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We study meniscus driven locking of point defects of nematic liquid crystals confined within a cylindrical tube with free ends.
Curvilinear coordinate system is introduced in order to focus on the phenomena of both (convex and concave) types of menisci.
Frank’s description in terms of the nematic director field is used. The resulting Euler-Lagrange differential equation is solved
numerically. We determine conditions for the defects to be trapped by the meniscus.

1. Introduction

The field of liquid crystals, since its discovery in late 19th
century, developed into a highly interdisciplinary research
field [1]. The most known application of liquid crystals is LC
displays. In recent times there are many other technologies
and applications ready to be placed on the market, such
as organic light emitting diodes, organic field effect tran-
sistors, and photovoltaic devices [2–6]. The liquid crystal
structures are important also in biology, predominantly for
the membranes of living cells, but also for some unusual
applications as spider silks, which are spun from a lyotropic
nematic liquid crystal precursor [7]. The emergence of this
intermediate phase is due to the high concentration of rodlike
molecules or aggregates in the watery dope solution. Nematic
liquid crystals build intermediate phase combining liquid-
like fluidity and solid-like orientational order. These phases
are formed by a wide variety of materials comprised of
rigid rodlike molecules. The orientational order of liquid
crystals (LC) results from the spontaneous alignment of
their molecules along a common preferred direction called
director and described by a unit vector �⃗�( ⃗𝑟), where ⃗𝑟 is the
position vector. The states �⃗� and −�⃗� are equivalent because
the LC molecules are nonpolar. Director therefore can be
thought of as a headless vector. Because many physical

properties (e.g., optical, rheological, and mechanical) can be
tailored by adjusting their geometric, external, and interfacial
constraints (i.e., shape of the container, molecular orientation
imposed by the surface, etc.), the nematic LCs can be very
useful in various research fields [8]. As indicated before,
the orientational order of LC molecules in principle varies
with the position; therefore �⃗�( ⃗𝑟) is valid only locally. For
this reason complex orientational textures are formed [8–12].
Textures often contain defects, which usually correspond to
regions (points or lines) where the director field �⃗�( ⃗𝑟) cannot
be uniquely defined [12, 13]. In order to distinguish between
line and point defects one introduces the winding number
M, also called the Frank index [14, 15]. It measures the net
rotation of the director field on encircling a defect clockwise.
Stable point defects are (in topological sense) characterized
by integer values ofM and line defects with half-integers.The
static structure of commonly observed defects is relatively
well known. In the director field representation �⃗�( ⃗𝑟) exhibits
singularity at a defect site. Consequently, more complex
description of nematic ordering is needed. Conventionally,
one uses the tensor order parameter 𝑄 in order to avoid
singular behavior [8]. At the defect site the local elastic
distortions are relatively strong, extending roughly over the
size given by the relevant order parameter correlation length
𝜉 [9, 10].
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In recent years the focus of the researchworkwas oriented
towards the dynamics of defects. The most interesting were
the coarsening dynamics of the isotropic-nematic quench
[16–20] and the annihilation of the defects in confined
geometries [16, 21–29]. Here the interaction between defects
and the influence of the confinement on the temporal behav-
ior of defects were studied. All studies regarding defects in
cylindrical capillaries were carried out far from the endpoints
of the capillary. The interaction of the defect with the
meniscus (concave or convex) formed at the end of the
capillary was tackled only theoretically by Peroli and Virga
in [30]. It is supposed that the defect is attracted towards the
center of curvature of the meniscus and therefore eventually
trapped in the meniscus if it comes closer than a definite
capture distance.

So far the model concerning both concave and convex
menisci was not established and no attempts were made to
support the findings by numerical methods. This is the focus
of our contribution.

The plan of the paper is as follows. In Section 2 we
present ourmodel and the system. Free energy functional and
geometry of the system are discussed. In Section 3 our results
are presented and discussed. In Section 4 we summarize our
conclusions.

2. Modeling

2.1. Free Energy Functional. We restrict our discussion to
rodlike LC molecules and describe nematic structures in
terms of the tensor order parameter [31]

𝑄 = 𝑆(�⃗� ⊗ �⃗� −

𝐼

3

) . (1)

Here �⃗� is the nematic director field and 𝑆 nematic order
parameter. In the problem of interest we study the impact of
menisci curvature on position of defects deep in the nematic’s
phase. In this case key features are dominated by Frank
elasticity. Consequently, the relevant free energy density can
be expressed as [8, 31]

𝑓 =

𝑘

2

[(∇ ⋅ �⃗�)

2
+ (∇ × �⃗�)

2
] . (2)

Here we have further simplified the description of the system
by using one constant approximation, where 𝑘 represents
Frank’s nematic elastic constant [8].

