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Conjugate gradient is an iterative method that solves a linear system 𝐴𝑥 = 𝑏, where𝐴 is a positive definite matrix. We present this
new iterative method for solving linear interval systems �̃��̃� = 𝑏, where �̃� is a diagonally dominant interval matrix, as defined in
this paper. Our method is based on conjugate gradient algorithm in the context view of interval numbers. Numerical experiments
show that the new interval modified conjugate gradient method minimizes the norm of the difference of �̃��̃� and 𝑏 at every step
while the norm is sufficiently small. In addition, we present another iterative method that solves �̃��̃� = �̃�, where �̃� is a diagonally
dominant interval matrix. This method, using the idea of steepest descent, finds exact solution �̃� for linear interval systems, where�̃��̃� = 𝑏; we present a proof that indicates that this iterative method is convergent. Also, our numerical experiments illustrate the
efficiency of the proposed methods.

1. Introduction

Solving system of linear equations is a well-known problem
in linear algebra. Many practical problems are modeled
as system of linear equations. These problems have been
studied by many scientists and several methods have been
proposed to solve them [1, 2]. But, in everyday life, measuring
instruments just estimate values, and usuallymeasured values
are not accurate. Sometimes for more accuracy, intervals
are used to represent the actual values. For example, the
length of a metal rod is estimated between 24.221 and 24.222
centimeters, or temperature measured by a thermometer is
between 27.6 and 27.7 Celsius.

There are many types of uncertainty and there are many
different mathematical systems that calculate uncertainties
[3], e.g., rough sets theory [4], fuzzy numbers [5], probability
theory [6], interval valued numbers [7], and dual fuzzy
numbers [8]. In this paper, uncertainty is considered as
interval numbers. Some articles used this model to solve their
problems [9, 10].

Using interval numbers in algebra was initially developed
in the mid-1960s. In 1966, Moore presented his book on
interval analysis [11]. Then Hansen offered a solution on

interval linear algebraic equations [12]. Then many authors
published their methods for solving linear interval systems,
such as Neumaier, Abolmasoumi and Alavi, Nirmala, and
Ganesan [13–15]. Nowadays, interval analysis methods have
been applied to engineering problems, such as dynamic
response analysis [16, 17], geotechnical structures [18], and
control systems [19].

In this paper, we introduce two new iterative methods for
solving a linear interval system of equations that is a linear
system involving uncertain coefficients appearing as interval
numbers. The solution of this system is an interval vector.

The present paper is organized as follows. The basic
definitions related to interval numbers and linear interval
systems are discussed in Section 3. In Section 3.1, we intro-
duce two additional interval operations. These are inverse
operations of “−” and “+.” Section 3.2 recalls some prop-
erties of interval numbers and interval arithmetic. Also, it
introduces some new properties on introduced operations.
Next, we review conjugate gradient method and then present
a new method for solving linear interval systems based on
conjugate gradient method. Another new iterative method
using steepest descent idea is proposed in Section 3.4.
Section 4 shows the experimental results of the proposed
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methods and discusses the accuracy and efficiency of the new
methods.

2. Interval Arithmetic

Interval numbers and arithmetic are explained in [7, 11, 13,
20]. We review main definition here. Given 𝑎, 𝑏 ∈ R, where𝑎 ≤ 𝑏, the real bounded set

�̃� = {𝑥 | 𝑎 ≤ 𝑥 ≤ 𝑏} = [𝑎, 𝑏] (1)

is called a proper interval. The set of all proper intervals onR
is denoted by IR. In this paper, all elements in IR are shown
with a hat, i.e., �̃�.

The infimum and supremum of �̃� = [𝑎, 𝑏] are 𝑥 = 𝑎 and𝑥 = 𝑏, respectively.
Themagnitude is defined to be the maximum value of |𝑥|

for all 𝑥 ∈ �̃�. Thus

𝑀𝑎𝑔 (�̃�) = max {𝐴𝑏𝑠 (𝑥) | 𝑥 ∈ �̃�} = max (|𝑎| , |𝑏|) . (2)

The width and midpoint of �̃� are denoted by 𝑤(�̃�) and 𝑚(�̃�),
respectively, and defined as

𝑤 (�̃�) = 𝑥 − 𝑥 (3)

𝑚(�̃�) = (𝑥 + 𝑥) /2 (4)

An interval number �̃� is defined as a subset of interval
number �̃� when 𝑥 ≥ 𝑦 and 𝑥 ≤ 𝑦 and denoted by �̃� ⊆ �̃�.
Equality held when �̃� = �̃�.

Each real number 𝑎 ∈ R can be viewed as a special
interval number �̃� = [𝑎, 𝑎]. The interval [𝑎, 𝑎] simply can be
denoted by 𝑎 without confusion.

For each binary operation ∗ which is defined on R, a
binary operation ∗̃ is defined on IR as

�̃�∗̃�̃� = {𝑥 ∗ 𝑦 | 𝑥 ∈ �̃�, 𝑦 ∈ �̃�} (5)

for �̃�, �̃� ∈ IR. Note that we will use operator ∗ for both
interval and real numbers when there is no confusion.

Therefore, basic interval arithmetic is defined in the
following. Let �̃�, �̃� ∈ IR; then

�̃� + �̃� = [𝑥 + 𝑦, 𝑥 + 𝑦] , (6)

�̃� − �̃� = [𝑥 − 𝑦, 𝑥 + 𝑦] , (7)

�̃� × �̃�
= [min (𝑥𝑦, 𝑥𝑦, 𝑥𝑦, 𝑥𝑦) ,max (𝑥𝑦, 𝑥𝑦, 𝑥𝑦, 𝑥𝑦)] . (8)

�̃�/�̃� = �̃� × (1/�̃�) : 0 ∉ �̃�, (9)

where

1/�̃� = [1/𝑦, 1/𝑦] : 0 ∉ �̃�. (10)

Note that there is a simple alternative way to formulate the
interval multiplication.

An interval vector is a vector whose elements are interval
numbers. Similarly, an interval matrix is a matrix whose
elements are interval numbers.

Consider �̃� ∈ IR𝑛, 𝑠 ∈ R𝑛, �̃� ∈ IR𝑚×𝑛, and 𝐴 ∈ R𝑚×𝑛. We
say 𝑠 ∈ �̃� if each element of vector 𝑠 belongs to corresponding
element of �̃� and 𝐴 ∈ �̃� if each element of matrix 𝐴 belongs
to the corresponding element of �̃�.

Norm of interval vector �̃� is defined in [21] as

norm (�̃�) = max
1≤𝑖≤𝑛

{𝑀𝑎𝑔 (�̃�𝑖)} . (11)

We define a square interval matrix as diagonally magnitude
dominant or for simplicity diagonally dominant if

∀1≤𝑖,𝑗≤𝑛𝑎𝑖𝑗 ∈ �̃�𝑖𝑗 : 𝐴𝑏𝑠 (𝑎𝑖𝑖) ≥ ∑
𝑖 ̸=𝑗

𝐴𝑏𝑠 (𝑎𝑖𝑗) (12)

Proposition 1. Interval matrix �̃� ∈ IR𝑛×𝑛 is diagonally dom-
inant if and only if

∀1≤𝑖,𝑗≤𝑛𝑀𝑖𝑔 (�̃�𝑖𝑖) ≥ ∑
𝑖 ̸=𝑗

𝑀𝑎𝑔 (�̃�𝑖𝑗) (13)

Proof. Equation (13) directly follows (12); just set 𝑎𝑖𝑖 =
Mig(�̃�𝑖𝑖) and 𝑎𝑖𝑗 = Mag(�̃�𝑖𝑗) when 𝑖 ̸= 𝑗.

