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A model to describe the constitutive behavior of magnetic shape memory alloy composed with pure martensite is proposed
based on the analysis of variants reorientation. A hyperbolic tangent expression is given to describe the variants transition during
magnetic and mechanical loading process. The main features of magnetic shape memory alloy, such as pseudoelastic and partially
pseudoelastic behavior as well as minor hysteretic loops, can be successfully replicated with the proposedmodel. A good agreement
is achieved between calculated results and experimental data for NiMnGa single crystal.

1. Introduction

Magnetic shape memory alloy is one type of intelligent
materials, which combines the properties of ferromagnetism
with shape memory effect. It can transform magnetic or
thermal energy into mechanical response, which produces
the actuation. Since Ullakko et al. [1] observed a magnetic-
field-induced strain of 0.2% in 1996, large field-induced
strain of 9.5% has been achieved in Ni-Mn-Ga single crystal
[2], which is much greater than those of magnetostrictive,
piezoelectric, or electrostrictive. In addition, the material
has a wide bandwidth of strain response, reported to be
within kHz range [3]. In contrast, the thermally driven shape
memory alloy has a slow response of less than 1Hz. Hence
magnetic shape memory alloys can be used as actuators and
other pieces of equipment requiring high dynamic response.

The behaviors of magnetic shape memory alloys, such
as magnetic-field-induced strain, pseudoelastic response,
and other properties, have been studied experimentally in
the literature. Kainuma et al. [4] investigated the shape
memory and magnetic properties of a NiCoMnSn Heusler
polycrystalline alloy. Krenke et al. [5] studied the magnetic
superelasticity and inverse magnetocaloric effect in NiMnIn
alloy. Dong et al. [6] explored the effect of isothermal ageing

on themartensitic transformation andmechanical properties
of NiMnGaTi alloy.

In addition to experimental investigations, it is also
important to predict the behaviors of magnetic shape mem-
ory alloys for their applications. Researchers have proposed
some constitutive models associated with the martensitic
variant reorientation [7–16]. Most of these models are based
on the minimization of a free energy function. O’Handley et
al. [7] proposed a free energy expression including Zeeman
energy, magnetic anisotropy energy, and internal elastic
energy, and the field and stress dependence of the strain
can be accounted for by minimization of this energy. Liang
et al. [10] developed a thermodynamic model where Gibbs
free energy is a function of temperature and magnetic field
to study the phenomena of lowering the transformation
temperature by amagnetic field. Glavatska et al. [11] suggested
a statistical model of the partially reversible magnetostrain
effect in the twinned thermoelastic martensite using Gibbs
potential of a cubic crystal. Zhu and Dui [13] used a ther-
modynamic method for martensite transformation criterion
based on the analysis of Gibbs free energy, accounting for
the influence of variantsmorphology andmaterial properties.
Wang and Li [15] proposed a kinetics model describing
macroscopic behavior of martensitic variants rearrangement
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based on a tensor description of thermodynamic continuum
mechanics considering magnetomechanical coupling on the
rearrangement process. Kiefer et al. [16] presented the con-
stitutive models for forward and reverse reorientation and
corresponding Gibbs free energy. The evolution of crystal-
lographic structure can be captured through the evolution
of internal state variables. In the above models, some of
them have many parameters to be determined, which is due
to the complex expression for Gibbs free energy, inducing
inconvenient for application. For example, in L’vov’s model
[12], the Gibbs potential includes Helmholtz free energy,
free energy of magnetic subsystem of the crystal, the energy
of magnetoelastic coupling, and mechanical energy, which
makes the calibration of model parameters very difficult.

In this paper, a simple phenomenological model is
proposed to describe the magnetomechanical behaviors of
magnetic shape memory alloys in martensite.The theoretical
predictions from this model agree well with the experimental
results.

