≈
ANDE-1 versus SDENS 187 23 0.002 17 0 3 +
ANDE-1 versus jDElsgo 50 160 0.040 5 0 15 −
ANDE-1 versus DECC-DML 164 26 0.005 13 1 6 +
ANDE-1 versus DASA 122 88 0.526 12 0 8 ≈
ANDE-1 versus EOEA 100 110 0.852 9 0 11 ≈
ANDE-1 versus MA-SW-CHAINS 85 125 0.455 9 0 11 ≈
ANDE-1 versus DMS-PSO-SHS 87 123 0.502 8 0 12 ≈
ANDE-2 versus SDENS 155 55 0.062 15 0 5 ≈
ANDE-2 versus jDElsgo 19 191 0.001 4 0 16 −
ANDE-2 versus DECC-DML 131 79 0.332 10 0 10 ≈
ANDE-2 versus DASA 64 146 0.126 8 0 12 ≈
ANDE-2 versus EOEA 41 169 0.017 5 0 15 −
ANDE-2 versus MA-SW-CHAINS 40 170 0.015 5 0 15 −
ANDE-2 versus DMS-PSO-SHS 21 189 0.002 16 0 4 −
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SDENS, DECC-DML, and jDElsgo algorithms; ANDE-1
is significantly worse than MA-SW-CHAINS algorithms.
Besides, there is no significant difference between DASA,
EOEA, DMS-PSO-SHS, and ANDE-1. Besides, ANDE-2 is
significantly better than SDENS algorithm;ANDE-2 is signif-
icantly worse than EOEA and MA-SW-CHAINS algorithms.
Besides, there is no significant difference between jDElsgo,
DECC-DML, DASA, DMS-PSO-SHS, and ANDE-2.

Finally, from Table 6, it can be obviously seen that HDE is
significantly better than SDENS andDECC-DMLalgorithms;
HDE is significantly worse than jDElsgo algorithm. Besides,
there is no significant difference between DMS-PSO-SHS,
DASA, EOEA, MA-SW-CHAINS, and HDE.

Additionally, it can be obviously seen that HDE-1 is
significantly better than SDENS andDECC-DMLalgorithms;
HDE-1 is significantly worse than jDElsgo algorithm. Besides,
there is no significant difference between DMS-PSO-SHS,
DASA, EOEA, MA-SW-CHAINS, and ANDE-1. However, it
can be obviously seen that ANDE-2 is significantly worse
than jDElsgo, EOEA,MA-SW-CHAINS, andDMS-PSO-SHS
algorithms. Besides, there is no significant difference between
SDENS, DECC-DML, DASA, and ANDE-2.

From Tables 4 and 5, it is noteworthy that ANDE-2
is better than all DEs algorithms (SDENS, jDElsgo, and
DECC-DML) which indicate that the proposed self-adaptive
crossover strategy improves the performance of the explo-
ration capability of the basic DE in the earlier search stages.
However, from Table 6, the poor performance of ANDE-2
algorithm in the remaining function evaluations is due to the
fact that it has great global exploration ability with weak local
exploitation tendency leading to inability of finding promis-
ing subregions that may deteriorate the overall performance
as well as cause stagnation with almost benchmark problems.
However, it is still statistically equal to SDENS, DECC-
DML, and DASA algorithms. Therefore, taking into consid-
eration the results obtained by a very simple version ANDE-
2 plus remarkable performance of ANDE and ANDE-1
in themajority of the problems, it can be obviously concluded
from direct and statistical results that ANDE and its versions
are powerful algorithms and they are competitive with, and
in some cases superior to, other existing algorithms in terms
of the quality, efficiency, and robustness of the final solution.

6. A Parametric Study on ANDE

In this section, as the performance of ANDE and ANDE-
1 is almost similar but ANDE converged to better solutions
faster than ANDE-1 in many problems and ANDE explicitly
includes both ANDE-1 and ANDE-2 versions, some experi-
ments are carried out so as to identify the key parameters that
significantly lead to the perfect performance of our proposed
approach by studying the effects of the self-adaptive crossover
rate scheme and the learning period as well as the maximum
failure counter on the performance of ANDE algorithm.
Note that in this study we do not try to find the optimal
values for these parameters but to verify that the improved
performance obtained after combining the proposed self-
adaptive crossover rate into basic and proposed mutation
schemes.

6.1. Efficacy of Parameter Adaptation and Setting. In the
following three subsections, we investigate the effectiveness
of the self-adaptive crossover scheme and we experimentally
determine the appropriate values of the learning period and
maximum failure counter parameters. Since they are not
associated with the hybridization process and they have
approximately the same effect with different number of
function evaluations (FEs), the solution errors of all variants
of ANDE are only recorded in 6.0𝐸+ 05 function evaluations
(FEs) as a median value of number of function evaluations;
all experiments for each function run 25 times independently
and statistical results are provided including the best,median,
mean, and worst results and the standard deviation. Besides,
since the adaptation scheme of crossover is not used with
problems 𝐹1–𝐹3, they are excluded from comparison.