If (13) holds then

∀𝑎𝑖𝑖 ∈ �̃�𝑖𝑖 : Abs (𝑎𝑖𝑖) ≥ Mig (�̃�𝑖𝑖) , (14)

and

∀𝑎𝑖𝑗 ∈ �̃�𝑖𝑗 : Mag (�̃�𝑖𝑖) ≥ Abs (𝑎𝑖𝑗) . (15)

Finally,

∀1≤𝑖,𝑗≤𝑛𝑎𝑖𝑗 ∈ �̃�𝑖𝑗 : Abs (𝑎𝑖𝑖) ≥ Mig (𝑎𝑖𝑖)
≥ ∑
𝑖 ̸=𝑗

Mag (�̃�𝑖𝑗)∑
𝑖 ̸=𝑗

Abs (𝑎𝑖𝑗) . (16)

General matrix form of linear interval systems can be written
as follows:

�̃��̃� = 𝑏, (17)

where �̃� is an interval matrix, �̃� is an interval vector solution,
and 𝑏 is an interval vector.

To solve a linear interval system, there exist somedifferent
approaches [22–24]. Four of the well-known approaches are
as follows:

(1) Find an interval vector �̃� such that, for all 𝑥 ∈ �̃�, 𝐴 ∈�̃� and 𝑏 ∈ 𝑏 exist such that 𝐴𝑥 = 𝑏 (united solution
set).

(2) Find an interval vector �̃� such that, for all 𝑥 ∈ �̃�, for
all 𝐴 ∈ �̃�, 𝑏 ∈ 𝑏 exists such that 𝐴𝑥 = 𝑏 (tolerable
solution set). Equivalently,

∀𝑥 ∈ �̃� : �̃�𝑥 ⊆ 𝑏 (18)
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(3) Find an interval vector �̃� such that, for all 𝑥 ∈ �̃�, for
all 𝑏 ∈ 𝑏, 𝐴 ∈ �̃� exists, such that 𝐴𝑥 = 𝑏 (controllable
solution set). Equivalently,

∀𝑥 ∈ �̃� : 𝑏 ⊆ �̃�𝑥 (19)

(4) Find an interval vector �̃� such that multiplication �̃��̃�
is equal to 𝑏 (exact solution set).

United solutions are studied in [13, 25, 26]. In [22, 27] meth-
ods have been published to find tolerable solutions. Also,
some methods have been developed to obtain controllable
solutions [14, 28] and exact solutions [12, 14, 29–31] of interval
linear systems.

Our proposed method calculates a solution for �̃��̃� = 𝑏
in the sense of the exact solution, where �̃� is a diagonally
dominant interval matrix.

3. Materials and Methods

3.1. Inverse Operations for “+” and “×”. Suppose we are given
an equation �̃� + �̃� = �̃�, where �̃� is a known interval number,
and �̃� is an unknown interval number, how can one find �̃�?

Obviously �̃� = [0, 0] = 0 is the solution to this equation.
However, �̃� − �̃� = [𝑎 − 𝑎, 𝑎 − 𝑎] which is not equal to [0, 0]
unless 𝑎 = 𝑎. If the operation “−” is inverse of the operation
“+,” then �̃�must equal �̃� − �̃�. But �̃� = [0, 0] and �̃� − �̃� ̸= [0, 0]
unless 𝑎 = 𝑎.

As it can be observed, the operator “−” is not inverse of the
operation “+.” Similarly, it can be observed that the operation
“/” is not inverse of the operation “×.” Therefore, we propose
the inverse of operations “+” and “×.”

Before introducing inverse operations for “+” and “×,” we
need another general type of intervals that is defined in [32,
33]. A general closed interval [𝑎, 𝑏] is identified by two real
numbers 𝑎, 𝑏 ∈ R and is defined as

[𝑎, 𝑏] = {𝑥 ∈ R | 𝑎 ≤ 𝑏 ∨ 𝑏 ≤ 𝑎} . (20)

The general interval number space over real numbers is
denoted by IR∗. Obviously, IR ⊆ IR∗. All definitions
(supremum, infimum, andmagnitude) and operations in IR∗
are defined the same as IR but computation over IR∗ is
more complicated than IR. The arithmetic over IR∗ is well
discussed in [20, 32, 33]. For example, [1, 3]+[3, 1] = [4, 4] as
in (7), or [1, 2]×[3, 1] = [3, 2] as in (8).Thewidth of a general
interval number can be negative; for example, 𝑤([3, 2]) = −1.
Also, according to definition of subset, [2, −2] ⊆ [0, 0].

In this paper, by general interval, we mean general closed
intervals.

For �̃�, 𝑏 ∈ IR∗, the operation “⊖” is defined in [20, 33] as

�̃� ⊖ 𝑏 = [𝑎 − 𝑏, 𝑎 − 𝑏] (21)

For �̃�, 𝑏 ∈ IR, we define the operation “⊘” as

�̃� ⊘ 𝑏 =

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

[−∞,+∞] 𝑎 = 𝑎 = 0, 𝑏 = 𝑏 = 0
[0, 0] 𝑎 = 𝑎 = 0, (𝑏 ̸= 0 𝑜𝑟 𝑏 ̸= 0)
𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑 (∃𝑥 ̸= 0, 𝑥 ∈ �̃�) , 𝑏 = 𝑏 = 0
𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑 (0 ∉ 𝑎) , (0 ∈ 𝑏)
[𝑎/𝑏, 𝑎/𝑏] 𝑎 ≥ 0, 𝑏 > 0
[0, 𝑎/𝑏] 𝑎 = 0, 𝑏 = 0
[𝑎/𝑏, 𝑎/𝑏] 𝑎 ≤ 0 ≤ 𝑎, 𝑏 ≥ 0
[𝑎/𝑏, 𝑎/𝑏] 𝑎 ≤ 0, 𝑏 > 0
[𝑎/𝑏, 0] 𝑎 = 0, 𝑏 = 0
�̃� ⊘ (−𝑏) 𝑏 ≤ 0
[𝑎/𝑏, 𝑎/𝑏] 𝑎 ≥ 0, 𝑏 < 0 < 𝑏
[max {𝑎/𝑏, 𝑎/𝑏} ,min {𝑎/𝑏, 𝑎/𝑏}] 𝑎 ≤ 0 ≤ 𝑎, 𝑏 < 0 < 𝑏
[𝑎/𝑏, 𝑎/𝑏] 𝑎 ≤ 0, 𝑏 < 0 < 𝑏

(22)

Note that this definition can handle many cases where 0
belongs to 𝑏, and just in three cases compute undefined or
unbounded solution. This property lets us design algorithms
with high stability and consistent whenworking with interval
values that contain 0.

In the following two theorems, we show that operations
“⊖” and “⊘” are inverse of operations “+” and “×,” respectively
[34].

Theorem 2. Given �̃�, 𝑏 ∈ IR, then the interval equation �̃� +�̃�∗ = 𝑏 has a unique solution �̃�∗ = 𝑏 ⊖ �̃�, where �̃�∗ ∈ IR∗. The
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Table 1: Interval multiplication in detail.