We assume that LC is confined within a cylindrical tube
with free ends as described in detail in the following. At
the whole boundary of the system homeotropic anchoring is
enforced. Therefore, LC molecules are locally oriented along
the normal of the confining surface.

2.2. Geometry of the System. Our system contains semi-
infinite cylinder bounded on one side by a hemispherical cup.
Here cup can be oriented upwards or downwards represent-
ing convex and concave meniscus, respectively.We introduce
an appropriate orthogonal coordinate system, which would
allow us to focus on conditions at menisci.

We start our considerations with the concave menisci.
Because of the radial symmetry we can restrict ourselves to
only a 1/4 of the cylinder, represented in Figure 1(a). Our
orthogonal coordinate system is generated on the basis of the
two boundary conditions: 𝜌

∪
(𝜉) sin 𝜃

0
= 𝑅, where 𝜃

0
is the

function of 𝜉 and 𝜌
∪
(𝜉) is the free surface radius of curvature.

Subscript indicates the concave nature of the system. And at
𝜉 → 0 it follows that 𝜌

∪
(𝜉) → ∞. Angle 𝜃 is counted from

themain cylinder axis and is limited by 𝜃
0
(𝜉)where𝑃(𝜉, 𝜃

0
) is

the point on the cylinder wall at 𝑟 = 𝑅. Parameter 𝜉 depends
on the height of the particular point 𝑃(𝜉, 𝜃) and therefore
0 ≤ 𝜉 ≤ 𝐻, where𝐻 is the height of themenisci at the cylinder
axis. From Figure 1(a), we can infer also

𝜌
∪
(𝜉) = 𝜑

∪
(𝜉) − 𝜉 ≥ 0. (3)

Looking at the convex menisci (Figure 1(b)), the geometry
is certainly different in contrast to the concave case, but the
equations are very similar. So the counterpart of (3) here can
be written as

𝜌
∩
(𝜉) = 𝜉 − 𝜑

∩
(𝜉) , (4)

where the subscripts suggest the convex nature of both
quantities. When 𝜉 → 0 from Figure 1(b), we can infer that
𝜌
∩
(𝜉) → −∞.
In both, convex and concave menisci for 𝜉 = 𝐻, there is a

typical finite radius of curvature 𝜌(𝐻) = 𝑎 which depends on
the structure (geometrical and chemical) of the liquid crystal
molecules and on the boundary conditions of the system.

2.3. Euler Lagrange Equations. We parameterize the nematic
director field as

�⃗� (𝜃, 𝜉) = cos𝜓 ⃗𝑒
𝜃
+ sin𝜓 ⃗𝑒

𝜉
. (5)

Here 𝜓 is the angle between the local director and the
cylindrical axis, and ⃗𝑒

𝜃
and ⃗𝑒

𝜉
are unit vectors in the local

coordinate system represented in Figure 1(c). In terms of the
parameterization introduced, we calculate the free energy
density (concave and convex menisci give the same result):
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𝑘

2
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Figure 1: (a) Geometry in the case of the concave meniscus, where the radius of curvature 𝜌
∪
(𝜉) is expressed with the local coordinate 𝜉 and

the center of meniscus 𝜑
∪
(𝜉). (b) The geometry of the convex case. (c) The orthogonal coordinate system grid for the concave case.

where 𝜑 = 𝜕𝜑/𝜕𝜉. The free energy is given by

𝐹 = 𝑘∫ sin 𝜃

×
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The corresponding Euler-Lagrange equation is given by

𝜕𝑔
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where

𝑔 = sin 𝜃
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(9)

Using (8) to minimize (9) we get the Euler-Lagrange differ-
ential equation in the following form:
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(10)

Here subscripts represent the derivatives according to the
appropriate coordinates. The 𝜑 and 𝜑 could therefore be
written also as 𝜑

𝜉
and 𝜑

𝜉𝜉
, respectively. In (10) we already

considered both cases ((3) and (4)); therefore the upper signs
(for± and∓) stand for concavemenisci and the lower ones for
the convexmenisci. Appropriate equation, regarding concave
and convex cases, was used to numerically test the behavior
of the defects enclosed by the cylinder and exposed to the
predicted boundary conditions. The results are summarized
in the next subsection.

3. Numerical Results

To solve (10) we use the Newton-Raphson method. Hence-
forth we used the following nondimensional quantities: ℎ =
𝐻/𝑅 (length of the capillary), 𝑎 = 𝜌/𝑅 (meniscus curvature),
and 𝑊 = 𝑓/𝑓max . (free energy density), where 𝑓max . is
the maximum free energy density of the considered system
structure.

In the first part of the work we were focused on the free
energy density calculations testing the existence of predicted
[30] “capture distance” for the convex case. Calculations were
carried outmodifying the height ℎ of the cylinder and the free
surface radius of curvature 𝑎. The corresponding free energy
density scans showed that the defect stabilizes at the position
where there is a minima of the free energy density.