6.1.1. Effectiveness of the Crossover Adaptation Procedure. In
this subsection, some trials have been performed to evaluate
the benefits and effectiveness of the proposed crossover
rate adaptation scheme on the performance on the ANDE
algorithm. Since all problems with exception to 𝐹1–𝐹3 are
partially or fully separable problems in nature, it is preferred
to evaluate HDE algorithm with three different values of
CR such as 0.1, 0.5, and 0.9. The following versions were
implemented for comparisons:

(1) ANDECR=0.1, which is the same as ANDE except that
the crossover rate CR is set to a constant number 0.1

(2) ANDECR=0.5, which is the same as ANDE except that
the crossover rate CR is set to a constant number 0.5

(3) ANDECR=0.9, which is the same as ANDE except that
the crossover rate CR is set to a constant number 0.9

On the other hand, in order to show the efficacy of the
construction of the learning period of the self-adaptive
crossover rate, Procedure 1 has been modified such that it
uses only one list that contains all possible values of CR from
the beginning of the learning period (LP) and, hence, all the
values have an equally likely chance of occurrence instead
of using it in the second half of the learning period (LP).
The procedure with the proposed modification is explained
in Procedure 2.

The new version of ANDE algorithm is called ANDEwith
one fixed list of CR values during the LP and it is abbreviated
(ANDE-OFL).

The statistical results including the best, median, mean,
and worst results and the standard deviation over 25 inde-
pendent runs of these algorithms are summarized in Table
S7.

It can be obviously seen from Table 7 that ANDE is sig-
nificantly better than ANDECR=0.5, ANDECR=0.9, and ANDE-
OFL algorithms. Besides, there is no significant difference
between ANDECR=0.1 and ANDE. However, although no
significant difference exists betweenANDE andANDECR=0.1,
we can still say that ANDE performs better than ANDECR=0.1
because the𝑅+ value ofANDE ismuch larger than the𝑅− one.
Moreover, ANDE outperforms ANDECR=0.1 in 10 problems
out of 17 problems while losing to ANDECR=0.1 in 7 problems
which are 𝐹6, 𝐹8, 𝐹11, 𝐹13, 𝐹16, 𝐹18, and 𝐹20 (Ackley and
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If ((CR Flag List[𝑖] = 0) and (𝐺 <= LP)), If the target vector is better than the trial vector during the learning period, then:
Cr𝑖 = Randomly select one value from𝐴, 𝐴 = [0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.95] , 0 ≤ 𝐺 ≤ LP
Else If ((CR Flag List[𝑖] = 0) and (𝐺 > LP)), If the target vector is better than the trial vector after the learning period, then:

If the failure counter list[𝑖] = Max failure counter,
Randomly select one value from list 𝐴, 𝐴 = [0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.95].
else
failure counter list[i]= failure counter list[𝑖] + 1;
End If

Else ((CR Flag List[𝑖] = 1)), If the trial vector is better than the target vector through generations, then:
Select the value from 𝐴 with maximum CR ratio from CR Ratio List[𝑘].

End IF

Procedure 2

Table 7: Results of the multiple-problem Wilcoxon’s test for ANDE, ANDECR=0.1, ANDECR=0.5, ANDECR=0.9, and ANDE-OFL over all
functions at a significance level 0.05 (with 6.00E + 05 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus ANDECR=0.1 117 36 0.055 10 0 7 ≈
ANDE versus ANDECR=0.5 144 9 0.001 15 0 2 +
ANDE versus ANDECR=0.9 146 7 0.001 16 0 1 +
ANDE versus ANDE-OFL 145 8 0.001 16 0 1 +

Rosenbrock) with all types of modality and nonseparability.
This proves that the proposed triangular mutation with small
value of CR performs well on some unimodal, multimodal,
and nonseparable problems. Regarding the remaining prob-
lems, ANDE can perform well with the unknown optimal
CR value that is appropriate for these types of problems.
Additionally, it also shows the effectiveness of our proposed
novel idea about the gradual increase of the crossover rate
during the initial stage of the search process. In fact, the main
idea behind this comparison is to prove that the proposed
ANDE algorithm can achieve the same results on some of the
problems but whenCR is tunedmanually.Therefore, it proves
that the proposed mutation scheme has well exploration and
exploitation abilities with associated appropriate CR values
for each problem. Besides, it also proves that the proposed
self-adaptive scheme of CR plays a vital role in determining
the optimal CR values for all problems during the optimiza-
tion process.Therefore, the statistical analysis on the results in
Table 7 confirms that ANDE with the proposed self-adaptive
crossover scheme outperforms the other compared ANDE
versions with constant CR value and with one fixed list of CR
values.