�̃��̃� = 𝑏 0 ≤ 𝑎 0 ∈ �̃� 𝑎 ≤ 0
0 ≤ 𝑥 [𝑎𝑥, 𝑎𝑥] [𝑎𝑥, 𝑎𝑥] [𝑎𝑥, 𝑎𝑥]0 ≤ 𝑏, 𝑏 𝑏 ≤ 0 ≤ 𝑏 𝑏, 𝑏 ≤ 0
0 ∈ �̃� [𝑎𝑥, 𝑎𝑥] [min {𝑎𝑥, 𝑎𝑥} ,max {𝑎𝑥, 𝑎𝑥}] [𝑎𝑥, 𝑎𝑥]𝑏 ≤ 0 ≤ 𝑏 𝑏 ≤ 0 ≤ 𝑏 𝑏 ≤ 0 ≤ 𝑏
𝑥 ≤ 0 [𝑎𝑥, 𝑎𝑥] [𝑎𝑥, 𝑎𝑥] [𝑎𝑥, 𝑎𝑥]𝑏, 𝑏 ≤ 0 𝑏 ≤ 0 ≤ 𝑏 0 ≤ 𝑏, 𝑏
equation �̃� + �̃�∗ = 𝑏 has a unique solution in IR if �̃�∗ ∈ IR;
otherwise the equation �̃� + �̃�∗ = 𝑏 has no solution in IR but
has exactly one in IR∗.

Proof. �̃� + �̃� = 𝑏 ⇐⇒ [𝑎, 𝑎] + [𝑥∗, 𝑥∗] = [𝑏, 𝑏]. That is, 𝑏 =𝑎+𝑥∗, which solves 𝑥∗ = 𝑏−𝑎. Similarly, 𝑥∗ = 𝑏−𝑎; therefore,
we have �̃�∗ = 𝑏 ⊖ �̃�, where �̃�∗ = [𝑥∗, 𝑥∗].

Therefore if �̃�, 𝑏, �̃� ∈ IR and �̃�+�̃� = 𝑏, then �̃� can be found
with this inverse operation uniquely.

Theorem 3. Given �̃�, 𝑏 ∈ IR, then the interval equation �̃� ×�̃�∗ = �̃� has a solution �̃�∗ = 𝑏⊘�̃�, where �̃�∗ ∈ IR∗.The equation�̃� × �̃�∗ = 𝑏 has a solution in IR if �̃�∗ ∈ IR; otherwise the
equation �̃� × �̃�∗ = 𝑏 has no solution in IR but has in IR∗.

Remark. Solution �̃�∗ is not usually unique; e.g., the inter-
val equation [−1, 1] × �̃�∗ = [−2, 2] has solutions[−1, 2], [−2, 0], [−2, 2]. Actually, this equation has unlimited
solutions. All intervals [𝑢, 2] and [−2, V] where −2 ≤ 𝑢 ≤ 0
and 0 ≤ V ≤ 2 can be solution of this equation.

In cases that �̃�∗ is not unique, �̃�∗ is considered as the
longest interval as possible. In the above example, �̃� must be[−2, 2].
Proof. Suppose �̃� × �̃� = 𝑏. Before starting the proof, note
that multiplication result, 𝑏, depends on the sign of �̃� and �̃�.
Table 1 shows sign of 𝑏 related to sign of �̃� and �̃� and also
shows formulas of multiplication result.

Suppose that, given �̃�, 𝑏 ∈ IR, �̃� × �̃� = 𝑏, and 𝑎 ≤ 0 and0 ∈ 𝑏. Now, from Table 1, it is observed that the following
must occur: 𝑏 ≤ 0 ≤ 𝑏 and 𝑏 = [𝑎𝑥, 𝑎𝑥]. Then

�̃��̃� = 𝑏 ⇐⇒
𝑏 = [𝑎𝑥, 𝑎𝑥] ⇐⇒

{𝑏 = 𝑎𝑥 ⇐⇒ 𝑥 = 𝑏/𝑥
𝑏 = 𝑎𝑥 ⇐⇒ 𝑥 = 𝑏/𝑥 ⇐⇒

�̃� = 𝑏 ⊘ �̃�.

(23)

This means in this case �̃� is uniquely calculated by inverse
operations of “×.” For other cases except cases with condition0 ∈ �̃�, one can provide similar proofs.

For cases with condition 0 ∈ �̃�, there is an ambiguity.
From Table 1, there are three cases in column 0 ∈ �̃�. They
have the same conditions 𝑏 ≤ 0 ≤ 𝑏. The solution can be in

forms 0 ≤ 𝑥, 0 ∈ �̃�, and 0 ≥ 𝑥, respectively. The solution
should be in form of 0 ∈ �̃�, because it is the longest possible
interval solution and includes both of the others. Now, find 𝑥
and 𝑥. If 𝑥𝑠 with condition 0 ∈ 𝑥𝑠 is the solution of �̃� × �̃� = 𝑏,
then 𝑏 = [min{𝑎𝑥𝑠, 𝑎𝑥𝑠},max{𝑎𝑥𝑠, 𝑎𝑥𝑠}]. It follows that

𝑏 = min {𝑎𝑥𝑠, 𝑎𝑥𝑠} ⇒
𝑏 ≤ 𝑎𝑥𝑠 ⇒
𝑥𝑠 ≥ 𝑏/𝑎,

(24)

and

𝑏 = max {𝑎𝑥𝑠, 𝑎𝑥𝑠} ⇒
𝑏 ≥ 𝑎𝑥𝑠 ⇒
𝑥𝑠 ≥ 𝑏/𝑎.

(25)

Then,

𝑥𝑠 ≥ max {𝑏/𝑎, 𝑏/𝑎} . (26)

If 𝑥𝑠 ̸= max{𝑏/𝑎, 𝑏/𝑎}, then 𝑥𝑠 > max{𝑏/𝑎, 𝑏/𝑎}, and 𝑎𝑥𝑠 >
max{𝑏/, 𝑎𝑏/𝑎} ≥ 𝑏. This contradicts with 𝑏 = max{𝑎𝑥𝑠, 𝑎𝑥𝑠}.
Hence

𝑥𝑠 = max {𝑏/𝑎, 𝑏/𝑎} . (27)

Similarly,

𝑥𝑠 = min {𝑏/𝑎, 𝑏/𝑎} , (28)

and therefore, we have 𝑥𝑠 = 𝑏 ⊘ 𝑎.
In addition, special case �̃� = [0, 0] should be considered

separately. If �̃� = [0, 0] and 𝑏 ̸= [0, 0], no �̃� exists such that�̃� × �̃� = 𝑏. If �̃� = 𝑏 = [0, 0], then �̃� is free and expression�̃� × �̃� = 𝑏 is consistent for all �̃�. At this point �̃� is considered
as [−∞,+∞].
3.2. Some Properties of the Interval Arithmetic Operations. In
this section, first we recall some basic properties of interval
arithmetic. For �̃�, 𝑏, �̃�, �̃� ∈ IR the following rules hold [35]:

�̃� + 𝑏 = 𝑏 + �̃� (29)

�̃� × 𝑏 = 𝑏 × �̃� (30)

(�̃� + 𝑏) + �̃� = �̃� + (𝑏 + �̃�) (31)
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(�̃� × 𝑏) × �̃� = �̃� × (𝑏 × �̃�) (32)

�̃� ± �̃� ⊆ 𝑏 ± �̃� 𝑤ℎ𝑒𝑛 �̃� ⊆ 𝑏, �̃� ⊆ �̃� (33)