2. Theoretical Model Based on
Variants Reorientation

To understand the mechanism of variants reorientation dur-
ing loading process, a schematic formicrostructure evolution
is shown in Figure 1. Assuming that magnetic shape memory
alloy is initially martensitic and sufficiently large external
magnetic field is applied, a single variant martensite can be
obtained. The variant is defined as field-preferred variant
(variant I) with short axis of lattice along magnetic field
direction. When compressive stress perpendicular to short
axis is applied, the response of magnetic shape memory alloy
is elastic until the critical stress is achieved. Subsequently
twin boundary motion and martensite reorientation will
occur, and another stress-preferred variant (variant II) with
short axis along compression direction will be induced.
The volume fraction of variant II will increase with larger
compressive stress. In this stage, the stress-strain behavior
is nonlinear. When reorientation is finished, the martensite
is composed of pure variant II. So the response of magnetic
shape memory alloy is actually the behavior of another single
variant martensite if the specimen is subjected to further
compression.

Up to now, most of experimental investigations focus on
the magnetomechanical properties of magnetic shape mem-
ory alloy in martensite. For this case, the total deformation
can be described as

𝜀 = 𝜀
𝑒

+ 𝜀
𝑟

, (1)

where 𝜀𝑒 is the elastic strain and 𝜀𝑟 denotes the strain for
variants reorientation inmartensite, which is calledmagnetic
field-induced strain.

The constitutive equation is expressed as

𝜎 = D : 𝜀
𝑒

= D : (𝜀 − 𝜀
𝑟

) , (2)

whereD is the elasticity tensor.
The external mechanical loads or magnetic field may lead

to the reorientation from one variant to another, inducing
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Figure 1: A schematic for microstructure evolution and corre-
sponding stress-strain behavior of magnetic shape memory alloy in
martensite during the loading process.

reorientation strain 𝜀𝑟. For magnetic shape memory alloy
single crystal in martensitic phase, 𝜀𝑟 is related to the volume
fraction of variants. Assuming that 𝜉

𝜎
represents the volume

fraction of stress-preferred variant, the field-preferred variant
𝜉
𝐻
is

𝜉
𝐻

= 1 − 𝜉
𝜎
. (3)

In one-dimensional condition, the maximum reorienta-
tion strain is assumed to be 𝜀

𝑟

max; that is, the material is
initially composed entirely of stress-preferred variant and
finally field-preferred variant, or a reverse transition. In the
experiments, the initial strain of the material in a free state
is usually set to zero, thus the reorientation strain can be
described as

𝜀

𝑟

= {

𝜉
𝐻
𝜀

𝑟

max initially stress-preferred variant
−𝜉
𝜎
𝜀

𝑟

max initially field-preferred variant.
(4)

The one-dimensional constitutive relation then reads

𝜎 = 𝐸 (𝜀 − 𝜀

𝑟

) . (5)

It should be noted that Young’s modulus 𝐸 depends on
variant fraction based on experimental investigations and can
be expressed as a function of stress-preferred variant, which
is similar to the equation in shape memory alloys suggested
in [18]:

𝐸 = 𝐸 (𝜉
𝜎
) = 𝐸
𝐻
+ 𝜉
𝜎
(𝐸
𝜎
− 𝐸
𝐻
) , (6)

where 𝐸
𝐻

and 𝐸
𝜎
are Young’s moduli for martensite with

entirely magnetic field-preferred variant and stress-preferred
variant, respectively. The experimental evidence shows that
𝐸
𝜎
is usually larger than 𝐸

𝐻
[14].