6.1.2. Parametric Study on the Learning Period Parameter.
The crossover (CR) practically controls the diversity of the
population and it is directly affected by the value of the
learning period parameter. In this subsection, some trials
have been performed to determine the suitable values of
learning period (LP). Thus, the performance of ANDE has
been investigated under two different LP values (5% GEN
and 20% GEN) and the results have been compared to those
obtained by the value of 10% GEN. To analyze the sensitivity
of this parameter, we further tested two extra configurations:

(1) ANDELP=5%, which is the same as ANDE except that
the leaning period was set to LP = 5% GEN

(2) ANDELP=20%, which is the same as ANDE except that
the leaning period was set to LP = 20% GEN

The statistical results including the best, median, mean, and
worst results and the standard deviation over 25 independent
runs of these algorithms are summarized in Table S8.

It can be obviously seen from Table 8 that ANDE is
significantly better than ANDELP=20% algorithm. Besides,
there is no significant difference between ANDELP=5% and
ANDE. However, Table 8 shows that ANDE obtains higher
𝑅+ value, which means that ANDE is overall better than
ANDELP=5%. Moreover, from Table 8, ANDE outperforms
ANDELP=5% and ANDELP=20% in 13 problems out of 17
problems while losing to ANDELP=5% and ANDELP=20% in 4
problems which indicate that the performance of ANDEwith
the value of LP 10% is better than the performance of ANDE
with the other two learning periods. However, this is not
meaning that the LP of 10% is suitable for all problems with
all function evaluations. Indeed, by a closer look at Tables 2
and 3, it can be seen that the solution of 𝐹6 obtained by the
three algorithms using 6.00𝐸+5FEs is better than the solution
achieved using 3.00𝐸 + 06. The main reason of this case can
be obviously deduced from the convergence performance for
𝐹6 presented in Figure S1. It shows very fast convergence
of all algorithms in the first 2.0𝐸 + 05 evaluations which is
considered to be premature convergence, meaning that, in
the rest of the given time interval, the algorithms are slowly
moving in the neighborhood of a local optimum. This is due
to the delay in finding the suitable crossover value during
the learning period which is 6000 generations. Practically, we
applied the same learning period of 6.00𝐸 + 05 FEs which is
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Table 8: Results of the multiple-problemWilcoxon’s test for ANDE, HDELP=5%, and HDELP=20% over all functions at a significance level 0.05
(with 6.00E + 05 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus HDELP=5% 103.5 49.5 0.201 13 0 4 ≈
ANDE versus HDELP=20% 126 27 0.019 13 0 4 +

Table 9: Results of the multiple-problem Wilcoxon’s test for ANDE, ANDEMFC=0, ANDEMFC=10, and ANDEMFC=30 over all functions at a
significance level 0.05 (with 6.00E + 05 FEs).

Algorithm 𝑅+ 𝑅− 𝑝 value Better Equal Worse Dec.
ANDE versus ANDEMFC=0 123 30 0.028 13 0 4 +
ANDE versus ANDEMFC=10 81 55 0.501 9 1 7 ≈
ANDE versus ANDEMFC=30 127 26 0.017 13 0 4 +

1200 generations with 3.0𝐸 + 06 FEs; the same results were
achieved and another premature convergence or stagnation
occurred again in another point as the 6.0𝐸 + 05 case. The
new best, median, worst, mean, standard deviation results
obtained by ANDE were 2.44𝐸 + 00, 3.07𝐸 + 00, 7.27𝐸 + 00,
4.19𝐸 + 00, and 1.82𝐸 + 00. The new convergence figure of
the new median run compared to ANDE-1 and ANDE-2 is
presented in Figure S2.Therefore, the learning period plays a
vital role in optimization process and it is surely varied from
one problem to another. Really, future research will focus
on how to control the learning period. Overall, the learning
period is suitable for all other problems as explained.

6.1.3. Parametric Study on the Maximum Failure Counter.
In this subsection, some trials have been performed to
determine the appropriate values ofmaximum failure counter
(MFC). The crossover (CR) practically controls the diversity
of the population and it is directly affected by the value of the
maximum failure counter parameter. Thus, the performance
of ANDE has been investigated under three different max-
imum failure counter values (0, 10, and 30) and the results
have been compared to those obtained by the value of 10.
To analyze the sensitivity of this parameter, we further tested
three extra configurations:

(1) ANDEMFC=0, which is the same as ANDE except that
the maximum failure counter was set to MFC = 0

(2) ANDEMFC=10, which is the same as ANDE except that
the maximum failure counter was set to MFC = 10

(3) ANDEMFC=30, which is the same as ANDE except that
the maximum failure counter was set to MFC = 30

The statistical results including the best, median, mean, and
worst results and the standard deviation over 25 independent
runs of these algorithms are summarized in Table S9.