𝑤 (𝑎) ≤ 𝑤 (𝑏) 𝑤ℎ𝑒𝑛 �̃� ⊆ 𝑏 (34)

For �̃�, 𝑏, �̃� ∈ IR we have

�̃� (𝑏 + �̃�) ⊆ �̃�𝑏 + �̃��̃�. (35)

In relation (35), equality holds when 𝑎 = 𝑎 or 𝑏 × 𝑐 ≥ 0.
Proposition 4. Consider �̃�, 𝑏, �̃� ∈ IR; then

�̃� ⊖ (𝑏 + �̃�) = (�̃� ⊖ 𝑏) ⊖ �̃� (36)

Proof. Let �̃� = (�̃�⊖𝑏)⊖ �̃�; then (�̃�⊖𝑏) = �̃�+ �̃� and �̃� = 𝑏+ �̃�+�̃�,
so

�̃� ⊖ (𝑏 + �̃�) = (𝑏 + �̃� + �̃�) ⊖ (𝑏 + �̃�)
= (�̃� + (b̃ + c̃)) ⊖ (b̃ + c̃) = �̃�
= (�̃� ⊖ 𝑏) ⊖ �̃�,

(37)

Proposition 5. For �̃�, 𝑏, �̃� ∈ IR we have

�̃�𝑏 ⊖ �̃��̃� ⊆ �̃� (𝑏 ⊖ �̃�) , (38)

and equality holds when 𝑎 = 𝑎 or 𝑐 × (𝑏 − 𝑐) ≥ 0.
Proof. Let �̃� = 𝑏 ⊖ �̃� and then 𝑏 = �̃� + �̃�. So

�̃�𝑏 = �̃� (�̃� + �̃�) ⊆ �̃��̃� + �̃��̃�
�̃�𝑏 ⊆ �̃��̃� + �̃� (𝑏 ⊖ �̃�)

�̃�𝑏 ⊖ �̃��̃� ⊆ �̃� (�̃� ⊖ �̃�) .
(39)

Obviously equality holds when 𝑎 = 𝑎 or 𝑑 × 𝑐 ≥ 0, where𝑑 = 𝑏 − 𝑐, which implies property (36).

Proposition 6. For �̃�, 𝑏, �̃� ∈ IR we have

(𝑏 ⊖ �̃�) ⊘ �̃� ⊆ (�̃� ⊘ �̃�) ⊖ (�̃� ⊘ �̃�) (40)

Proof.

�̃�𝑏 ⊖ �̃��̃� ⊆ �̃� (𝑏 ⊖ �̃�) , (41)

and using definition of ⊘ we have

(�̃�𝑏 ⊖ �̃��̃�) ⊘ �̃� ⊆ �̃� ⊖ �̃�. (42)

Define �̃� = �̃�𝑏 and 𝐶 = �̃��̃�; then 𝑏 = �̃� ⊘ �̃� and �̃� = �̃� ⊘ �̃�. So,
(�̃� ⊖ �̃�) ⊘ �̃� ⊆ (�̃� ⊘ �̃�) ⊖ (𝐶 ⊘ �̃�) , (43)

and hence (40) holds.

3.3. Modified Conjugate Gradient Method for Linear Interval
Systems. Conjugate gradient method is one of the most
useful techniques in solving iterative methods for solving
linear system of equations, whose matrix is symmetric and
positive definite. The conjugate gradient method was pro-
posed by Hestenes and Stiefel in 1952 as an iterative method
for solving linear systems with positive definite coefficient
matrices [36]. The conjugate gradient algorithm for linear
system of equations can be briefly described as follows.

Consider system 𝐴𝑥 = 𝑏 with solution 𝑦. Start with an
initial estimate 𝑥0 of 𝑦. At step 𝑖 use 𝑥𝑖 to new estimate 𝑥𝑖+1
of 𝑦 which is closer to 𝑦. At each step residual 𝑟𝑖 = 𝑏 − 𝐴𝑥𝑖
is computed and used as a measure of the goodness of the
estimate 𝑥𝑖. The algorithm is detailed below for solving 𝐴𝑥 =𝑏, where A is a symmetric, positive definite matrix.

We generalize this method for linear interval systems
when the interval matrix �̃� is symmetric, �̃�𝑖𝑗 = �̃�𝑗𝑖 for all1 <= 𝑖, 𝑗 <= 𝑛, and 𝑏 is an interval vector. There are articles
describing and analyzing conjugate gradient method such as
[37–39].These articles illustrated which operator was used in
original role, or acted in inverse operator. The new algorithm
is obtained from original conjugate gradient method by
modifying and replacing all operations with related interval
operations; also all operators acting in the role of inverse
operators are replaced by inverse of interval operators. In
addition, we use interval vector norm instead of real vector
norm.

In the first modification on conjugate gradient, we change
some operation “−,” with inverse operation “⊖” whenever
needed. In Step 2 of Algorithm 1, “−” is applied for computing
difference of 𝑏 and𝐴×𝑥0. In Step 7 operation “−” is used, but
at proof of conjugate gradient method in [39], 𝑟𝑖 is replaced
with expression (𝑟𝑖+1+(𝛼𝑖 × 𝐴𝑝𝑖)). So, the operation “+” is
summed over 𝑟𝑖+1 and 𝛼𝑖 × 𝐴𝑝𝑖. This means “−” in Step 7 is
used for inverse of “+.” Therefore we use the operation “⊖”
instead of “−” in steps 2 and 7.

The second modification is similar to the first modifica-
tion. We change operation “/” with inverse operation “⊘.” In
steps 5 and 8 of Algorithm 1 operation “/” is used as inverse
of multiplication in proof of conjugate gradient [39].

The third modification, norm(�̃�𝑖)2, is used instead of 𝑟𝑖𝑟𝑖.
In real linear algebra, expression 𝑟𝑖𝑟𝑖 equals square of norm2
of 𝑟𝑖, and value of 𝑟𝑖𝑟𝑖 is related to amount of error.We replace
this with norm(�̃�𝑖)2 that has the same meaning. The interval
modified conjugate gradient method is the result of these
modifications and is shown in Algorithm 2.

3.4. Interval Steepest Descent Method for Linear Interval
Systems. First, we define derivative on interval functions. In
differential algebra, the derivative of 𝑓(𝑥) with respect to 𝑥
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(1) function CG (𝐴, 𝑏, 𝑥0, 𝑛 )⊳ Input: 𝐴 ∈ R𝑛×𝑛, 𝑏 ∈ R𝑛, 𝑥0 ∈ R𝑛⊳ Output: 𝑥0 ∈ R𝑛

(2) 𝑝0 = 𝑟0 = 𝑏 − 𝐴𝑥0
(3) 𝑖 = 0
(4) repeat

(5) 𝛼𝑖 = 𝑟𝑇𝑖 𝑟𝑖(𝑝𝑖)𝑇 (𝐴𝑝𝑖)
(6) 𝑥𝑖+1 = 𝑥𝑖 + (𝛼𝑖 × 𝑝𝑖)
(7) 𝑟𝑖+1 = 𝑟𝑖 − (𝛼𝑖 × 𝐴𝑝𝑖)
(8) 𝛽𝑖 = 𝑟𝑇𝑖+1𝑟𝑖+1𝑟𝑇𝑖 𝑟𝑖
(9) 𝑝𝑖+1 = 𝑟𝑖+1 + 𝛽𝑖𝑝𝑖
(10) 𝑖 = 𝑖 + 1
(11) until (𝑟𝑖 is sufficiently small)
(12) 𝑥 = 𝑥0

Algorithm 1: Conjugate gradient algorithm.