For shape memory alloys, the most used phenomenal
expression to describe the phase transformation has a form
of exponential function [19] or cosine function [20]. Unlike
these functions, we select a hyperbolic tangent equation to
describe the reorientation of martensite variants:

𝜉
𝜎
=

{
{
{
{

{
{
{
{

{

1

2

{tanh [𝐾
𝑠
(𝜎 − 𝜎

𝑠
(𝐻))] + 1} 𝑉

𝑀
→ 𝑉

𝑆

1

2

{tanh [𝐾
𝑚
(𝜎 − 𝜎

𝑚
(𝐻))] + 1} 𝑉

𝑆
→ 𝑉

𝑀
,

(7)
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where 𝑉
𝑀

→ 𝑉
𝑆
represents the reorientation frommagnetic

field-induced variant to stress-induced variant; 𝐾
𝑠
and 𝐾

𝑚

are material constants related to variants reorientation and
can be obtained by fitting the stress-strain curve during
uniaxial loading; and 𝜎

𝑠
(𝐻) is the average value of 𝜎cr,𝑠

𝑠
(𝐻),

the starting critical stress, and 𝜎

cr,𝑓
𝑠

(𝐻), the stress at the end
point of the critical range, during the𝑉

𝑀
→ 𝑉
𝑆
process; that

is,

𝜎
𝑠
(𝐻) =

1

2

(𝜎

cr,𝑠
𝑠

(𝐻) + 𝜎

cr,𝑓
𝑠

(𝐻)) . (8)

Similarly,

𝜎
𝑚
(𝐻) =

1

2

(𝜎

cr,𝑠
𝑚

(𝐻) + 𝜎

cr,𝑓
𝑚

(𝐻)) . (9)

If the reorientation starts from a state of mixed field-
preferred variant and stress-preferred variant, (7) can be
rewritten as

𝜉
𝜎
=

{
{

{
{

{

𝜉

𝑠

𝜎
+

1 − 𝜉

𝑠

𝜎

2

{tanh [𝐾
𝑠
(𝜎 − 𝜎

𝑠
(𝐻))]+1} 𝑉

𝑀
→ 𝑉

𝑆

𝜉

𝑚

𝜎

2

{tanh [𝐾
𝑚
(𝜎 − 𝜎

𝑚
(𝐻))]+1} 𝑉

𝑆
→ 𝑉

𝑀
,

(10)

where 𝜉𝑠
𝜎
and 𝜉

𝑚

𝜎
are initial fractions during the reorientation

in every loading or unloading process.
It is important to note that the average value of critical

stress varies with the intensity of magnetic field. Considering
the magnetic saturation, the critical stress is nonlinear with
themagnetic field and has a saturation value, which is verified
by the experimental investigation [17]. Using the concept of
magnetostress which is defined as the difference in the stress
levels with and without magnetic field [21], the following
relation can be obtained:

𝜎
𝑠
(𝐻) = 𝜎

0

𝑠
+ 𝜎

𝐻

𝑠
(𝐻) , 𝜎

𝑚
(𝐻) = 𝜎

0

𝑚
+ 𝜎

𝐻

𝑚
(𝐻) , (11)

where 𝜎0
𝑠
, 𝜎0
𝑚
are mechanical stresses and 𝜎

𝐻

𝑠
(𝐻), 𝜎𝐻

𝑚
(𝐻) are

magnetostresses. Generally, 𝜎𝐻
𝑠
(𝐻) = 𝜎

𝐻

𝑚
(𝐻). Taking into

account the nonlinear property between magnetostress and
magnetic field, the magnetostress can be expressed as

𝜎

𝐻

𝑠
(𝐻) = 𝜎

𝐻

𝑚
(𝐻) = 𝜎

𝐻

(𝐻)

=

1

2

{tanh [𝐶
0
⟨𝐻 − 𝐻

0
⟩] + 1} 𝜎

𝐻

sat = 𝐶 (𝐻) ⋅ 𝐻,

(12)

where 𝜎𝐻sat is the saturationmagnetostress,𝐻
0
is the threshold

magnetic field yielding magnetostresses, and 𝐶
0
is a constant

and can be determined by fitting the 𝜎𝐻-𝐻 curve:

⟨𝐻 − 𝐻
0
⟩ = {

0, if 𝐻 − 𝐻
0
≤ 0

𝐻 − 𝐻
0
, if 𝐻 − 𝐻

0
> 0,

(13)

𝐶(𝐻) is the magnetic field influence coefficient and could be
expressed as

𝐶 (𝐻) =

𝜎

𝐻

sat {tanh [𝐶
0
⟨𝐻 − 𝐻

0
⟩] + 1}

2𝐻

.
(14)

Substituting (12) into (10) yields a new form to describe
the fraction of stress-preferred variant:

𝜉
𝜎
=

{
{
{
{
{
{

{
{
{
{
{
{

{

𝜉

𝑠

𝜎
+

1 − 𝜉

𝑠

𝜎

2

{tanh [𝐾
𝑠
(𝜎 − 𝜎

0

𝑠
− 𝐶 (𝐻)𝐻)] + 1}

𝑉
𝑀
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𝑆

𝜉

𝑚

𝜎

2

{tanh [𝐾
𝑚
(𝜎 − 𝜎

0

𝑚
− 𝐶 (𝐻)𝐻)] + 1}

𝑉
𝑆
→ 𝑉

𝑀
.

(15)

Using (4), (5), and (15), the mechanical behaviors of
the magnetic shape memory alloy under different magnetic
field can be described, and the hysteretic loops can also be
predicted.

3. Results and Discussions

In order to verify the validity of the proposed model, the
predictions are compared with experiments carried out by
Couch et al. [17]. In the constant field test, a single crystal,
martensite, NiMnGa rod was magnetized with high field to
ensure the material was initially in field-preferred state. Then
it was exposed to a low uniform external magnetic field
and the quasi-static compressive stress perpendicularly to
the field was applied and increased to 5MPa. Subsequently
the load was removed quasi-statically. This test process was
cycled under various levels of constant magnetic fields. The
parameters used in proposed model are shown in Table 1.

Figure 2 shows the stress-strain curve of magnetic shape
memory alloy under external magnetic field of 6 kOe. In
the loading process, the strain is initially linear with the
stress, and the martensite is composed of pure field-preferred
variant. So the behavior of NiMnGa is actually the behavior
of variant I (see Figure 1). The corresponding stiffness of
material 𝐸

𝐻
can be determined. Once the compressive stress

reaches a critical value the twin boundary motion is induced.
The martensite transforms from field-preferred variant to
stress-preferred variant until second critical stress is achieved.
The average value of critical stress 𝜎

𝑠
(𝐻), material constant

𝐾
𝑠
, andmaximumreorientation strain 𝜀

𝑟

max can be obtained at
this stage. If compression continues to increase the behavior
of NiMnGa with variant II is linearly elastic and the stiffness
of 𝐸
𝜎
is obtained. In the unloading process, 𝜎

𝑚
and 𝐾

𝑚
can

also be identified in the reverse transition from variant II
to variant I. It can be seen in Figure 2 that the mechanical
behavior is pseudoelastic. The prediction of the proposed
model shows good agreement with the experimental data.

In order to verify the ability of the model to capture
the influence of magnetic field, stress-stain behaviors under
different applied magnetic fields are shown in Figure 3.
Obviously themoduli of variant I and variant II are unaffected
by the magnetic field intensity, but the critical stresses imply-
ing the start and end of variant reorientation are affected
significantly by the magnetic field. In addition, the hysteretic
loops are pseudoelastic at 4 kOe and partially pseudoelastic
at 2 kOe, which means that the strain does not return to zero
upon removal of the load and has a residual value at 2 kOe.
It can be found that the behavior of material under different
fields can be well described by the theoretical model.
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Table 1: Material constants measured from experiments [17].