It can be obviously seen from Table 9 that ANDE is
significantly better than ANDEMFC=0 algorithm which shows
the vital role and benefits of introducing (MFC) in the
proposed self-adaptiveCR scheme. Besides, there is no signif-
icant difference betweenANDEMFC=10 andANDE.Moreover,
ANDE outperforms ANDEMFC=10 in 9 problems out of 17
problemswhile it loses toANDEMFC=10 in 7 problems and ties
in 1 problem indicating that the performance of ANDE with

the value of MFC = 10 is almost similar to the performance
of ANDE with MFC = 20. However, ANDE is significantly
better than ANDEMFC=30 deducing that the increasing of
MFC value has negative effect that could lead to significant
deterioration in the performance of ANDE algorithm. From
the above statistical analysis, it can be concluded that ANDE
with self-adaptive crossover rate and with learning period LP
of 5% or 10% and maximum failure counter (MFC) of 10–20
generations performs well in the majority of the problems.

7. Conclusion

In order to efficiently concentrate the exploitation tendency
of some subregion of the search space and to significantly pro-
mote the exploration capability in whole search space during
the evolutionary process of the conventional DE algorithm,
a Differential Evolution (ANDE) algorithm for solving large
scale global numerical optimization problems over continu-
ous space was presented in this paper. The proposed algo-
rithm introduced a new triangularmutation rule based on the
convex combination vector of the triplet defined by the three
randomly chosen vectors and the difference vectors between
the best, better, and the worst individuals among the three
randomly selected vectors. The mutation rule is combined
with the basic mutation strategy DE/rand/1/bin, where only
one of the two mutation rules is applied with the probability
of 2/3 since it has both exploration ability and exploitation
tendency. Furthermore, we propose a novel self-adaptive
scheme for gradual change of the values of the crossover
rate that can excellently benefit from the past experience of
the individuals in the search space during evolution process
which in turn can considerably balance the common trade-off
between the population diversity and convergence speed.The
proposedmutation rule was shown to enhance the global and
local search capabilities of the basic DE and to increase the
convergence speed. The algorithm has been evaluated on the
standard high-dimensional benchmark problems. The com-
parison results between ANDE and its versions and the other
seven state-of-the-art evolutionary algorithms that were all
tested on this test suite on the IEEE congress on evolutionary
competition in 2010 indicate that the proposed algorithm and
its two versions are highly competitive algorithms for solving
large scale global optimization problem. The experimental
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results and comparisons showed that the ANDE algorithm
performed better in large scale global optimization problems
with different types and complexity; it performed better with
regard to the search process efficiency, the final solution qual-
ity, the convergence rate, and robustness, when compared
with other algorithms. Finally, the performance of the ANDE
algorithm was statistically superior to and competitive with
other recent and well-known DEs and non-DEs algorithms.
The effectiveness and benefits of the proposed modifica-
tions used in ANDE were experimentally investigated and
compared. It was found that the two proposed algorithms
ANDE and ANDE-1 are competitive in terms of quality of
solution, efficiency, convergence rate, and robustness. They
were statistically superior to the state-of-the-art DEs and
non-DEs algorithms. Besides, they perform better than
ANDE-2 algorithm in many cases. Although the remarkable
performance of ANDE-2 was competitive with some of the
compared algorithms, several current and future works can
be developed from this study. Firstly, current research effort
focuses on how to control the scaling factors by self-adaptive
mechanism and develop another self-adaptive mechanism
for crossover rate. Additionally, the new version of ANDE
combined with Cooperative Coevolution (CC) framework
is being developed and will be experimentally investigated
soon. Moreover, future research will investigate the perfor-
mance of the ANDE algorithm in solving constrained and
multiobjective optimization problems as well as real-world
applications such as data mining and clustering problems.
In addition, large scale combinatorial optimization problems
will be taken into consideration. Another possible direction is
integrating the proposed triangular mutation scheme with all
compared and other self-adaptive DE variants plus combin-
ing the proposed self-adaptive crossover with otherDEmuta-
tion schemes. Additionally, the promising research direction
is joining the proposed triangularmutationwith evolutionary
algorithms, such as genetic algorithms, harmony search, and
particle swarm optimization, as well as foraging algorithms
such as artificial bee colony, bees algorithm, and Ant-Colony
Optimization.
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