(1) function ICG(�̂�, �̂�, �̂�0, 𝑛, 𝜃, 𝛿 )⊳ Input: �̂� ∈ IR𝑛×𝑛, 𝑏 ∈ IR𝑛, �̂�0 ∈ IR𝑛, 𝜃.𝛿 ∈ R⊳ Output: �̂� ∈ IR𝑛

(2) �̂�0 = �̂�0 = 𝑏 ⊖ (𝐴 × �̂�0)
(3) 𝑖 = 0
(4) 𝑁𝑟 = norm(�̂�0)2
(5) repeat
(6) �̂� = �̂� × �̂�𝑖
(7) �̂�𝑖 = 𝑁𝑟 ⊘ (�̂�𝑇𝑖 × �̂�)
(8) �̂�𝑖+1 = �̂�𝑖 + (�̂�𝑖 × �̂�𝑖)
(9) �̂�𝑖+1 = �̂�𝑖 ⊖ (�̂�𝑖 × �̂�𝑖)
(10) 𝑀𝑟 = norm(�̂�𝑖+1)
(11) if 𝑀𝑟 < 𝜃 then
(12) break
(13) 𝛽 = (𝑀𝑟)2/𝑁𝑟
(14) �̂�𝑖+1 = �̂�𝑖+1 + (𝛽 × �̂�𝑖)
(15) 𝑁𝑟 = (𝑀𝑟)2
(16) if norm(�̂�𝑖 ⊖ �̂�𝑖+1) < 𝛿 then
(17) break
(18) 𝑖 = 𝑖 + 1
(19) until

return �̂�𝑖
Algorithm 2: Interval modified conjugate gradient algorithm.

measures the sensitivity to change value of 𝑓(𝑥) with respect
to 𝑥. In mathematical terms

𝑓 (𝑥) = lim
ℎ→0

𝑓 (𝑥 + ℎ) − 𝑓 (𝑥)ℎ (44)

According to this, the derivative of an interval function 𝑓(�̃�)
with respect to �̃� is denoted as 𝑓(�̃�) or 𝑓𝑥(�̃�) or (𝑑/𝑑�̃�)𝑓(�̃�)
and is defined by the following formula:

𝑓 (�̃�) = lim
̃
ℎ→[0,0]

((𝑓 (�̃� + ℎ̃) ⊖ 𝑓 (�̃�)) ⊘ ℎ̃) (45)

Let �̃� ∈ IR𝑛 and 𝑓(�̃�) = 𝑓(�̃�1, �̃�2, . . . , �̃�𝑛) be a IR𝑛 → IR

function. The partial derivative of a multivariable interval

function is a derivative with respect to one variable when all
other variables are fixed.The partial derivative 𝑓with respect
to �̃�𝑖 is denoted as 𝑓𝑥𝑖(�̃�) and is defined as

𝑓𝑥𝑖 (�̃�) = lim
̃
ℎ→[0,0]

((𝑓𝑥𝑖 (�̃�1, . . . , �̃�𝑖 + ℎ̃, . . . , �̃�𝑛)
⊖ 𝑓𝑥𝑖 (�̃�1, . . . , �̃�𝑖, . . . , �̃�𝑛)) ⊘ ℎ̃) .

(46)

Immediately from definitions (44) and (45) and the prop-
erties discussed, one can obtain the following properties of
derivative and partial derivative of interval functions:

(�̃�) = 1 (47)

𝑓𝑦 (�̃�) = 0 (48)

(𝑓 ± 𝑔) (�̃�) = 𝑓 (�̃�) ± 𝑔 (�̃�) (49)

(̃𝑡 × 𝑓) (�̃�) ⊆ �̃� × (𝑓 (�̃�)) , �̃� ∈ IR (50)

(𝑓 × 𝑔) (�̃�) ⊆ (𝑓 (�̃�) × 𝑔 (�̃�)) + (𝑔 (�̃�) × 𝑓 (�̃�)) (51)

Now consider the linear interval system �̃��̃� = 𝑏 when �̃� ∈
IR𝑛×𝑛 is a symmetric interval matrix, and 𝑏 ∈ IR𝑛 is a known
interval vector. LetΦ(�̃�) be an interval function

Φ (�̃�) = 12�̃�𝑇�̃��̃� ⊖ �̃�𝑇𝑏. (52)

The gradient ofΦ(�̃�) with respect to �̃� is the vector of partial
derivatives as

∇𝑥Φ (�̃�) =
[[[[[[[
[

Φ𝑥1 (�̃�)Φ𝑥2 (�̃�)...
Φ𝑥𝑛 (�̃�)

]]]]]]]
]

. (53)

Let 𝑓(�̃�) = �̃�𝑇𝑏 and 𝑔(�̃�) = �̃�𝑇�̃��̃�. Then

𝑓 (�̃�) = 𝑛∑
𝑖=1

𝑏𝑖�̃�𝑖 (54)

so, for any 𝑘 (1 ≤ 𝑘 ≤ 𝑛)
𝑓𝑥𝑘  (�̃�) = 𝑑𝑑�̃�𝑘

𝑛∑
𝑖=1

(𝑏𝑖�̃�𝑖)
⊆ 𝑑𝑑�̃�𝑘 (∑

𝑖 ̸=𝑘

(𝑏𝑖�̃�𝑖)) + 𝑑𝑑�̃�𝑘 (𝑏𝑘�̃�𝑘) = 0 + 𝑏𝑘 ⇒
𝑓𝑥𝑘  (�̃�) ⊆ 𝑏𝑘

(55)

And,

𝑔 (�̃�) = 𝑛∑
𝑖=1

𝑛∑
𝑗=1

�̃�𝑖�̃�𝑖𝑗�̃�𝑗 (56)

so, for all 𝑘 (1 ≤ 𝑘 ≤ 𝑛)
𝑔𝑥𝑘 (�̃�) = 𝑑𝑑�̃�𝑘

𝑛∑
𝑖=1

𝑛∑
𝑗=1

�̃�𝑖�̃�𝑖𝑗�̃�𝑗 = 𝑑𝑑�̃�𝑘 (∑
𝑖 ̸=𝑘

∑
𝑗 ̸=𝑘

�̃�𝑖�̃�𝑖𝑗�̃�𝑗
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+ ∑
𝑖 ̸=𝑘

�̃�𝑖�̃�𝑖𝑘�̃�𝑘 + ∑
𝑗 ̸=𝑘

�̃�𝑘�̃�𝑘𝑗�̃�𝑗 + �̃�𝑘�̃�𝑘𝑘�̃�𝑘) ⇒
𝑔𝑥𝑘 (�̃�) ⊆ 0 + ∑

𝑖 ̸=𝑘

�̃�𝑖�̃�𝑖𝑘 + ∑
𝑗 ̸=𝑘

�̃�𝑘𝑗�̃�𝑗 + (�̃�𝑘𝑘�̃�𝑘
+ �̃�𝑘�̃�𝑘𝑘) = 2 × 𝑛∑

𝑖=1

�̃�𝑘𝑖�̃�𝑖 ⇒
𝑔𝑥𝑘 (�̃�) ⊆ 2 × �̃�𝑘𝑇�̃�

(57)