The defect is then locked by the meniscus as depicted in
Figure 2. But for this to happen, the length of the capillary ℎ
has to be large enough. If ℎ is too small, the free energy density
will have its minimal value at the center of the capillary.
In Figure 2 there are three different lengths of the capillary
represented. The value of the meniscus curvature 𝑎 equals
2,0 in all three cases. For h < 15 the defect stabilizes at the
center of the capillary.The relative position𝑝 represents the z-
coordinate at the capillary axis. It is calculated as𝑝 = 2𝑧/ℎ−1,
where 𝑧 ≥ ℎ/2. For the center of the capillary it holds p = 0
and for the edge of the capillary (z = h) it would be p = 1.
From Figure 2 we can infer that the difference in free energy
density at the center of the capillary and at the point where
the free energy density is minimal increases with the length
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Figure 2: The defects stabilize on the cylinder axis at the position
where the free energy density is minimal. Here the free energy
density𝑊 at the relative position 𝑝 on the axis of the capillary for
three different cylinder lengths ℎ is shown. The meniscus curvature
a = 2,0 is held constant.
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Figure 3: The defects stabilize at the relative position 𝑝def on the
cylinder axis, where 𝑝def = 0 means the center of the capillary and
𝑝def = 1 the end of it. Here the position of the defect 𝑝def against the
length of the capillary ℎ at different meniscus curvatures 𝑎 is shown.

of the capillary. This means that the defects at increasing ℎ
are more and more stabilized. The other conclusion that we
can make from Figure 2 is that the position of the free energy
density minima at increasing ℎ creeps toward the meniscus
meaning that the defect structure is interacting with the
meniscus more and more strongly. Now we can ask ourselves
if the creeping of the defect towards the meniscus ever ends.
The answer we can find in Figure 3.
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Figure 4: In the figure the critical values of meniscus curvature
𝑎 and the capillary length ℎ are given for which the defect in its
equilibrium position is barely attached to the center of the capillary
(𝑝def = 0).

The position of the defect near the meniscus is locked
for the capillaries, which exceed certain length, depending on
the meniscus curvature 𝑎. Lower meniscus curvature means
higher rate of the defect moving away from the center of
the capillary. In Figure 3 we can see also that the systems
with lower meniscus curvature reach the final position of the
defect at the lower capillary lengths. We can say that the force
exerted upon defect is higher if the meniscus curvature is
shorter. If the length of the capillary is increased even further,
there is no change in the position of the defect regardless of
the meniscus curvature. The defect has reached the capture
distance [30], and we can say that the defect was trapped in
themeniscus. For all capillaries the final𝑝def is approximately
at the 0,95 of its length. That result is also in line with the
theoretical prediction of Peroli and Virga [30].

We already could infer from Figure 3 that the meniscus
curvature is the “driving force” for the defects to reach their
equilibrium positions. Let us examine what is the nature
of that relationship. In Figure 4 we can observe at which
capillary length and meniscus curvature the defects detach
from the central equilibrium position. In Figure 4 the values
of meniscus curvature a and capillary length ℎ are given for
which the defect still remains at the center of the capillary.
If the meniscus curvature (or the length h) is increased, then
the defect moves from its central position towards meniscus.

Therefore the values of meniscus curvature and capillary
length in Figure 4 can be called “critical.” From Figure 4 we
can infer also that the range of the force pulling the defect
towards themeniscus is linearly proportional to themeniscus
curvature.

4. Conclusions

In this paper we presented theoretical and numerical study
of locking the defects by meniscus in capillaries filled with
nematic liquid crystalmolecules having homeotropic anchor-
ing at the capillary walls. The topological defect within the

study is characterized by the winding number (i.e., Frank’s
Index) 𝑀 = 1. The position of defect was calculated in the
approximation of equal Frank’s elastic constants. Different
elastic constants might yield quantitatively different results
[32]. Addition quantitative changes are also expected if
nematic order parameter spatial variations would be taken
into account [33]. However, a qualitative feature of sym-
metry breaking phenomenon, which is the main focus of
the paper, is expected to be conserved. For the theoretical
considerations and formulation of the free energy we had
to describe the system using special curvilinear coordinate
system depicted in Figure 1(c). Using Euler-Lagrange dif-
ferential equation, we numerically calculated equilibrium
structures and checked the theoretical predictions, made by
Peroli and Virga [30]. In fact the defects are trapped by
meniscus as predicted, but certain conditions have to be
met. First of all the capillary has to be long enough to avoid
the interaction between menisci and secondly the meniscus
curvature has to be appropriate to enforce the interaction
betweenmeniscus and the defect.The capture distance where
defects remain in global equilibrium is very near to the
meniscus (Figure 3). On the other hand the range of the force
pulling the defect towards themeniscus is proportional to the
meniscus curvature (Figure 4).
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