𝐸
𝛿
(GPa) 𝐸

𝐻
(GPa) 𝜀

𝑟

max 𝐾
𝑠
(MPa)−1 𝐾

𝑚
(MPa)−1 𝜎

0

𝑠
(MPa) 𝜎

0

𝑚
(MPa) 𝐶

0
(kOe)−1 𝐻

0
(kOe) 𝜎

𝐻

sat (MPa)
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Figure 2: Pseudoelasticity of magnetic shape memory alloy in
martensite at 6 kOe. The prediction is compared with experimental
data from [17].

0 1 2 3 4 5 6
Strain (%)

0

1

2

3

4

5

6

St
re

ss
 (M

Pa
)

Experiment (2kOe)
Prediction (2kOe)

Experiment (4kOe)
Prediction (4kOe)

Figure 3: Effect of magnetic field on the stress-strain behavior
of magnetic shape memory alloy in martensite, which is partially
pseudoelastic at 2 kOe and pseudoelastic at 4 kOe.

It should be pointed out that the critical stress will reach
saturation if magnitude of field intensity is sufficiently large.
The proposed model is compared with Couch’s model as well
as the experimental results at 8 kOe [17] (Figure 4). Couch’s
quasi-static model fails to capture the smooth transitions
between variant I and variant II. It also overpredicted the
material stress at higher magnetic field. This limitation
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Figure 4: Comparison of Couch’s quasi-static model and proposed
model. The corresponding experiment is carried out at an 8 kOe
external magnetic field.

comes from the assumption that the critical stress is linear
with applied field. In fact, the relationship between them is
complex.

The effect of magnetic field on critical stress can be
further analyzed using the definition of magnetostress which
is explained in Section 2.The average critical stress 𝜎

𝑠
consists

of mechanical stress 𝜎

0 and magnetostress 𝜎

𝐻. Mechanical
stress can be determined during the loading process without
external magnetic field. Magnetostress can be obtained from
the overall stress with different magnetic fields. Figure 5
shows themagnetostress profile for a range of field intensities.
It can be seen that 𝜎𝐻 increases with the increase of magnetic
field, but the relationship between them is nonlinear. 𝜎𝐻
reaches saturation at large external field. This tendency can
be well described by the model.

The hysteretic loops of magnetic shape memory alloy
analyzed above imply the absolute transition between field-
preferred variant and stress-preferred variant. The proposed
model can also capture the minor hysteretic behavior of
material, which is shown in Figure 6. It must be addressed
that the initial fraction of variant should be identified if the
variant rearrangement is not accomplished. The calculated
result shows a good agreement with experimental data.

4. Conclusions

This paper presents a simple model to describe the behavior
of magnetic shape memory alloy in martensite. The model
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Figure 5: Magnetostress in average critical stress when different
magnetic field is applied.
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Figure 6: Minor hysteretic loops of magnetic shape memory alloy
in martensite at 6 kOe.

is based on the analysis of microstructure evolution in
martensite during the loading process under an external
magnetic field. Two types of variants, denoted, respectively,
the field-preferred and stress-preferred variant, will trans-
form each other under different conditions. So the material
properties, such as stiffness, will be changed during hysteretic
loops. Considering the nonlinear character of stress-strain
curves involved with variants transition, a hyperbolic tangent
equation was proposed to describe the reorientation. In
order to investigate the effect of magnetic field on critical
stress, the overall stress is decomposed into mechanical
stress and magnetostress. Mechanical stress is not affected by
the field. Nevertheless, the magnetostress has a remarkable

dependence on magnetic intensity and would reach satura-
tion at large field.

Theparameters in the proposedmodel can be determined
easily from the stress-strain curves under different magnetic
and mechanical loading process. In order to validate the
theoretical model, the model predictions are compared with
the experimental data and good quantitative agreement is
achieved. This model is also compared with Couch’s model
and it was found that the model proposed here yields more
accurate predictions for nonlinear response and higher-order
effects such as magnetic saturation. The pseudoelastic and
partially pseudoelastic behavior as well as minor hysteretic
loops of NiMnGa single crystal in martensite can also be
captured by this model.
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