Note that Φ(�̃�) = (1/2)𝑔(�̃�) ⊖ 𝑓(�̃�). Then

Φ𝑥𝑘  (�̃�) ⊆ 12𝑔𝑥𝑘  (�̃�) ⊖ 𝑓𝑥𝑘  (�̃�) ⊆ �̃�𝑘𝑇�̃� ⊖ 𝑏𝑘 (58)

and then, from (52)

∇𝑥Φ (�̃�) =
[[[[[[[
[

Φ𝑥1 (�̃�)Φ𝑥2 (�̃�)...
Φ𝑥𝑛 (�̃�)

]]]]]]]
]

⊆
[[[[[[[[
[

�̃�1𝑇�̃� ⊖ 𝑏1
�̃�2𝑇�̃� ⊖ 𝑏2...
�̃�𝑛𝑇�̃� ⊖ 𝑏𝑛

]]]]]]]]
]

= �̃��̃� ⊖ �̃� (59)

Assume �̃�∗ is the solution of linear interval system �̃��̃� = 𝑏;
then

2 × Φ (�̃�) = �̃�𝑇�̃��̃� ⊖ 2�̃�𝑇𝑏
= (�̃�𝑇�̃��̃� ⊖ �̃�𝑇𝑏) ⊖ �̃�𝑇𝑏
⊆ �̃�𝑇 (�̃��̃� ⊖ 𝑏) ⊖ �̃�𝑇𝑏 ⇒

Φ (�̃�) ⊆ 12 (�̃�𝑇 (�̃��̃� ⊖ 𝑏) ⊖ �̃�𝑇𝑏) .
(60)

So,

Φ (�̃�∗) ⊆ 12 ([0, 0] ⊖ �̃�∗𝑇𝑏) ⇒
𝑤(Φ (�̃�∗)) ≤ −12𝑤 (�̃�∗𝑇𝑏) = constant value

(61)

Now, consider �̃� ∈ IR𝑛 and 𝑑 ∈ R𝑛, where 𝑘𝑡ℎ element of 𝑑
is (−𝑤(�̃��̃� ⊖ 𝑏)𝑘) and other elements of 𝑑 are zero (1 ≤ 𝑘 ≤𝑛). Note that 𝑑 indicates the opposite of direction𝑤(∇𝑥Φ(�̃�)).
Then

Φ(�̃� + �̃�𝑑) = 12 (�̃� + �̃�𝑑)𝑇 �̃� (�̃� + �̃�𝑑) ⊖ (�̃� + �̃�𝑑)𝑇 𝑏
⊆ 12 �̃�2𝑑𝑇�̃�𝑑 + �̃�𝑑𝑇�̃�𝑑 + 12 �̃�2�̃�𝑇�̃��̃�

⊖ �̃�𝑑𝑇𝑏 ⊖ �̃�𝑇𝑏.
(62)

The derivative of Φ(�̃� + �̃�𝑑) with respect to �̃� is

Φ𝛼 (�̃� + �̃�𝑑) ⊆ 𝑑𝑇�̃��̃� + �̃�𝑑𝑇�̃�𝑑 ⊖ 𝑑𝑇𝑏. (63)

If 𝑑𝑇�̃��̃� + �̃�𝑑𝑇�̃�𝑑 ⊖ 𝑑𝑇𝑏 equals zero, then one can obtain �̃� as

�̃� = (𝑑𝑇𝑏 ⊖ 𝑑𝑇�̃��̃�) ⊘ (𝑑𝑇�̃�𝑑)
= (𝑑𝑘𝑏𝑘 ⊖ 𝑑𝑘 (�̃��̃�)

𝑘
) ⊘ (𝑑2𝑘�̃�𝑘𝑘)

= (𝑏𝑘 ⊖ (�̃��̃�)
𝑘
) ⊘ (𝑑𝑘�̃�𝑘𝑘) ⇒

�̃� = (�̃�𝑘) ⊘ (𝑑𝑘�̃�𝑘𝑘)
(64)

Now �̃� moves Φ(�̃�) to Φ(�̃� + �̃�𝑑) with respect to direction 𝑑
when �̃� is fixed. SoΦ(�̃�+�̃�𝑑) ⊆ Φ(�̃�) and also𝑤(Φ(�̃�+�̃�𝑑)) ≤𝑤(Φ(�̃�)).

Φ (�̃� + �̃�𝑑) ⊖ Φ (�̃�)
⊆ 12 (�̃�𝑑)𝑇 �̃� (�̃�𝑑)𝑇 + (�̃�𝑑)𝑇 �̃��̃� ⊖ (�̃�𝑑)𝑇 𝑏
⊆ 12 (�̃�𝑑)𝑇 �̃� (�̃�𝑑)𝑇 + (�̃�𝑑)𝑇 (�̃��̃� ⊖ 𝑏)
= 12 (�̃�𝑑)𝑇 �̃� (�̃�𝑑)𝑇 ⊖ (�̃�𝑑)𝑇 (�̃�)
= 12 (�̃��̃�𝑑2𝑘�̃�𝑘𝑘) ⊖ (�̃�𝑑𝑘) (𝑟𝑘)
⊆ 12 (�̃�𝑘 ⊘ (𝑑𝑘�̃�𝑘𝑘)) 𝑑𝑘 (�̃�𝑘 ⊘ (𝑑𝑘�̃�𝑘𝑘)) 𝑑𝑘�̃�𝑘𝑘)

⊖ (�̃�𝑘 ⊘ (𝑑𝑘�̃�𝑘𝑘)) 𝑑𝑘 (𝑟𝑘)
= 12 (�̃�𝑘�̃�𝑘 ⊘ (�̃�𝑘𝑘)) ⊖ (�̃�𝑘�̃�𝑘 ⊘ (�̃�𝑘𝑘))
= [0, 0] ⊖ 12 (�̃�𝑘�̃�𝑘 ⊘ (�̃�𝑘𝑘)) ⊆ [0, 0] ⇒

Φ (�̃� + �̃�𝑑) ⊆ Φ (�̃�)

(65)

In the following, we assume that �̃�0 is a given vector as initial
guess. If set �̃�𝑛+1 = �̃�𝑛 + �̃�𝑛𝑑𝑛, then Φ�̃�𝑛+1 ⊆ Φ(�̃�𝑛), where�̃�𝑛 = (𝑑𝑛𝑇𝑏 ⊖ 𝑑𝑛�̃��̃�𝑛) ⊘ (𝑑𝑛𝑇�̃�𝑑𝑛), have

𝑤 (Φ�̃�𝑛+1) ≤ 𝑤 (Φ (�̃�𝑛)) (66)

and then
𝑤 (Φ (�̃�0)) ≥ 𝑤 (Φ (�̃�1)) ≥ 𝑤 (Φ (�̃�2)) ≥ . . .

≥ 𝑤 (Φ (�̃�∗)) (67)

The descending series {𝑤(Φ(�̃�𝑖))} converges to𝑤(Φ(�̃�∗)). So,{�̃�𝑖} converges to �̃�∗.
The steepest descent algorithm for intervals is shown in

Algorithm 3.

4. Results and Discussion

In this section, some numerical examples show how our
iterative methods can solve interval systems. Accuracy of
produced solutions is measured by a kind of norm of residual
vector

𝑟𝑖 = �̃�𝑥𝑖 ⊖ 𝑏, (68)
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(1) function ISD(�̂�, 𝑏, �̂�0, 𝑛, 𝜃, 𝛿 )⊳ Input: �̂� ∈ IR𝑛×𝑛, 𝑏 ∈ IR𝑛, �̂�0 ∈ IR𝑛, 𝜃.𝛿 ∈ R⊳ Output: �̂� ∈ IR𝑛

(2) �̂� = �̂�0
(3) repeat
(4) �̂�𝑜𝑙𝑑 = �̂�
(5) for 𝑘 = 1 → 𝑛 𝑑𝑜
(6) �̂� = �̂��̂� ⊖ 𝑏
(7) �̂� = 0

𝑛×1

(8) 𝑑𝑘 = −𝑤(�̂�𝑘)
(9) �̂� = (�̂�𝑘) ⊘ (�̂�𝑘�̂�𝑘𝑘)
(10) �̂� = �̂� + �̂�𝑑
(11) �̂� = �̂��̂� ⊖ 𝑏
(12) if norm(𝑤(𝑟)) < 𝜃 then
(13) return �̂�
(14) if norm(�̂�𝑜𝑙𝑑 ⊖ �̂�) < 𝛿 then
(15) return �̂�
(16) until

Algorithm 3: Interval steepest descent algorithm.

where 𝑥𝑖 is the produced solution in 𝑖th iteration. The norm
used in this section is then maximum of magnitude of all
residual vector elements.

We examine our methods with a famous system and
then examine them with random matrices with several
dimensions. Our results illustrate the effectiveness of our
algorithms.

Example 7. Consider the linear interval system �̃��̃� = 𝑏 [22,
40]

�̃� = [[
[

[3.74.3] [−1.5, −0.5] [0, 0]
[−1.5, −0.5] [3.7, 4.3] [−1.5, 0.5]

[0, 0] [−1.5, −0.5] [3.7, 4.3]
]]
]

,

𝑏 = [[
[
[−14, 14]
[−9, 9]
[−3, 3]

]]
]

.
(69)

Let �̃�0 = [0, 0, 0]𝑇 be initial estimation and 𝜃 = 10−3 be
tolerance. Interval modified conjugate gradient method finds
the estimation �̃� at iteration 13. However, interval steepest
descent finds solution �̃� at iteration 4

�̃� = [[
[
[−2.92653, 2.92653]
[−0.94373, 0.94373]
[−0.36839, 0.36839]

]]
]

,

�̃� = [[
[
[−2.92639, 2.92639]
[−0.94373, 0.94373]
[−0.36846, 0.36846]

]]
]

.
(70)

Accuracy of results is determined by the residual vectors as
follows:

Mag (𝑏 ⊖ 𝐴�̃�) = [[
[
0.319044
0.436095
0.319044

]]
]

10−4,

Mag (𝑏 ⊖ 𝐴�̃�) = [[
[
0.923864
0.322278

0
]]
]

10−3
(71)

Also when 𝜃 = 10−7 the accuracy of the obtained results of
two methods is

Mag (𝑏 ⊖ 𝐴�̃�) = [[
[
0.39509
0.56648
0.39509

]]
]

10−7,

Mag (𝑏 ⊖ 𝐴�̃�) = [[
[
0.46724
0.16299

0
]]
]

10−7
(72)

when �̃� and �̃� are found at 26𝑡ℎ and 11𝑡ℎ iterations, respec-
tively.

Tables 2 and 3 show values �̃�𝑖 and �̃�𝑖 with their maximum
of the magnitude of the residual vector at 𝑖𝑡ℎ iteration,
respectively.

The method presented in [13, 15, 25, 26, 30] could not
solve this system where 0 belongs to their elements to the
right-hand side vector, because their methods cannot resolve
divide-by-zero issues.

This system is solved in [22, 40], and solutions obtained
by them are

�̃�1 = [[
[
[−2.3802, −1.7730]
[−2.0827, −1.8280]
[−0.8482, −0.8482]

]]
]

,

�̃�2 = [[
[
[−1.6700, 6.3800]
[−2.7700, 6.4000]
[−2.400, 3.400]

]]
]

,
(73)

respectively.
Note that

𝐴�̃�1 = [[
[
[−9.3209, −3.4360]
[−7.6451, −1.9210]
[−2.7333, −0.0142]

]]
]

,

𝐴�̃�2 = [[
[
[−16.7810, 31.5890]
[−26.5811, 33.6251]
[−19.9201, 18.7750]

]]
]

.
(74)
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Table 2: Intermediate results of interval modified conjugate gradient method.

𝑖 𝑥𝑖 max(Mag(𝑟𝑖))
1 [[-1.62482,1.62482], [-1.04453,1.04453], [-0.34818,0.34818]]⊤ 5.44647
5 [[-2.89491,2.89491], [-0.98549,0.98549], [-0.33668,0.33668]]⊤ 0.08503
10 [[-2.92550,2.92550], [-0.94522,0.94522], [-0.36736,0.36736]]⊤ 0.0037181
20 [[-2.92667,2.92667], [-0.94353,0.94353], [-0.36853,0.36853]]⊤ 0.0000036325
26 [[-2.92668,2.92668], [-0.94353,0.94353], [-0.36856,0.36856]]⊤ 0.000000056648

Table 3: Intermediate results of interval steepest descent method.

𝑖 𝑦𝑖 max(Mag(𝑟𝑖))
1 [[-3.25581,3.25581], [-0.95728,0.95728], [-0.36374,0.36374]]⊤ 1.43591
3 [[-2.92551,2.92551], [-0.94435,0.94435], [-0.36825,0.36825]]⊤ 0.00379605
7 [[-2.92667,2.92667], [-0.94353,0.94353], [-0.36853,0.36853]]⊤ 0.000013318
11 [[-2.92668,2.92668], [-0.94353,0.94353], [-0.36854,0.36854]]⊤ ‘0.000000046723

It is to be noted that the solutions obtained fromourmethods
are better than other techniques.

Example 8. Consider the linear interval system �̃��̃� = 𝑏,
where �̃� is a random diagonally dominant interval matrix

�̃� =
[[[[[[[[[[[
[

[3.6178, 6.4222] [−0.0924, 0.6944] [−0.1140, 0.7961] [0.1062, 0.5894] [0.3416, 0.4521] [−0.4482, 0.7578]
[0.3220, 0.3508] [4.0697, 6.6729] [−0.0517, 0.2525] [−0.1653, 0.7593] [−0.2746, 0.5602] [−0.0344, 0.0681]
[−0.6805, 0.7193] [0.0603, 0.6829] [3.7386, 6.7575] [−0.1892, 0.5012] [−0.1225, 0.2106] [0.2003, 0.4770]
[−0.5043, 0.6541] [0.0249, 0.3366] [−0.2728, 0.8216] [3.7887, 6.9165] [−0.1346, 0.4485] [0.3347, 0.4588]
[−0.0464, 0.5994] [−0.2883, 0.5930] [0.1657, 0.3306] [−0.3346, 0.7799] [4.0636, 6.4148] [−0.0716, 0.2109]
[0.1975, 0.2994] [−0.0125, 0.2048] [0.0754, 0.1017] [−0.2637, 0.4392] [−0.0188, 0.0996] [4.0029, 6.4124]

]]]]]]]]]]]
]

,

𝑏 =
[[[[[[[[[[[
[

[−5.6444, 5.6444]
[−3.8203, 3.8203]
[−1.7073, 1.7073]
[−3.8776, 3.8776]
[−4.6594, 4.6594]
[−2.6347, 2.6347]

]]]]]]]]]]]
]

.

(75)

This system has exact solution

�̃�𝑠 =
[[[[[[[[[[[
[

[−0.7089, 0.7089]
[−0.4365, 0.4365]
[−0.0625, 0.0625]
[−0.4072, 0.4072]
[−0.5563, 0.5563]
[−0.3263, 0.3263]

]]]]]]]]]]]
]

. (76)

We considered

�̃�0
= [[0, 0] , [0, 0] , [0, 0] , [0, 0] , [0, 0] , [−1, 1]]⊤ , (77)

as initial solution and 𝜃 = 10−3 as tolerance.

The generalized conjugate gradient method, after 7 itera-
tions obtained, is

�̃�1 =
[[[[[[[[[[[
[

[−0.70881, 0.70881]
[−0.43651, 0.43651]
[−0.06252, 0.06252]
[−0.40720, 0.40720]
[−0.55632, 0.55632]
[−0.32634, 0.32634]

]]]]]]]]]]]
]

. (78)

while the value ofmagnitudes of residual (�̃��̃�1⊖𝑏) is 5.94044×10−5.
When 𝜃 = 10−7, interval modified conjugate gradient

method after 26 iterations obtained �̃�2 while magnitude of�̃��̃�2 ⊖ 𝑏 is 7.67731 × 10−8.
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Figure 1: Tightness of solutions and convergences of our methods.

Interval steepest descent method obtained estimations �̃�1
and �̃�2 at iterations 6 and 12 when 𝜃 = 10−3 and 𝜃 = 10−7,
respectively. The accuracy of �̃�1 and �̃�1 is

max (Mag (𝑏 ⊖ �̃��̃�1)) = 9.59448 × 10−4,
max (Mag (𝑏 ⊖ �̃��̃�2)) = 7.42146 × 10−8 (79)

The results of these experiments are shown in Figure 1. This
figure shows the convergence of the two proposed methods.
As it can be seen, the interval steepest descent method has
faster convergence than interval modified conjugate gradient
method.

This example illustrates that our methods can solve
systemswhere someof their elements have 0 in their intervals,
without producing divide-by-zero error.

Example 9. Consider Example 8 with a different

𝑏 =
[[[[[[[[[[[
[

[0, 5.6444]
[0, 3.8203]
[0, 1.7073]
[0, 3.8776]
[0, 4.6594]
[0, 2.6347]

]]]]]]]]]]]
]

, (80)

which has the exact solution

[[[[[[[[[[[
[

[0, 0.7089]
[0, 0.4365]
[0, 0.0625]
[0, 0.4072]
[0, 0.5563]
[0, 0.3263]

]]]]]]]]]]]
]

. (81)

Using interval modified conjugate gradient method, we
obtain

�̃� =
[[[[[[[[[[[
[

[0.0000, 0.70952]
[0.0000, 0.43667]
[0.0000, 0.05902]
[0.0000, 0.40737]
[0.0000, 0.55669]
[0.0000, 0.32652]

]]]]]]]]]]]
]

. (82)

Using interval steepest descent method, we obtain

�̃� =
[[[[[[[[[[[
[

[0, 0.70898]
[0, 0.43650]
[0, 0.06248]
[0, 0.40719]
[0, 0.55629]
[0, 0.32629]

]]]]]]]]]]]
]

. (83)

Let the system considered in Example 8 be given with another𝑏

𝑏 =
[[[[[[[[[[[
[

[1.2542, 5.6443]
[1.6069, 3.8202]
[0.4887, 1.7072]
[0.9962, 3.8775]
[1.4827, 4.6593]
[1.1532, 2.6346]

]]]]]]]]]]]
]

(84)

which has the exact solution

[[[[[[[[[[[
[

[0.2692, 0.7089]
[0.3419, 0.4365]
[0.0425, 0.0625]
[0.1877, 0.4072]
[0.3158, 0.5563]
[0.2591, 0.3263]

]]]]]]]]]]]
]

. (85)

Using interval modified conjugate gradient method and
interval steepest descent method, we obtain

�̃� =
[[[[[[[[[[[
[

[0.26950, 0.70873]
[0.34162, 0.43654]
[0.04248, 0.06475]
[0.18786, 0.40723]
[0.31583, 0.55638]
[0.25722, 0.32627]

]]]]]]]]]]]
]

(86)
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Table 4: Iterations needed in interval steepest descend method solving random linear interval systems.

𝑛 𝜃 = 10−3 𝜃 = 10−7
5 10 18
10 13 33
15 6 19
20 16 36
25 14 35
30 18 40
35 14 32
40 15 36
45 14 34
50 18 40
75 16 35
100 18 44

Table 5: Iterations needed in interval modified conjugate gradient method solving random linear interval systems.

𝑛 𝜃 = 10−3 𝜃 = 10−7
5 8 23
10 21 37
15 24 52
20 27 63
25 34 87
30 52 120
35 80 186
40 91 240
45 67 247
50 84 289
75 167 412
100 183 542

and

�̃� =
[[[[[[[[[[[
[

[0.26976, 0.70892]
[0.34186, 0.43651]
[0.04240, 0.06251]
[0.18768, 0.40720]
[0.31580, 0.55630]
[0.25905, 0.32630]

]]]]]]]]]]]
]

. (87)

Example 10. We examined the two proposed methods with a
number of random linear interval systems �̃��̃� = 𝑏 when �̃� ∈
IR𝑛×𝑛 is a random interval symmetric diagonally dominant
matrix. Tables 4 and 5 show the number of iterations needed
by our presented methods to find the solution with tolerances𝜃 = 10−3 and 𝜃 = 10−7 for random interval systems with
various dimensions.

Note that there are infinite randommatrices with dimen-
sion 𝑛 × 𝑛, and number of iterations just does not depend on𝑛. It depends on 𝑛, the coefficient matrix, and right-hand side
vector. However, each row of these tables just shows number
of iterations for random linear systems. These matrices are
not special matrices, and these tables show a good view of

dependency of dimension and approximation of number of
iterations.These tables also show needed iterations in interval
steepest descent are less than the interval modified conjugate
gradient method.

5. Conclusion

In this paper, we presented two operators “⊖” and “⊘” as
inverse operators of “+” and “×” in interval arithmetic. The
proposed operation “⊘” can solve many equations in the form�̃��̃� = 𝑏, where 0 ∈ 𝑏, without concerning divide-by-zero.

Using these two operators, we proposed two iterative
methods for computing exact solution of linear interval
systems. The first method, based on the conjugate gradient
method, replaced real operations with interval operations.
The second method uses steepest descent idea to solve linear
interval systems. We presented the interval function Φ(�̃�).
Then using analysis of Φ(�̃�), it was proved that the second
method is convergent.

Our proposed methods are using operations “⊖” and “⊘,”
solving systems, specially systems which have 0 belonging
to some of their elements without the divide-by-zero issues.
This is the main advantage of our methods. Also, our results
showed the efficiency and fast convergence of the proposed
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methods. In addition, one can control and improve the
accuracy of the solution, by control of the tolerance parameter𝜃.

The important application of interval number and inter-
val analysis is in the modeling of uncertain values. There are
many uncertain values in fields of engineering sciences that
can be modeled in interval numbers. Uncertainty in some
of these problems can be modeled in interval numbers, for
example, the intervalmethods applied to linear state feedback
control of uncertain values [41], reliability optimization
under parameter uncertainty [42], decision-making under
uncertainty [43], and perturbation analysis [44]. Our next
research is to consider the applicability of ourmethod to some
of the engineering problems.
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